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Highlights

e Subspace clustering is solved from nonlinear orthogonal NMF perspective.

General kernel-based multiplicative orthogonal updates for NMF are derived.

Explicit orthogonality constraint excludes the usual k-means clustering step.

The local geometric structure is included via fully connected graph regularization.

A connection between spectral clustering and kernel orthogonal NMF is established.
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Abstract

A recent theoretical analysis shows the equivalence between non-negative matrix factorization (NMF)
and spectral clustering based approach to subspace clustering. As NMF and many of its variants are
essentially linear, we introduce a nonlinear NMF with explicit orthogonality and derive general kernel-
based orthogonal multiplicative update rules to solve the subspace clustering problem. In nonlinear
orthogonal NMF framework, we propose two subspace clustering algorithms, named kernel-based non-
negative subspace clustering KNSC-Ncut and KNSC-Rcut and establish their connection with spectral
normalized cut and ratio cut clustering. We further extend the nonlinear orthogonal NMF framework and
introduce a graph regularization to obtain a factorization that respects a local geometric structure of the
data after the nonlinear mapping. The proposed NMF-based approach to subspace clustering takes into
account the nonlinear nature of the manifold, as well as its intrinsic local geometry, which considerably
improves the clustering performance when compared to the several recently proposed state-of-the-art
methods.

Keywords: subspace clustering, non-negative matrix factorization, orthogonality, kernels, graph

regularization

Introduced in [1] as a parts-based low-rank representation of the original data matrix, non-negative
matrix factorization (NMF) has shown to be a useful decomposition of multivariate data [2, 3, 4]. The
most important feature of NMF is the non-negativity of all elements of the matrices involved, which
allows an additive parts-based decomposition of the data. This non-negativity is often encountered in

real world data, providing a natural interpretation in contrast to other decomposition techniques that
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allow negative combinations (such as SVD). Related NMF factorizations include convex NMF, orthogonal
NMF and kernel NMF [5, 6, 7, 8, 9, 10].

The key idea in subspace clustering is to construct a weighted a Cnifly graph from the initial data set,
such that each node represents a data point and each weighted edge represents the similarity based on
distance between each pair of points (e.g. the Euclidean distance). Spectral clustering then finds the
cluster membership of the data points by using the spectrum of an a [niily graph.

State-of-the-art methods in single view subspace clustering learn a [nifly graph matrix by imposing
sparseness [11], low-rank [12] or jointly sparseness and low-rank constraints [13] on representation matrix.
In multi-view subspace clustering representation matrices across views can be learnt by utilization of in-
dependence criterion which decreases redundancy between representations [14]. Joint low-rank sparseness
constrained approach can be extended to multi-view clustering [15]. The NMF methods proposed herein
to handle single view subspace clustering problem can be extended to NMF-based multi-view subspace
clustering [16]. Furthemore, the methods proposed by us could possibly improve perfomance further
through post-processing step that re-assigns samples to more suitable clusters [17].

Spectral clustering can be seen as a graph partition problem and solved by the eigenvalue decom-
position of the graph Laplacian matrix [18, 19, 20, 21, 22]. In particular, there is a close relationship
between the eigenvector corresponding to the second eigenvalue of the Laplacian and the graph cut
problem [23, 24]. However, the complexity of optimizing graph cut objective function is high, e.g. the
optimization of the normalized cut (Ncut) is known to be an NP-hard problem [5, 25, 26, 27]. Spectral
clustering seeks to get the relaxed solution, which is an approximate solution for the graph partition.
Compared with conventional clustering algorithms, spectral clustering has advantages to converge to
global optimum and performs well for the sample space of arbitrary shape [26, 18, 19, 28].

Despite empirical success of spectral clustering, one drawback is that a mixed-signed result given
by the eigenvalue decomposition of the Laplacian may lack clustering interpretability or degrade the
clustering performance [2]. The computational complexity of the eigenvalue decomposition is O(n?®),
where n denotes the number of points. To avoid the computation of eigenvalues and eigenvectors, a
recently established connection of the spectral clustering and non-negative matrix factorization (NMF)
was utilized in [29, 30] and [31]. As pointed out in [30], the formulation of non-negative spectral clustering
is motivated by practical reasons: (i) one can use the update algorithms of NMF to solve spectral
clustering, and (ii) NMF framework can easily incorporate additional constraints to spectral clustering
algorithms.

It was shown in [30] that spectral clustering Ncut can be treated as a symmetric NMF problem of
the graph a [Cnifly matrix constructed from the data matrix. Similary, it was also proven that the Rcut
spectral clustering is equivalent to the symmetric NMF of the graph a [nifly matrix, introducing the
non-negative Laplacian embedding (NLE) [31]. Both results [30, 31] only factorize the graph a [nifly
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matrix, imposing the assumption that the input data comes in as a matrix of pairwise similarities. The
factorization of the graph a [nifly matrix was replaced with the factorization of the data matrix itself
in [29], and including an additional global discriminative regularization term in [32]. However, both
NMF-based NSC methods [29, 32], minimize data fidelity term in the linear input space.

In this paper we propose a nonlinear orthogonal NMF approach to subspace clustering. We estab-
lish an equivalence with spectral clustering and propose two non-negative spectral clustering algorithms,
named kernel-based non-negative spectral clustering KNSC-Ncut and KNSC-Rcut. To further explore the
nonlinear orthogonal NMF framework, we also introduce a graph regularization term [4] which captures
the intrinsic local geometric structure in the nonlinear feature space. By preserving the geometric struc-
ture, the graph regularization term allows the factorization method to have more discriminating power
for clustering data points sampled from a submanifold which lies in a higher dimensional ambient space
[4].

Recently, a similar connection between kernel PCA and spectral methods has been shown in [33, 18,
28, 34]. Our method gives an insight into the connection between kernel NMF and spectral methods,
where the kernel matrix from multiplicative updates corresponds to the nonlinear graph a [nifly matrix
in spectral clustering. Di[erknt from [29, 32, 30, 31], our equivalence is established by directly factorizing
the nonlineary mapped input data matrix. To the best of our knowledge, this is the first approach to
non-negative spectral clustering that uses kernel orthogonal NMF.

By constraining the orthogonality of the clustering matrix during the nonlinear NMF updates, the
cluster membership can be obtained directly from the orthogonal clustering matrix, avoding the need
of usual k-means clustering [29, 30, 31, 32]. The proposed approach has a total run-time complexity of
O(kn?) for clustering n data points to k clusters, which is less than standard spectral clustering methods
O(n®) and the same complexity as the state-of-the-art methods [29, 32, 35].

We perform a comprehensive analysis of our approach, including the convergence proofs for the kernel-
based graph regularized orthogonal multiplicative update rules. We conduct extensive experiments to
compare our methods with other non-negative spectral clustering methods and further perform the sen-
sitivity analysis of the parameters used in our approach. We highlight here the main contributions of the
paper:

1. We formulate a nonlinear NMF with explicitly enforced orthogonality to address the subspace
clustering problem.

2. We derive kernel-based orthogonal multiplicative updates to solve the constrained non-convex
nonlinear NMF problem. We perform the convergence analysis for the multiplicative updates and give
the convergence proofs using an auxiliary function approach [36].

3. We formulate a nonlinear (kernel-based) orthogonal graph regularized NMF approach to subspace

clustering. The ability of the proposed method to exploit both the nonlinear nature of the manifold as

























































