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No hidden physics in resonance pole residue phase
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In hadron resonant scattering, there are four fundamental resonant parameters: real and imagi-
nary part of the pole position, and the magnitude and the phase of the residue. Out of the four, the
last one is the least understood. The search for the residue phase’s physical meaning has focused on
model-independent phases of the majority of the lowest-mass resonances. Here, we apply a simple
mathematical identity to the amplitude in the complex plane to reveal the exact reason for the
noticed regularity and show that there is no room for hidden physical variables in the residue phase.
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The defining property of a resonance phenomenon in a
particle scattering is the first-order pole of the amplitude
in the complex energy plane [1]. Real part of the pole
position is considered to be the resonance mass M, while
its imaginary part is directly related to the total decay
width I'. The simplest relation for the resonant scattering
amplitude is given by

where E is energy, |r| e is the pole residue, and Tg is
background amplitude. The magnitude of the residue |r|
is related to the strength of interaction between scattered
particles, but also to the elasticity 2|r|/T" in multichannel
scattering. The physical meaning of the residue phase 6
is still not clear, and it is the main topic of this Letter.

Close to the pole, Eq. (1) with constant T provides a
good description for the resonant amplitude. Assuming
elastic resonance, Hohler imposed unitarity on the am-
plitude and found that the residue phase 6 is twice the
phase of the background amplitude T [2]. This implies
that residue phase is probably not a fundamental prop-
erty of the resonance since it does not come from the pole
term, but from the background. Yet, background ampli-
tude T and resonant term are interconnected through
unitarity; they are not independent. Moreover, the value
of 6 was completely free. This left room for physics.

The elastic residue phase in excited nucleon stud-
ies through pion-nucleon scattering was introduced and
first time extracted by Cutkosky [3]. Following in
Cutkosky’s footsteps, similar models were developed by
Svarc [4, 5] (Zagreb model) and Vrana [6]. Alterna-
tive advanced analyses were performed and all pole pa-
rameters are extracted within the George Washington
University model [7], the Bonn-Gatchina model [8], the
CBELSA/TABS collaboration analysis [9], and by the
Jillich model [10, 11]. As statistics improved, the stabil-
ity of the extracted parameters across models encouraged
researchers to study their deeper meaning.

In a study of the wIN elastic cross sections at the elas-
tic A(1232) resonances [12], using an amplitude similar
to Eq. (1), it was noted that there is, in fact, a preferred
value of 6. It was confirmed for several nearly elastic res-
onances. This preferred value had something to do with
the threshold: 6 equaled twice the constant background
phase that would reduce the amplitude to zero at the
threshold.

Few years later, a semi-empirical model was proposed
[13] with two distinct parameters. The first one was
the aforementioned threshold phase. The other was the
phase introduced earlier by Manley [14] in an attempt to
determine the pole position from the known Breit-Wigner
mass Mpw and width. The residue phase was shown to
be a sum of the two phases for numerous resonances.

The same semi-empirical formula was simplified for
elastic hadron resonances [15], such as the A(1232) and
f0(500). In those cases, due to the unitarity, the thresh-
old and Manley phases must be equal. This was con-
firmed by fitting the phase shift data close to the reso-
nances: the constant background phase shift, related to
the Manley’s phase, would set the total phase shift to
zero at the threshold.

A recent study of the lightest resonances in par-
tial waves for pion-pion, pion-nucleon, and kaon-nucleon
scatterings have shown that this semi-empirical formula
works rather well for around 2/3 of the first (lowest mass)
resonances in partial waves [16].

In this Letter we show that the success of the simple
two-phase formula for the residue phase of the lightest
resonances does not unveil a deeper physical meaning,
but is merely a special case of a more general mathemat-
ical identity. The new formula works for most resonances,
first and subsequent, and enables us to draw our main
conclusion: even if there are some hidden physical vari-
ables in observed resonant parameters, there is simply no
room for them in the residue phase.

A formula for the elastic residue phase of the lightest
resonances in partial waves is introduced in Ref. [13] and
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confirmed in Refs. [15, 16]

0=a+p. (2)
Here
r/2
« = — arctan M- Ey (3)
and
Mpw — M
B = — arctan B;VT, (4)

with Ey being a threshold energy, and Mpw the notori-
ous (i.e. model dependent) Breit-Wigner mass of the res-
onance. Threshold phase « is, thus, the angle at which
the pole is seen from the threshold. Manley’s phase
is the angle at which the distance between pole mass M
and Breit-Wigner mass Mpw on the real axis is seen from
the pole position.

As an example how this relation works, we give the
complex phase of the pion-nucleon scattering amplitude
in the complex energy plane near A(1232) resonance.
The amplitude we use is Hohler’s KH80 [18], and to get
to the non-physical Riemann sheet where resonance poles
are situated, we use L+P analytic continuation devised
by Svarc et al. [17]. We classify resonances satisfying
Eq. (2) as type Ia, and the result for one such prominent
resonance is given in Fig. 1.
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FIG. 1: Complex phase of the KH80 7N scattering amplitude
T (I =3/2,J7 =3/2%) as a function of complex energy F
near the pole of A(1232). The pole is shown as the white
circle, the threshold energy as the black circle, and the Breit-
Wigner mass, which is here defined as the zero of the real
part of the amplitude on the real axis, as the black and white
circles. The true residue phase 6 is determined numerically,
while phases « and 8 are calculated using Egs. (3) and (4).
The solid white line shows where ReT" = 0, and the dashed
one where Im7 =0

Egs. (3) and (4), and consequently Eq. (2) are inappli-
cable for resonances after the lightest, first one in each
partial wave. We classify all these subsequent resonances
as type II. In several waves, the formula fails even for the
lightest resonances, which we name type Ib. Curiously,
it was noted in Ref. [13] that some of these type Ib and

type II resonances show a geometry similar to the one in
these formulas. Angles analogous to a and 8 could be
easily defined deep in the complex plane, and the residue
phase was the sum of the two new phases.

To explain this, we return to Eq. (1). Assuming we are
close enough to the resonant pole, T may be considered
to be constant. Combining both terms into one, we get
an amplitude with a simple zero at Z, simple pole at P,
and overall constant complex factor B = |B| e’

E—-Z7

T= P E B. (5)
Now we move into the complex plane and get to the zero
Z = E| —iw. The real part of the zero, E{ is what
the threshold Ey was in our previous formulas, and the
imaginary part —w tells us how deep we need to go into
the complex plane. Next we move to the right from the
zero, parallel to the real axis, to find what was before
the Breit-Wigner mass: the zero of the amplitude’s real
part M{ —tw. Third interesting point for us is the pole,
whose position we accordingly rewrite as M —iT”/2—iw.
In this notation, the overall phase is given by a quite
familiar relation

Mlw — M

B’ = — arctan SO (6)

To get the full residue phase, we need to calculate the
contribution of the ¥ — Z at the pole position, let us call
it o/, which is given by another rather familiar relation

/2
M—E (7)

o = —arctan

The residue phase is now given by the sum of the two
contributions

0=a +p. (8)

Hence, the simple semi-empirical physical formula
from Refs. [13, 15, 16], repeated here in Eq. (2), is just
a special case (when w = 0) of a more general formula
Eq. (8). Moreover, assuming w = 0 and elastic resonance,
and by imposing unitarity, one gets § = 2o’ = 23’, which
is the key formula of Ref. [15].

In Eq. (5) we assumed that the real part of the pole will
be larger than the real part of the zero. For Ia type, this
simply means that the resonance is above the threshold.
Generally, this does not need to be true. In such cases,
the residue phase must have an additional + 7

0=ao +p + 7. 9)

It has been shown in Ref. [16] that Eq. (2) works for
about 2/3 of the first nucleon and hyperon resonances,
as well as for the non-strange mesons. Here, we begin by
independently confirming its validity for prominent first
resonances seen in partial waves of w7V elastic scattering.
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Type la: first resonances, Eq. (2)

A(1232) 3/27[101 —44 —42]—-49 —43 | —46+2
N(1520) 3/27| 57 —15 —-17| -7 —10 | —10+5
N(1675) 5/27| 35 —23 —20|-22 —18 | —22+5
N(1680) 5/2%| 68 —16 —-16| —6 —11 | —20+10
A(1950) 7/27| 39 -39 —-32|-24 24 | —32438
N(2190) 7/27| 22 —-17 —-25|-15 —31 | 0=£30
Type Ib: first resonances, Egs. (8) or (9)
(1440) 1/27[ 54 —87 —-85[—-83 —86 [ —90+ 10
(1620) 1/27| 28 —104 —104|—101 —101 [—100 =+ 20
(1720) 3/2%| 13 —113 —111| —-86 —86 |—110+50
(1930) 5/27| 6 —38 —38 |—148 —152%| —50+2)
Type II: subsequent resonances, Egs. (8) or (9)
1600) 3/27]123 165 158* [—128 —135"| —150+3)
1710) 1/2%| 10 —108 —108| 139 139 | —170+53§
1860) 5/2t| 6 —-30 —-31|-74 -85 N/E

(

(1710)

(1860)

(1895) 1/27| 6 —110 —111| 102 102* N/E
(1900) 3/2*| 5 —-25 —-25|N/O -/- | —-10430
(1900) 1/27| 14 20 21 | -51 —51 N/E

( ) —90+45°
( ) —160 £ 50
( ) —110+ 20

1910) 1/27 19 —83 —82| 179 179
1940) 3/27| 9 148 148" |N/O -/-
2060) 5/27| 10 —99 —101|N/O -/
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TABLE I: The 7w elastic residue phase 6 determined for vari-
ous excited nucleon states using L+P method [17] on Hoéhler’s
KHS80 partial wave analysis [18], and GWU Wi08 single en-
ergy analysis [19]. OM means Our Model, and values desig-
nated with * are obtained using Eq. (9). To get the idea how
elastic are these resonances, we show 2|r|/I" for KH80 as well.
N/O means resonance Not Observed in analysis, and N/E
that PDG has No Estimate for the residue phase. We find
three basic types of excited nucleon states. Type la, the light-
est resonances in each of partial wave that confirms validity
of Eq. (2). Type Ib are lightest resonances for which Eq. (2)
fails, but Egs. (8) or (9) work almost perfectly. Type II are
subsequent resonances in partial waves. For them, Egs. (8)
or (9) work rather well

We use L+P study of KH80 [17] and compare it to L+P
study of the single energy Wi08 SAID data from GWU
[19]. The results are shown in the first part of Table I.

Before we move on to our main result for the type Ib
and type II resonances, we need to address several exam-
ples where our first resonance analysis was not success-
ful. If there is strong overlap with a nearby resonance, as
is the case of N(1535) and N(1650), we need a specific
model to handle it, as was done in Ref. [13]. Similarly,
if the line ReT = 0 (solid white line) does not cross
the real axis, which also was the case for N(1535), we
cannot use this simple equation. Nevertheless, for this
particular problem, one could use PDG estimate for the
Breit-Wigner mass of N(1535), as was done in Ref. [16].
The overlap is shown in Fig. 2, where we can also see the
completely detached type II resonance N(1895).

The case of the N(2190) resonance is also interest-
ing. Even though the discrepancy of Eq. (2) results from
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FIG. 2: The N elastic complex phase of the KH80 scattering
amplitude T (I = 1/2, J™ = 1/27) as a function of complex
energy E. Black circles are zeros, and white and black is the
zero of the real part. We see strongly overlapping N (1535)
and N (1650) resonances (white circles). As aresult, ReT =0
line (solid white line) does not cross the real axis, and without
it, Eq. (2) cannot be used for N(1535). A multi-resonant
model is needed here

KHS80 and especially Wi08 in Table I are quite large, they
are still within the PDG error estimates because the un-
certainty estimate itself is very large. We have taken the
PDG values and done the simplistic statistical averaging
to get the result —15° + 14°. If this were the official re-
sult, it would be in perfect accordance with both KH80
and Wi08, and justify calling N(2190) type Ia. The fact
that Eq. (2) produces substantial error for Wi08, and
relatively large for KH80 tells us about the natural limit
to this simple description: a strongly inelastic resonance
very far from the threshold must depart somewhat from
this model.

Moving on to the type Ib resonances. Four such
notable cases are N(1440), A(1620), N(1720), and
A(1930). All of them have a zero between the thresh-
old and their poles. In the case of the Roper resonance,
N (1440), this zero is on the real axis. The main charac-
teristic of all other type Ib resonances is that they are
typically more inelastic than typical Ia resonance. A
zero that is close to the real axis, and to the pole, pro-
duces larger o/ than «. In addition, £’ is also larger
than 3, which leads to a typical value of 6 in the range
—100° + 20°. Interestingly, as the elasticity goes down,
we note that the PDG error estimate gets larger. Again,
the heaviest and most inelastic resonance of this type is
somewhat different. The KHS80 result is in accordance
with PDG estimate, but the Wi08 result deviates signifi-
cantly. This is more characteristic for type II resonances
in Table I. Three typical Ib resonances are shown in
Fig. 3.

In addition to type Ib resonances, we analyzed all
other detached nucleon resonances for which we could
find relevant parameters (pole, zero, and corresponding
zero of the real part). For all of them numerical re-
sults are obtained using the original fit parameters from
Refs. [17, 19]. We reconstructed their partial waves in the
non-physical region, and numerically calculated needed
parameters: zero, pole, zero of the real part having the
same imaginary part as the zero, and the residue phase 6



e ——
Ve
g -50 2
- : 0
E 100 N(1440) 5
Typelo @' +f =-85 _n/2
N 0=-87°
-150 = — -
1200 1250 1300 1350 1400 1450 1500
Re E (MeV)
-25
-30 x
373 /2
2 _40
w 0
£ -45
-50 /2
— -7
1580 1590 1600 1610 1620 1630 1640
Re E (MeV)
0
-20 n
3 -40 72
2
w
£ -60 0
-80 -n/2
-100 -
1600 1650 1700 1750

Re E (MeV)

FIG. 3: Complex phase of T near resonances of the type Ib.
Zero (black disk) is to the left, zero of the real part (black
and white disk) is to the right, and the pole (white disk) is in
between, similarly to the type Ia. N(1440) is almost type Ia,
but it has a zero on the real axis, rather far from the elastic
threshold. The other resonances are fully detached from the
real axis, similar to type II. The two ”zeros” are not too far
from the real axis, and closer to the pole than in the case of
Ta, resulting in o’ and 3’ being somewhat larger than Ia’s o
and 8, which leads to 6 typically around —100° + 20°.

itself, which we then compare to the residue phase fom
calculated from these parameters using Eqgs. (2), (8), and
(9). They all are also given in Table I.

It is clear from Table I that the difference between our
model results (OM) for the KH80 and for Wi08 residue
phases is almost insignificant from the original results for
nearly all resonances. The discrepancy is typically much
smaller than the PDG error estimate. The published
L+P phases in Refs. [17, 19] are obtained by statistically
averaging of several equivalent fits, similar to the ones
that we use here. We show three illustrative examples of
type II resonances in Fig. 4.

In conclusion, we have shown why the phase of type
IT resonances varies erratically among different analyses:
model-dependent zero moves around the pole position,
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FIG. 4: Complex phase of T amplitude near the type II reso-
nances. If the pole (white disk) is to the left of the zero (black
disk), we must add or subtract 180° according to Eq. (9).
N(1895) shows typical type Ib behavior, but it is not the first
resonance; it is the third. Two other resonances show ar-
rangements of the three characteristic points rarely seen in Ib
type, and impossible for Ia.

producing almost arbitrary residue phase. If there were
any intrinsic resonant property hidden inside the phase,
it would be impossible to extract it in any consistent way.
What about the seemingly model-independent resonant
types Ib and Ia? Most type Ib resonances have approx-
imately the same residue phase (around —100° + 20°).
It would be highly unusual to extract different physical
information from the same number. And for type Ia, es-
pecially for nearly elastic resonances where 8 ~ «, 6 is
determined purely from the threshold and the pole posi-
tion. There is simply no room for any additional physical
information to be hidden there.
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