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Abstract

Following our previous paper “Quantum noncommutative ABJM theory: first steps”
[JHEP 1804 (2018) 070)] [1], in this article we investigate 1-loop 1PI 4- & 6-point func-
tions by using the component formalism in the Landau gauge and show that they are UV
finite and have well defined 6 — 0 limit. Those results also hold for all 1-loop functions
which are UV finite by power-counting. In summary, taking into account results from
previous [1] and this paper, we conclude that, at least at the 1-loop order, the NCABJM
theory is free from the noncommutative UV and IR instabilities, and that in the limit
0* — 0 it flows to the ordinary ABJM theory.
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1 Introduction

Quantum field theory (QFT) constructed by Aharony, Bergman, Jafferis and Maldacena
(known under authors names ABJM theory [2]), spanned on the Moyal noncommutative (NC)
space was introduced in [1] as NCABJM QFT, and shown to be N/ = 6 supersymmetric,
like the undeformed ordinary ABJM theory. In [1] we have computed all 1-loop 1PI 2- and
3-point functions, and shown that they are UV finite and have well-defined commutative limits
0" — 0, corresponding exactly to the 1PI functions of the ordinary ABJM theory. This article
represents further analysis of one-loop 1PI four- & six-point functions of the NCABJM field
theory. In the above the 0" = " /A% represents the NC deformation parameter, antisym-
metric 4 x 4 matrix with dimension[6*’] = [mass™2] = [length?]. The ¢ are dimensionless
coefficients of order one, while Anc is the scale of noncommutativity. Note that proposed
ordinary ABJM quantum field theory [2], is a relative' of the N' = 4 Supersymmetric Yang-
Mills (SYM) theory, and it represents holographic dual of the M theory on the AdSy x S7/Z,
space, contributing to a deeper understanding of celebrated gauge/gravity duality conjecture
[3]. This NCQFT needs to be analyzed on the quantum level because it gives possibility to
search for quantum gravity on four dimensional Minkowski spacetime [4, 5]. In addition, the
NCABJM QFT may be useful as the effective theory describing condensed matter systems
where physics is determined by the Chern-Simons action [6, 7, 8, 9].

The ABJM field theory, at the level r is the super-conformal A = 6 symmetric [10], and
this symmetry is enhanced to AN/ =8, when k =1 or k = 2 [11]. Also, the ABJM theory
was formulated on the A/ = 3 harmonic superspace [12], and shown that such superfield
perturbation theory is UV finite [13].

Important to note that the on-shell scattering amplitude techniques [14] have been used
to work out some tree- and one-loop level scattering amplitudes in the ABJM field theory too
[15, 16, 17]. These computations have uncover algebraic —the Yangian of the corresponding
super-conformal algebra [18]— and geometric —the orthogonal Grassmannian [19]— structures

that play a big role in the analysis of such theory integrability [20].

Noncommutative quantum field theories (NCQFT) [21, 22, 23, 24, 25, 26] spanned on
the Moyal space, is well established research field in the High Energy Theoretical Physics,
containing recent applications of the scattering amplitudes technique to it [27, 28, 29, 30, 31,

'However, for A/ = 4 NCSYM the spacetime dimension is D = 4, whereas it is D = 3 for NCABJM; hence,
it cannot be stated that both theories must have the same properties regarding their UV and IR behaviour.



32, 33, 34, 35]. In the early days, by investigating the 1-loop quantum properties of the Moyal
NC Yang-Mills (NCYM) theories [36], it was discovered the appearance of the IR divergences
leading to the celebrated effect of the UV/IR mixing [37, 38, 39, 40, 41, 42, 43, 44, 45, 46,
47, 48, 49, 50, 51]. On the x-Minkowski and the Snyder noncommutative spaces for the ¢?
theory the same mixing effect was discovered too [52, 53, 54, 55, 56, 57]. A bit later it was
explicitly demonstrated that the quadratic (tachyonic) IR divergences get eliminated in the
Supersymmetric version of the Moyal NCYM theory [58]. Finally, very recently the NCQFT
was constructed and studied as a more general twist-noncommutative deformations of gauge
theory relevant to the AdS/CFT [59, 60]. We learned that the ¢? theory on a quadratically-
noncommutative spacetime, obtained from a Drinfeld twist-noncommutative deformations of
gauge theory, does show the UV/IR mixing effect [61], which together with the same effect
on Moyal, k-Minkowski and Snyder quantum-plane types, increases possibility that the effect
of UV/IR mixing is an universal quantum property of any NCQFT’s. However, the relevant

answer to that fundamental question is still at large.

In searching for the signal of spacetime noncommutativity at high energies it was ap-
plied the most simple model of the NCQFT to the particle and astro particle physics phe-
nomenology in various physical environments (from Earth’s laboratories to Cosmology), for
various physical processes (forbidden, invisible and rare particle decays, scatterings, pro-
ductions, annihilations), and generally for various areas of physical manifestations in: the
Early Universe, Big Bang Nucleosynthesis, Reheating Phase After Inflation, Vacuum Bire-
fringence, Ultra High Energy Cosmic Rays, Cosmogenic Left and Right (Sterile) Neutri-
nos, Holography, Weak Gravity Conjecture, Hierarchy Problem, and the Entanglement,
[62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84|, re-
spectively. From those prospectives note that quantum ABJM field theory on the Moyal
noncommutative spacetime could be helpful —through the gauge/gravity correspondence— in
studying the noncommutative gravity in four dimensions and in the study of the Fractional
Quantum Hall effect [85].

The main purpose of this paper is to rigorously show at the one-loop level, that the four-
point and six-point functions of the noncommutative ABJM theory have a well-defined 6 — 0
limit and that this limit is given by the ordinary /commutative ABJM theory [2]. We do this by
applying the Lebesgue’s dominated convergence theorem of Fourier transformed theory when
the Feynman integrals we meet are both UV and IR divergent for non-exceptional momenta,
on the one side [86, 87]. On the other side we explicitly compute dangerous contributions

—which, of course, are not finite by power-counting (see ref. [86])— that may jeopardise the



existence of vanishing #* limit. The occurrence of these dangerous contributions makes the
existence of a well-defined 0" — 0 limit a highly nontrivial issue. We shall carry out our
analysis in the component formalism in the Landau gauge to avoid the spurious IR divergent
behaviour that occurs when the superfield formalism is used with a local gauge-fixing term?
and to be able to apply the Lebesgue’s theorem (see ref. [87]) in a straightforward way. We
do this by computing and analysing all 1-loop 1PI functions in the noncommutative variant of

the U(1), x U(1)_, theory, following our first steps paper [1].

It is advisable to make some comments regarding the relation between the existence of the
limit 6 — 0 of the 1PI Green functions of the NCABJM theory and the UV finiteness of
the ordinary ABJM theory established in [13]. Since, the Moyal phases introduce a partial
regularization of the 1PI Green functions of the theory, one may be tempted to conclude that
if the corresponding ordinary theory is UV finite, then, the limit in which this partial regu-
larization is removed should exist. A priori, there is no guarantee that this will be the case,
for the ABJM theory is not UV finite by power-counting; hence, the individual Feynman dia-
grams in general are not UV finite, and UV finiteness is achieved as a result of the cancellation
among several UV divergent contributions produced by summing appropriate sets of Feynman
diagrams (see subsection 5.3). As consequence of the partial regularization not being Lorentz
invariant, the cancellation we have just mentioned may leave behind a bounded, in the limit
0" — 0, contribution which has not well-defined limit. An example of an integral which is
finite —in the sense that remains bounded— in the limit #* — 0 can be found in (6.2); of
course, the limit 0*¥ — 0 of that integral does not exist. Hence, we stress again that, even
at one-loop, the existence of the limit 0" — 0 is a highly nontrivial issue, which has to be

analyzed carefully.

We should also mention that it has not been shown that for noncommutative Chern-Simons-
Matter theories —which are formulated at D = 3— the noncommutative IR divergences which
occur as a result of the UV/IR mixing cancel if there is enough supersymmetry; in particular,
it has not been proved that the logarithmic noncommutative IR divergences vanish if the beta
functions of the corresponding ordinary theory also vanish. This is unlike the situation for the
NCYM theories in D =4 —see [38].

For convenience, from [1] we repeat the field content and the free field propagators of the

noncommutative U(1), x U(1)_, ABJM quantum field theory actions in sections 2, and 3,

2In reference [88], it is discussed the way to cure this IR divergent behaviour by using a non-local gauge-fixing

term which depends on the dimensional regularization regulator € = (3 — D)/2.



respectively. Additional Feynman rules relevant to our computations are given in the appedix
A. Let us point out that we quantize the theory in the Landau gauge for two reasons: First,
the Chern-Simons propagator is simpler and second, it does not contain contributions with a
dangerous IR behaviour —see section III of ref. [35]. In sections 4 and further we compute
and discuss all 1PI 1-loop 4-point functions of the U(1), x U(1)_, NCABJM quantum field
theory. Finally in section 8 we have also discussed the scalar 1-loop 6-point functions, and

their limiting properties too. 3

2 The U(N), x U(N)_, quantum field theory action

Field content of the U(N), x U(N)_, ABJM theory consists of four N x N matrices of complex
scalars (X4)% and their adjoints (X#)%,. These transform as (N,N) and (N,N) repre-
sentations of the gauge group, respectively. Similarly, the spinor fields are matrices (U4)%,
and their adjoints (¥4)%, . The U(N) gauge fields are hermitian matrices A%, and A%. In

matrix notation, the covariant derivatives are
DuXa=0,Xa+i(A,Xa— X4A,), D X" =0,X"+i(A, X4~ X44,), (21

with similar formulas for spinors. Infinitesimal gauge transformations with respect to the gauge

~

(A, ), hgauge (A, ), and the scalar ( X4 ) fields are given by
6A, = DA = 0,A +i[A,, A], 6A, = DA = 0,A +i[A, A], X4 = —iAX4 +iXa4A, (2.2)

and so forth. The action consists of terms that are straightforward generalizations of those of
ordinary U(1), x U(1)_, ABJM field theory, as well as the new interaction terms that vanish

for N=1. The noncommutative Chern—Simons plus kinetic term with additional four and six

3The 1-loop n-point functions are sometimes shortly named as the n-correlators, respectively.



fields terms actions in three dimensions are:

S = SCS+Skin+S4+Sﬁ, (23)
1 - A A A A
SCS = %J‘d‘%x‘g‘w}‘tr( A *(/VA)\+ A *A *A)\ 514 *ayA)\_%AH*AV*A)\ )
(2.4)
Skin = % f dPrtr (—D" XA« D, Xy + iUy« PUY) (2.5)
Sy = Sia+ Sy + S, (2.6)
Sia = ;K drtr ABCD(‘IIA*XB*\I!C*XD)—EABCD(@A*XB*\IIC*XD)], (2.7)
e L
Sy = ;degxtr \I’A*\I’A*XB*XB—‘I’A*‘I’A*XB*XB]a (2.8)
T
Sie = o | @rte[20000 07 e X X) - 2@ 0y X X7 (2.9)
T
L kK 3 IA I
Se = ~6%n d’xtr(N*" x Ny)
T
1k

- 3 d%tr[XA*XA*XB*XB*XC*XC+XA*XA*XB*XB*XC*XC
+4XA*XB*XC*XA*XB*XC—GXA*XB*XB*XA*XC*XC], (2.10)
where
N4 = fIAB<XC*XC*XB—XB*XC*XC> —OPTBOX o XAk X,
NI = PQB(XC*XC*XB—XB*XC*XC>—QPIBCXB*XA*XC, (2.11)

with T} being 4 x 4 matrices, generators of the SO(6) group, satisfying:

rhy = —Th,vI=1,..6 {1+ 1T} = 26"/, N = (N'4)T,
I * * 1
I = (M« I8 = (Th,)" = —(I')p) = 5P, (2.12)

The coefficients in three possible structures for the W2X? terms are chosen so that it gives
correct result required by supersymmetry. Certain properties are discussed and demonstrated
in details in the main text and the Appendix of ref. [10].

Next we give the noncommutative gauge-fixing plus ghost terms explicitly:
K 1 v — 1 A AL = ~
Sef+ghost = ~5r Jdgz)j[i&ufl” * 0, A" — N %0, D'\ — 2—§6MA“ *x 0,AY + A % é’uD“A],
(2.13)
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Figure 1: Notations and the propagators of the relevant fields. Separate arrows in (h)gauge

fields indicate the momentum flow.

where the above covariant derivative is defined as usual: D*® = ot® + i[ A ®], for arbitrary
field ®.

3 Free field propagators from the action

In this paper we shall use the Landau gauge which amounts to the following setting of the

gauge parameter: & = 0, after having worked out free gauge propagators.

Diagramatic notations of the relevant fields in our theory in accord with figure 1, like free
gauge field A*(& = 0), hgauge field A*(¢ = 0), ghost A and hghost A, scalar X4, and

finally fermion 7 fields, together with their propagators in momentum space are given next,



respectively:

A=Ay — 2%(‘62”;1”’), A=Ay — 2%(6“;@”), (3.1)
A>A: = 2%(;—2@), A—A: z%r(;—;), (3.2)
XE L X, — 2%(;_;)%3’ Ty — 0,0 — %(_;fiﬂjaﬁ (3.3)

The interaction vertices Feynman rules are derived following the conventional procedure. Re-
sults are listed in the appendix D of [1], and in the appendix A of this paper. We use clockwise
circles for the star-product ordering.

4 Scalar field four-point functions

Total one-loop scalar field 4-correlators S;x = <X A x A, XA, X A4> is the sum of the contribu-

tions from the sum of diagrams given in figures 2-6
S4X _ Smd + Sbub + Stri + Sbogv7 (41)

where S%* S and S denotes contributions from eight box, eight triangle, and nine

bubble diagrams, represented partly in figures 2-5, and denoted as:

8 8 9

Sbow _ Z S$0x7 Stri _ Z Sﬁm” Sbub _ Z Sfub (42)

r=1 r=1 r=1

There is also six scalar fields tadpole contribution S*? from a single loop diagram, [up to the
7 -, o -permutations of all fields in (2.10)], given in figure 6, respectively. Note that number of
contributions within (4.1) actually do not exists due to the absence of relevant contributing
terms in the complete action S (2.3).



4.1 Box diagram contributions to the 4 scalar field 4-point functions

From figure 2 we obtain the following integrals

dPe¢ N (0, qu, g2, q3; )
box . — r P10 28 2
S a1, 2,453 9) J (2m)P (0 + 1) (€ + g2)>(C + g3)?’

= +16 - 5 5?: e*%(qlthJs)@qze*if@qugom (5, 01, G, (J3),
Nbox 0. q1, 2, G3; 16 - 52;522: e%(‘ll+q3)9q26—ié€(¢11-¢12+¢13)fé70x(E’ a1, G2, G3),

" ) - (44)
: ) - (15)
Nbo:v(g G, qo,q3:0) = —16 - 5A15A4 —3(a1+4q3)0q2 iee(qrqﬁqs)fbom(g @, P, q3), (4.6)
« ) - (17)
4.8)

r=1,..4, (4.3)

bow

14 q1, 492, 43,

NI (0,1, o, G3; 0) = +16 - 541053 e3lartalazgitoa for (g g, ) g9,

f2 a1, g2, q3) = €(L, ql,qs)[s(f, a1, q2) — (0, q1,q3) + (4, @2, q3) + €(qu, qz,%)] (

by employing FORM. There is the following shorthand notation e(a,b,c) = €,,,a"b"c’ in

equation (4.8). The fé"’x(ﬁ, ¢1, G2, q3) is polynomial in momenta, with maximal power 2 of loop

momentum ¢, which ensures that S%% Vr = 1,...,4, is finite by power-counting. Summing

up four above numerators (4.4)-(4.7) we have
4

Z S2 (g1, 42, 433 0) = (+16)5£;52‘§f (

r=1

{e%(41+%)9q2 [eiqu _ e*iﬂ‘)(th*qwr%)] + e*%(fhﬂ]s)@tlz |:€*i€9qz _ ei39(q1*qz+q3)] }

dPy Fem (0, qu1, g2, q3; )
2m)P (0 + q1)*(C + q2)* (£ + g3)°

(4.9)

Next, according to figure 2 we express needed three internal momenta (qi,¢2,q3) used in
the first diagram in terms of external momenta (p1,ps,ps,p4) and vice-versa, necessary to
perform the f;"’””(ﬁ, q15G2,q3) (4.8) computation in FORM:

@i = p1, @@=p1+Dp2, g3 =p1+p2+ps, and
P2 = @—q, P3=0q3— G2, Pa=—q3, P1+p2+ps+ps=0. (4.10)

Now we prepare the following numerators

Nbo:c (€,p1,p2,p3; 9) — +16- 5 5 6_5 (P10p2—p3bpa) ,—il0(p1+p2) fbo:c (£7p17p27p3)7

N3 (€, p1,p2, ps;0) = —16- 5;11215;11;1 o3 (P10papslns) o =it0lprrs) fé}ox(&pl,p%pg),

Ngom (ﬁ,pl,p2,p3; 0) - _16- 52121521; e*%(P19p2*p39p4)6159(171+102)fé’ox(g’pl’p2’p3)’

NP (0. prypa,psi0) = +16- 85305 e2W10P2patpdlOWrtes) £208(0 py py pa), (4.11)

where fé"’””(ﬁ; P1, P2, P3) = fém is complicated and long expression needed to be handled by
the computer.
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Figure 2: Scalar field 4-correlator with (h)gauge-scalar box-loop diagrams S}%, defined in
(4.3)-(4.7). Arrows on diagram lines show the flow of charge, while separate arrows indicate

the flow of incoming momenta on all four diagrams.

Second, from figure 3 we compute the following cross integrals using again the above new
method
dDg NT(£7 k17k27k3;9)
(2m)P C2(0 + Kp)2(€ + k2)2(0 + k3)?’

SYot(ky, ko, k33 0) = J r=5,..8  (412)

N (0 ky o ks 6) = 416 03000 e 20T 080 by k), (4.13)
NE (0, ki oy kg 6) = —16- 6418740 es—halhapmitOlaha) fhov (g o) py f) (4.14)
NE(0 k1 ke, gy 0) = —16- 0510743 e 3 —kaldka it (hi—ha) ghow(p o, o kg), (4.15)
NY(0, Ky oy kg ) = +16- 641578 est—halha phov(p po, o) o), (4.16)

where fPo%((, ky, ky, k3) is the same as fém(f, 1, G2, q3) after replacement ¢; — k;. Summing

up four numerators (4.13)-(4.16) we have

8
de 002 (0, ky, by, ks 0)
box . _ A1 CAy k s vly 2,y V3,
2,577 i i i ) = (+16)3730% J (2m)D (0 + k)20 + ko)2(C + k)2

r=>5

.{2 cos w _ o5 (k1—ks)0ks ,—il0(k1—ks) _ e%(klkg)ekgeiw(klkg)} (4.17)

where cos term gives planar integral, while other two with exponential ¢0(k; —k3) dependence

are non-planar integrals.

Here according to figure 3 we give definitions of three internal momenta k; in terms of ex-

10
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Figure 3: Scalar field 4-correlator with (h)guage-scalar box-loop diagrams ng’gfm defined in
(4.12)-(4.16). Arrows on diagram lines indicate the flow of charge, while separate arrows show

the flow of all incoming momenta.

ternal momenta p; and vice-versa, needed during the f°*(¢, ki, ko, k3) computation in FORM:

p1 = ki, pp=ky— ki, ps=—ks, ps=Fks—Fky, and
ki = pi=q, ko=p1+p2=q, k3 =pi+p2+ps=gs. (4.18)

Using the above definitions of internal momenta k; in terms of external momenta we obtain

NY(0,p1,poy ps; 0) = +16 - 841645 =2 @i0p2mpapo) ghov (g, po ),
NE(,pr,p2,ps;0) = —16- 64104 €2p16p2 palps) = H0wLERS) (OO ({11 po. pa)),
:E(g PP, p3i0) = —16'5A252;6 L (p16p2 —p30pa) ,il0(p1+p3) bom(f Pr. 2. pa),

NE= (0, p1,pa, p3;0) = +16- 5?;5?;‘ e%(P19P2*p39P4)f,§°w(£,pl,pg,p4), (4.19)

box

where we had to switch p3 — ps to obtain needed f2°(¢;p1, p2, ps) =

Some important comments are in order. Constructing x-orientated scalar-gauge boson
box-loop diagrams in figures 2 and 3, contributing to the 1-loop 4-point functions, we notice
that box diagrams are self-orientated so that diagrams with identical gauge boson lines are

box

either planar or non-planar. All integrals from diagrams with mixed fields S3%’s ; —one wavy

and one double wavy lines— belong to the non-planar case.

Finally for any further computation/analysis of the box diagrams sum (figures 2 and 3) at

11



0 =0, from eqs.(4.3)-(4.19) we are writing total S** formulae in terms of external momenta:
8 4
d3l Nbez (¢ ;0
Sbom _ Zsi)om:J‘ 32 > r ( aplap22ap3a ) -
=i C(+ p1)*(€ + p1 + p2)*(€ + p1 + p2 + p3)

N J >t ZS: NP (0, p1, pa, ps; 6)
(2m)3 5254‘1)1) (€ + p1+p2)2(L + p1 + p2 + pa)?

(4.20)

4
ZN,‘?” = —i326410%!

.[e*ﬁpﬁprm@m) sin £0(py + pa) + €212 sin (9(py + p 3)]f "
8
SN = 166404
r=>5
.[6_%‘(1,191,2_1)391,4) (1 _ ez’ée(p1+p3)) + 3 (P10p2—p30pa) (1 _ 6—ié€(1)1+p3))]f]lgox’

Here one can see trivially from the above sums that at 6 = 0 each term is zero by itself,

yielding
4 8

. box . _ . box . _
éﬁ% ;Nr (p17p27p370> - 07 éﬁ% ;Nr (p17p27p379) =0. (421)

These results, upon using Lebgesgue’s dominated convergence theorem, lead to

lim Sbor — . (4.22)

Indeed, first, we have the following inequalities

4
) Z Nfox ) Z Nbox
r=1

where |c| stands for the modulus of the complex number expression denoted by ¢. Secondly,

< 64 5A15A4 fboa:

< 6404164 [ f27); (4.23)

the momentum dependent expressions

f 5050 ]i)om

20+ p1)2(0+ p1 +p2)?(0+p1 4+ p2 +p3)? (L4 p1)?(0+ p1 + p2)?(L + p1 + D2 + pa)?

(with polinomial f2* and f{°* being defined earlier in the text line after Eqgs. (4.11) and
(4.19), respectively) are absolutely integrable functions, at D = 3 and for the non-exceptional
momenta, as a consequence of the power-counting theorem [86] for Feynman integrals in Eu-

clidean space. This result and the inequalities in (4.23) lead to the conclusion that the integrals

12



in (4.20) satisfy the hypothesis of Lebesgue’s dominated convergence theorem [87] and, hence,
using (4.21) we have

, d3£ - N2 (0, py, p2, p3; 0)

lim o Z 5 5 3

00 Cl+p)2(0+ p1+ p2)2(L + p1 + pa + p3)
d3¢ NP“ (€, p1,p2, p3; 0
27?39»0 £2€+p1 120+ p1 + p2)?(L + p1 + p2 + p3)?

, d3£ 8 N (¢, py, pa, p3; 0)

lim )8 Z 5 5 5

0—0 E €—|—p1) (€+p1+p2) (€+p1+p2 +p4)
43¢ 8 NP0, p1, pa, p3; 0

_ f 2 lim > — . (p1p22p3 ) 5=0, (425

(2m)? 0—0 Z L2(0 + p1)*(€ + p1 + p2)*(€ + p1 + p2 + pa)

which imply (4.22).

Since the commutative limits exist for the each sum in (4.20) of box diagrams from figures
2 and 3 the eq. (4.22) is proven, i.e. the commutative limit 6" — 0 exist for the sum of all
eight diagrams contributing to the S%? from (4.2).
Q.E.D.

Finally, to compute €-nonvanishing and/or #-final 4-point function S%% (4.20) we need
integrals 19, I, I | given in appendices B, C, D, respectively. However, inspecting completed
formulae for § = 0 in S we realize that it is too lengthy, very much cumbersome and
non-transparent, thus the complete computation of #-nonvanishing part has to be performed

by the computer.

13
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XA1 XA4
S]tria S;M',a S;riu Sﬁria

Figure 4: Scalar field 4-correlator with triangle-(h)gauge loop diagrams S{’j,,. Arrows on

diagram lines show the flow of charge, while separate arrows indicate the flow of incoming

momenta.

4.2 Triangle diagram contributions to the 4 scalar field 4-point functions

From figure 4 we compute the following contributions also using new method

. AP0 NI"(C, q1, g, g3; 0)
tri . — r Uk M
Sr (Q17Q27€I3a 9) J‘ (27T)D £2(€ 4 Q1)2(€ + q2>2’

N (0 qu, 4o, 03 4 S04 el [1 * 6_%2] I a1 20,

—1,....4, (4.26)

) - (427)
NYU(l,q1, 42, 433 0) = —8 - 0510741 es(@raiae-itdla—artan) flri(y g, gy q.)  (4.28)
Ngﬂ(& q1, 42, q3; 9) = 8- 52‘;521;1 67%‘(qﬁqS)quem(qrqﬁqS)féﬂw’ a1 92, Q?’)’ (4’29)
) - (4:30)

(4.31)

NI, q1, gz, g3 0) = +4 - 04155 e3(@Fa)le [1 * equ] 1, 02, 69),

f 0 a1, 42, 43) = (4, g, qg)[é(ﬁ, 01, q3) — (€, 42, 43) — €(qn, G2, ‘J3)]'

Definition of e(a,b,c) is the same as before e(a,b,c) = €u,a"bc”, and fI"(C,q1, g2, q3) is
polynomial in momenta. Products of £(a,b,c) in (4.31) shall further be replaced with the
relevant contractions and computed by computer using FORM, like we did for (4.8)-(4.11).

14



Summing up four diagrams from figure 4 we have:

dPe [ qus g, 435 0) 5 oo 11+ 43)062
2m)P 020+ q1)% (€ + qo)? 2

4
Z Sﬁ”(QM 42, 43; 9) = (+4)52;5£: f (
r=1
_i_e*%(thﬂm)@qz (efiqu _ 261'59((11*!12%13)) + e%(ql+QS)GQQ (eiqu _ 26i39(q1q2+qs))].

(4.32)

In triangles from figure 4 we encounter both, the upper—lower asymmetries and decomposition

of unordered into different ordered diagrams.

In the first diagram of figure 4 are indicated two needed internal momenta (g1, ¢q2). Thus,
we also give definitions of the external momenta (p1, p2, ps,ps) in terms of internal momenta

and vice-versa, necessary to be used during the computation of fé” -terms (4.31) in FORM:

PLo= q, P2=G2—q1, P3=q3—q2,, D1 = —@3, and
g3 = p1+p2+ps, ¢2=pi+ P (4.33)

From (4.33) follows f"(¢,q1,q2,q3) — f)"*(£,p1,p2,p3) , giving

0, p1,p2,p30) = +4- 532152: e*é(plepﬁpzeps)[l 1 e ilo(pr+p ]ftrz(g D1y P2, D3),s

i

A1 A4 L (p10pa+p20ps) ,—ild(p1+ tri
= —8-5A215A;‘e2(p1p4 p20p3) o= it0(p1 p?’f (4, p1,p2,p3),

Ay Ay 1 ;
— _8.9 15A;16 2(p19p4+p29p3)6159(p1+p3 ftm(

0, p1,pa2, p3; 0
0, p1,pa2, p3; 0

E plapZap?))
= 44- 5?2151;1 e%(p1€p4+p20103) [1 + eiZG(IDlJr;Dz ]f,ﬁ”(&phm,m)- (434)

N ( )
2 )
Z( )
Nm(g P1, P2, P33 0)
Here again f;;”(f, P1, P2, P3), as a polynomial in momenta with maximal power 2 of loop mo-

mentum /¢, is long expression need to be handled by the computer using definition (4.31).

Important to note is that once one assigns the above external momenta there are two types
of triangle diagrams, the (/) and (I ), respectively:
(I) For any further computation of the sum of four triangle diagrams at 6 = 0 from
eqs.(4.34), we are giving the first compact type of contributions S¥* from figure 4, like a sum

(4.32), but in terms of external momenta:

| o dPe 1 -
Siri = Z S = f( Z NI (€, p1, p2. ps), (4.35)

Z 2m)P (0 + p)?(C+ pr + pa)? &

4
Z Ntri(&pl,pz,pg) — 4. 5 5 [ 2 (p10ps+p20pa) (1 + itf(p1+p2) _ Qe*if(?(pﬁps))
r=1

1L o3 (010pstpatpa) (1 + e W0p1tp2) _ Qeiée(pﬁpg))]fm(g P1; P2, s)
p \ B LS/

15



from where we trivially see vanishing of numerator (4.35) in the # — 0 limit.
tri

(I1) The second compact type S¥}' can be obtained from the first one by simple exchange of

external momenta. So we shall have altogether sum of eight diagrams, i.e. eight contributions.

Inspecting and comparing carefully this paper expressions (4.26)-(4.35), and relevant in-
tegrals in this paper appendices B.2.3, B.3.3, C.3.1, C.3.2, with analysis regarding integrals
L, 1., I'" Eqgs.(8.18-8.25) from [1], one can see that this paper integrals, being the same types
as I, 1., 1 ¥ in [1], are both UV and IR finite by power-counting. Therefore we can apply
Lebesque’s theorem [86, 87] to the each of sums S and S} separately, and due to the same
arguments as for the boxes we conclude that the commutative limit for the full sum holds:

8
lim S™ = li wW+5W)=y%§}Wmmmm5m=o. (4.36)

0—0 6—0
r=1

Q.E.D.

Additionally, in the appendix E.3 by direct computations of generic sample diagram (2.)
in figure 15, we have shown that the commutative limit 6 — 0 exist for each individual
triangle diagram in figure 4 and for each of the additional four diagrams with exchanged

external momenta, i.e. the commutative limit for the sum of eight contributions (4.36), also
holds.

To obtain @-final parts of the 4-point function S we need relevant integrals I3, I, and
I} from appendices B, and C, respectively. Since the full S expression for # = 0 is too

long, cumbersome and non-transparent, it has to be handled by the computer, like the S%* .

4.3 Bubble diagram contributions to the 4 scalar field 4-point functions

From figures 5 we have to compute relevant diagrams by using FORM again:

Ghub _ 29: o f dPl (5 NP (0, p1,pa, ps; 0) n = NP (0, py, pa, ps; 0)
(27T)D €2(€ +p1 + p2)2 €2(€ +p1 + p3)2

J APl Ng" (€, py, pa, ps; 0)
(2m)P (€ + py + p3)?

r=1 r=5

+ (4.37)

where we have expressed bubble diagram contributions from the very beginning in terms of

external momenta, due to the necessity for any further computation of the 4-point functions

at general 0" = (0 case.
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XA, Xa,
p2(d H ps
£+ .
M Bo By B2 B3
S el M W’% T / \
$ 3 & 3 & ?
" w v w w 'LZ j2 U
¢ B1 B3 B Ba
p1|T T pa
Ay X A4 ’ ~
X Si}ub Sgub S%Jub Sillb bgub

Figure 5: Scalar field 4-correlator with gauge and fermion bubble-loops diagrams: S{’f‘;g,
and Sg}gb, respectively. Here arrows on the diagram lines indicate the flow of charge, while
separate arrows indicate the flow of incoming momenta on all five diagrams. In S5ub, Sub Gbub
diagrams, momenta are denoted in the same way as in S while for the S loop we have

the following two propagators momenta: ¢, and —(¢ + py + p3), respectively.

Here, due to the computations in FORM, we also have to express the external momenta
(p1, P2, P3,p4) as functions of set of the internal momenta (q1,¢2,43): P1=q1, P2 = G2 — q1,
D3 = q3— Q2 , P4 = —q3 and vice-versa qa = p1+p2, g3 = p1 + D2+ p3. Note that we indicated,
in the first diagram from Figs.5, only one needed internal moment in bubble loops as ¢ .

NPl prypa,psi0) = =2+ 041041 e 3 P10pamibpempans) [1 + cos (£0(pr +p2))]

(€ + t(pr + p2)), (4.38)
Ngub (0, p1,pa,p3;0) = +8- 52121 521;1 e~ 5 (P10p2—p10p3—p20ps) ,it0(p1+p3)

(€ + Upr + p2)), (4.39)
NI (0, pr,pa,psi0) = =2+ 041041 e3P10Pamfpsmpats) [1 + cos (£0(p + ]92))]

(% + L(p1 + p2)), (4.40)

Ops — (0
NP (0, prop2.psi0) = —32- 64041 sin P 2(p1 “r
0 00
sin P8 (p1 +P2)2+ (pr+p2) (€ + U(py + p2)), (4.41)
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Né)ub(g’ p17p27p37 0) — _2 . 52;521; e%(?19P2*p19P3*p29103) |:1 + coS (€H<p1 + p3))]

(¢ + £(p1 + ps)), (4.42)
Né’“b(ﬁ,pl,pmp:a; ) = +8- 52; 521;1 3 (P10p2—p10p3—p20p3) ,it0(p1+p2)

(% + €(pr + p3)), (4.43)
NP (0, p1,pa,pa; ) = —2- 64 04! 67%(’”9”271’19”37”9”3)[1 + cos (£0(p1 + ps))]

(¢ + £(p1 + ps)), (4.44)

) Ops — L0(p1 +
N§Ub(€>pl>p2>p3; 9) = —32: 5;2215;2; s s 2<p1 p3)
O(p1 + p3) + €0(p1 +

sin P20 p3)2 PLtDs) (24 iy + ps), (4.45)

NGl pu,po,psi0) = =8 (43040 — 41042 ) (2 + Uz + ps) (4.46)

{eifﬁ(pﬁpg)e—;(p10p2+p10p3—p20p3) _ e—iw(plﬂiz)e%(p19p2+p10p3+p29p3)

— W00, +pz)e—%(p10pz +p10ps+p2bps) 4 ,—il0(p1+p3) 6%(p10p2 +p10p3—p26p3) } )

In the above N2 to NP contributions are obtained from the first four diagrams in figures
5 with exchange (A, py) <— (As,p3). The ninth term NZ is obtained from the fifth
diagram in figures 5 and by permuting indices and momenta in N = NP0 and NP = Npub
respectively. The planar parts are self-evident integrals with no ¢,0"” -dependent NC phase
factor. In figures 5 diagrams with one double-wavy and one wavy lines, like S5 are non-
planar.

Inspecting each numerator (4.38)-(4.46) one could trivially see vanishing of each combi-
nation NJ0  Npub o Nbub o (Npub o NBub o NPub) and (NP 4+ NEWP 4+ NI by itself in the

0" = 0 point, i.e. that for the numerator sum commutative limit holds:

9
: bub . _ 1 bub . —
}E}% N"(p1, p2, ps; 0) = élf(l) Z N, (p1, 2. ps; ) = 0. (4.47)

r=1

Finally, integrating (4.37) in D = 3 with abbreviations pt = 0"'p, gives:
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Simb(Pl,Pz,Ps;@) = —2-52;51‘2;1@—i(?1+p3)9(p1+p2)

p1+
(1961 + )~ 2P 100 4 s+ )], (1.45)
+ +
S (py, pa, p3;0) = 5A15A4[ (p1 ¥ p2) (p1 pz)f?(ﬁl + D3)
+ i
_ (pl 2]32) €*§(p1+p3)9 p1+p2) [0(])1 + Po; D1 + ps)] (4.49)
S§“b(p1,pg,p3; 9) - _9. 52215144 £(p1+p3)0(p1+p2)
. . p1+p . .
[I?(Pl + Da) — %lzo(pl + p2; D1 +P2)]> (4.50)
Sy (p1,p2,ps; 0) = —16-0410%!
p1—p3)f(p1 +p . . + pg)? . .
-{COS( . 3>2< ) [llo(pl P2) — wlg(pl + p2; P +p2)]
~ cos (p1 + p3)0(p1 + p2) J >l + Upy + ps) (4.51)
2 (27‘(‘)3 £2<£ +p1 + p2)2 ’
Sg“b(pl,pz,pg; 9) = —92. 52;51/2;1 6%(p1+p3)9(171+172)
~ ~ + p3)2 ~ ~ d3€ €2 + f(pl + pg)
L0 + ps) — PP 000 4pe sy ]+f 4.52
{[ l(pl p3) 2 2(p1 p37p1 p3) (27T>3 €2(€+p1 +p3)2 } ( )
. + p3)0(p1 + L
Sg b(pl,pz,p?,; 0) 8. 52;52;1{ oS (p1 p3)2(p1 pz)f?(pl + )
+p3)?
. (pl 2]93) e§(p1+P3)9(p1+p2)[0(p1_|_p3 p1+p2>} (453)
S'?Ub<p17p27p3; 9) = Sgub(€7p17p27p3; 9)}%_,3 =—2- 53;6:23 67%(p1+p3)9(11’1+1172)
o p1+ p3)? L
[I?(Pl + P3) — %lg(pl + p3;p1 + Ps)]> (4.54)
Szlgmb(pbp%p?); 9) = SZUb(€>P1>p2>p3§9)\2H3 = —16- 6;;52;1
p1—p2)f(p1 +p L p1+ p3)? 545
{ cos (b 2)2( . ) [I?(]h + p3) — %[3@1 + P3; D1 +p3)]
oS (1 + p2)0(p1 + ps) J d’t 02 + €(p1 + ps) (4.55)
2 (271')3 62(6 +p1 + p3)2 ’ .
. —19)0(p; + N -
SE(py paypsi0) — 8- <525523 _525?;){2%8 (m1 p2)2(p1 ps)]?(pl )
(p2 +p3)2 —4(p1—p2)0(p1+p3) 70 . ~ £ (p1—p2)0(p1+p3) JO L= ~
5 e 2 Iy (p2 + ps; D1 + P3) + €2 I5(p2 + p3; —p1 —P3)]
—p3)0(p; + . N
—9cos (p1 —p3)0(p p2)1?<p1+p2)

2
S0 18, 4 By 4 )+ e3P Dy sy — )| }

+M[e
19
(4.56)
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Above integrals [ ?72 are given in the appendix B, eqgs. (B.5)-(B.11), respectively.

Since the expressions (4.37),(4.48)-(4.56) from bubble diagrams in figures 5 contain type
of integrals which are not UV finite by power-counting rule, the Lebesque’s theorem [86, 87]
does not hold, thus the complete loop integrations and the limits 6 — 0 in (4.37) do not
commute. Consequently, after the full 3D integrations the above vanishing of numerators
(4.47) does not hold anymore for integrated S® (4.37), i.e.

9

: bub _ 71: bub . _
él_)r% S - él_I)I(l) ;Sr (pbp?api’ne) = 0. (457)

Due to its non-planar parts, the S** is IR unstable.

So, at this point we shall not continue with the computation of the 4-point function S**

(4.37) since it contain IR divergent integral I?(k) (B.6). To handle that situation we first
isolate the non-planar parts from the sum S®® (4.37) and than add it to the non-planar part

of tadpole diagram S yielding surprisingly good result presented in the next section.

5 Non-planar (NP) bubble + tadpole contributions and 6" limits

5.1 (NP) bubble diagram contributions to the 4 scalar field 4-point functions

Using results from figures 5 and eqs. (4.48)-(4.56), after some lengthy algebra, we can write

the following total bubble contribution coming from the sum in dimensional regularisation
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non-planar diagrams,

9
Z NP SbUb p1>p27p379)

5}?21533{[ — 4 cos (s +p3)g(p1 + ) + 16 cos (s _p3)§<p1 +p2)]f?(]51 + P2)
+[8 cos (p1 +p2)g(p1 + p3) 39 cos (p1 — p2)§(171 +p3)]]{)(}51 + fs)

(p1 + p3)0(p1 + p2)
2

—4(pa + p3)? [6_%(p1_p3)9(p1+p2)13(292 + p3; D1 + DP2)

+4(py + p2)? cos I3(p1 + pa; 1 + Do)
3 MPEIR) [0 () pa; —y — 132)]

—4(py + po)2e 2 P1FPO@IER) 10 4 pos By + )

(p1r — p2)0(p1 + p3)
2

+4(p2 + p3)2 [6—%(p1—p2)9(p1+p3)]g(p2 + sy + ]53)
e3P0t [0(py + py; —y — 133)] }

—i—{same as above with (2 < 3)} (5.1)

+8(p1 + ps3)? cos I (p1 + p2; P1 + P3)

We repeat, the above tadpole scalar type integral [ ?(fc) shows linear IR divergence (B.6) when
k — 0, while bubble scalar type integral I (p; /~f) has well-defined 0" — 0 limit with finite
value given in (B.9).

5.2 (N'P) tadpole diagram contribution to the 4 scalar field 4-point functions

Using six-scalar fields vertices, figure 14 from the appendix A, with 7—, 0— permutations of all
fields expressed by Feynman rules (A.5) and (A.6), we compute all 1-loop diagrams, generically

shown in figure 6 as a single 1-loop tadpole diagram in terms of external momenta,

APl Vg(p1,pa, 00, p2, ps; 0)
2m)P e .

(N'P)S“(py, pa, pa, p3; 0) = f ( (5.2)

Contracted terms from (A.5-A.6) are as follows:
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X4 p Xag, p3 1
XA4¢ jZ) Xag,p2 1

Figure 6: Scalar 6-field tadpole diagram contributing to the 4-correlator S*?. Arrows on
diagram lines indicate flows of charge, while separate up arrows indicate flows of incoming

momenta.

Vo(p1, pa, U0, p2, p3; 0) =
52115:24{ —6 e—iZG(p1+p2)e%(p19p2+p39p4) +12 6—2'59(171+p3)6%(1719p3+p29p4)
3

—6 eifﬁ(pﬁpz)6—%(p19p2+p39p4) +12 6i€9(p1+p3)e—%(p19p3+p20p4)}

+ {same as above with (2 < 3)} (5.3)

Taking into account the m—, c— permutations of all fields expressed in the Feynman rules
(A.5-A.6) and (5.3) we found that commutative limit for the numerator holds:

However, since the tadpole type integrals are not UV finite by power-counting rule the loop
integration and the limit 6 — 0 do not commute. Finally, after changing variable ¢ — —¢'
in the first line of (5.3) and integrating (5.2), the total tadpole contribution being non-planar

in dimensional regularization reads:

(N'P)S"4(py, pa, ps; 0) = 64164

{ 1200, + o) cos LT p?’)z(pl + p2) (p1 — p2)§(p1 +ps) }

+ {same as above with (2 < 3)} (5.5)

+ 2410 (py + Ps3) cos
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5.3 The 6" — 0 limits for the (NP) part of bubble plus tadpole diagrams

Let us repeat. It is plane from previous subsections that the limit 6*” — 0 of each box
(B.4) and each triangle (B.3) types of integrals is not divergent, and that this limit agrees
with corresponding result in three-dimensional ordinary Minkowski space. Indeed, if one sets
0" = 0 in the integrand of the integrals which make up those diagrams one obtains a collection
of integrals which are UV finite by power-counting, and therefore the Lebesgue’s theorem
[86, 87] holds, i.e. the limit and the integration do commute, thus the limit #* — 0 can be

taken under the integral sign.

On the other hand, if one sets 6 = 0 in the integrand of each bubble diagram, one obtains
a Feynman integral which is UV divergent by power-counting, and therefore the non-planar
contribution coming from that integral gives rise to the noncommutative IR divergence, since
the non-planar part of tadpole diagram for 6 — 0 diverges *. So, the limit §** — 0 of each
bubble diagram does not exist, limits actually diverges.

However, taking into account that all integrals of I3(p;k) types from (5.1) have finite
value (B.8), i.e. they have well-defined limit for kH = 0"k, — 0 (B.9), and since tadpole type

integral I?(k) (B.6) in 3D has a form:

~ Constant
IO(k) = ———, (5.6)

V2

it is clear that the only source which realizes as the noncommutative linear IR divergent
contributions to the scalar 4-correlator, is the above integral I%(k). In eqs. (5.1) and (5.5)
such integrals are I?(p; + Po) and I2(p; + ps3). And yet, by expanding in power series the
cosines in eqgs. (5.1) and (5.5), after summing up all of them and extracting IR divergent

integrals only, we obtain the following leading contribution

(NP)[ S (b1, 2, ps; 0) + 5" (p1, P2, 233 0)|
— {ohabil - 4+ 16— 12] + 5048 - 32 + 2] [0y + o)
+ {5;};5;‘;[ — 4416 —12] + 541541 [8 — 32 + 24]}1’?(151 + Ps), (5.7)

Sum of all these non-planar divergent contributions obviously vanishes, so it is not divergent

when 0" — 0, and what is very important, it has a well-defined finite limit.

4Each bubble diagram contribution (4.48)-(4.56) contain integral I?(k) (B.5), linearly divergent for k — 0
(B.6), which is source of the UV/IR mixing effect in any Moyal based NCQFT [38, 41, 42, 43, 44, 46, 47, 51].
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The next-to-leading and higher order contributions from the sum of bubble S*** (5.1), and
tadpole S™¢ (5.5) contributions, are of the type
A -
ﬁkw--ku%ﬂl...uzn (p1, p2; P3), (5.8)
with n = 1, k* = (py + p2)* or (pr + ps)*, and Ty pon (D1, P2, p3) being a Lorentz tensor
which is a polynomial in terms of external momenta (pi, ps,ps). FEach of these contributions

vanishes as k* — 0.

We conclude that the limit #** — 0 of the non-planar part obtained after
summing bubble and tadpole contributions (5.1)+(5.5) exists, and coincides with the
result that is obtained by setting 6" = 0 in the integrand of relevant inte-
grals arising from the bubble plus tadpole diagrams in figures 5 and 6, respectively.

Q.E.D.

Let us stress another fact here, that is that the cancellation of the noncommutative IR
divergence upon adding all non-planar contributions does not imply by itself that the limit
0" — 0 exists for a contributions of the type
(p1 — p3)0(p1 + p2)

2 )

which are not divergent as 6 — 0, but its value depends on the way 6" approaches to zero.

(51 + pq) sin (5.9)

It is the fact that cosines, rather than sines, occur in (5.1) and (5.5), which is instrumental in

having a well-defined limit.

6 Scalar-guage four-point functions

6.1 Scalar-scalar-gauge-hgauge 4-point function: <XXAA>

Scalar-scalar-gauge-hgauge correlator <X X A/i> with the mixed gauges receives only contri-
bution from kinetic terms in the actin (2.5) generating fermion triangle-loops in figure 7; see
also egs. (D.8), and (D.9) from appendix D.3 in [1]. Instead of three we now have trace of five

v -matrices:

tey Pyl (G + po) (Le + qe)

= 9 bve _ _ab_pvc b ave ve aubg /¢ Y (61)
- (g € g€ +ge +g¢ )a(b+pb>(c+QC>a

24



Figure 7: 2scalar-gauge-hgauge 4-correlator with fermion triangle loop diagrams. In-out mo-
menta {ki, ko; p1,p2} in this figure correspond to the following set of all incoming momenta

{p4,p1; —D3, —p2}, in figures 2-5, respectively. Separate arrows indicate momentum flows.

giving maximal relevant numerator of the ¢-power type £3 ~ 20?¢*“(,. From appendices egs.
(C.4)-(C.9), and egs. (C.18)-(C.27) in [1], we know that such integrand is in D = 3 associated
with the finite type of integral but with not well-defined commutative limit:

a3 pre—itk 1 kv iopr

Ig(p, ]{Z) = f (271‘)3 €2(€ —p)2 = g @ + I_GH + O“(@l)’ (62)

see computation and solution in the appendix B, eqs.(B.39)-(B.41). Namely one can notice
that eq. (6.2) is bounded as k — 0. However integral is not divergent but it’s limit depends
on the way one approaches to the k* = 0 point, i.e. leading order depends on the &* only.
The above structure suggests two possible ways of cancellations:

(1) either two integrals with identical function of ke dependence and opposite relative sign,
(ii) two integrals with identical strength, i.e. both proportional to the +k*/|k|.

In the case of 4-correlator <X X AA> (figures 7) it is important to notice that exchanging
two gauge bosons give opposite relative sign from the Levi-Civita symbol. Explicit computation
shows that (/%“, p") dependence remains the same after this permutation, therefore each pair
of integrals has not well-defined k* — 0 limit. However, there are two identical terms with
opposite signs canceling each other, which indeed correspond to the (i) case, making total

result safely zero.

6.2 Scalar-scalar-(h)gauge-(h)gauge 4-point functions: <XXAA> , <XXAA>

Two 4-correlators, the <X X AA> (figure 8) and the <X X AA> (figure 9), receive contributions
from both, fermion and (h)gauge boson triangle loops, respectively. Results of computed

polynomial numerators is equal to the one in (E.10), producing integrals evaluated in the
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XA N > \/ > XA 3> >
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Figure 8: 2scalar-2gauge 4-correlator with triangle loop diagrams. Incoming-outgoing mo-
menta {ki, ko; p1,p2} in this figure correspond to the following set of all incoming momenta

{ps, p1; —p3, —p2}, in figure 2-5, respectively. Separate arrows indicate momentum flows.

Figure 9: 2scalar-2hgauge 4-correlator with triangle loop diagrams. Incoming-outgoing mo-
menta {ki, ko; p1,p2} in this figure correspond to the following set of all incoming momenta

{ps, p1; —p3, —p2}, in figure 2-5, respectively. Separate arrows indicate momentum flows.
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Figure 10: Gauge bosons box-loop diagrams contributing to the 2scalar—2fermion 4-correlator.

Due to fermions we use the in-out momentum flow {kq, ko; p1,p2} in this figure, respectively.

appendix E.3. This shows that each of the above correlators vanishes in the limit 6 — 0.

In the above subsections we have shown vanishing of all three discussed 2scalar-2gauge
4-correlators: <XXAA>, and <XXAA>, <XXAA>, in the 0* — 0 limit, respectively.
Q.E.D.

7 Scalar-fermion four-point functions: <XX\IJ\IJ> , <XX\IJ\I'> , <XX\I'\I'>

Here we employe numerator reductions of the 1-loop 2scalar-2fermion 4-correlators arising from
the box-, and triangle-loops in figure 10 and 11, and they are obtained by analysis of sample
generic diagrams from figure 16 respectively, and given in the appendix E, eqs. (E.26) - (E.28).

We have for the correlator <X X \if\If>, both triangles with two gauge and one fermion
internal lines, given in the first line of figure 11, as well as two fermion and one gauge internal
lines, in the second line in figure 11. Notice that the exchange between gauge and hgauge boson
internal lines produces phase reversion while keeping the polynomial part identical, therefore

generates the second type of cancellation (ii), as discussed in the subsection 6.1.

Other two correlators, <XX ‘If\i/> and <XX \I/\I/>, have only one gauge boson and two
fermion internal triangle lines associated with them, given as the second line of figure 11.

The pairing goes with the exchange of gauge boson line with hgauge boson line, as well as
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Figure 11: Gauge boson (1)-(4) and fermion (5)-(8) triangle-loop diagrams contributing to the

2scalar—2fermion 4-correlator. Again note the in-out momentum flows {k1, ko; p1, po} -

a permutation of the two external scalar fields, producing together zero sum. Thus we have

shown vanishing of all three 2scalar-2fermion 4-correlators when 6" — 0.

Altogether in the above sections 6, and 7 we have completed our proof for vanishing in the

0" — 0 limit of both the 2scalar-2gauge and 2scalar-2fermion 4-point functions, respectively.

Q.E.D.

8 Scalar field six-point functions

In this section we shall show that the limit 0¥ — 0 of the one-loop 1PI scalar 6-point function
exists and that it is equal to the 1-loop 1PI scalar 6-point function of the ordinary U(1) ABJM
theory; in other words, that in the IR the 6-point function in the noncommutative ABJM

theory flows to the ordinary one.

The 1-loop diagrams that make the 1PI 6-point function can be classified into two broad
categories, namely, those involving one triple vertex with two scalars and one gauge field and
those which have no triple vertex of this type. Generic diagrams in the first category are
depicted in figure 12, where the dashed lines stand for either of type (h)gauge field propagator

as suitable and the continuous lines denote scalar lines. Second category of generic diagrams
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are given in figure 13.

8.1 Six scalar fields 6-point function: <XXXXXX>

Using the same arguments as before we conclude that the only diagrams contributing to the
scalar field 6-correlator <X XXXXX > from gauge-scalar sector are gauge-fermion-loops of
the first category in figure 12. Since their integrands share the following numerator structure

up to constant pre-factors:
eabce“leeefaﬁb(ﬁd + pa) (0 + k) o € ™"k (8.1)
there is no momentum function without commutative limit from these diagrams.

Second category contributions to the 6-correlator <XXXXXX > comes from fermion
triangle-loop diagrams, figure 13. They, in general, also share a common integrand structure

because:
tr " La(ly + ) (Le + k) o€ €™ iy, (8:2)

which can be easily derived from the three dimensional ~-matrices relation
VAN = g — gy + g+ e (83)

So they do not yield numerator momentum function without commutative limit either.

8.2 The 6-point function <XXXXXX> in the commutative limit 6" — 0

The UV degree of divergence D of each diagram in figure 12, from power-counting formula®, is
zero. This degree is obtained by taking into account polynomial coming from e*?(¢ —2p),¢, ,
which has quadratic power in the loop momenta ¢. But this quadratic polynomial vanishes
due to the antisymmetry of the Levi-Civita symbol. So the integrals with a non-vanishing
integrand contributing to each diagram in figure 12 are UV convergent by power-counting
and therefore absolutely convergent for the non-exceptional momenta. Hence, the Lebesgue’s
theorem can be applied and one can take the limit #*” — 0 under the loop integral sign, thus

each diagram in figure 12 converges to it’s commutative counterpart.

Type of Feynman diagrams that belong to the second category are shown in figures 13, and

they have UV degree of divergence D also equal to zero. However this zero value comes from

5See relevant explanation after eq. (4.1) in section 4 of ref. [1].
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Figure 12: First category contributions to the 1-loop scalar field 6-correlator depicted by the
generic diagrams with all triple field vertices (1), than with one (2), two (3) and with three
(4), four field couplings from kinetic term action (2.5). From 6-scalar fields couplings (2.10) we
obtain diagrams (5) and (6) given in the second line of the above figure. Double dotted lines
stand generically for (h)gauge field propagators as suitable for either type (see figure 1), and
the continuous lines denote scalar fields. Here the arrow on diagram lines indicate the flow of

charge, while separate down arrows indicate the flow of momenta.

a bit of numerator of the integrand which, as a factor, has the following polynomial in the loop
momentum £: K“ewyﬁbe,,bpﬁcepcu. This degree is due to the contribution to the numerators of
their integrands which have the common structure, tr[[[[] , as a factor. Since that tr in the
previous expression stands for the fermi-statistic trace, we conclude that previous polynomial in
¢ vanishes. So, actually the integrals with a non-vanishing integrand generated by diagrams in
Fig.13 are UV finite by power-counting and, hence, they are absolutely convergent for the non-
exceptional momenta. Again, here the Lebesgue’s theorem can be applied to each diagram
and one can take the limit 6 — 0 under the loop integrals, producing its commutative

counterpart.

In summary we have proven in this section 8 that all integrals with a non-vanishing in-
tegrand from figures 12, and 13 which contribute to the 1PI scalar 6-point functions are UV

finite by power-counting and hence absolutely convergent for the non-exceptional momenta.
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Figure 13: Second category of the scalar field 1-loop 6-correlator, from 2fermion-2scalar terms

in the four field couplings actions (2.7)-(2.9). Double triangle loop lines represent fermions.

The Lebesgue’s dominated convergence theorem [86, 87] than guarantees, for each individ-
ual diagram, that taking limits 6 — 0, and integrating over the loop momenta, do com-
mute. This implies that the scalar 6-point function of the NCABJM theory in the 0 — 0
limit are given by the scalar 6-point function of the corresponding ordinary ABJM theory.
Q.E.D.

9 Discussions

We summarise proof of the commutative limits existence for the 1-loop higher point (> 4)
1PI functions in the U(1) NCABJM. Using UV divergence power-counting formula

1
D=3~ Eg—Er — 5 Ex. (9.1)

with number of: FEg external gauge fields, Er external fermions, Ex external scalars, and
no external ghosts, we did identify the following 1PI higher point correlation functions with

degree D > 0, which always shows the presence of UV divergence:

e 4 scalar fields 4-correlator <X XXX >; figures 2, 3, 4, 5, 6, and 15, respectively,

e 2scalar-guage-hgauge field 4-correlator <X X AA> ; figure 7,

e 2scalar-2gauge | 2hgauge field 4-correlators (XX AA)|(XX AA> ; figures 8, 9,

e 2scalar-2fermion 4-correlators <XX\II\II> and <XX\II\II>, <XX\II\II>; figures 10, 11,
16,

e first and second category scalar field 6-correlator <X XXXXX > from figures 12, 13.
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Following detailed explicit computation of the 4-scalar correlators <X XXX > we notice
that, in the gauge-scalar sector, only diagrams with least number of internal lines (bubble
diagrams in this case) yield integrals without well-defined commutative limits and require can-
cellation upon summation. This phenomenon is not accidental. The reason is that diagrams
with more internal lines are built by inserting 2scalar-2gauge sub-diagrams with one scalar
propagator line and two 3-leg vertices in lieu of 2scalar-2gauge field vertices. Such insertion
seems to keep the same superficial divergence order at first glance, since it brings in two numer-
ator types, of ¢! and ¢? powers, respectively. However a more careful look tells us that new
numerators must be attached to the Levi-Civita tensors of the gauge boson propagators in the
Landau gauge, which then prevent the loop momenta to co-exist in the same monomial in the
numerator. Thus the formal power of loop momenta ¢ remains the same in all these diagrams,
while denominator power is increasing by two in each insertion. And consequently only the
diagrams with least number of internal lines give integrals without well-defined commutative
limits. Finally we provide arguments without explicit computation on how correlators acquire

well-defined commutative limits.

Through prior sections 4-8 including appendices, we have learned the following properties

of 4- & 6-point functions, and the 1-loop integrals involved:

e Landau gauge greatly simplifies calculation, for it is IR safe.

e Number of diagrams allowed by the Lorentz structures and topologically, are actually
zeros due to the absence of relevant contributing terms in the action S (2.3).

e For the UV degree of divergence (9.1) D = 1, the 4-correlators (XXX X) requires
cancellation among all sectors to cancel all contributions without commutative limit.

e For the rest of correlators the degree of divergence D = 0, and they do achieve

commutative limits sector by sector for various reasons listed below:

+ Fermionic triangle-loop contributions to <XXAA>, <XXAA>, <XXAA> , figures
7, 8,9, cancel out due to the permutation symmetry; subsgcicions 6.1, and 6.2.

+ Bosonic triangle-loop contributions to <X X AA>, <X X AA> , figures 8, 9, disap-
pear because in the Landau gauge integrands of loop integrals vanish; subsection

6.2.
+ Considering <\II\IIX X >, <\II\IIX X >, <\II\IIX X > correlators, contributions from fig-

ure 10, 11, 16, cancel generally due to the permutation symmetry, similar as for the
<X X AA> case:
— First, contributions to the <\if\I/X X > cancel each other via gauge/hgauge internal

line permutation pairs, which produces phase reversion; section 7.
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Integrals ; Equation limit *¥ — 0 ; Equation UV/IR
10(k); (B.5) linear IR divergent; (B.6) Yes
19(p; k); (B.8) finite; (B.9) No
I9(py, pa; k); (B.16-B.32) finite; (B.33) No
[2(611,612,%;]%)5 (D.3-D.4) finite; (D.4) No
1#(k); (B.37) quadratic IR divergent; (B.38) | Yes
I¥(p; k); (B.39-B.41) not well-defined; (B.41) o
I (q1, o k); (B.42) finite; (B.42) No
Mg, q2: a(qr, @), k); (C.12) finite; (C.12-C.15) No
I#(q1, ¢, g5; k); (D.5) finite; (D.5) No
1 (p; k); (C.6) not well-defined; see [1] #
1M (qr, qo; ); (C.22-C.26) not well-defined; (C.22-C.26) 4
I"(q1, g2, q5; k); (D.6-D.12) finite; (D.6-D.12) No
1211’2(%,(12,613; l;‘), (C.5) not well-defined; (C.7) #
1221(%7(12,613;7;7); (C.5) not well-defined; (C.8) #
1222(%7(12,613;7;7); (C.5) not well-defined; (C.9) #
LY (p1, p2; a(p1, p2), k); (C.16-C.20) 0: (C.21) No

Figure 1: Properties of 3D integrals contributing to the 4- & 6-point functions evaluated and
analysed in this work. Label # in the UV/IR column means that in the column limit 6* — 0
expression “not well-defined” denotes that final values of integrals depend on the way how 6"
approach to the zero point. However those integrals are not IR divergent. For the additional

explanation of the above expression “not well-defined”, see also sections 5.-6., eqs.(6.3-6.7),

and the appendices C.14-C.27, all in reference [1].

— Second, contributions to the correlators <\II\IIX X >, <\If\IfX X > cancel each other

via a pairing by permuting gauge and hgauge internal line with external scalar field

lines simultaneously; section 7.

* The 6-correlators <X XXXXX > have safe integrands for all suspicious diagrams,

after tensor structures get simplified; figures 12, 13 in section 8.

e In table 1 we listed all needed integrals together with their ##* — 0 limit properties.
Indicated IR divergent integrals are exactly the source of celebrated UV /IR mixing effect,
which on top to the Moyal based NCQFT, [38, 39, 40, 41, 42, 43, 44, 46, 47, 48, 49, 51],
appears in other NCQFT spanned on different noncommutative spaces and within various
physical environments, as well [52, 53, 54, 55, 56, 57, 59, 60, 61, 81, 82].
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By inspecting egs. (B.6) and (B.38) one can trivially see that tadpole type of integrals
(B.1) which are all non-planar, shows that the latter goes to zero when k— oo

lim 17 (k) = lim I{ (k) = 0 = lim (NP)S"(py, p2, ps;6) = 0. (9.2)
—00

k—0o0 k—o0

e Star product ordered (ribbon) diagrams can help searching for the non-planar inte-
grands. For NCABJM, the reduction of computation load is not so high because there
exist various (unordered) diagrams which are sums of non-planar ordered diagrams only.
e In this article scalar tadpole, bubble and triangle type of integrals 19,273 including
properties are evaluated and given in the appendix B.2. Vector tadpole, bubble and
triangle integrals, including their properties, are evaluated in the appendix B.3.

e Explicit reductions and evaluations of vector and tensor triangle integrals in terms of
relevant scalar integrals are performed by the van Neevern-Vermaseren method and given
in the appendx C. In the appendix D we give explicitly the scalar box master integral
I? in terms of scalar bubble and triangle integrals (D.4). Reductions of vector I} and
tensor I} box integrals using again the van Neevern-Vermaseren method are given in
terms of scalar bubble and triangle integrals in the rest of the appendix D.

e Simplified /reduced integrand numerators, for bubble, triangle and box loops needed
to evaluate scalar-scalar and scalar-fermion 4-point functions, as well as for direct proof
of vanishing of triangle-loop contributions to the 4-correlator <X XXX > —diagram (2.)
in figure 15—, are given in the appendix E.

e Finally we have to note that by inspecting length of all 4- & 6-correlators and the
length of loop integrals I 1(02’2’1”) in appendices, it is clear that the length of the sums of
all contributions are going to be extremely lengthy /massive formulas, very much cumber-
some and non-transparent, thus certainly out of scope to write it down explicitly in this
paper. After we have detected and extracted loop integral IR singular parts, to perform
calculations of the remaining finite (0" = 0) parts of 4- & 6-correlator, it is obviously

necessary to use the state of the art packages to execute the computer work.

10 Conclusions

In our first steps paper [1] we have introduced the ABJM quantum field theory on the non-
commutative Moyal manifold and, by using the component formalism, shown that it is N = 6
supersymmetric. For the U(1), x U(1)_, case, we have computed the 1-loop 1PI 2- & 3-

correlators in the Landau gauge and show that they are UV finite, and have well-defined
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commutative limit 6** — 0, corresponding to the 1PI correlators of the ordinary ABJM

theory.

In this paper we continue with the U(1), x U(1)_, case by using again the component
formalism in the Landau gauge. We compute the 1-loop 1PI 4-correlators and show that
they are UV finite having well-defined commutative limits 6 — 0, which again corresponds
exactly to the 1PI correlators of the ordinary ABJM field theory. This result also holds for

one-loop correlators which are UV finite by power-counting.

Now note that the effect of UV/IR mixing is present in each tadpole and bubble contri-
butions containing tadpole type of integrals (B.6),(B.38),(C.3), separately. However we have
shown that in the sum of non-planar bubble+tadpole contributions (5.7) the UV/IR mixing
effect cancels out. Also scalar 1-loop triangle, and box diagram contributions to the 4-point
functions, which are UV finite by the power-counting rule, in 6** — 0 limit vanish. So con-
sidering contributions to the scalar field 4-point functions (4.1) in 3D from our analysis we
see that vanishing of sums in the limit 6** — 0 holds. Thus, from sections 4 and 5 we can
write:

lim S*[ g 99y = lHm S|y 35 =0 & lim (WP)[S"" + 5] 5 7/ =0, (10.1)

6—0 6—0 )

proving this way vanishing of the sums of the scalar 4-point functions in the commutative limit
0" — 0, for the NCABJM theory action (2.3), i.e.:

lim Six| 41, =0 (10.2)

Next, in sections 6 and 7 we analyse and conclude that vanishing of 2scalar-2(h)gauge and
2scalar-2fermion 4-point functions in the limit 8* — 0 also holds. Thus, we may claim that
the NCABJM theory is free from the NC IR instabilities on the level of the entire set of the

1-loop 4-point functions.

In section 8 we discussed limiting properties of the scalar 6-point functions too. Namely
we have proven that the limit 6#¥ — 0 of the 1-loop 1PI scalar 6-point functions exists, and
that it is equal to the 1-loop 1PI scalar 6-point functions of the ordinary U(1) ABJM theory.

Summing altogether up by taking into account results from previous [1] and this paper, by
applying the Lebesgue’s dominated convergence theorem to the Fourier transformed NCABJM
theory [86, 87], and by direct computations of the UV divergent by power-counting 1-loop in-
tegrals, we have shown that in the limit 6 — 0 all IR divergencies of the NCABJM theory
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disappear, and conclude that noncommutative ABJM theory, up to the 1-loop scalar 6-point
functions order, flows smoothly to the ordinary commutative ABJM theory.
Q.E.D.

If necessary one could explicitly execute all of the 4- & 6-point functions by computer
program, using our full sets of equations (including all relevant integrals from appendices),
respectively. Sum of #-nonvanishing, UV and IR finite, contributions to the 4-correlators
(XXXX), (XXAA), (XXAA), (XXAA), (XXUT), (XXUT), (XXUT), and the
6-correlator <X XXXXX > , could be presented graphically as a functions of incoming energies
and the scale of noncommutativity, which shall certainly show good IR behaviour with respect

to the scale of noncommutativity limit Ayxc — 0.

A Feynman rules

First to repeat, in the following Feynman rules we are using clockwise circles for the star-
product ordering. Second, Feynman rules for the triple fields vertices; (h)gauge, scalar-
(h)gauge, fermion-(h)gauge, and for the four fields vertices; 2scalars-2(h)gauge, are already
given in the appendix D of our first steps paper [1]. Third, in this article we are giving
the following couplings Feynman rules needed: 2scalar-gauge-hgauge fields vertex (A.1), three
2scalar-2fermion vertices (A.2)-(A.4), and the six scalar fields vertex (A.5), according to figure
14.

A.1 Scalar-scalar-gauge-hgauge fields vertex

The action Sy, (2.5) in accord with diagram (A.1) figure 14 gives the following Feynman rule:

(V)" = 20 |ede0tmeintt §E g+ py + p, (A1)
s

correcting also typos in (D.6) from [1]. We recall that kfp = k,0"'p, = —pbk , and ¢fq = 0.
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_ — A
T a4, (p1) D a4 (p1) v, (1) X42(py)

XAz XA1(p
/1 (q1) %1 (q1) /1 (a1) (p3) (»1)
Xp,(g2) X5, (q2) X B2 ()
X, (1) XB,(a3)

A — A-
v, 2 (p2) W Ayis (P2) v, 2 (p2) X, (q2)

(A.1) (A.2) (A.3) (A.4) (A.5)

Figure 14: Feynman rules for the 2scalar-gauge-hgauge fields vertex (V“Wz) AB (A.1); 2scalar-

2fermion field vertices, (%ﬂz)ﬁjg; (A.2), (Wliz)iﬁj (A.3) and (Vhiz)gjgz (A.4); and the six

scalar fields vertex Vi (A.5) with 3 fields incoming and 3 outgoing, respectively.

A.2 Scalar-scalar-2fermion fields vertices

From the action S; (2.6) in accord with diagrams (A.2), (A.3), and (A.4) from figure 14, we

have the following respected Feynman rules:

A2By . Ops + 10
<Vi”'2)A = % (53‘353; - 25;‘;55;) sin w, (A.2)
1B2 T
Ble K 7 I3
( - = 2 9~0 AiA2BiB: [65(17191114-1029‘12) _ 6§(P19qz+1729¢11)] (AB)
1112> 72122 ?
A1As 27T
v) v ) A4
< i1i2>3132 B _( im)mAJ (8.4)

were (A.2) is repeating the Feynman rule (D.10) in [1].

A.3 Six scalar fields vertex

From the action Sg (2.10) in accord with diagram (A.5) in figure 14, we have found the

following Feynman rule

4

Ve(p1, D2, D3lar, @2, 433 0) = i— ZZ v [(pw(l), Ar)), (Pr2), Ar@), (Pr(3), Ar) |

i=1mo

(2001)s Bor)) (402), Bo2)) s (¢03), BU(3)):|a (A.5)
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v :(pl, A1), (P2, As), (p3, A3)| (a1, Bh), (a2, Ba), (g5, B3):

_ e—%(p1—q1)9(p2—q2)6%(p19q1+p29q2+p39q3)5255;55:’
V@ (pr1, A1), (p2, A2), (p3, A3)|(q1, B1), (g2, Bo), (g3, Bs)

— e%(mfq1)9(pzfqz)e*%(p1941+p29q2+p3943)5fi555552 - (V(l))*,
VO (p1, A1), (p2, Az), (p3, A3)|(q1, B1), (g2, B2), (g3, Bs)

_ Ao—2(q2—p1)0(q3—p2) , % (q20p1+q30p2+q10p3) sB1 s B2 s B3
4 et 55 552

Ag’
v (Ph Al)v (P2, A2)7 (p37 A3)}(Q17 Bl)v (Q27 B2)7 (Q3, B3)

— Ao t(g2—p1)0(q1—p2) , L (P10g2+p20q1+p30qs) sB1 B2 $B3
Ge 2 e2 010420 40 (A.6)

B Integrals

We evaluate a set of 3D non-planar 1-loop integrals which emerge from an OPP [89] type
integrand reduction in NCABJM theory.

The 1-loop structure of the NCQFT allows us to decompose the integrand into two parts:
The rational fraction part which is independent from the NC parameter 6* and the NC

#0k " in which ¢, is the loop moment, while

phase factor part which bears an universal form e~
(0k)" = 0"k, does not depend on ¢*. We call a loop integral non-planar if the NC phase

factor is nonzero.

As the commutative OPP-type integrand reduction [89] involves only the algebraic structure
of rational fractions, we can employ it on the rational fractional part of the NC one loop
integrals as well. The general commutative result says that the outcome of such reduction
involves two types of integrands: Scalar loop integrand with no numerator and loop integrands
which are vanishing in the commutative setting. The latter are therefore called “spurious
terms”. Once NC phase factors are included, we notice that spurious terms no longer vanish,
instead they bear specific NC dependent structure, so we have to evaluate both scalar integrals

and the spurious integrals.

We choose to work with the integrals emerging from the 3-dimensional integrand reduction,
instead of the so called D -dimensional integrand reduction. However, for number of integrals
we first perform integrations in D -dimensions, and than as the last step we take the limit

D — 3, respectively.
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B.1 Types of integrals needed

Inspecting (4.3)—(4.56) we see that, with respect to all integrals used in previous paper [1],
there are few of additional integrals needed to be evaluated at D = 3 for completing this paper.
Next we listed a complete set of integrals Il(?z;fgiy) arising from tadpole, bubble, triangle, and

box diagrams with the ¢-power types ¢°, ¢!, and ¢?, respectively:

(AP (00 0 07 - e

70 (o) | @ 7 : (B.1)
RN
) - [

with abbreviations k* = 6#*k,. Here (¢ is the loop momenta, while k¥ and p; are some
various momenta, according to Feynman rules used to evaluate certain diagrams. In other
figures in this manuscript p; are corresponding momenta, respectively. Notations for tadpole,
bubble, triple and box type of integrals for scalar, vector and tensor cases are self-evident.

In the above, integrals ]1(0’” )

belong to the class of the non-planar one, which we handle
first. Also, while I{ is almost trivial, the integral I9 should be evaluated with help of egs.
(C.22)-(C.27), and I should be evaluated with help of eqs. (8.17)-(8.25) and (C.22)-(C.27)
both from [1] respectively, while for other Ié” ) and 1% types we shall employe the van

Neevern-Vermaseren method.

We would like to remind the reader that not all the integrals that we shall deal with in
the sequel are UV finite by power-counting; so to define them and manipulate them properly,
we shall use Dimensional Regularization — this is why they are defined in D dimensions.
Only after we have made sure that the UV divergences cancel out upon adding up relevant
contributions, we shall take the limit D — 3.
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B.2 Evaluating scalar tadpole, bubble and triangle integrals

B.2.1 SCALAR TADPOLE INTEGRAL

Computation of tadpole scalar integral IV(k) (B.1) is straightforward. Introducing Feynman
and a parametrisations, in Eucleadian metrics using Wick rotation (£° = —if% ), and integrate

over the loop momenta, we get the following D dimensional result:

-~ o0 0
~ aPe 6M'(ik) dPy 2, . i dry 2 _ K2
]0 k) = — d —al?+il-(£k) _ _J E Jd —at -k
1 (k) J(2W>D 72 J(2W)DJ ae v (27)D ae E
0 0
Y 0
" ,
= —i(dr)" T Jdaa%ei—a = —i(4r)" % Jd)\ AT 2T (B.5)
0 0

L(k) = L(=k) = —i(4m)”

ol

(B) e (3w

where in D = 3 case we have found linear IR-divergence for k* — 0.

B.2.2 SCALAR BUBBLE INTEGRAL

Computation of I9(p; k) in D dimensions from (B.2) is also straightforward. Introducing again

Feynman, and o parametrisations, and using Wick rotation gives the following expression:

B Py itk dPy itk
Rp;k :zf :J de B.7
2 (0 k) n? B P~ ) @08 ) Y (120 o) (B7)
1 0
dPe 2 N
_ —a((l+zp)?+x(1—x)p?)+il-k
J [2m)D fdxfda ae
0o 0

1
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_ _Zfé £>ED dee_ixp'kjda ae—aé%—az(l—x)lﬁ_g
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i2

[00]
= —i(4m)" 2 falxe_m’"]~€ fda al=% emox(-a)p’~ i3
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1

— —i(4n)"7 fdg;e—iw%(g;u — )t (%) - Kp_, [\/m] ,

0

40



where K, [z] is the modified Bessel function of the second kind. Setting D — 3 and taking

info account K, [z] = g% , we have found
b=z [ e—eU—mpR—iepk
I3 (p; k)‘ = — de . (B.8)
8 2(1 —z)p?

While it is complicated and cumbersome to give a closed formula for the z-integration, it is
not hard to see that one could expand the exponential function as power series. Then each
term has a well-defined integration over x and no divergence occurs when 6 — 0, thus

1

lim 1(p: B)| = tim 19 -%)‘D_3 - _—Zfdx ! _ (B.9)
950 2 \P; _I~9—>0 2 \D; {7 S(Z(l —S(Z)p2 8\/]¥’ .

0
and clearly this integral has well-defined finite commutative limit.

Now, in 3D we list some properties of scalar bubble integrals:

r 43¢ etk i . o i

J 2m)3 (€ + q)2(0 + )2 e Mg — qui k) = e P (qr — qos k), (B.10)
Cod3 itk w10 ) i ~

J @m)? (0+ q1)*(0 + g3)? e M (g3 — g k) = e (g1 — g3 k), (B.11)
C 43 itk k0 ) i ~

) v mprwr — ¢ (45 — @23 k) = 7" 1) (g0 — g3 k), (B.12)

and a special bubble type integral

(2m) ©

- Bkt 1 Bl 1 1 k2 2 -

]l . _ _ - Wk — . _ __[0 .

2 (k5 K) f (27)3 (L + k)2 2 f (52 ((+k)? @+ k)2> 3 2k K),
(B.13)

proportional to (B.9), which has well defined, finite commutative limit.

Next we work on the bubble type integral I5(p;k), starting with the following integral
property of the typical integral in the §# — 0 and D — 3 limits

_ 3 i +il0k . 3 +il0k 2 3 +il0k
[%(p;k)zj d* (0-p)e :1(1_6+Zpak)fd€ e__p_fdﬁ e (B.14)
(27m)3 2(0+p)2 2 2r)F 2 2 ) 2n)3 (L +p)?

Here we have used 2(¢-p) = (¢ + p)? — (* — p*> and changed the variable ¢ — ¢ — p in term

with ¢? in nominator. From the above eqs. (B.13)-(B.14) we observe interesting property, as
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a kind of interplay with the two limits: § — 0 and D — 3, as follows:
3 ) e Fitok D 3 1
nmf‘”(f P) :nmf“ P —__f‘” (B.15)
6-0) (2m)3 (2({+p)2  D-3]) (2m)P L2(0 + p)? 27m)3 2(0 + p)?’

B.2.3 SCALAR TRIANGLE INTEGRAL

We evaluate the scalar triangle (B.3) by using the standard Feynman parametrisation twice:

o ~ dPy itk
I3(p1, pa; F) :J 2m)P (0 + p1)2(L + p2)?
o 1 | ek (B.16)
3)e P2k J dx de (1 — y) !0y pz—apr)k AT

where

A=yl —y)ps + (L= y)a(l = 2) + y(1 — y)a?)pi — 2(1 - y)ay(p: - p2) (B.17)
=(1 = y)(2(1 —2)(1 = y)pt + (1 = 2)yps + 2y(p1 — p2)?).

Next, introducing « -parametrization, performing a Wick rotation (£° = —if% ), and integrat-

ing over the loop momenta, gives
1 1

(p1, pa; k) =e~#>* f (;Zj:f de J dy(1—y)

. _ _ '~ _ 2 . '~
daa2€2(1 y)(p2—zp1) k‘e a(P+A)+il-k

[oe}
— — jemwk dz fdaoz e'1=v)(p2= xpl)";e_aé%e_aA_% (B.18)
0 0
o0
(47?)*% Z'1”2"';Jalealy(l— y)e i(1=y)(p2—zp1) Jdozoz %e*‘m*%.
0 0 0
Than integration over « leads to the familiar Bessel K -function
1 1 3.D
0 D o —ipak i(1 1%D3]‘7224 AAT
13 _ ’i(47‘(‘)_76_2p2. fdxfdy(l _ y)ez( —y)(p2—p1)- AT "2 . K%_g [ Akz] .
0o 0
(B.19)
Now we take the limit D — 3 and get
1 1 N
o[P=* 3 g i1 pr—ap) o n—2 B2 :
I3 —i(4m) 272 defdy(l—y)e YIP2meP YN T Kﬁg[ Akz],
0o 0
(B.20)

42



which after using
Ki%[z] = \/ge_z(z_é + z_%), (B.21)

produces

I3(py1, pa; k)
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(B.22)

In order to analyze the commutative limit we evaluate the relevant term-by-term g -integrals

1
A(m,n):de(l— y)" AT 20, (B.23)
fdy — )™ AT £ L (B.24)
0

The A(m,0) and B(m,1) integrals are excluded because they cancel each other for each equal

m in the series. Putting back the explicit expression for A, we get

1

) (et [an -t (11 L))
(B.25)
(B.26)
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Priorly we have learned that such integral can be expressed as hypergeometric functions:

1

Fla+1DHIOb+1) c
a1 _ b e _ e e R
fx (1—2)(cx+d)=d Tatb12) o 1 <a+1, e;a+ b+ 2; d)’ (B.27)
0
so the coefficients A(m,n) and B(m,n) are:
n_1
(z(1 — 2)p) non (1 —2)p3 + z(p1 — p2)°
A = F(1,1— == 2,1 — B.28
(mon) = (Mg T2 (1 — z)pi (B
n—3
(z(1—z)p?) = 3—n n 3 (1 —2)p3 + z(p1 — p2)?
B _ 7 (1 n 3., (B29
(m,n) §+m+% 2F1\ L5 ,2+m+2, 2(1 — 2)p2 ( )

Using the hypergeometric analytical continuation formula

T'(e)I'(b —
o (a, b;c; 1 — zil) =Mz“ oFy (a,c—bja—b+1;2)
L)I'(c—a)
(B.30)
+ (o —b Fi(b,c—a;b—a+1;2)
F(a)r(c—b) 2 1 b ) ) )
we obtain
2 (z(1 —:I:)pf)% ( n (1 —x)p? )
Alm,n) =— — Flln+m+1;—+1;
(m, n) n(1—2)p2 + z(p1 — p2)? 2 " 2 (1 —2)p3 + x(p1 — p2)?
F(%+m+1)r(%) 2 2\ 2—1
F(n+m+1) ((1_x)p2+x(p1_p2> )
n (1 —z)p?
Fy (2 1
v (2 T T el — )
(B.31)
2 (z(1— x)p%)%l < n+1 (1 —z)p? )
B(m,n) = Fil1,n+m; ;
(m, n) 1—n(1—2)p2+x(p — p2)? 2 2 (1 —2)pi+x(p — p2)?
F(%+m+%)l"(”7’1) 2 2\ "5
T ) (1 = 2)ps + x(pr — p2)?)
n 1 (1l —2)p?
. F _ e .
! 0(2 +m+2”(1—x)p§+x(p1—p2)2

(B.32)

Till here we see that A(m,n) and B(m,n) can be expressed as power series with respect

_ 2 . .
to the factor “lm - onee we expand all hypergeometric functions. The resulting
(1—z)p3+x(p1—p2) YPerg
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x -integrals are well-defined term by term, thus we conclude that the commutative limit exists.

Explicit calculation gives its value to be

D=3 —q
- (B.33)

8\/P3pa(p1 — p2)?

In summary, of the three master integrals, only I ?}D:?’ carries an IR divergence and there-

lim I3/ (py, pa; )

fore discontinuity at the commutative limit, while both I9 }ng and I }ng converge to a

nonzero, finite commutative value.

We also list some properties of scalar triangle and/or trivial box integral needed further:

A3 2 itk - i

f 2m) 20+ @2 (0 + @2 (0 + g3)? e M (g2 — qu, a3 — qui k), (B.34)
e (g — g2, 05 — 2; 7~€), (B.35)

= (g — 3,42 — g5 k). (B.36)

B.3 Evaluating vector tadpole, bubble and triangle integrals

B.3.1 VECTOR TADPOLE INTEGRAL

We evaluate vector tadpole integral from (B.1) by performing the following trick:

- AP0 preitt d dre R
i (k) J 2mpP Zdzﬂ _OJ 2mp @ 0 et + Zu,
JF e dl [ [ dve
) ~iP| [da [ et 2 22 [ [ b etk
! dz, 0 (2m)P dz, 0 (2m)P
0 ~ o -2
2 —
dZ“ - . (471')7 dZu 0 4 2
-1 o, (D d Tt
in)? (T )@M_O((’“ +2)’)

and for D — 3 we have solution:

k|l = 2) (k)72 (B.38)
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which is quadratically (fairly badly) IR divergent, and the source of celebrated quadratic
UV/IR mixing effect [38, 41, 42, 43, 44, 46, 47, 51].

B.3.2 VECTOR BUBBLE INTEGRAL

Using the same trick as in the computation of vector tadpole integral (B.37) we have

(i) :Z,J Bl et J J d3( or itk
(2m)% (€ + p)? [(€+ zp)? + (1 — :c)p2]2
it

=1 d —wcp k+z f d3€ 6' (I;JFZ)
T 2
dzy Z‘Foé E + zp)? + (1 — :L’)p2] testap
- d 7mp k+z J' zZ (k+z)
=) — 3
dz, _J 624—3:1—:6) ?]
zu=0 0
1 B (B.39)
:zi de e—ixp-(l%-i—z) J‘ dt - t%_le_% 6—tx(1—:c)p2
T, ) V)
0 0
1 o)
_ p# de xefimp-ff J dt téflefﬁ—iftx(lfm)gﬁ
2,/7)3
0 0
]% 1 0
1 H T 1 k2 2
4 = d —izp-k dt t——2 -2 —tx(l—x)p
2 (2y/7)? f e J S ’
0 0
1 i /
. 2pH o 1/4 .
I (p; k) = dz e‘””'k<7> Kl/g[ z(l — x)p2k2]
PNGIE (=)
0 (B.40)

kit s k> 3/4 .
+ de e’”p'k<7) Kg/g[ z(1-— ZL’)p2]€2],
where after expansion and x-integration we obtain the following leading terms:

confirming earlier result, see i.e. (C.21,C.27) in [1]. Here in the limit k& — 0 term OF(k')
vanishes, while the above integral I} (p, /~f) is not well defined, though not divergent. By
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claiming not well-defined integral we mean that integral’s value in that limit depends on the

way how k approach to the zero point, however integral is not divergent.

B.3.3 VECTOR TRIANGLE INTEGRAL

After some lengthy computations in Euclidian metrics, using Wick rotations, from (B.3) in
3D we obtain

I (pr,pai k) = f(;ii?, €2(€+£1);Z+p2)2 = (2\/_1 3[ fol xdg:fol dy e~k
[ (5) sy (Vi) o () ey v |

M = z(1-ypi+ (1 —y)p;—Q° plLph,
Q" = z(1—y)pi + (1 —y)ph. (B.42)

If some vector a, is perpendicular on {p{,ph}, than ap; = ap, =0=a-Q =0, is giving

1 . = d3¢ (- a)et*
I3(p1, p2;alpr, p2), k) = J (27?)3 62(6 R+ pa)? (B.43)

o TR (V ME2)
= xdx .

2[ 3\f f f Y M1

Explicit and detailed calculation of the above integrals is given in the following appendices
C.3.1. and C.3.2, respectively.

Nevertheless, we shall next reduce/compute vector and tensor integrals with the NC phase
factor included. We call them further on the spurious integrals of bubble, triangle and box

diagrams by applying the van Neerven-Vermaseren method.

C NC deformation of the spurious integrals

Commutative spurious integrals (terms with loop momenta powers ¢! and ¢* in numerator,
respectively) vanish in loop integration because of the Lorentz structure, which is no longer the
case for the NC non-planar integrals. In 3D , there should be one type of triangle spurious term,
four types of bubble and three types of tadpole spurious terms if we start with a triangle tensor
integral and presume the renormalisable gauge condition that says the formal power of loop

momenta in the numerator should not exceed the number of loop momenta in denominators.
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Short expressions of the bubble and triangle numerators should be (¢-w;) and { (fwy), (fws),
(lwr)(wa), (bwr)® = (fw2)? }, where

p n2
j P1\P1P2) — Pap
wi‘ — Ewkpljp2k> wg _ 1( ) _ 281 (Cl)
by
Vectors wi and wh satisfy the following conditions:
prwr = 0, powr = 0, piws = 0, wiwy = 0, |wi] = |wal. (C.2)

C.1 Tadpole vector term

Tadpole spurious terms may be realized with a simple vector numerator ¢#. So, the three
tadpole spurious terms can be expressed as a single vector integral already computed, as

quadratically IR divergent (B.38), which for D = 3 we can rewrite as:

~ dPe - D=3 1 kM

C.2 Bubble terms

Next we consider the bubble spurious terms. While superficially divergent, the planar integral
converges in dimensional regularization because massless tadpoles vanish in this prescription.
Non-planar integral gives a value which diverges at commutative limit. Eventually we could
still reach the right value by work in D = 3. In this case we need two auxiliary vectors w)’
and w) to decompose ¢, they should satisfy the conditions w;-p = 0 and w;-w; = d;; . Then

n
ﬂ‘z(f-aqﬂ%‘+(ﬁ-wﬁa€~+(€-p)%5, (C.4)

oH o €-w1

- w _|_wu e'MQ _}_ﬂ l_ 1 — p2
Ct+p)? THR(+p)? PR p)? 22\ (C+p)? P(C+p)?)

Next we handle the bubble spurious terms with ¢! and ¢? types of numerators. For
completeness taking two auxiliary vectors wi, and wh from eqs.(C.1) and (C.2) we obtain
four combinations for integrals needed (£-w;), (£-wy), (£-wi)(l-wy), and (£-wy)? — (£-wq)?:

- JdDg - itk 1_J dPe Cwy ok
2 T oD ey prt 2 enP 2t p)2t

dPe (0 wi)(l-w) bk 2 dPe (¢ W1)2 — (£ W2)2 eié-ic.

BT J(QW)D el+pr 22_f(27r)D 0+ p)? (C.5)
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Using the existing results of bubble diagram computations in sections 5.-6., eqs. (6.3-6.7) and
appendix C from our previous paper [1], for vector (we have it also in appendix B) and tensor

bubble type of integrals,

are ettt

k) = f @2m)D B(0 + pP?

(C.6)

_ aPe el
Cand B0 = | G5

(B.41)

it is not difficult to obtain 3D case for the above bubble spurious integrals (C.5):

N 1 - p
1 L (k-w) f dp ook o _ L (k-w) f dg e~ Vo= R =ik (@ 7)
2 8 \/ﬁ o e |

k2

1

B = Bl [y Rk (- s =) e
™ k . \/ﬁ
- ~ 1
: X 2 _ . 2 - .
B, = el ) [y Tk (= + =) ()
8m k2 J Vk?

Till here we can notice clearly that the above vector bubble spurious integrals do not have

well-defined 6" — 0 limits.

C.3 Reduction of triangle integrals

We start to compute integrals by introducing decomposition of loop momenta ¢# in the van

Neerven-Vermaseren basis {w)’, w},a”} as a functions of two momenta {qi, g2} :

at(qq,
=l o) + ), a) + () 02 (C.10)
216 are:
wh (qu, = —E _wh(q, @) = —E—, d"(q1, q2) = €k, qo,, C.11
1(Q1 Q2) A((h,éh) Q(Ch Q2) A((h,éh) (Ch Q2) 1,42, ( )

Alq,q2) = 682 =det(qu, - ¢2,) = 6165 — (01@)?, *(q1,¢2) = —A(q1, ¢2),

with properties w; - ¢; =d;j,and a-¢ =0 = a-w; =0, 4,5 =1,2.
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C.3.1 VECTOR TRIANGLE INTEGRAL IN D =3

First we compute I} (q1, g2; a(q1, g2), l;:) integral by using decomposition of ¢# (C.10) in basis

(C.11), and in terms of scalar master integrals obtain:

I (q1, q; 0, k)

_|_

. f (d% (Cqy)e’™

I @rs U )20+ )2

(
at 4 7
— 13 (@1, @25 a(q1, @), )

Wy

MJ A3 (€q2>€i€fc
(2m)% £2(0 + q)* (£ + g2)?

(C.12)

— (120(Q2; k) — e 10 (gy — qui k) — 2 19(qu, g 15))

I

~ igo ~ ~ a ~
(Ig(éh; /f) — € q2k]g(<11 — (2; /f) - QSIQ(QhC]z; k)) + Efé(ql,qm a, ]f)

where I9(g; k) [with ¢ being either: ¢, ¢, ¢1 — 2, ¢ — q1], is given in (B.7)-(B.8), while

I(q1,q2; k) in (B.16)-(B.32), and I3 (q1, go; a(q1, q2), INC) is just presented in (B.43), while it is
computed completely and given explicitly in the next appendix C.3.2 as egs. (C.16)-(C.20).

With help of (C.12), we obtain more general reduced triangle integrals in basis (C.11), with

power /! type of numerators needed further on:

f A3 (qu)emé
(2m)3 02(€ + q2)%(¢ + q3)?

1 ~ T

5‘11 : wl(Q27 Q3) [Ig(%; k) - eimklg(q

1 ~ T

5 walte. )| B aas ) — e 13

q1 'G(Q2,Q3) 0 7

71 9 a a } 9 k }
A(qg,qg) 3(CI2 q3 (C_I2 C_Is) )

J A3 (£q2>€i€fc
(2m)3 02(0 + q1)?(L + q3)?

1 N i
5612 : wl(Qla 6_13) [[20(613; k‘) —€ ‘“’“13(61
1 . i
5612 : wz(%, 6_13) [[g(fh; k‘) —¢€ qlkfg(q
¢ - alq1, g3) o -
———I3(q1,q3;a(q1,93), k).
Aq1, q3) 3 (01,53 (a1, ). 1)

3 — (2; /;?) - qg[z?((l% q3; ];7)]

3 — (2, /;?) - qg[??((l% qs; ];7)]

3 — {1, l;:) - Q%I:?(%, q3; iﬁ)]

3 — {1, l;?) - qglg(%, q3; iﬁ)]

(C.13)

We also list two triangle integrals which we shall need in the reduction/computation of a
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box spurious integrals further on:

J A3 (qu)eisz
(27’(’)3 62(6 + q1)2(£ + QQ)2

1 ~ o B ~ ~
= 5613 : wl(Qlu Q2) [Ig(%; /f) —€ qlkfg(éh — 41, /f) - Q%[:?(QM q2; ]f)]
1 ~ ik - N
+ oge wa(qy, Q2)[[20(€11; k) — e R I (g — qus k) — @313 (qu, o k)]
qs - G(Qh Q2) 0 =
= =T ,q2; alq1, k), C.14
A(ql,qQ) 3(Q1 q2 (C_Il C_I2) ) ( )

and

f A3 (qu)emé
2r)3 20+ g2 — q1)*(0+ g5 — q1)?

1 - 3 . ~ 3
= 50 wi(e2 = ¢1,45— 1) gz — qu; k) — e @ R [0 (gs — o3 k)

— (2= @)L (q — q1, 43 — qu; if)]

1 - 5 e N
+ Sa cwa(ge — qu, g3 — @) | I8 (q2 — qus k) — e @R gy — o3 K)

— (g3 — @)’ I3(q2 — q1, 3 — qu; if)]

q1-a(g2 — q1, 93 — Q1) 40 -
I3(2 — 1,05 — q;a(@2 — 1,43 — @), k), C.15
Alga — 1,93 — q1) (@ b (2 = a1 4 = @), k) ( )

from where we easy get other combinations when necessary.

C.3.2 EVALUATING TRIANGLE INTEGRAL WITH /' POWER TERM IN NUMERATOR

Next, we explicitly evaluate integral I3 (py, p2; a(p1, pa), /~f) ,

are (¢ a(Pth))eiﬁC
(2m)P 2(0 + p1)2(L + po)?’

L3 (p1, p2; a(p1, p2). k) = f (C.16)
in which a*(p1,p2) is (up to scaling) the third vector in the van Neerven-Vermaseren basis
(C.11). The vanishing of the corresponding commutative integral can be observed by realising
that tensor reduction of the following integral can only be the linear combination of p and p} ,
and therefore orthogonal to a, . We can now exploit this fact and evaluate I} (and other NC
deformed spurious terms) relatively quickly using the conventional Feynman parametrization,

as only the NC tensor structure k* = 0"k, based terms ((k - a),....) are relevant. For this
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reason from (C.16), following the same prescription as in the appendix B.3.2, we have

(02 + A)3’
(C.17)

1 1
~ o~ bk
I3 (p1, p2; alpr, p2) k) = F(?))elmkjdxfdy(l_y)e(l T P
0 0

where A is the same as defined for scalar triangle (B.16)-(B.17). Notice that (¢-a) remains
unchanged upon any redefinitions of ¢, because all the shifts introduced are linear combinations

of p; and py. Next one can introduce the «-parametrization and first perform the loop
integral in D dimensions:
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Evaluating the «-integration we than have

1
Ig 2(471') 26 —ipa-k k‘ a def 2(1 y)(p2 :cpl)ch%_l(
0

and taking the limit D — 3 obtain

1

- ~ 5\ i
I o —(4m) 3k (f . a def y)el - wpz=apk - A~ %) K [‘\/ Alzﬂ]
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_ L mht g fdxfdy N PN
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(C.20)
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Thus the y-integration could be evaluated using the B(m,n) result, starting at (m =0, n =

2). So since the § — 0 limit of I3[P=3 is controlled by (k- a), such integrals are regular and

_ D=3
éi_ff(l)lg(Pbpz;a(Pl,Pz% k‘) =0, (0-21)

i.e. the above integral I1(py, p2; a(pi, pa), l~c) has also well-defined commutative limit.

Inspecting 3D integral solutions (B.8)-(B.32) for [, I and the above integral
I} (p1,po;a, /~f) (C.20), it is clear that spurious 3D integral I%(p1,pe;a, /~f) (C.12) has also

well-defined commutative limit.

C.3.3 REDUCTION OF TENSOR TRIANGLE INTEGRAL IN D =3

Using again decomposition of vector ¢ in the basis {w}’, wh, a*} (C.10)-(C.11) we have:

_ 3¢ gy ettt 0 (Lg))(tg) e
o . _ Lo i J
]3 (Qh q2; k) J (27T)3 52(6 + QI g + q2 Z Wi W0j J 271' 3 62(6 + Q1) (6 + Q2>2

_ J d*t Gtk wiwy (lq)” + wyws (lgs)® + (w1w2 + w2w1)(EQ1)(€CI2)
(

2m)3 P+ )2+ ¢o)?
PO g (wha + @) (Ea)(ta) + (wha + a'ui)(fg)(fa) + a"a” (o)
J(2W)36 P+ )2+ q)? . (C.22)

Above integrals with numerators (£q)?; (g2)%; (¢q1)(fq2) can be reduced into bubble with
power (' numerator. Next two with (q1)(¢a),(¢g2)(¢a) we reduced into bubble spurious

terms in the appendix C.2. The last term (fa)? requires some extra work. Here we notice
that

v o U6
a'a” =e"e fC_Ilp%qhsq%

=" ((192)* — G63) — (@) (d'ds + ¢/d5) + dlalas + a5 qs,
therefore

(0! Pl - fa) + dlla) ~ 2amw)m)le) @) o
Clr et a) G+ q)* (0 + q2)? ' '

One could then classify the reduction by tensor structures and express this integrand in the

above basis, i.e. finally in terms of master bubble integrals.

Explicitly, we first decompose (g; = 3[(¢ + ¢;)* — (* — ¢?], compute, and obtain reduction

of triangle integrals with power ¢? into power ¢! type of bubble and triangle integrals given
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in appendix B and C, needed to evaluate the complete tensor triangle integral (C.22):

430 (£q,)%ei™ 1y i 0 -
= — —q1 [ P . k
J(27r)3 B+ q) (0 e 2he 2= aik),
1 L . )
+ 5(11“[]5(%; k) — e I (g — qui k) — @i (au, k)] (C.24)

A3 (gql)(g%)ewig 1y i )
J o B+ )2l pr 20 kle —aik)

1 S . .

+ §Q1M[IS(Q1; k) — e I gy — qii k) — a3 1 (a1, g k)]> (C.25)

J* d3€ (€q2>26iﬂ} pon J' dsg (&11)26@'6% (C 26)
2m)3 2+ @)2(0+aq)* (2m)3 (L + q1)* (L + q2)?’ '

f (tg)(Ca)e™ 1 f [ (e (e, (e |

G+ q)* (0 + q)? 2) L+ )2 (C+ @)+ q)? TR+ @)+ g)? )

f (tp)(Ca)e™ 1 f [ (e (e, (te |
G+ q)* (L + q)? 2)L2(0+q)2  (C+q)2(0+q)? e+ q) 0+ qué ’27)

with shorthand notation S% — {. In the above (C.24)-(C.26) necessary bubble I} and
triangle 7§ types of integrals with ¢* in numerator can be evaluated by using results for
vector bubble (being not well-defined but certainly not divergent (B.41)), and by using vector
triangle integrals (C.12),(C.20), which all have well-defined commutative limit, respectively.

Above scalar bubble integrals I9(p; k), are computed and presented in the appendix B,
as (B.7)-(B.15). Scalar triangle integrals I3(qi, go; k) and [%(ql,qg;a(ql,qg),l;:) are given in
(B.16)-(B.32) and (C.16)-(C.20), respectively. Other integrals in (C.27) one can evaluate

directly with help of vector bubble (B.40), and vector triangle (C.12).
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D Reduction of box spurious integrals

Using again the van Neevern-Vermaseren method and notation, where loop moment ¢ being

decomposed in new basis {v]’,vh,v5}, as a functions of three momenta (g1, ¢z, g3) :

3
o = Z lg;)v Q1,Q27Q3) (D.1)
u Og sy n 0 ot " 0 dat
v (g1, G2, q3) = m, 05 (q1, 42, G3) = ma v5(q1, 42, 43) = ma
Alqr, g2, q3) = 6028 = det(qiq;) = — €M Qi Qi Qi O TS Vi 4 = O,
(D.2)

we next reduce and compute the box spurious integrals.

D.1 Scalar box master integral

To compute full integral I9(qi,qo,qs; k) from (B.4), on top of the basis {v¥ v& 04} (D.2)
being functions of three momenta (g1, qo,q3) necessary to reduce scalar integral with box
type of denominators into linear combinations of integrals with triangle and bubble type of
denominators, we also need previous basis {w/’, w4, a*} (C.11), again as a functions of the same
three momenta (g1, g2, q3) permuted by three pairs (1,2); (1,3);(2,3), respectively. After some
lengthly algebra we obtain:

o B dgg eiﬂ;
I ; =
4(Q1>Q2>Q?n k) f (27T)3 £2(€ + (J1)2(€ + C_I2)2(€ + (J3)2

1
[n Q1aQ2aQB7k), (D?))
Z?] lqz qjvlvj nZ:l
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where

—v} [e_im[g(% — g3 k)

. O( . T\ _ o—ta2kyO(, _ .7\ _ 270 7
7 w1((l2,q$)(fz(q$,k) e I (g3 — q2; k) QQ[;),(Q%%,]{?))
@1 - (g2, g3) (IS(qz; k) — e 10 (g — go3 k) — ¢219(qn, gs; 15))

q1 - G(CI2> Q3)
A(C]2> Q3)

—v3 [e_iqlkfg(% —qu; k)
@ - wi(q1, qs) (Ig(%; k) — e I0(gs — qui k) — 2 19(q1, gs; /?:))
¢ - wa(q1, g3) (IS(ql; k) — e R (g5 — qui k) — 101, gs 15))

qz - G(Ch, Q3)
A(Qb Q3)

2 I3(g, g3 algz, g3), k) + fo??(cm,qs;/%)],

2 I:E,)(QMC_IB?CL(QMQB),%) +qg[??(Q1>QSj€)]>
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0
.[44

0
I,

—U§ [e’i‘“’;IS(qa —qu; k)
. [0 ]% _ —iqll;IO _ ]% _ 2[0 i;,

g3 - wi(q1, q2) ( 15 (q23 k) — e 2 (2 —qis k) — qi 3(Q1,C_I27 )

g - wa(qi, g2) (lzo(ql; k) — e Ry — qii k) — 3 13(qu, go; ;}))

qs - G(Q17Q2)
A(q1,q2)

3 . 5 - ~
2> [m (vje’m’“fg(qg — qo; k) + 0, 13 (g2, 433 k) — w213 (gs; k))
j=1

2 (g1, q2;0(q1, @2), k) + G219 (qu, qo; 15‘)]

s (v 80y — 15 k) + 0i 1, a5 F) — eslfas )

]

+ U3 (vje‘ql’“fé)(@ — q1; /;?) + qu]?[:?(%’ q2; ];7) - 7)1[20(%; /;?)
3
_( Z UZ.UJ,>€*Z'¢11/€[e*i(tlzfql)"f]g(q3 — 2 ];;)
ij=1
. _ _ 70 _ ]% _ —i(q2—q1)1~9]0 N ]%
q1 wl(Q2 q1,93 Q1) 2(CI3 q1; ) € 2(CI3 q2; )
(2 — 1)’ (02 — @1, 43 — q1; if))
¢ waqe — 1,93 — 1) (Ig(% —q1; ];?) — e ek 10 (s — go; ];?)
(Q3 - Q1)2[§(Q2 — 41,43 — q1; ];7)>
q1 - G(CI2 — 41,43 — C_Il)
A(612 — 41,43 — C_Il)
G 19(g — @1, 93 — @1 k‘)],
3

2[2 -] vivjq?]e’iql'gfg?(qz —q1, 43 — q1; k), (D.4)

i,j=1

2

3¢ — 1,43 — qu;0(q2 — 1,43 — q1), )

To fully reduce/compute the above scalar box integral I (qi, g2, q3; k) we also need integrals

obtained with help of equation (C.12), for reduction of vector triangle spurious integral.
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D.2 Vector box integral

Using the van Neevern-Vermaseren decomposition (D.1), from (B.4) we obtain

1 ) = J d et (D.5)
4 \d41, 42, 43; = (271')3 62(5—1-(]1)2(64-@)2(64‘(]3)2 .
1 : L - -
= U@ 6) (o, gz k) — e 7" I (qo — g1, a3 — qui k) — G 15 (1, G2, 433 K)
1 [ 70 ) — ek 0, g ) — 210 7
+ 2”2(@11&2&3) 3(q1,q3:k) —e (@2 — a1, 03 —qi; k) — @515 (q1, g2, g3 )
1 [ 70 T — ik 0/, ) — 210 ]
+ 2U3(Q1,QQ,Q3) 3(Q17Q2a ) € 3(Q2 q1,43 q1; ) qs3 4(q17q27q37 ) )

Above scalar triangle integrals IJ are given in appendix B.2.3, while scalar box integral

I(q1, q2, q3; k) is given in (D.3)-(D.4).

D.3 Tensor box integral

Using again the van Neevern-Vermaseren method and (D.1), the I}”(q1, ¢2, qs3; k) we write as

B A3 gy itk
J ‘ (D.6)

p : =
I (q1: G2, @33 ) (2m)3 C2(0+ q1)2(0 + ¢2)2(0 + ¢3)?

S (0q;)(Lgy) - €
- D

) 2nE R+ g2+ )20+ g5)?

J
ij=1
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Using decomposition lg; = 1[(€ + ¢;)* — (* — ¢?] and computing, we obtain the following six

subintegrals needed to evaluate complete tensor box integral (D.6):

d3¢ (€q1)2em~f
J (2m)3 22(0 4 q1)2(L + q2)2(€ + g3)? (D.7)

1(1 o ) )
= —{—Q1 'wl(Q2>Q3)<I§)(Q3; k) — e " 19 (g3 — qos k) — @315 (g2, 3; k‘))

212

1 . s s
+ §q1-w2(qz,q3)<f§(qu)—e "2’“13(%—@12;16)—q§I§(qz,q3;k))

q1 - Cl(QzJ]s)

- 710 ) 7a/ b 7%
A(Q2,q3) 3(Q2 q3 (CJ2 Q3) )

ik 1
— e ‘hklg@h'wl(% — 1,93 — Q1)
(120(% —q; k) —e R0 g0 — gy k) — (g2 — @)1 (q2 — 1, 3 — qu; 15‘))

1
+ —q wag— @143 — 1)

9
(120(% —qii k) — e "R (e — goi k) — (43 — ¢1)* 19 (q02 — @1, @3 — @u; 15‘))
q-alqe — a1, 3 — q1) ~]
— I — , — ya — , — ’]{;
Al — q1,43 — q1) 302 = a1 g — qrialee = 41,03 = 1)
2
q 7 —i I ~ ~
- 5 (fg?(qz, g31 k) — 3¢ I8 (s — qu, g5 — @13 k) — I3 (1. g2, q3; k)) }
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J* A3 (€q2)2em~f

(27‘(‘)3 f2(f + q1)2(€ + C_IQ)2(€ + Q3)2

1(1 L . )
5{5% cwi(q1, g3) (1'3(%; k) — e (g5 — qui k) — @113 (@1, g3; k))
1 . ) )
oL - wa(q1, q3) <IS(Q1; k) — e 9 (qz — qu; k) — @315 (g2, g3; k‘))

Q2'CL(Q1,CI3) 0 7
——I3(q1,q3;0(q1,q3), k
e 3(q1,g3;a(q1,63), k)

—iak 1
e qlkl?]z cwi(g2 —q1,93 — q1)

(Ig(% - q1; ];7) - efi(qrql)lg]g(% — q2; ];7) — (g — )’ 12 — 1, 43 — qu; ];?))
1

5(]2 'wz(Q2 —q1,43 — ql)

(13(% — k) — e @R (e — g0 k) — (g5 — 1) 219 (g2 — @1, g5 — @1 15))
qs - CL(Q2 — 41,493 — Ch)
A((h — 41,493 — ql)

I??(Ch — {41,493 — q1; a(Qz —q1,43 — QI>7 ];?)

(102) (g2 — q1, g5 — qu; )
2

q g —igk b by
f(@?(ql,%; k) — e R gy — quy g3 — qus k) — G21q1, g, gs; k‘)) }
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d3¢ (€q3>26m}
f (27)3 (0 + ¢)2(0 + )2 (0 + g3)2 (D.9)

1(1 ) . ) )
5{5% -w1(q1, g2) (IS(% k) — e " 1(qo — qu; k) — @15 (q1, go; k‘))

1 ~ - X i
—q3 - w2(q1, ¢) <IS(Q1? k) — e R 1 (g — qus k) — @13 (qu, go; k‘))

2

g3 - a’(Qlaq T
A(TCD;)IQ(QhQZQ(Qh%)uk)
—iak 1

e qlklﬁq:), : wl(Q2 — 41,43 — Q1)

(Ig(% - q1; ];7) - efi(qrql)k]g(% —q2; ];7) — (g — )’ 12 — 1, 43 — qu; ];?))
1

§Q3 : wz(CI2 — {41,493 — C_Il)

(120(% —q; k) —e R0 (g0 — gy k) — (g5 — @)1 (q2 — 1, 3 — qu; 15‘))
qs - CL(Q2 — 41,493 — Ch)

]0 - ) - ;@ - ) - 7];;
Al — q1,43 — q1) 3(d2 = @108 = @30l = 143 = 1), K)

(Q1Q3)I§(Q2 —q1,43 — q1; ];7)
2

q =~ i E > >
%(Ig(%a%; k) — e (g — q1, 03 — q1; k) — G101, g2, G3; k‘)) }

d*t (¢qr) (Cgo)e™®
f (2m)3 £2(€ + q1)*(£ + q2)*(£ + g3)? (D.10)

1 o i i
i{fg(qs; k) — e R 10 (gs — qus k) — ¢210(qu, gs; k)
ek léh cw1(q2 — q1,93 — q1)

(IS(Q?, — 41 ];7) - efi(qrql)];[g(% — g2, /;?) — (g2 — Q1)2[§(Q2 — 41,43 — 41, ];7)>

¢ - w2 (g2 — q1,43 — q1)

<IS(Q2 —qisk) — e @R (g — goi k) — (@3 — 01)?12(q2 — @1, 03 — @1 iﬁ))

2¢1 - alqa — 1,93 — q1)
Alg — q1,43 — q1)

<2qf + q%) e gy — 1, g3 — qui k) — @2 (f:?(% a3 k) — ¢t 13 (q1, g2, g3; 75)) }

[3?(% — 1,43 — q1; a(Qz — 1,43 — Ch)a iﬁ)]
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e (Cqr) (Cgs)e™™
J (2m)3 (0 + q)2(0 + q2)(L + g3)? (D-11)
1

= Z{Ig(@; k) — e % I (qe — s k) — 1 19 (qu, g3 k)
e*i‘“iC lq1 ~wi(ge — q1,93 — q1)

<I§)(Q3 —qiik) — e @R (e — o1 k) — (g0 — 1) 15 (2 — @1, 43 — @1; iﬁ))
+ ¢ wage — q1,q3 — q1)
(Ig((h —qu; k) — e "R (g — goi k) — (g3 — 1) IS (g2 — @1, 3 — @15 k))

21 - a(ga — 1,45 — q k
_ 2-ale — 4, 1>I§(q2—Q1,Q3—Q1;a(Q2_Q1’Q3_q1)’k)
Al —q,3—q1)

+ <2qf + q§> eI qy — g1, g3 — qus k) — ¢ (Ig?(q2, g k) — G101, g, 3 75)) }

J il (Cgs) (Lgs)e™ (D.12)

(271')3 62(6 + q1)2(€ + QQ)2(£ + Q3)2

1 S N -
= Z{lzo(f.h; k) — e R0 (qo — qus k) — @315 (q1, g )
— etk lfb cw1(g2 — 1,93 — 1)

([3(% — {1, /;?) - €_i(q2_q1)k]20(% — {2, /;?) - (CJ2 - Q1)2]§(Q2 — 41,43 — 41, ];?))
+ o walg2 — q1.q3 — q1)
(IS(% —q k) — e R0 (e — goi k) — (5 — 1)1 (q2 — @1, 43 — @1 15))

2¢2 - alq2 — q1,q3 — 1 -
- ( >[§(Q2_Q1aQB_Q1§a(Q2_Q1aQB_Q1)>k)
A(Qz — 41,43 — Q1)

+ (2611Q2 + Q32,>€_iq1k]§(Q2 — Q1,3 — qui k) — @2 <I§)(Q1, g3 k) — @I (q1, 4o, 3 iﬁ)) }

Again all above scalar bubble integrals I9(p; k), etc. are computed and presented in the ap-

pendix (B.7)-(B.12). Scalar triangle integrals I9(qi, go; k) and Ig(q:[,QQ;a,(q:[,QQ),]%) are like

before given in (B.16)-(B.32) and (C.10)-(C.20), respectively. Scalar box I3(qi,ge,q3; k) as a

master integral is given in (D.4).
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This way we have completed the full set of integrals from (B.1)-(B.4) needed to perform
this research on 4- & 6-point functions properties of our quantum NCABJM theory.

E Simplified 2scalar-2scalar/2fermion 4-point functions

In this section we discuss and present integrand numerators, somewhat simplified relative to
bubble (4.38)-(4.46), triangle (4.31), and box (4.8) numerators, i.e with specifically rearranged
momenta with respect to the main body of this manuscript. Diagrams of generic samples,
figures 15 and 16, have only loop and momenta in accord to the incoming-outgoing notations

indicated, while Lorentz and other quantum number indices of fields were skipped.

E.1 Numerators and integrals of 4-point function from bubble-loops

Similar to the bubble integrals in subsection 4.2, eqs.(4.37)-(4.56), we have minimally three

different bubble type of integrals which can be expressed as follows:

. - > 2L+ ps) - (£ —p1) >
et — 3 (p16p2 P39p4)f — (Jbub * E1
1 Grp ((rp)—pp ) ED
z- Bl e OO0 4 ) - (C—p1)
b (06patpstpn) f 2 1) _ (joubys 9
2 € (27’(’)3 (€+p2>2(€_p1)2 ( 2 ) ’ ( )
i d30 e0Pitp)2(f 4 py) - (0 —py) .
Jhub o b (a6pstpadpa) f 2 1) _ (joubys B3
3 € (27’(‘)3 (f +p2>2(€ _p1)2 ( 3 ) ) ( )

where the case of one wavy and one double-wavy lines diagrams give integrals denoted as ff“b ,

and they are non-planar. The above common integrand could be decomposed as follows:

204p)l=p) _ 11 () (E.4)

(6 + p2)2(€ - p1)2 (5 + p2)2 (6 - p1)2 (5 + p2)2(£ - p1)2

There are two more NC factor related properties of other integrals, i.e. to I8 (E.2) we

apply variable change, ¢ — ¢ + p;, yielding:

Joub _6—%(1719102—1739134) AP e7"0wite) of . (6 +p1+ p2) (E 5)
’ 2m)3 02(¢ 2 .
(2m) (€ + p1 + p2)
= _67%(p1€p27p39p4) f d_g“ge—iw(pﬁpg) ; + l _ (p1 + p2)2 '
(2m)?* (C+pi+p)? 6 C{l+pr+p2)?

63



To find properties of integrals I {’“21’3 at the integrand level, we apply the following change

of variable ¢ — —¢ — py + p; in the above integrals. For I (E.3) we have:

A3 e~ 0PEPI2(f — p) - (£ + py)
@m)* (= p)*(C+ p2)?

]gub _ 46%(p19P3+p29P4)f (E6)

Now using decomposition into three terms (E.4) of common integrand, from the above egs.
(E.1)-(E.3) we obtain the following results:

; d3l 1
Ibub _ 5 (p10p2—p36p4) 4 2 f E.7
1 ez (p1 + p2) (21)3 (€ + p2)2(€ — py)?’ (E.7)
b = e ap2—pstpy) [ —21%(p1 + o) + (p1 + p2)? I3 (py + pa; 1 + 132)]’ (E.8)

(p19p3 - p29p4)
2

Y = 4[2 cos L(p1+P3) — (m + p2)2e%(1’19mfp2€p4)[3(p1 + po;p1 + ]53)]7

(E.9)

where integrals I} and I3, are given in (B.5) and (B.7), respectively. Now we list properties

of bubble diagrams (figure 5) represented by the above typical integrals I {’“21’3

e trivial existence of commutative limits for integral 1?0 (E.7),

e integral I? has no commutative limit, showing linear UV /IR mixing (B.6),

e integral I9 has finite commutative limit (B.9), and

e from above and subsection 4.3 we have [0 — (Jbub)x — Gbub — fbub _ (rbubyx _ Gbub

Tbub __ ( Tbub\* __ Qbub
and  I3" = ([3"0)* = Sgu°.

E.2 Numerator of the 4 scalar 4-point function with triangle-loop

omputing numerator angle from lagram (2.) in figure 15 of generic triangle-loop pointing
C ti tor fiy'y " from d 2.) in figure 15 of triangle-1 t

down we obtain:
fgﬁmgle = 4(6*(kops) — (Ch2)(p2)). (E.10)

After changing in-out momenta in accord with all incoming momenta from figures 2 and 3

P2 — —pa, ko — p1, we have

ff;?ngle = —4(€2(p1p2) - (fpl)(€p2))' (E.11)
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ka2 p2 ko D2 ko P2

{—q ¢

(2.) (3.)

Figure 15: Generic samples, with specified fields and moments only, of 4-scalar diagrams from
figure 2 and figure 4. Note that the incoming-outgoing momenta {ki, ko; p1, p2} in this figure
correspond to the following set of all incoming momenta {p4, p1; —ps, —p2}, in figures 2-5,

respectively. Diagram (2.) — (3.), after exchanging momenta 2 <> 1 in diagram (2.).

Decomposition of the common part of simplified relevant integrals with triangle denomina-
tor and above numerator (E.11) gives:

A(P(pip2) — (Up1)(p2) P3p; P U . R
L+ p2)?2(0 —pr)? CU+p)2(l—p1)2 CUl—p1)® CP(l+p)? 2
2oopi—py 1 2t p)m
(L+p)?(l=p1)*  (C—p1)* (4 p2)*(l—p1)?
_ Pt R S . T V- Rt U b
CUl+p)2(l—p1)?2 CUl—p1)? Cl+p)?  (L+p)?(l—pr)?
P3 + pipa ( o l) Pi + pipa ( I i)
(p1 +p2)? Nl —p1)* £ (p1 +p2)? N(C+p2)* £
B 1 2(0 + po)w (E.12)

(p1 4 p2)? (€ 4 p2)(£ — p1)?’

where auxiliary vector w is defined after we introduced the following momentum decompo-

sition: w* = pi'(p3 + pip2) — Ph (P + pips), with condition pi = c¢;(py + p2)* + cow”, where
p1(p1+p2)

G = (p14+p2)?

and ¢y = m, respectively.

E.3 Vanishing of 4 scalar 4-point function with triangle-loop in 6* — 0 limit

To prove (4.36) by direct computations we use somewhat simplified expression from figure 15
(2.) of generic triangle-loop diagram, where only loop and the incoming-outgoing momenta

are indicated, which represents any diagram in figure 4. Thus, the nominator (E.11) with
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relevant NC-phases generate maximally three possible integrals Iffig:

, i 30 4(0? — (Ipy) (L oY
[{m —6_2(p16p2_p36p4)f a/ ( (p1p2) — (€p1)( p2)) _ ([{m)*’ (E.13)
(2m)3 20+ p2)?(0 — p1)?
]tri _ _e;(p10p2+p30p4)f d3¢ e*ié@(p1+p2)4(£2<p1p2) — (€p1)(£p2)) _ (jtri)* (E 14)
2 (2m)3 20+ p2)% (0 — pr)? 2 '

Identical hgauge boson triangles can be generated using the gauge boson line flipping relation.
Next we consider mixed two upper triangle diagrams, which are connected by flipping gauge

boson lines, giving

féri = 2e_§(P10p3+p20p4)J T eiée(p1+p3)4(£2(plp2> _ (epl)(€p2))

(2m)° 0+ p2)2(0— p1)? = (137", (E.15)

where again one wavy and one double-wavy lines diagrams denoted as ff” are non-planar
integrals. Note that the ¢-dependent NC phase factors in [ {"53 are equal to the ¢-dependent
NC factors in 1145, (E.1)-(E.3), respectively.

Expressions SI* (4.26) from figure 4 can be decomposed in terms of the above three
integrals (E.13)-(E.15) as follows: S ~ [iri 4 [iri = Siri  Jiri  Glri o Ui and S ~
I + It Here we notice that I and I%% do not show the same external NC factor, while
the planar and non-planar integrals in S¥* do. This is due to the changing variable ¢ — {+p; ,

which provides an additional phase factor (—p;fpy) for I while no change for Ii".

Decomposition of the common part of integrand from integrals in (E.13)-(E.15) is given in

the above as (E.12), leading to the following three integrals:

It = —e*%(mf)m*m@m) J d’t — p%p? + p% + pg
' 2m3\ Pl +p)2(C—pi)?  Cl—p1)2 " C+ p2)?
—3pip2 — pi — p3 )
. , E.16
(C+p2l2(C— pr)? (E.16)
Jirt o — _e%(p1€p2+p39p4) f d*t e~ W0(p1+p2) [ _ pgp% + p%
2 (2m)3 0+ pa)2(0—p1)?  02(0 — pp)?
. 1% —3pipe — i =P Pyt P ( 1 l)
Cl+p2)? L+ p2)2(l—p1)?  (p1+p2)?\(L—p1)2 02
2
P} + P1p2 1 1 1 2(0 4 py)w )
N EA , E.17
(p1 + p2)? <(£ + D2)? €2> (P14 p2)? (€ + p2)?(€ — p1)? ( )
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. 3 2,2 2
It = 9 3(P1Op3+p26pa) J ¢ 0(p1+p3) ( _ Papy Py
3 62(

(27)? CHp2((—pi? | Pl—prp
N P —3pip2 —pi — P3| P+ pipe < 1 1)
Pl +p)? (L+p)2(l—p1)2  (pr+p)2\({—p)2 12
2
Di + D1p2 1 1 1 2(0 + po)w )
1 — )= . E.18
(p1 + p2)? ((f + p2)? EZ) (1 + p2)% (£ + p2)*(£ — p1)? ( )

Above one can trivially see the existence of commutative limit for integral I{" in (E.16),
since there is no ¢-dependent NC phase part, i.e. that integral is planar. Yet we have to show
explicitly the existence of commutative limits in integrals (E.17) and (E.18) respectively. To

do that we first split integrals I and I£™ into the following forms

[;M _ _6%(P19P2+p39774) (ft”(_pl — pz) + ]tt”(pl + ]92)>7 (Elg)
[ém' _ 2675(7719103+p49102) (ft”(pl + ps) + ]it”(—pl — p3)>’ (EQO)
where:
. B 2p? : 5
]tm(/{> _ J 362&9n< - — p2];1 - + : P - + . D3 -
(2m) (L + p2)? (€ — p1) 02(0 — p1) (0 + pa)
—3pip2 — P% - P% )
+ , E.21
(€ + p2)*(€ — p1)? (2
itri(fi) _ J d*( e—iéen(p% + P1P2 ( 1 — i)
(2m)3 (1 +p2)?\(l—p1)* 12
2
P2+ pips 1 1 1 2(¢ + py)w
i S , E.22
(p1 + p2)? ((6 + p2)? 52) (1 +p2)? (€ + p2)?(€ — p1)? ( )

In I{" ) Kk =p; +ps,and in I Kk = p; + p3, being independent on the NC parameter 6.

Here the absence of tadpole type integrals in T tri(k) (E.21) means that all four terms in
T tri(k) are UV finite by power-counting rule, thus have commutative limits. But four of those
in I*(k) (E.22) are tadpole type —not UV finite by power-counting rule-, thus at first look not
having the commutative limit. However explicit calculation of complete I'(k) from (E.22)

shows

i) = %% ((pg T pupo) pifk — (97 + pupa)pab — wé’/{) + 0. (E.23)

Since wlk = (p% + p1p2)p19/<o — (p% + plpg)pgﬁm, potentially IR divergent terms in (E.23)
cancels out, and we are finally left only with [*%(k) = O(#"). This way in (E.23) we have
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shown a good commutative limit for I"(x) too. Thus, the commutative limits exist for all
three integrals I{", I1"  and I (E.13)-(E.15).

Q.E.D.

E.4 Numerator of the 4 scalar 4-point function with box-loop

Considering the parametrization of generic box-loop diagrams we compute them with choice of

loop momentum variable from individual diagram (1.) in figure 15, and obtain the following

expression for the gauge boson box numerator f(bf:g (0, 2, ko, q)

f(bzo,m)(&pm ks, Q) 216<€2[(k2Q)(p2Q) + q2(k2p2)] + (56})2(]472]92)
+ (p2)(0h)? = (£g) (tpa) (ag) — (£g) () (pag) )

After changing in-out momenta into all incoming momenta in accord with Figs.2 and 3: (py —

(E.24)

—pa, ko — p1,q — 1;), the f(blm”) (¢, pa, ko, q) corresponds to the following numerator:

N<£7 —P2,P1, 1) = 16( - 62[(]92772')(171%) + 771'2(]91]?2)] B (€m)2(plp2) (E.25)

— (00 (1O + (pr0) (i) (p2i) + (pzf)(fm)(plm)), i=1 .4
which is clearly much shorter/simpler with respect to the starting one in Eq. (4.8). Above
M = —P2— P4 = P3+pP1, N2 =P1+Ps = —P3—P2, N3 = —P2—Ps =DpP1+tpP3 =7,
Ny = p1+ Py = —p3 — P2 = 1)2. Note that the above expression (E.25) contain only two terms,

both with power 2 in the loop momenta ¢. First is proportional to ¢?, and second proportional

to (H¢Y | respectively.

Integrands with the above numerators (E.24) and/or (E.25) can be decomposed into scalar
box (D.3)-(D.5), scalar triangle (B.33), and vector triangle (C.12) integrals using conventional
tensor reduction. All these three types of integrals have been shown to have well-defined
commutative limits in prior, B, C, and D, sections of the appendix, which ensures that box

integrals share the same property.

E.5 Numerators of 2scalar-2fermion 4-point functions with triangle- & box-loops

Only triangle and box numerators are discussed in this sector. Sample diagrams are given in
figure 16, with all additional structures (NC phase factors, R-symmetry indices, etc.) being
neglected.
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k1 P1 k1 p1

P2 ko P2 ko

D2 ko Do ko

Figure 16: Generic samples, with specified fields and moment only, of the 2scalar-2fermion
diagrams from figure 10 (1), and from figure 11 (1), (5), (6). Here, since the fermion momen-
tum flow has to be respected we keep momentum assignment of incoming-outgoing momenta

{k1, ko; p1,p2} like in figures 10, and 11, respectively.

e Fermion-2gauge bosons triangle-loop numerator is:
gt =0 (26 = tpr + k1)) — (B, + BDE +p, () + Ko (p1) = asy k30D, (E.26)
while from the 2fermion-gauge boson triangle-loop we have numerator:
95" = 20(0 + k1)L + p1) + 2eap, k5 07p]. (E.27)
e Fermion-2gauge bosons-scalar box-loop numerator is than as follows:
g = (L + ) ((6p2) (ha) — 2 (kapa) ) + 46 ( (Ep2) kza) + (0hs)(p20) — 2((q) (kaps) )

+ 4k (€0 (tp2) = (p20)) + 49, ((00) (Cha) — £2(kaq) ) + deas k53 (0~ ) ).
(E.28)

Finally, note that in the above numerators due to fermions we have terms proportional to
the maximal power of 3 for the loop ¢-momentum dependence. However inspecting figures
10-11 one see that in all diagrams there is at least one massless gauge boson exchange carry-
ing /inducing power of ¢? peace in denominators reducing thus 3 power of numerator depen-

dence down to the ¢! power dependence.
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