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Abstract Noncommutative (NC) geometry may open an
alternative route to quantum gravity. We study the signa-
tures that quantum structure of spacetime may leave on
Dirac quasinormal mode spectrum in the setting defined by
a common astrophysical background. For that purpose we
examine the influence of spacetime noncommutativity on the
Dirac quasinormal modes in modified Reissner–Nordström
black hole spacetime. The framework for the latter study is
provided by the effective model of NC gravity coupled to
fermions introduced in Dimitrijević Ćirić et al. (Eur Phys
J C 83:387, 2023). This model describes a classical Dirac
field coupled to a modified Reissner–Nordström geometry
where the corresponding metric acquires an additional non-
vanishing r − ϕ component. As the earlier study shows, this
model appears to be equivalent to a model of semiclassi-
cal NC gauge theory in which a NC gauge field is cou-
pled to a NC fermion field on the one side and the classical
Reissner–Nordström background on the other. We compute
the resulting Dirac quasinormal modes and compare them
with those of the undeformed Reissner–Nordström space-
time. The results show that spacetime noncommutativity
modifies both the oscillation frequencies and damping rates,
and induces features in the effective potential and quasinor-
mal mode spectrum reminiscent of a Zeeman-like splitting.
Since such geometric modifications are expected to become
relevant only near the Planck scale, these effects are more
naturally associated with microscopic rather than astrophys-
ical black holes.
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1 Introduction

Black hole quasinormal modes (QNMs) are the characteris-
tic frequencies of black holes in a ringdown phase calculated
at linear order in perturbation theory. They appear as an out-
come of a black hole’s response to an external perturbation
and may be characterized by a superposition of exponen-
tially damped oscillations with generally an infinite set of dis-
crete frequencies and damping times. With the discovery of
gravitational waves, the interest in their study increased con-
siderably as they can be linked directly and compared with
the experimentally observed complex gravitational-wave fre-
quencies of black hole merger remnants. The QNMs and
their frequencies have a long history [1–8]. They carry infor-
mation about intrinsic properties of black holes. Besides the
characteristic parameters of black holes like mass, charge and
angular momentum, they also give information about the sta-
bility of black holes under perturbation by matter fields that
evolve in their exterior region without backreacting on the
metric. In general, the frequencies themselves are complex,
with the real part representing the oscillation frequency and
the imaginary part describing the rate at which this oscilla-
tion is attenuated. Accordingly, the stability of a black hole is
guaranteed by the imaginary part of QNMs being negative.

Rising excitement in QNMs, caused by experimental dis-
covery of gravitational waves [9], also spurred the increased
interest in the black hole spectroscopy which has been given
a whole new set of possibilities. Indeed, quasinormal modes
are closely related to a notion of black hole spectroscopy
which itself is based on the correspondence between atomic
and black hole spectra. This correspondence has a root in
an analogy between the theory that describes scattering of
gravitational waves on a black hole on the one side and the
scattering theory in quantum mechanics on the other. It pro-
vides an appropriate frame for describing puzzling physical
phenomena like Hawking radiation as a process of transition-
ing between different states in black hole QNM spectrum.
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This point of view paves the way to an intriguing connec-
tion between Hawking radiation and black hole quasinor-
mal modes [10–15]. Therefore, this correspondence by itself
appears to be important in the route to quantizing gravity,
because one can naturally interpret black hole quasinormal
modes in terms of quantum energy levels.

In this paper, we study the propagation and decay of
noncommutative massless fermionic fields in the Reissner–
Nordström (RN) black hole background in order to docu-
ment a possible appearance of the fine structure in the spec-
trum, including some nonstandard features like the presence
of anomalous decay rate behaviour. We carry out this study
by using the method of continued fractions. It is worthy
to mention that the study of Dirac QNMs has started with
the paper by Cho, in which the massive and massless Dirac
quasinormal mode frequencies in the Schwarzschild black
hole spacetime have been calculated [16]. Refinement in the
calculation of Dirac quasinormal modes in Schwarzschild
background has been achieved by implementing the Leaver’s
continued fraction method [17] in the paper by Jing [18]
and the high overtones of Dirac perturbations in the same
black hole setting were studied in [19]. This analysis has
been extended to the Reissner–Nordström background in
[20]. Later on, QNMs of the Dirac field have been studied
rather extensively for massless fermionic fields [21,22] and
massive fermionic fields [23,24] in Schwarzschild–de Sitter
and Reissner–Nordström–de Sitter backgrounds. Similarly,
the Dirac QNMs of three-dimensional, four-dimensional
and D-dimensional de Sitter spacetime have been respec-
tively studied in [25–27]. These results have shown that
fields with higher masses propagating in spacetimes with
larger cosmological constants tend to decay more slowly in a
Schwarzschild–de Sitter black hole background [23]. Like-
wise, by using the convergent Frobenius method it has been
shown that two chiralities of massive fermions give rise to an
additional fine structure in the spectrum, for Schwarzschild
and Kerr backgrounds [28]. The scalar and fermionic QNMs
of a Kerr–Newman–de Sitter background were analysed in
[29]. Dirac QNMs have also been studied in other configu-
rations of substantial interest [30–38].

The study of Dirac QNMs is essential for obtaining the
information about the stability of fermionic perturbations in
the vicinity of a black hole and may help with providing
insights into the general behaviour of quantum fields in black
hole backgrounds. In the limit of large angular momentum,
the QNMs start to nearly mirror/reflect the properties of pho-
tons being trapped into a closed circular orbits around black
hole after they fall toward the horizon. These circular orbits
are null geodesics and they are usually referred to as light
rings. For large angular momentum, i.e. in the eikonal limit,
the orbital frequency of photons along light rings is closely
given by the real part of the fundamental QNM frequency,
while its imaginary part closely corresponds to the Lyapunov

exponent [39–42]. The latter characterizes the stability of the
photon circular orbits along light rings. Quasinormal modes
of fermion perturbations in the vicinity of a black hole, as
well as QNMs of other types of perturbations may be used to
deduce these stability parameters related to null geodesics.

Moreover, Dirac QNMs exhibit distinctive features com-
pared to scalar or gravitational perturbations, including spin–
orbit coupling and its associated effects, as well as character-
istic behaviour with respect to superradiance. Concerning the
latter in particular, it is known that the Dirac field behaves in
a different way than the integer spin fields when they propa-
gate in a curved background. For example, the fermion fields
do not suffer from superradiant instabilities when they are
scattered by rotating black holes [43–48]. Indeed, while the
bosonic fields on Kerr spacetime become unstable in a certain
regime of system parameters [49–55], the fermionic fields on
Kerr spacetime in that same regime remain stable under the
condition of extra slow rotation.

It is thus of interest to investigate the QNM frequencies
of the Dirac field in spacetimes of various types. For the
same reason, it is of interest to go one step further and con-
sider Dirac field perturbations in spacetimes that incorporate
essential features of quantum gravity. This may contribute
to resolving some of the open puzzles in the development
of a consistent theory of quantum gravity. Noncommutative
spacetimes and the corresponding gauge and gravity mod-
els [56–62] on such manifolds offer a framework in which
several features anticipated in quantum gravity can be con-
sistently implemented within effective models.

The premise of quantum nature of spacetime in the con-
text of spacetime propagation of fermions and the associ-
ated equation of motion in the form of Dirac equation has
been taken into account and considered in a series of dif-
ferent studies [63–75]. In particular, quasinormal modes of
the Dirac field have been studied within different approaches
to effective quantum gravity, including models on noncom-
mutative spacetime [76,77], as well as certain models of
effective quantum gravity which arise when canonical quan-
tum gravity leads to a semiclassical model described by an
effective Hamiltonian constraint [78,79]. Besides, it has been
found that the issue of possible instability of the fermion field
on the RN background due to superradiant growth remains
unaffected by the presence of spacetime noncommutativity.
This appears to be a direct consequence of the weak energy
condition not being violated by the NC deformation and the
resulting perseverance of the second law of black hole ther-
modynamics [80].

In this work, we study noncommutative massless Dirac
field perturbations in a background of the RN black hole.
They were shown to be equivalent to considering the ordi-
nary massless Dirac field perturbations in a background of
modified RN geometry, where the associated metric acquires
an additional nonvanishing r − ϕ component [80]. Further-
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more, we calculate the corresponding quasinormal mode fre-
quencies using the Leaver’s method of continued fractions,
but only after a systematic application of the Gaussian elim-
ination procedure. The latter was devised with a purpose of
bringing down the resultant 6-term recurrence relations to
the solvable 3-term relations. The quasinormal modes of the
Dirac field exhibit a discernable Zeeman-like splitting when
the quantum parameter is introduced. As the fundamental
mode is the dominating one in the signal, only that mode
will be the subject of our concern. However, a note of caution
is needed here. Given that the quantum nature of spacetime
gives rise to modifications in geometry only at extremely
small scales, the results implied in the paper may be relevant
for microscopic rather than astrophysical black holes.

In Sect. 2 we introduce the modified Reissner–Nordström
metric with the �-product of noncommutative spacetime and
the associated tetrad field. After selecting the appropriate
ansatz for the Dirac equation, it reduces to two radial equa-
tions governing the two Weyl spinors. Using appropriate field
redefinitions, the two equations can be condensed into a sin-
gle second order ODE in the radial coordinate. In Sect. 3
we recast the equation of motion into the Schrödinger form
by introducing the tortoise coordinate and we identify the
boundary conditions for QNMs. We then set up the contin-
ued fraction method and solve the recurrence relations. Solu-
tions of the recurrence relations are analysed in Sect. 4, where
we focus on the modifications of the QNM spectrum due to
spacetime noncommutativity. Closing remarks are given in
Sect. 5.

2 Dirac equation in modified Reissner–Nordström
spacetime

In Refs. [81,82], a semiclassical model describing a charged
NC scalar field �̂ and an NC U (1) gauge field Â has been
introduced. Both scalar and gauge NC fields interact with
each other and they also interact with a classical gravitational
background of the RN type. The model is semiclassical in a
sense that only gauge and scalar fields are considered to be
affected by the NC deformation, while on the other side,
the gravitational field is not. Instead, it is considered to be
described by classical degrees of freedom, completely unaf-
fected by the NC nature of spacetime. The model introduced
in Refs. [81,82] therefore deals with a situation where the
gauge and scalar fields are quantized and the gravitational
field is not. It is important to stress that the term “quan-
tized”, when applied to the gauge and scalar fields, refers
here exclusively to the situation when these fields are con-
sidered as noncommutative variables and does not refer to the
usual notion of second quantization in quantum field theory.

The model was built using deformation quantization tech-
niques based on Drinfeld twist operator and the explicit twist

operator that was used in the construction was the so-called
angular twist operator [81,82]

F = e− i
2 θαβ∂α⊗∂β

= e− ia
2 (∂t⊗∂ϕ−∂ϕ⊗∂t ), (1)

with α, β ∈ {t, r, θ, ϕ} and θ tϕ = −θϕt = a as the only
nonzero components of the deformation tensor θαβ. Here,
a = 1/κ is the deformation parameter that sets up the NC
scale, commonly related to the Planck length. This twist oper-
ator is constructed from Killing fields of the geometry that
we consider – it is a Killing twist.

The �-product, the wedge �-product between forms, the
coproduct and other structural maps of the related symmetry
algebra can all be obtained from the twist operator (1). In
particular, the �-product between functions is given by

f � g = μ
(
e
ia
2 (∂t⊗∂ϕ−∂ϕ⊗∂t ) f ⊗ g

)

= f g + ia

2
(∂t f (∂ϕg) − ∂t g(∂ϕ f )) + O(a2), (2)

where μ is the usual commutative pointwise multiplication
of functions. The remaining ingredients of the differential
calculus are described in [81].

It is noteworthy that some spacetime metrics may be
deduced from certain duality arguments, as demonstrated in
[80]. These arguments are based on a recognition that in
some cases twist deformed U (1) gauge theories on curved
space behave in as much the same way as their commutative
counterparts, albeit in a modified spacetime geometry. In par-
ticular, in [80] it has been shown that the equation of motion
for a charged NC scalar field in a classical RN background
coupled to NC U (1) gauge field may be rewritten in terms of
the equation of motion governing the behaviour of a charged
commutative scalar field, having the same charge q as its NC
counterpart, and propagating in a modified RN geometry

ds2 =
(

1 − 2MG

r
+ Q2G

r2

)
dt2 − dr2

1 − 2MG
r + Q2G

r2

−aqQ sin2 θdrdϕ − r2(dθ2 + sin2 θdϕ2). (3)

It appears that this novel, first order effective dual metric (3)
acquires an additional off-diagonal term which is induced
purely by noncommutative nature of spacetime. This feature
comes into play only in the presence of charged matter.

The geometry (3) can be considered as a noncommutative
deformation of the Reissner–Nordström (RN) metric

ds2 =
(

1 − 2MG

r
+ Q2G

r2

)
dt2 − dr2

1 − 2MG
r + Q2G

r2

−r2(dθ2 + sin2 θdϕ2), (4)

that represents a charged non-rotating black hole with mass
M and charge Q. For later purposes we shall introduce the
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usual abbreviation f = 1− 2M
r + Q2

r2 . Being static and spher-
ically symmetric, the spacetime of RN black hole has four
Killing vectors, among which ∂t and ∂ϕ are included, and t
and ϕ are the time and polar variables of the spherical coor-
dinate system μ ∈ {t, r, θ, ϕ}. It is now plainly seen that the
twist (1) is a Killing twist, as it is formed from the opera-
tors that are actually the Killing vectors for the metric (4).
Note that the implementation of the twist (1) is compatible
with the semiclassical nature of the model that we consider
because it ensures that the geometry (4) remains unaffected
by the deformation via this twist. This is because the twist
(1) does not act on the RN metric.

In this paper we consider a Dirac equation on the back-
ground geometry given by the modified RN metric (3), where
in addition we introduce a gauge potential Aμ minimally cou-
pled to the Dirac operator γ a∇a,

(
iγ a(∇a+Aa)−m

)
� =(

iγ ae μ
a (∇μ + Aμ) − m

)
� =0.

(5)

Here the Latin index a ∈ {0, 1, 2, 3} refers to the intrinsic
coordinates and γ a are the standard flat space Dirac gamma
matrices satisfying {γa, γb} = 2ηab, where

ηab = ηab =

⎛

⎜⎜
⎝

+1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎞

⎟⎟
⎠ . (6)

The Dirac operator γ a∇a on a curved space is introduced
in terms of tetrads (vierbeins) eaμ and their inverse e μ

a ,

satisfying eaμe
ν
a = δ ν

μ and eaμe
μ
b = δab. Tetrads written

in components are eaμ = (eat , e
a
r , e

a
θ , e

a
ϕ) and e μ

a =
(e μ

0 , e μ
1 , e μ

2 , e μ
3 ). They also satisfy gμν = eaμe

b
νηab and

gμν = e μ
a e ν

b ηab. In what follows we use the setting defined
in [48]. This setting consists of the vierbein frame chosen to
be

eaμ =

⎛

⎜⎜
⎜
⎝

√
f 0 0 0

0 1√
f

0 0

0 0 r 0
0 aqQ

2r sin θ 0 r sin θ

⎞

⎟⎟
⎟
⎠

with the corresponding inverse matrix

e μ
a =

⎛

⎜⎜⎜
⎝

1√
f

0 0 0

0
√

f 0 − aqQ
2r2

√
f

0 0 1
r 0

0 0 0 1
r sin θ

⎞

⎟⎟⎟
⎠

(7)

and the following representation of gamma matrices

γ 0 = i γ̃ 0 = i

(
0 I
I 0

)
, γ 1 = i γ̃ 3 = i

(
0 σ3

−σ3 0

)
,

γ 2 = i γ̃ 1 = i

(
0 σ1

−σ1 0

)
, γ 3 = i γ̃ 2 = i

(
0 σ2

−σ2 0

)
,(8)

where γ̃ 0, γ̃ 1, γ̃ 2 and γ̃ 3 are gamma matrices in chiral/Weyl
representation, while σi , (i = 1, 2, 3) are the usual Pauli
matrices,

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.(9)

With the spinor field � written in terms of two two-
component spinors �1 and �2, namely � = (�1, �2)

T and
the gauge potential Aμ = (At ,A) = (− qQ

r , 0), the Eq. (5)
splits into two two-component equations

[
− 1√

f
1∂t − √

f σ3∂r − 1

2

Mr − Q2

r3
1√
f
σ3 −

√
f

r
σ3 − 1

r
σ1∂θ

+aqQ

2r2

√
f σ3∂ϕ − 1

r sin θ
σ2∂ϕ − 1

2r
cot θσ1 − iqQ

r
√

f
1

]
�2

−m1�1 = 0,
[

− 1√
f
1∂t + 1

2

Mr − Q2

r3
1√
f
σ3 + √

f σ3∂r +
√

f

r
σ3 + 1

r
σ1∂θ

−aqQ

2r2

√
f σ3∂ϕ + 1

r sin θ
σ2∂ϕ + 1

2r
cot θσ1 − iqQ

r
√

f
1

]
�1

−m1�2 = 0. (10)

For details, we refer the reader to the reference [80]. In order
to separate this system of equations, we impose the following
ansatz

� = ei(νϕ−ωt)
(

ψ1(r, θ)

ψ2(r, θ)

)
= ei(νϕ−ωt)

⎛

⎜
⎜
⎝

pR2(r)S1(θ)

− 1
r R1(r)S2(θ)

1
r R1(r)S1(θ)

R2(r)S2(θ)

⎞

⎟
⎟
⎠ .

(11)

In the above ansatz p is a free parameter which can acquire
two possible values, p ∈ {−1,+1}. We keep it in order to be
able to cover and analyse a somewhat more general scope of
possibilities.

After inserting the ansatz (11) into (10) and dividing the
resulting equations respectively with R2S1, R1S2, R1S1,

R2S2, one finds that this system of equations is completely
separable,

iω√
f

R1

R2
− r

√
f

1

R2
∂r

( R1

r

)
− 1

2

Mr − Q2

r3
1√
f

R1

R2
−

√
f

r

R1

R2

+iν
aqQ

2r2

√
f
R1

R2
− iqQ

r
√

f

R1

R2
− pmr

= ∂θ S2

S1
+ ν

sin θ

S2

S1
+ 1

2
cot θ

S2

S1
≡ λ,

iωr2
√

f

R2

R1
+ r2

√
f

1

R1
∂r R2 + 1

2

Mr − Q2

r

1√
f

R2

R1
+ r

√
f
R2

R1

−iν
aqQ

2

√
f
R2

R1
− iqQr√

f

R2

R1
+ mr

= ∂θ S1

S2
− ν

sin θ

S1

S2
+ 1

2
cot θ

S1

S2
≡ λ1,

p
iωr2
√

f

R2

R1
+ r2

√
f

p

R1
∂r R2
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+1

2

Mr − Q2

r

p√
f

R2

R1
+ pr

√
f
R2

R1

−piν
aqQ

2

√
f
R2

R1
− p

iqQr√
f

R2

R1
− mr

= ∂θ S2

S1
+ ν

sin θ

S2

S1
+ 1

2
cot θ

S2

S1
= λ,

− iω√
f

R1

R2
+ r

√
f

1

R2
∂r

( R1

r

)

+1

2

Mr − Q2

r3
1√
f

R1

R2

+
√

f

r

R1

R2
− iν

aqQ

2r2

√
f
R1

R2
+ iqQ

r
√

f

R1

R2
− mr

= −p
∂θ S1

S2
+ p

ν

sin θ

S1

S2
− p

1

2
cot θ

S1

S2

= −p
(∂θ S1

S2
− ν

sin θ

S1

S2
+ 1

2
cot θ

S1

S2

)
= −pλ1. (12)

It is easily seen that the two separation constants λ and λ1,

which have appeared in the process of separation, are not
mutually independent, but subject to a certain constraint, as
we shall see shortly. Moreover, it appears that a separation
of the system (10) can be achieved for both values of p. Let
us now analyse different possibilities as related to the choice
of p and the implications this choice has for the relation
between the separation constants λ and λ1.

For that purpose, we note that while the match between
the first and the fourth equation in (12) leads to the condition
λ + pmr = pλ1 − mr, the match between the second and
the third yields λ1 −mr = pλ+ pmr. These two conditions
are in fact equivalent to each other, as can readily be seen by
multiplying any of them by p. For p = −1, two separation
constants λ and λ1 can be related and the relation among
them is given by λ1 = −λ. On the opposite, for p = +1, the
only viable possibility is attained when m = 0.1 Although
the system (10) is still separable for p = +1, the separation
constants λ and λ1 can be related only if the spinor field is
massless, in which case the corresponding relation is λ1 = λ.

We can conclude that for the spinor field with nonzero
mass, the parameter p must necessarily be equal to p = −1.

On the contrary, for massless field, the parameter p may
take any of the two possible values, p = +1 or p = −1.

Generally, we can write λ1 = pλ with a remark that for
p = +1, the mass of the field must be zero. For p = −1 the
spinor field may be massive, as well as massless.

In effect, the system of equations (10) gives rise to two
independent angular equations

∂θ S2 + ν

sin θ
S2 + 1

2
cot θ S2 = λS1,

∂θ S1 − ν

sin θ
S1 + 1

2
cot θ S1 = λ1S2, (13)

1 For p = +1 the above obtained condition leads to λ1 = λ + 2mr,
which is inconsistent with λ and λ1 both being the separation constants
(independent of r and θ).

and two independent radial equations

iω√
f
R1 − √

f ∂r R1 − 1

2

Mr − Q2

r3

1√
f
R1

+iν
aqQ

2r2

√
f R1 − iqQ

r
√

f
R1 = (λ + pmr)R2,

iωr2

√
f
R2 + r2

√
f ∂r R2 + 1

2

Mr − Q2

r

1√
f
R2 + r

√
f R2

−iν
aqQ

2

√
f R2 − iqQr√

f
R2 = (pλ − mr)R1. (14)

This system of radial equations can be used to study the
behaviour of fermion quasinormal modes in the modified
RN background (3).

Upon decoupling, these two equations give rise to the fol-
lowing two 2nd order differential equations,

−r2 f ∂2
r R1 +

(
M − r − Mr − Q2

r
+ iνaqQ f + pmr2

λ + pmr
f

)
∂r R1

+
[
Mr − Q2

4r

∂r f

f
− 1

2
iωr2 ∂r f

f
− iωpmr2

λ + pmr

− 1

2

−2λMr3 − 3pmMr4 + 3λQ2r2 + 4pmQ2r3

r4(λ + pmr)

+ iνaqQ

4
∂r f − iνaqQ

2
f

2λr + 3pmr2

r2(λ + pmr)

+ 1

2
iqQr

∂r f

f
+ iqQ

λ + 2pmr

λ + pmr
+

(
iωr2 + 1

2

Mr − Q2

r

+r f − iνaqQ

2
f − iqQr

)( iω
f

− 1

2 f

Mr − Q2

r3 + iνaqQ

2r2 − iqQ

r

1

f

)]
R1

= (λ + pmr)(pλ − mr)R1, (15)

for the first component R1 ≡ Rs=− 1
2

and

−r2 f ∂2
r R2 +

(
5M − 3r − 2Q2

r

− Mr − Q2

r
+ iνaqQ f − mr2

pλ − mr
f

)
∂r R2

+
[(

iωr2 + 1

2

Mr − Q2

r
+ r f − iνaqQ

2
f − iqQr

)

×
( iω

f
− 1

2 f

Mr − Q2

r3 + iνaqQ

2r2 − iqQ

r

1

f
+ 1

2

∂r f

f
− m

pλ − mr

)

−2iωr − 1

2

Q2

r2 − f − r∂r f + iνaqQ

2
∂r f + iqQ

]
R2

= (pλ − mr)(λ + pmr)R2, (16)

for the second component R2 ≡ Rs=+ 1
2
, where s refers

to chirality.2 Separating the right-handed component of the
Dirac spinor from the left-handed one implies that λ satis-
fies λ2 = ( j − s)( j + s + 1) [48]. Interestingly, if we take

2 For massless particles chirality turns out to be the same as helicity.
However, for massive particles these two notions need to be distin-
guished.
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the notation λ ≡ λs, where s ∈ {−1/2,+1/2}, then it is
straightforward to see that λ2

− 1
2

= λ2
+ 1

2
+ 1. We shall make

use of this relation in the subsequent analysis when trying to
relate the separation constants appearing in the two compo-
nent equations (17) and (18) down below. At this point, it is
also convenient to introduce the label � = r2 f.

As a next step, note that if the transformation R1 ≡
Rs=− 1

2
= rβ�α/2ξs=− 1

2
is carried out on the Eq. (15), then

for β = 1
2 and α ≡ s = − 1

2 , this equation transforms into

�∂2
r ξ− 1

2
+

(
2(α+1)(r − M) − iνaqQ f − pmr2

λ + pmr
f

)
∂r ξ− 1

2

+
[

(ωr2 − qQr)
2 + i(r − M)(ωr2 − qQr)

�

+iqQ − 2iωr + pλ2
]
ξ− 1

2

−
[
iνaqQ

r3

(
αr2 + (1 − α)Mr − Q2

)

+ pm

λ + pmr

(
(α + 1

2
)(r − M) − iωr2 + iqQr − iνaqQ

2
f

)

+pm2r2
]
ξ− 1

2
= 0. (17)

Likewise, if the same transformation R2 ≡ Rs= 1
2

=
rβ�α/2ξs= 1

2
is applied to the Eq. (16) for the component

R2, then the choice β = − 1
2 and α ≡ s = 1

2 yields3

�∂2
r ξ+ 1

2
+

(
2(α+1)(r − M) − iνaqQ f + mr2

pλ − mr
f

)
∂r ξ+ 1

2

+
[

(ωr2 − qQr)
2 − i(r − M)(ωr2 − qQr)

�

−iqQ + 2iωr + pλ2 + 1

]
ξ+ 1

2

−
[
iνaqQ

r3

(
αr2 + (1 − α)Mr − Q2

)

− m

pλ − mr

(
(α + 1

2
)(r − M) + iωr2 − iqQr − iνaqQ

2
f

)

+pm2r2
]
ξ+ 1

2
= 0. (18)

3 At this point, α ≡ s is a generic parameter which may take one of
two values, α ≡ s = − 1

2 or α ≡ s = + 1
2 . Which one of these two

values will it take depends on the component it refers to, as well as the
equation in which it appears. Therefore, if the parameter s appears in the
Eq. (17) and refers to the first component R1 ≡ Rs , it will acquire the
value − 1

2 , and when it appears in the Eq. (18) that governs behaviour
of the second component R2 ≡ Rs , it will take the value + 1

2 . Note
that in all terms except the middle one, we have retained a generic label
α, avoiding to fix it to a particular value, so that later on we can more
easily deduce a generic form of the 2nd order differential equation that
would encompass both components within a single equation.

We point out that in the limit m, a → 0 the above equations
both reduce to the equations studied in [83].

From now on, we put the parameter p = −1 in the above
2nd order equations. This is because it is the only viable
choice in the case of the spinor field with mass and it is also
valid in the case of massless spinor field. Setting p = −1
leads to

�∂2
r ξ− 1

2
+

(
2(α + 1)(r − M) − iνaqQ f + m�

λ − mr

)
∂r ξ− 1

2

+
[

(ωr2 − qQr)
2 + i(r − M)(ωr2 − qQr)

�

+iqQ − 2iωr − λ2
]
ξ− 1

2

−
[
iνaqQ

r3

(
αr2 + (1 − α)Mr − Q2

)

− m

λ − mr

(
(α + 1

2
)(r − M) − iωr2

+iqQr − iνaqQ

2
f

)
− m2r2

]
ξ− 1

2
= 0 (19)

�∂2
r ξ+ 1

2
+

(
2(α + 1)(r − M) − iνaqQ f − m�

λ + mr

)
∂r ξ+ 1

2

+
[

(ωr2 − qQr)
2 − i(r − M)(ωr2 − qQr)

�

−iqQ + 2iωr − λ2 + 1

]
ξ+ 1

2

−
[
iνaqQ

r3

(
αr2 + (1 − α)Mr − Q2

)

+ m

λ + mr

(
(
α + 1

2

)
(r − M)

+iωr2 − iqQr − iνaqQ

2
f

)
− m2r2

]
ξ+ 1

2
= 0. (20)

The transformation Rs = r−s�s/2ξs has a generic form
that enables both components R1 and R2 to be factorised at
once. We want to achieve a similar thing with the system
of two 2nd order differential equations (19) and (20). More
precisely, we want to write a generic form of the equation that
would unify both Eqs. (19) and (20) into a single equation
valid for both components ξ− 1

2
and ξ+ 1

2
. This generalization

is straightforward and is achieved by unification in the form

�∂2
r ξs +

(
2(s + 1)(r − M) − iνaqQ f − 2s

m�

λs + 2smr

)
∂r ξs

+
[

(ωr2 − qQr)
2 − 2is(r − M)(ωr2 − qQr)

�

+4isωr − 2isqQ − λ2
s

]
ξs

−
[
iνaqQ

r3

(
sr2 + (1 − s)Mr − Q2

)
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+ m

λs + 2smr

(
2s(s + 1

2
)(r − M) + iωr2 − iqQr

−2s
iνaqQ

2
f

)
− m2r2

]
ξs = 0. (21)

Here we took the notation λ ≡ λs, where s ∈ {−1/2,+1/2},
as explained earlier, and used the identity λ2

− 1
2

= λ2
+ 1

2
+ 1.

This is the required equation that has the right commuta-
tive limit coinciding with the known results in the literature
[83]. Moreover, from this equation the contribution of non-
commutativity, as well as the field mass contribution can be
precisely isolated. In order to proceed further in complete
generality, one needs to find the appropriate tortoise coor-
dinate, which again in the limit a,m → 0 reduces to the
known tortoise coordinate for RN. However, we shall not
pursue the analysis further in its whole generality and in the
rest of the paper will rather focus on massless, but noncom-
mutative fermion perturbations. We will address the massive
case in a separate study.

For the end of this section, note that we could arrive at the
Eq. (21) directly from (10) by assuming the following ansatz
from the very beginning,

� = ei(νϕ−ωt)
(

ψ1(r, θ)

ψ2(r, θ)

)

= ei(νϕ−ωt)

⎛

⎜⎜⎜⎜
⎝

pr−1/2�1/4ξ+ 1
2
(r)S1(θ)

−r−1/2�−1/4ξ− 1
2
(r)S2(θ)

r−1/2�−1/4ξ− 1
2
(r)S1(θ)

r−1/2�1/4ξ+ 1
2
(r)S2(θ)

⎞

⎟⎟⎟⎟
⎠

. (22)

3 Tortoise coordinate and the boundary conditions

3.1 The tortoise coordinate and the effective potential

Let us focus on the case of vanishing field mass, m = 0.

Then the tortoise coordinate y can be introduced in which
the radial equation (21) takes the Schrödinger form

d2χ

dy2 + Vχ = 0, (23)

and which is defined by the following change of coordinates

dy

dr
= 1

f

(
1 + iaν

qQ
r

) . (24)

Integrating (24) we find

y = y(0) − iaνqQ

{
r+

r+ − r−
ln(r − r+) − r−

r+ − r−
ln(r − r−)

}

= r + r+
r+ − r−

(
r+ − iaνqQ

)
ln(r − r+)

− r−
r+ − r−

(
r− − iaνqQ

)
ln(r − r−), (25)

where y(0) is the standard tortoise coordinate for the
Reissner–Nordström metric given by

y(0) ≡ r RN∗ = r + r2+
r+ − r−

ln(r − r+) − r2−
r+ − r−

ln(r − r−).

(26)

More precisely, for m = 0 the transformation χs(r) =
�s/2rξs(r), followed by the change of coordinate (24),
brings the Eq. (21) into the form

∂2χs

∂y2 + �

r4

[
2Q2

r2 − 2M

r
− j ( j + 1)

+s2 +
(
ωr2 − qQr − is(r − M)

)2

�

+4isωr − 2isqQ + iaνqQ�

r3

+isaνqQ
r − M

r2 − iaνqQ

r3

(
sr2 + (1 − s)Mr − Q2

)

+2iaν
qQ

r

(2Q2

r2 − 2M

r
− j ( j + 1) + s2

)

+2iaν
qQ

r

(
ωr2 − qQr − is(r − M)

)2

�

−8saνωqQ + 4saν
q2Q2

r

]
χs = 0. (27)

It has the form of the Eq. (23), with the potential being given
by

V = �

r4

[
2Q2

r2 − 2M

r
− j ( j + 1)

+s2 +
(
ωr2 − qQr − is(r − M)

)2

�

+4isωr − 2isqQ + iaνqQ�

r3

+isaνqQ
r − M

r2 − iaνqQ

r3

(
sr2 + (1 − s)Mr−Q2

)

+2iaν
qQ

r

(2Q2

r2 − 2M

r
− j ( j + 1) + s2

)

+2iaν
qQ

r

(
ωr2 − qQr − is(r − M)

)2

�

−8saνωqQ + 4saν
q2Q2

r

]
. (28)

We point out that this equation is valid up to the first order
in the deformation parameter a. Note also that (24) is the
same change of coordinate that was used in [82] in order to
accomplish the same task of retrieving the effective potential
in the context of NC scalar perturbations.
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3.2 Boundary conditions

In general, the boundary conditions impose the constraints on
the shape of the solutions in the asymptotic regions of space.
In order to deduce the appropriate boundary conditions for
the QNM spectrum of the fermionic perturbations, we need
to consider the limiting forms of the Eq. (27) in two separate
asymptotic regions of space – the spatial infinity r → ∞
and the region near the event horizon r → r+. The required
limiting forms of the solution are obtained by solving Eq. (27)
analytically in two stated regions and then imposing the QNM
boundary condition of purely incoming waves on the horizon
and purely outgoing waves at the infinity.

We first consider the r → ∞ limit. The Eq. (27) in this
limit reduces to

d2χs

dy2 +
[
ω2 − 2

ωqQ

y
+ 2is

ω

y
+ 2iaν

qQ

y
ω2

]
χs = 0.

(29)

Note that in this limit the tortoise coordinate does not actually
differ from the radial coordinate. The solution to the Eq. (29)
is given by

ξs = χs

r�s/2 ∼ e±iωy y−1−iqQ−2s−aνqQω. (30)

Likewise, in the near horizon limit r → r+, the Eq. (27)
boils down to

d2χs

dy2 + 1

r4+

(
ωr2+ − qQr+ − is(r+ − M)

)2

×
(

1 + 2iaν
qQ

r+

)
χs = 0, (31)

with the solution

ξs = χs

r�s/2 ∼ 1

(r − r+)s/2 e
±i

(
ω− qQ

r+ −is
r+−r−

2r2+

)(
1+iaν

qQ
r+

)
y
.

(32)

It should be stressed that the solutions (30) and (32) are per-
turbative in the NC parameter a and are valid only up to first
order in a. The QNM boundary conditions, purely outgoing
in the infinity and purely incoming at the horizon, select signs
in (30) and (32). Consequently, the asymptotic form of the
quasinormal mode solutions can be summarized as

ξs(r) →

⎧
⎪⎨

⎪⎩

Zouteiωy y−1−iqQ−2s−aνqQω, for r → ∞, (y → ∞)

Z in
1

(r−r+)s/2 e
−i

(
ω− qQ

r+ −is
r+−r−

2r2+

)(
1+iaν

qQ
r+

)
y
, for r → r+, (y → −∞)

. (33)

Here Zout and Z in are the amplitudes of the outgoing and
ingoing waves, respectively, and they do not depend on r (or
y). In the special case of vanishing spacetime deformation
a = 0, these asymptotic solutions reduce to the asymptotic
solutions of [83].

Equation (21) has an irregular singularity at r = +∞ and
three regular singularities at r = 0, r = r− and r = r+. In
order to apply the Leaver’s method of continued fractions,
we expand the general solution of (21) in terms of powers
series around r = r+. Then the radial part of the spin 1/2
field takes the form

ξs(r) = eiωr (r − r−)ε
∞∑

n=0

an
(r − r+
r − r−

)n+δ

. (34)

At this stage, the parameters δ and ε are still unknown.
However, they can be fixed by demanding that the solution
(34) satisfies the boundary conditions (33) at the horizon and
at the infinity. From the general solution (34) to the Eq. (21),
it is possible to infer its most prevailing behaviour in both
critical regimes, that close to the event horizon, as well as
that at far infinity. While the dominant behaviour of (34)
in the regime r → ∞ is governed by the term r εeiωr , its
dominant behaviour in the regime r → r+ is determined by
the term (r − r+)δ. Moreover, an identification of the leading
contributions to the general solution (34) may also be made
by inserting the tortoise coordinate (25) into (30) and (32).
As the limiting patterns of the solution (34), obtained in two
different ways described above must obviously match each
other, bringing them together directly fixes the parameters ε

and δ:

δ = −i
r2+

r+ − r−

(
ω − qQ

r+

)
− s,

ε = iω(r+ + r−) − 1 − 2s − iqQ. (35)

It is worthy to note that these parameters are not affected by
the spacetime noncommutativity. Furthermore, they coincide
with the corresponding parameters obtained in the Ref. [84].

3.3 Recurrence relations and Nollert method

After inserting the power series solution (34) with the exact
values of the parameters (35) into the Eq. (21), we obtain the
recurrence relations for the coefficients an . While in com-
mutative case we get 3-term recurrence relations, in the non-
commutative case we get the 6-term recurrence relation

Anan+1 + Bnan + Cnan−1 + Dnan−2 + Enan−3

+Fnan−4 = 0, n � 4

A3a4 + B3a3 + C3a2 + D3a1 + E3a0 = 0, n = 3

A2a3 + B2a2 + C2a1 + D2a0 = 0, n = 2
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A1a2 + B1a1 + C1a0 = 0, n = 1

A0a1 + B0a0 = 0, n = 0. (36)

The coefficients An, Bn,Cn, Dn, En and Fn are given by

An = r3+αn,

Bn = r3+βn − 3r2+r−αn−1

− iaνqQr+
(r+ − r−

2
+ (n − s)(r+ − r−)

− ir+(ωr+ − qQ) + (r+ − r−)
s

2

)
,

Cn = r3+γn + 3r+r2−αn−2 − 3r2+r−βn−1

+ aνqQωr+(r+ − r−)3 + iaνqQ(r+ − r−)
(
(r+ − r−)2

+ r−
2

(r+ − r−)
)

− iaνqQ(r+ − r−)2(−1 − 2s − iqQ + iω(r+ + r−))r+
+ iaνqQ(r+ − r−)(2r+ + r−)

(
(n − 1 − s)(r+ − r−)

− ir+(ωr+ − qQ)
) + iaνqQsr+(r+ − r−)(r+ + 2r−)

− iaνqQs(r+ − r−)(2r+ + r−)
r+ + r−

2
,

Dn = −r3−αn−3 + 3r+r2−βn−2 − 3r2+r−γn−1

+ i

2
aνqQr+(r+ − r−)2 − iaνqQ(r+ − r−)(2r+ + r−)

× (
(n − 2 − s)(r+ − r−) − ir+(ωr+ − qQ)

)

+ iaνqQ(r+ − r−)2(r+ + r−)

× ( − 1 − 2s − iqQ + iω(r+ + r−)
)

− iaνqQ(r+ − r−)3

− aνqQr−ω(r+ − r−)3

+ i

2
aνqQs(r+ − r−)(r+ + 2r−)(r+ + r−)

− iaνqQsr−(r+ − r−)(2r+ + r−),

En = 3r+r2−γn−2 − r3−βn−3

− iaνqQ(r+ − r−)2 r−
2

− iaνqQ(r+ − r−)2( − 1 − 2s − iqQ + iω(r+ + r−)
)
r−

+ iaνqQ(r+ − r−)r−
(
(n − 3 − s)(r+ − r−)

− ir+(ωr+ − qQ)
)

− iaνqQsr−(r+ − r−)(2r+ + r−)

+ i

2
aνqQs(r+ − r−)(r+ + 2r−)(r+ + r−),

Fn = −r3−γn−3. (37)

The coefficients αn, βn, γn are

αn = −(n + 1)
(
r−(n − s + 1) + r+

× (−n + s − 1 − 2iqQ + 2ir+ω)
)
, (38)

βn = −r+
(
λs + 2n2 − 4ir+ω(2n + 1 + 3iqQ)

+ 6inqQ + 2n − 4(qQ)2 + 3iqQ − 8r2+ω2 + s + 1
)
+

+ r−
(
λs + 2n(n + 1 + iqQ) + iqQ + s + 1

)

− 2i(2n + 1)r+r−ω, (39)

γn = −
(
n + 2i

(
qQ − ω(r+ + r−)

))

×
(
n(r− − r+) + ir+(−2qQ + 2r+ω + is) + r−s

)
. (40)

The first relation in (36), for n � 4, is a general 6-term recur-
rence relation. The remaining four relations are the indicial
equations relating the lowest order coefficients an in the gen-
eral expansion (34). They may be thought as boundary condi-
tions for the first relation in (36). In contrast to the commuta-
tive case [83], where we have the 3-term recurrence relations,
in the NC case we have these 6-term recurrence relations. Due
to differing orders of recursion, comparison with the com-
mutative case in [83] is nontrivial, the main point being that
the a → 0 limit should be taken not at the very end, but
rather at some earlier step in the analysis. For more details
we refer the reader to [82].

Having the recurrence relations that involve more than
3 expansion coefficients an, as we do have here, we can-
not straightforwardly apply the usual method for solving the
recurrence relations [85]. Instead, we should first use the
Gaussian elimination method to gradually reduce the initial
recurrence relation from the 6-term recurrence relation to a
3-term recurrence relation. The situation here resembles that
described in reference [86], where finding the QNM spectrum
related to massive scalar perturbations of higher-dimensional
black holes (with dimensions higher than four) requires a
repeated application of the Gaussian method of elimination
prior to applying the Nollert’s method [87]. In our case the
Gaussian elimination method needs to be applied 3 times in
a row. The details of implementing the Gaussian elimination
procedure are presented in the Appendix, first in the most
general case and then specialized to the situation considered
here where a reduction from the 6-term recurrence relation
to the 3-term recurrence relation is needed. The whole pro-
cedure was done in Wolfram Mathematica straightforwardly.
The initial recurrence relation can ultimately be reduced to a
three-term recurrence relation, expressed as

A(3)
0 a1 + B(3)

0 a0 = 0, (41)

A(3)
n an+1 + B(3)

n an + C (3)
n an−1 = 0 for n ≥ 1. (42)

As explained in the appendix, the number in the superscript
refers to a number of times that the Gaussian elimination
procedure has been performed in order to yield the recur-
rence relation in question and the corresponding coefficients.
Owing to the recursive nature of this procedure, a general ana-
lytic form for the coefficients A(3)

n , B(3)
n and C (3)

n is unavail-
able. These coefficients are complex and must be computed
numerically.
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The convergence of the series
∑

n an is essential for ensur-
ing that the ansatz (34) exhibits the appropriate asymptotic
behaviour. For convergence to hold, the coefficients A(3)

n ,

B(3)
n and C (3)

n must satisfy the following continued fraction
condition [17]

B(3)
0 = A(3)

0 C (3)
1

B(3)
1 − A(3)

1 C(3)
2

B(3)
2 −···

= A(3)
0 C (3)

1

B(3)
1 −

A(3)
1 C (3)

2

B(3)
2 −

A(3)
2 C (3)

3

B(3)
3 −

· · ·

(43)

The QNM frequencies are determined by finding the roots
of the continued fraction (43). However, as the continued
fraction represents an infinite series, it must be truncated to a
finite number of terms to facilitate the numerical evaluation.
In our numerical computations, we employed approximately
N ∼ 200 terms, depending on the required precision (up to
six decimal places or more). As a validation measure, we
confirmed that increasing the number of terms consistently
improves the accuracy of the computed QNMs.

To enhance accuracy, we apply Nollert’s improvement
method to estimate the contribution from the truncated tail
of the series [87]. The Nollert method involves recognizing
that the quantity RN = −aN+1/aN satisfies the recursion
relation

RN = C (3)
N+1

B(3)
N+1 − A(3)

N+1RN+1

, (44)

and accurately represents the remainder of the continued frac-
tion (43) truncated at order N . This remainder RN is sub-
sequently expanded in terms of inverse powers of N 1/2 as
follows4

RN =
∞∑

k=0

CkN
−k/2. (45)

Substituting this series expansion into Eq. (44) allows one to
determine the coefficients Ck . Since analytic expressions for
A(3)
N+1, B

(3)
N+1 and C (3)

N+1 are not feasible (they are evaluated
numerically using the Gaussian elimination procedure), we
rely on the commutative expressions forCk provided in [83].5

Using described methods and corresponding inputs, we
employ a numerical root-finding algorithm to calculate the
noncommutative QNM frequencies, whose results are pre-
sented in the subsequent section. However, before we pro-
ceed with applying these robust numerical algorithms in a
most general situation, let us consider a possibility of getting
an analytical solution for the spectrum, at least within some
restricted range of the system parameters.

4 The constants Ck appearing in the expansion (45) should not be con-
fused with the coefficients Cn defined in (37).
5 The Nollert method enhances the convergence of the continued frac-
tion equation. Since the commutative tail approximation suffices for our
analysis, we adopt this approach in our study.

3.4 Analytic solution in the large qQ limit

As it is widely known, the analytic solutions across differ-
ent types of black hole QNM spectra are very rare and the
problem of Dirac type of black hole perturbations in the non-
commutative setting considered here is not the exception to
this general rule. Despite that, in some cases of black hole per-
turbations, certain asymptotic limits may allow for a solution
in a closed analytic form. In the following we show that this
may also happen for the situation considered in this paper,
where the fermionic matter perturbs the RN black hole under
conditions of prevailing quantum spacetime structure.

That this might indeed be the case, we observe that in the
limit of large qQ the 3−term recurrence relation (42) allows
for the analytic solution. This conclusion may be reached by
following the same line of reasoning outlined in Ref. [88],
where a massive charged scalar field in the Kerr-Newman
background and the corresponding QNM spectrum in the
large qQ limit were considered.

As in [88], in our case the coefficients αn, βn, γn pertain-
ing to the 3−term recurrence relations

α0a1 + β0a0 = 0, (46)

αnan+1 + βnan + γnan−1 = 0 for n ≥ 1, (47)

that hold in the absence of noncommutativity (a = 0) have
the same asymptotic form for qQ � 1: αn = O(qQ), βn =
O(q2Q2) and γn = O(q2Q2). The frequency ω must be of
the order ω = O(qQ). In that case we have that

βn

(qQ)2 + O
(

1

qQ

)
= 0. (48)

Furthermore, it should be noted that after three consecu-
tive Gaussian eliminations the coefficient B(3)

n will have the
following form in the limit of qQ � 1:

B(3)
n = iqQ(2n + 1)(r− − 3r+) + 4r+(qQ)2 − 8r3+ω2

− 12r2+ωqQ + 2ir+ω(2r+ − r−)(2n + 1)

− iaν

r2+
((r+ − r−)(2n + 1 − s) − ir+(ωr+ − qQ)).

(49)

If we further assume that ω = ω(0) + aω(1) and ω(i) =
W (i)qQ + Y (i), for some W (i),Y (i) independent of qQ and
insert this ansatz into the Eq. (48), we obtain

ω = qQ

r+
− i

2n + 1

4r2+
(r+ − r−) + iaν(2n + 1 − 2s)

16r4+
(r+ − r−)2.

(50)

We see that the real part of the frequency does not have any
noncommutative correction in the limit of qQ � 1, while
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Fig. 1 Dependence of the fermionic QNM frequencies on the NC
parameter a for j = 1/2 and s = 1/2. Subfigure a displays the splitting
in the real part of QNM frequencies, while subfigure b illustrates the
corresponding splitting in the imaginary part for various values of the

magnetic quantum number ν. Subfigures c and d display the spectrum
for j = 3/2 and s = 1/2. The parameters are set to Q = 0.5, qQ = 1,

and M = 1

the imaginary part has a constant correction, which depends
on the magnetic quantum number ν, implying the Zeeman-
like splitting of QNM spectrum in the large qQ domain. This
result in the commutative limit (a = 0) is also in accordance
with the result obtained in [88], after the limit of vanishing
black hole angular momentum is taken (i.e. for non-rotating
black hole).

4 Quasinormal mode spectrum

The resulting spectrum displays interesting deviations from
the commutative one. Figure 1 displays the dependence of the
fundamental mode QNM frequency on the NC parameter a.

Linear deviation from the commutative frequency supports
the validity of continuous fraction method for obtaining the
spectrum in this perturbative approach. This characteristic

Zeeman-like splitting is similar to the scalar field case con-
sidered in [82] and spin-2 field analysed in [89–91].6 It should
be noted that the expected value of a is at the order of Planck
Length, which is much lower than 1 in units where the black
hole mass is equal to 1. Therefore the range of values on the
horizontal axis of Fig. 1 is selected for illustration purpose.

In Fig. 2 the QMM spectrum is plotted as a function of qQ,
while keeping Q fixed. The impact of noncommutativity on
the imaginary part of the frequency (damping part) appears
to be greater than the impact on the real part, especially for
higher values of qQ. However, when one takes into account
the scales on the y-axis, the differences are comparable in
absolute value. A similar graph for the scalar field can be
found in [82]. The trend is very similar, although the spectrum

6 There it should be compared to r−ϕ noncommutativity as the authors
do not consider the t − ϕ noncommutativity studied here.
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Fig. 2 Dependence of the fermionic QNMs ( j = 1/2, s = 1/2) on the
parameter qQ. Subfigures a and b respectively illustrate the splitting
in the real (highlighted in the inset) and imaginary parts of the QNM
frequencies for different magnetic quantum numbers ν. Subfigures c

and d display the difference between NC and commutative QNM fre-
quencies, ωNC − ωC , as functions of qQ for the real and imaginary
parts, respectively. Parameters used are Q = 0.5, a = 0.1, and M = 1

of the scalar field seems to be affected more by spacetime
noncommutativity.

In Subfigures (c) and (d) of Fig. 2, it is visible that the devi-
ation of ν = −1/2 mode from the commutative value is much
larger than that of ν = 1/2 mode – especially in the real part.
While this behaviour looks interesting, the qualitative differ-
ence between the QNM frequencies for ν = ±1/2 (which
does not exist in commutative case [83]) could be explained
by preferred direction of ϕ in the twist (1). Another possible
source of asymmetry could be that the two components of the
chirality display different behaviour and our analysis of the
spectrum was concerned only with the s = +1/2 component
of the spinor.

In Fig. 3 the fermionic QNM spectrum of the fundamen-
tal mode is plotted for j = 3/2 and accordingly four values
of ν. In Fig. 3b one can observe an almost uniform split-
ting of imaginary parts of the frequencies. Even though the

additional component in the modified Reissner–Nordström
metric (3) cannot be related to rotation, this kind of splitting
of imaginary part of frequencies temptingly points to such
interpretation. Indeed, as imaginary parts represent damp-
ing, we may infer from the figures that the waves with nega-
tive value of ν are damped more strongly than the ones with
positive ν. This is reminiscent of a way how frame drag-
ging advances the waves orbiting in the same direction as the
black hole rotates and damps the ones rotating in the opposite
direction [17,92]. Figure 3c and d show the noncommutative
deviations in the real and imaginary parts of the frequencies,
respectively.

Figure 4 similarly shows the qQ dependence of the QNM
frequencies for several values of Q. The most interesting
subfigure is Fig. 4d, where one can see how much noncom-
mutativity affects the spectrum depending on the value of
qQ for fixed Q-values. As mentioned previously, the com-
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Fig. 3 Dependence of fermionic QNMs ( j = 3/2, s = 1/2) on qQ.

Subfigures a and b respectively illustrate the splitting in the real (high-
lighted in the inset) and imaginary parts of QNM frequencies for various
magnetic quantum numbers ν, along with the commutative value a = 0.

Subfigures c and d depict the differences between NC and commutative
QNM frequencies, (ωNC − ωC ), as functions of qQ for the real and
imaginary parts, respectively. Parameters chosen are Q = 0.5, a = 0.1,

and M = 1

mutative spectrum does not depend on ν, so plotting for ν

from −3/2 to 3/2 provides an insight into the magnitude of
the NC correction to the spectrum.

From Fig. 4b one may observe a phase transition-like
appearance in the behaviour of the ωI plot occurring at
around Q/M ∼ 0.9. This threshold is not significantly
affected by noncommutativity [83]. For the scalar NC case,
the phase transition occurs at Q/M ∼ 0.7 [82].

Figure 5 shows the profile of the fundamental QNM in the
complex plane, where the frequency plot is parametrized by
Q/M. The impact of noncommutativity grows with increas-
ing Q/M. The characteristic shape of the graph is not sig-
nificantly affected by noncommutativity. Note that at values
of Q/M at around 0.96 the frequencies start to diverge more
rapidly.

The QNM frequencies in the a = 0 case (commutative
limit) presented in this section agree with the values obtained
in [83]. Our analysis breaks down at higher values of the
black hole charge Q. The exact threshold of Q where this
occurs depends additionally on parameters such as the field
charge q and the noncommutative parameter a. Nevertheless,
for very small values ofa, our method remains robust for arbi-
trary choices of other parameters, except in the near-extremal
limit Q/M → 1. Since the magnitude of a is expected to be
on the order of the Planck length, the regime of validity for
our analysis essentially mirrors that of the commutative case.
As in the commutative scenario, the extremal limit necessi-
tates a separate, dedicated treatment.
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Fig. 4 Variation of fermionic QNMs ( j = 3/2, s = 1/2) against the
parameter qQ for different values of Q. Subfigures a and b respec-
tively illustrate the real and imaginary parts of the QNM frequen-
cies in the commutative case. Subfigures c and d represent the NC

QNM frequencies (with a = 0.1) plotted for j = 3/2, s = 1/2 and
ν ∈ {−3/2,−1/2, 1/2, 3/2}. The splitting in ν is not visible in the c
subfigure, but is clearly present in d. For both commutative and NC
cases, we set M = 1

5 Final remarks

By the progress in experimental astrophysics and discovery
of gravitational waves, black hole QNMs became one of the
most important tools for testing predictions of general relativ-
ity in hitherto unexamined conditions, as well as for gaining
insights into the characteristic parameters of massive com-
pact objects [93]. The latter may be mainly achieved through
the study of quasinormal mode spectra of black holes and
other exotic compact objects.

Studying the black hole perturbations by different types of
fields gives rise to the details in the spectrum that are able to
uncover features like instabilities, bound states, zero modes
or characteristic resonances for which perturbations of these
field configurations tend to be radiated away and decay. The
spectrum may also tell us a lot about the properties of the

spacetime itself. In particular, if the structure of the spacetime
is not in line with the usual concept of smooth continuum,
then presumably this should be also reflected in the spectrum.

In order to emulate conditions like this, in this paper we
have used a specific model in which a massless charged Dirac
field probes a modified Reissner–Nordström geometry. This
physical model was previously shown to be equivalent to the
noncommutative gauge field theory where the NC Dirac field
probes classical Reissner–Nordström background [80].

Features like these show that the total impact of the space-
time deformation may, at the level of effective description, be
squeezed into a modification of geometry, which manifests
in the appearance of an additional nonvanishing component
in the original metric. This results with modified geometry
of Reissner–Nordström type with the emergence of an addi-
tional r−ϕ component in the metric. We then took advantage
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Fig. 5 Real and imaginary parts of the fermionic QNMs for different
magnetic quantum numbers ν and a = 0 with Q varying from 0.01
to 0.96. Subfigure a corresponds to the case ( j = 1/2, s = 1/2), and

Subfigure b corresponds to ( j = 3/2, s = 1/2). For both cases, we set
parameters as q = 0.1, a = 1, and M = 1

of the stated correspondence in order to analyse the modifi-
cations in the fermion perturbation spectrum that appear due
to spacetime deformation.

In brief, the present work discusses the perturbations of
massless charged Dirac particles and the fermion QNMs gen-
erated by these perturbations in the vicinity of a quantum-
deformed Reissner–Nordström black hole. In order to accom-
plish this task, we have adopted the continued fraction
method extended to include the Gaussian elimination proce-
dure. The characteristic pattern of the fundamental mode has
been analysed in dependence of different black hole parame-
ters, such as charge, mass and the NC deformation parameter.
Moreover, changes in the spectrum were analysed for differ-
ent extremal black hole characteristic ratios, i.e. for different
mass over charge ratios and for different charges of the prob-
ing fermion field.

The feature that is the most striking one and that is at the
same time the only genuinely intrinsic to noncommutative
nature of space is the Zeeman-like splitting in the spectrum.
The latter occurs with varying a projection of the total angu-
lar momentum. Another noteworthy feature is the depen-
dence of the imaginary (damping) part of the frequency on
ν. Even though the new nonzero component in the modified
RN metric cannot be directly linked to a rotation, the pattern
of how the imaginary part of the frequency depends on ν

gives a spectral analogue of the rotation-induced dynamics,
thus providing some arguments in support of the rotational
correspondence.

Another interesting point regarding the model of Dirac
perturbations of black holes in the NC setting considered here
is that it allows for the analytic solution in the large qQ limit,

so that the QNM frequencies may be expressed in a closed
form. The result shows that in the stated limit the real part of
the frequencies is unaffected by the NC deformation, while
the imaginary part acquires quantum correction which scales
linearly with the magnetic quantum number (the projection
of the total angular momentum). The latter also reveals the
Zeeman-like splitting in the spectrum, in accordance with the
general and more robust analysis.

The study carried out in this work leaves ample room for
several additional directions of research. For instance, the
question of how spacetime deformation influences the QNM
spectrum for massive fermion perturbations remains unan-
swered. In general, it is known that the perturbations of the
massive Dirac field give rise to the real part of the QNM
frequency that increases with the mass. Likewise, the imag-
inary part which corresponds to damping decreases, imply-
ing that the QNM frequencies due to perturbations of black
hole background with more massive Dirac fields are more
likely to be detected [94]. This is due to the fields with higher
masses decaying more slowly. How the deformed structure
of spacetime would influence these certainties still remains to
be seen. Finally, it is noteworthy that Dirac fields have been
extensively studied in a number of black hole models and
gravitational theories and in a variety of physical processes
that occur near the black hole horizon, such as the scattering
and absorption processes for Dirac particles [95], the spec-
tral power emission of Dirac fermions [96,97], including the
study of superradiance [49] and gray-body factors [98–101].

A clear picture of the influence of the quantum structure
of spacetime on majority of these features and processes is
still lacking as the current investigation has only just began
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to scratch the surface of a fundamental mechanisms that lie
behind them. Some of these issues, as seen from the per-
spective of quantum gravity, particularly massive Dirac per-
turbations and gray-body factors corresponding to fermion
particles, will be addressed in the upcoming work.
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Appendix A: Gaussian elimination procedure

In this Appendix we describe the general Gaussian elimina-
tion procedure and then specifically its variant that has been
applied in Sect. 3.3 in order to reduce the initial 6-term recur-
rence relation into a required 3-term form.

Therefore, once the appropriate higher-term recurrence
relation is identified, it has to be reduced to an appropriate
3-term form by successive and systematic application of the
Gaussian method of elimination. This 3-term recurrent rela-
tion can then be solved by applying the continued fraction
method.

If we start with the general p-term recurrence relation,

A(0)
1,nan+1+A(0)

2,nan+A(0)
3,nan−1+· · ·+A(0)

p−1,nan−(p−2)+1

+A(0)
p,nan−(p−2) = 0, (A1)

which involves the coefficients A(0)
i,n at the level 0 and perform

k Gaussian eliminations, k ≤ p − 3, in k steps, one after
another, the result will be a recurrence relation with p − k
terms, involving coefficients A(k)

i,n at the level k,

A(k)
1,nan+1 + A(k)

2,nan + · · · + A(k)
p−k−1,nan−(p−k−2)+1

+A(k)
p−k,nan−(p−k−2) = 0. (A2)

The last two expressions may be written in a more compact
way,

p∑

i=1

A(0)
i,nan+2−i = 0,

p−k∑

i=1

A(k)
i,nan+2−i = 0. (A3)

After the first Gaussian elimination, we obtain the recurrence
relation with p − 1 terms, involving p − 1 coefficients A(1)

i,n

at the level 1. These two sets of coefficients {A(0)
i,n , i =

1, . . . , p}, and {A(1)
i,n , i = 1, . . . , p−1}, are related by the

following connecting relations:

A(1)
1,n = A(0)

1,n, n ≥ p − 2

A(1)
2,n = A(0)

2,n − A(0)
p,n

A(1)
p−1,n−1

A(1)
1,n−1, n ≥ p − 2

A(1)
i,n = A(0)

i,n − A(0)
p,n

A(1)
p−1,n−1

A(1)
i−1,n−1, n ≥ p − 2

A(1)
p−1,n = A(0)

p−1,n − A(0)
p,n

A(1)
p−1,n−1

A(1)
p−2,n−1, n ≥ p − 2

A(1)
i,n = A(0)

i,n , n ≤ p − 3.

In a similar way, after k Gaussian eliminations, the recurrence
relation (A2) with p − k coefficients A(k)

i,n at the level k is
obtained. The coefficients are given by:

A(k)
1,n = A(k−1)

1,n = A(0)
1,n , n ≥ p − 2 − (k − 1)

A(k)
2,n = A(k−1)

2,n −
A(k−1)
p−(k−1),n

A(k)
p−k,n−1

A(k)
1,n−1, n ≥ p − 2 − (k − 1)

A(k)
p−i,n = A(k−1)

p−i,n −
A(k−1)
p−(k−1),n

A(k)
p−k,n−1

A(k)
p−i−1,n−1, n ≥ p − 2 − (k − 1)

A(k)
p−k,n = A(k−1)

p−k,n −
A(k−1)
p−(k−1),n

A(k)
p−k,n−1

A(k)
p−k−1,n−1, n ≥ p − 2 − (k − 1)

A(k)
i,n = A(k−1)

i,n = A(0)
i,n n ≤ p − 2 − k. (A4)

Relations (A4) provide a link between the coefficients in the
recurrence relations pertaining to two consecutive steps in
the Gaussian elimination procedure. Using the terminology
established above, they relate the recurrence coefficients at
two consecutive levels.

Next, we specialize this general procedure to the case con-
sidered in this paper. For that purpose, we explain the required
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steps in the Gaussian elimination procedure as applied to our
particular model, where we need to reduce the 6-term recur-
rence relation (36) to a 3-term recurrence relation.

To begin with, we define the coefficients of the zeroth level
A(0)
n , B(0)

n ,C (0)
n , D(0)

n , E (0)
n , F (0)

n to be the coefficients of the
initial 6-term recurrence relation (36),

A(0)
n ≡ An, B(0)

n ≡ Bn, C (0)
n ≡ Cn,

D(0)
n ≡ Dn, E (0)

n ≡ En, F (0)
n ≡ Fn, (A5)

with An, Bn,Cn, Dn, En, Fn defined in (37). Similarly, we
introduce the coefficients of the j-th level A( j)

n , B( j)
n ,C ( j)

n ,

D( j)
n , E ( j)

n , j = 1, 2, 3 as the coefficients that appear in the
(6− j)-term recurrence relation, obtained after the j-th Gaus-
sian elimination.

Applying the first Gaussian elimination to (36) we find
the 5-term recurrence relation

A(1)
n an+1 + B(1)

n an + C(1)
n an−1 + D(1)

n an−2 + E(1)
n an−3 = 0,

A(1)
2 a3 + B(1)

2 a2 + C(1)
2 a1 + D(1)

2 a0 = 0,

A(1)
1 a2 + B(1)

1 a1 + C(1)
1 a0 = 0,

A(1)
0 a1 + B(1)

0 a0 = 0. (A6)

The coefficients of the first level are determined as

A(1)
n = A(0)

n ,

B(1)
n = B(0)

n − F (0)
n

E (1)
n−1

A(1)
n−1, C (1)

n = C (0)
n − F (0)

n

E (1)
n−1

B(1)
n−1,

D(1)
n =D(0)

n − F (0)
n

E (1)
n−1

C (1)
n−1, E (1)

n = E (0)
n − F (0)

n

E (1)
n−1

D(1)
n−1,

(A7)

for n ≥ 4, and for n = 3, 2, 1, 0, we have

A(1)
3 = A(0)

3 , B(1)
3 = B(0)

3 , C (1)
3 = C (0)

3 ,

D(1)
3 = D(0)

3 , E (1)
3 = E (0)

3 ,

A(1)
2 = A(0)

2 , B(1)
2 = B(0)

2 , C (1)
2 = C (0)

2 , D(1)
2 =D(0)

2 ,

A(1)
1 = A(0)

1 , B(1)
1 = B(0)

1 , C (1)
1 = C (0)

1 ,

A(1)
0 = A(0)

0 , B(1)
0 = B(0)

0 . (A8)

The application of the second Gaussian elimination to the
recurrence relation (A6) yields the following 4-term recur-
rence equation

A(2)
n an+1 + B(2)

n an + C (2)
n an−1 + D(2)

n an−2 = 0,

A(2)
1 a2 + B(2)

1 a1 + C (2)
1 a0 = 0,

A(2)
0 a1 + B(2)

0 a0 = 0. (A9)

The coefficients of the second level are determined as

A(2)
n = A(1)

n = A(0)
n , B(2)

n = B(1)
n − E (1)

n

D(2)
n−1

A(2)
n−1,

C (2)
n = C (1)

n − E (1)
n

D(2)
n−1

B(2)
n−1, D(2)

n = D(1)
n − E (1)

n

D(2)
n−1

C (2)
n−1,

(A10)

for n ≥ 3, and

A(2)
2 = A(1)

2 = A(0)
2 , B(2)

2 = B(1)
2 = B(0)

2 , C(2)
2 = C(1)

2 = C(0)
2 ,

D(2)
2 = D(1)

2 = D(0)
2 ,

A(2)
1 = A(1)

1 = A(0)
1 , B(2)

1 = B(1)
1 = B(0)

1 , C(2)
1 = C(1)

1 = C(0)
1 ,

A(2)
0 = A(1)

0 = A(0)
0 , B(2)

0 = B(1)
0 = B(0)

0 , (A11)

for n = 0, 1, 2. The third and the last Gauss elimination
applied to (A9) leads to the recurrence relation

A(3)
n an+1 + B(3)

n an + C (3)
n an−1 = 0,

A(3)
0 a1 + B(3)

0 a0 = 0. (A12)

The coefficients of the third level, A(3)
n , B(3)

n ,C (3)
n , that we

have been searching for, are given by

A(3)
n = A(2)

n = A(0)
n ,

B(3)
n = B(2)

n − D(2)
n

C (3)
n−1

A(3)
n−1, C (3)

n = C (2)
n − D(2)

n

C (3)
n−1

B(3)
n−1,

(A13)

for n ≥ 2 and for n = 0, 1, we have

A(3)
1 = A(2)

1 = A(0)
1 , B(3)

1 = B(2)
1 = B(0)

1 , C(3)
1 = C(2)

1 = C(0)
1 ,

A(3)
0 = A(2)

0 = A(0)
0 , B(3)

0 = B(2)
0 = B(0)

0 . (A14)
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81. M.D. Ćirić, N. Konjik, A. Samsarov, Class. Quantum Gravity 35,

175005 (2018). arXiv:1708.04066
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