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Abstract We study the thermodynamics of Einstein-Power-
Yang-Mills AdS black holes via the Euclidean path inte-
gral method, incorporating appropriate boundary and coun-
terterms. By analyzing unstable timelike and null circular
geodesics, we demonstrate that their Lyapunov exponents
reflect the thermodynamic phase structure obtained from the
Euclidean action. Specifically, the small-large black hole
phase transition, analogous to a van der Waals fluid, is sig-
naled by a discontinuity in the Lyapunov exponent. Treating
this discontinuity as an order parameter, we observe a uni-
versal critical exponent of 1/2, consistent with mean-field
theory. These results extend previous insights from black hole
spacetimes with Abelian charges to scenarios involving non-
linear, non-Abelian gauge fields, highlighting the interplay
between black hole thermodynamics and chaotic dynamics.

Keywords Einstein-Power-Yang-Mills Black Holes;
Euclidean Thermodynamics; Phase Transitions; Lyapunov
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1 Introduction

Black hole thermodynamics provides a profound connection
between gravity, quantum theory, and statistical mechanics
[1]. The pioneering works of Bekenstein and Hawking in the
1970s established that black holes possess entropy and emit
thermal radiation, forming the basis for the laws of black hole
thermodynamics [2—7]. According to this paradigm, black
holes behave as thermodynamic objects characterized by
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well-defined temperature and entropy. Black holes in anti-de
Sitter (AdS) spacetime exhibit rich phase structures analo-
gous to ordinary thermodynamic systems [8, 9]. Charged
AdS black holes, such as the Reissner-Nordstrom AdS solu-
tion, display even closer analogies with familiar fluid systems
[10-12]. Specifically, for fixed charge, a first-order phase
transition occurs between small and large black hole phases,
reminiscent of the liquid-gas transition observed in van der
Waals fluids. This analogy was subsequently made quantita-
tive through the framework known as black hole chemistry,
an extended thermodynamic approach where the negative cos-
mological constant A is interpreted as thermodynamic pres-
sure P, and its conjugate quantity serves as the black hole’s
thermodynamic volume [13—17]. This expanded chemical
perspective has introduced new terminology, such as small
and large black hole phases, along with chemical analogies
like triple points and reentrant phase transitions, regularly
discussed in contemporary literature [17-22].

In recent years, significant connections have emerged
among black hole physics, chaos theory, and information
theory. A crucial diagnostic of chaos is the Lyapunov expo-
nent, which measures the rate at which nearby trajectories in
phase space diverge or converge [23]. A positive Lyapunov
exponent indicates sensitive dependence on initial conditions
(chaotic behavior), while a negative exponent implies sta-
ble, regular motion. Remarkably, it has been observed that
motion near a black hole horizon frequently saturates a pro-
posed universal upper bound for the Lyapunov exponent,
Amax = 27Ty (in units where & = 1). This bound, initially
conjectured in the context of gauge/gravity duality, suggests
that black holes represent maximally chaotic systems [24].
However, certain exotic scenarios have provided counterex-
amples, demonstrating violations of this bound and indicat-
ing the subtle nature of the relationship between gravity and
chaos [25-27]. Interestingly, there is also a noted correspon-
dence between the Lyapunov exponent governing unstable
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null geodesics (such as those defining the photon sphere of a
black hole) and the imaginary component of certain quasinor-
mal mode frequencies [28, 29]. Quasinormal modes charac-
terize how black holes return to equilibrium following pertur-
bations, with their frequencies encoding stability properties.
The equivalence between geodesic Lyapunov exponents and
the damping rates of perturbations bridges linear stability
analysis with nonlinear chaos. Building upon these insights,
recent studies have proposed using Lyapunov exponents as
probes of black hole phase transitions [30]. At first-order
phase transitions, the topological change in spacetime from
a small to a large black hole leads to multivalued Lyapunov
exponents, each branch corresponding to coexisting phases.
Consequently, a sudden jump in the Lyapunov exponent can
serve as an order parameter for the transition, displaying
mean-field critical exponents. These findings underscore the
deep interconnection between the thermodynamic and dy-
namical aspects of black holes, highlighting how the onset of
chaos in particle trajectories or perturbations can reflect the
underlying phase structure within the black hole geometry
[31-37].

From both theoretical and holographic perspectives, it is
natural to consider black holes carrying non-Abelian charges
in addition to (or instead of) the usual Abelian (Maxwell)
charge. Non-Abelian gauge fields have self-interactions that
significantly differentiate their dynamics from linear Maxwell
fields, endowing black holes with distinctive properties. The
first analytic black hole solution in Einstein-Yang-Mills (EYM)
theory was discovered by Yasskin [38]. Yasskin’s solution
was subsequently generalized to higher dimensions in Refs.
[39—42] (see Refs. [43—49] for other generalisations and re-
lated studies).! When EYM theory is considered within an
AdS background, the variety of solutions and their associated
stability properties expands further [57-59]. The curvature
of AdS spacetime acts as a confining potential, stabilizing
field configurations that would otherwise dissipate in asymp-
totically flat space.

A particularly intriguing extension is the Einstein-Power-
Yang-Mills (EPYM) theory [60]. In this model, the action
of the non-Abelian gauge field is expressed as a power-law
function of the standard Yang-Mills Lagrangian density. This
approach is conceptually analogous to employing nonlin-
ear electrodynamics (such as Born-Infeld theory or power-
Maxwell invariants) as modifications of Maxwell’s theory -
extensions explored to model strong-field corrections and to
address singularity structures. Additionally, the EPYM model
introduces a tunable parameter that allows exploration of how
gauge-field nonlinearity affects black hole solutions. For a
generic Yang-Mills charge parameter v, EPYM AdS black

'For a comprehensive review of EYM black hole solutions, see Ref.
[50]. Studies of EYM black holes in various contexts in asymptotically
flat spacetime have notably led to the remarkable discovery of colored
black holes [51-56].

holes closely resemble the behavior of Reissner-Nordstréom
AdS black holes, exhibiting van der Waals-type phase transi-
tions when the Yang-Mills charge lies within a specific range
[61-63]. Indeed, numerous studies have demonstrated that
the P-V criticality and critical exponents of EPYM AdS black
holes frequently coincide with those of conventional charged
black holes, and consequently, with the van der Waals fluid
[64—66]. This finding suggests a remarkable universality in
black hole critical phenomena, extending even to nonlinear
non-Abelian matter, which holds intriguing implications for
statistical mechanics and dual field theories. Motivated by
these intriguing results, in this article we explore the connec-
tion between the thermodynamic phase structure of EPYM
AdS black holes and the Lyapunov exponents characteriz-
ing geodesic stability, thereby correlating thermodynamics
and chaotic dynamics associated with gravity coupled to
non-Abelian gauge fields.

One of the important methods for studying black hole
thermodynamics is the Euclidean path integral formulation of
quantum gravity [67, 68]. In this framework, one analytically
continues the Lorentzian spacetime to imaginary time 7 = i,
enabling the black hole solution to extend smoothly onto
a Euclidean manifold with the identification of periodicity
in 7. The Euclidean action Ig for the gravitational system
defines a partition function Z ~ exp(—1Ig), analogous to the
Boltzmann factor in statistical mechanics. Evaluating Ir on
the black hole solution yields the thermodynamic potential,
typically the Gibbs free energy, for the black hole spacetime.
Equilibrium thermodynamic quantities, such as entropy and
energy, emerge naturally from this partition function through
a saddle-point (semiclassical) approximation. For instance,
the Hawking temperature arises from the condition that the
Euclidean manifold remains regular at the horizon, fixing the
periodicity as § = 1/T, while the black hole entropy relates
directly to the horizon area via the Gibbons-Hawking action
term. The Euclidean path integral approach thus provides
a first-principles derivation of black hole thermodynamics,
with the four thermodynamic laws corresponding to identi-
ties satisfied by I and its variations. This approach proves
particularly effective in AdS spacetimes, where the ensemble
of black hole solutions is well-defined due to the confining
boundary conditions of the AdS geometry. In our study, we
employ the Euclidean action technique to investigate the
thermodynamics of EPYM AdS black holes by explicitly
constructing the Euclidean action, including the Yang-Mills
field and appropriate boundary terms.

The article is organized as follows: Section 2 discusses
the geometry and Euclidean thermodynamics of EPYM AdS
black holes. Section 3 analyzes the geodesic motion of both
massive and massless particles in unstable orbits, comput-
ing the corresponding Lyapunov exponents. In Section 4,
we examine the relationship between Lyapunov exponents
and the phase structure of the black hole for timelike and



null geodesics. Finally, Section 5 summarizes our results and
offers concluding discussions. Additionally, we provide an
appendix Appendix A detailing the calculation of the Eu-
clidean action for the EPYM AdS black hole.

2 Euclidean Thermodynamics of EPYM AdS Black Hole

In this section, we present the thermodynamics of the EPYM
black hole in AdS spacetime, utilizing the standard Euclidean
approach in canonical ensemble.” The action for four- dimen-
sional EPYM gravity is expressed as follows [60, 64]:

I:%/d‘*x\/?g(R—M—P), (1)

where R denotes the Ricci scalar, A is the cosmological con-
stant related to the radius of curvature of the AdS spacetime
by £2 = —3/A, and F is defined as:
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The Yang-Mills field strength tensor Fﬁ,‘i) is given by:
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where C’((g))(c) are the structure constants of the associated
three-parameter Lie group, £ is the coupling constant, and
Affl) are the gauge potentials corresponding to the SO(3)
gauge group >. Additionally, v is a positive real parameter
known as the Yang-Mills charge parameter. In the present
analysis, we adopt the Wu-Yang ansatz for the SO(3) Yang-
Mills gauge fields, which ensures a purely magnetic configu-
ration compatible with spherical symmetry [38, 73—77]. The
ansatz takes the form
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where @ is the Yang-Mills magnetic charge and z* are Carte-
sian spatial coordinates defined by x! = rsin f cos ¢, 2 =
rsin @ sin ¢, and 23 = r cos #. This ansatz leads to a gauge
field strength whose invariant takes the form [78—-80]
2
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2For a brief overview of various methods employed in black hole ther-
modynamics, see Ref. [68]. For completeness we present the thermody-
namics in grand canonical ensemble in Appendix B. See Ref. [69] for
a detailed analysis of the Euclidean thermodynamics of charged black
holes in grand canonical ensemble.

3For detailed discussions on EYM actions associated with the gauge
groups SU(2) and SO(3), see Refs. [70-72].

The metric for the EPYM AdS black hole spacetime is
given by [64]:
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where the metric function f(r) is:
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Here, M represents the ADM mass of the black hole, and @
denotes its charge. The weak energy condition restricts the
parameter ~y to satisfy v # % and v > 0 [60].

Now, we discuss the Euclidean path integral approach
to obtain the Euclidean action Iz, which is related to the
partition function Z. Using this partition function, we can
derive the thermodynamic quantities for the EPYM AdS
black hole. The Euclidean path integral method connects the
partition function Z of general quantum systems with the
Euclidean path integral.

The partition function for a continuous quantum system,
characterized by canonical variables {¢;} and Hamiltonian
H at finite temperature T' = 1/, is defined as:
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Using Eq. (8), thermodynamic quantities such as Gibbs free
energy (F), internal energy (FE), and entropy (S) for the
statistical ensemble can be expressed as:
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In gravitational physics, Gibbons and Hawking pioneered
the Euclidean path integral approach [67], which was later
extended by York and collaborators [69, 81]. Within this con-
text, the partition function can be related to the gravitational
path integral [67, 69, 81]:
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where I |g] represents the Euclidean action evaluated for the
metric g, and Ig[gq] is the saddle-point (classical) contribu-
tion from the metric g;, which solves the classical equations
of motion and satisfies the prescribed boundary conditions.

For a black hole in AdS spacetime, the total Euclidean
action in canonical ensemble is expressed as:

Ip = Ibulk + Isurf + Iym + Icoum» (11)

where I is the bulk action derived from Eq. (1), Ly, repre-
sents the Hawking-Gibbons boundary term, Iyy is an extra
boundary term required for canonical ensemble to fix the



conserved charge @, and I, denotes the counter-term in-
cluded to regularize divergences due to the infinite volume
integral of the spacetime [12, 82-86]. These contributions
are explicitly defined as follows:
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where h is the determinant of the induced boundary metric
hyw, K is the trace of the extrinsic curvature tensor of the
boundary hypersurface 2y embedded within the manifold
M, n is an outward point unit normal vector to X', and R
and R, are, respectively, the Ricci scalar and Ricci tensor
computed from the boundary metric h,,, .

Integrating equations (12)-(15) and summing them up,
we obtain the total Euclidean action as (detailed calculations
are provided in Appendix A):
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Using Eq. (10), we have Iy = — In Z, from which we can
derive the mean thermal energy F as:
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This expression matches the black hole mass M, which is
obtained from the horizon condition f(r,) = 0. The equilib-
rium temperature can be determined by differentiating the
action with respect to 7, and solving for 5:
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resulting in the Hawking temperature (which is also the en-
semble temperature T' = 1/7):

=0, (18)
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The entropy S is obtained as:
I
5= 41—, (20)
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which exactly matches the Bekenstein-Hawking entropy, S =
A/4. The generalized free energy is then given by:
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which aligns with the Gibbs free energy F' computed from
F = M — TS *. Similarly, the Yang-Mills potential &, con-
jugate to the charge @), is obtained as:
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In the extended phase space, the cosmological constant is
treated as a thermodynamic pressure, and the black hole mass
is interpreted as the enthalpy. The extended thermodynamics
of the EPYM AdS black hole has been previously explored
in [64, 66]. Within this framework, the pressure is defined as:

(22)

A 3
e 23
8t 8ml?’ 23)
and the conjugate volume V is given by:
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which corresponds to the geometric volume of the black hole.

Utilizing the above definitions, the thermodynamic quan-
tities in the extended phase space satisfy the first law of
thermodynamics:

dM =TdS + $dQ + VdP, (25)
and the generalized Smarr relation becomes:

2v—1
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which is obtained through dimensional scaling arguments
[13, 64]. For a fixed cosmological constant, the first law
simplifies to:

dM =TdS + &dQ. 27)

Dimensional analysis reveals that physical quantities scale
with powers of the AdS radius / as follows:
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where the tilde (~) denotes dimensionless quantities.
Using Eq. (19), the dimensionless horizon radius 7 can
be expressed as a function of the dimensionless temperature

4Note that in the grand-canonical ensemble where the potential & is
fixed, the expression for free energy is given by W = M — T'S — &Q.
See Appendix B.



T By analyzing the behavior of 7,(T"), we can determine the
critical charge for a specific value of the parameter . The
critical point corresponds to an inflection point, satisfying
the following conditions:

or _, 0T
o O}

=0. (29)

Solving these conditions simultaneously yields the critical
radius, critical charge, and critical temperature. However,
analytical solutions for arbitrary values of y are not feasible,
necessitating numerical solutions. For example, choosing
~ = 3/2, we obtain the following critical values:

he = 0.4714, Q. = 0.1325, T. = 0.2701. (30)

As illustrated in Fig. 1, for Q < QC (left panel), the tem-
perature curve exhibits two turning points (highlighted by
brown dots), indicating thermodynamic instability. In con-
trast, for Q > Q. (right panel), the absence of turning points
signals enhanced stability, with diminishing instability as the
charge Q increases. In Fig. 2, the free energy Fis depicted
as a function of the temperature T. For Q < Qc, three dis-
tinct black hole solutions exist, representing small, interme-
diate, and large black hole branches. These branches coexist
within a specific temperature range, resulting in a first-order
phase transition occurring at temperature T As the charge
Q approaches the critical charge Q.. the 1ntermed1ate branch
gradually disappears, leading the small and large branches
to merge, which signals a second-order phase transition at
Q = Q.. For charges greater than Q., the system remains

stable, and no further phase transitions occur.

3 Geodesic Motion and Lyapunov Exponents

In this section, we analyze the relationship between the Lya-
punov exponents of massive and massless particles under-
going unstable circular motion near the event horizon of an
EPYM AdS black hole and the corresponding phase transi-
tions of these black holes. The Lagrangian describing the
geodesics, corresponding to the metric given by Eq. (6), is
expressed as:

.2 .
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2L = g, it =

€29

where dots indicate derivatives with respect to the affine pa-
rameter s. We focus specifically on unstable circular geodesics
confined to the equatorial plane (§ = 7/2), simplifying the
analysis to a two-dimensional phase space. Under this con-
straint, the Lagrangian reduces to:

,':'2 2 :2
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The conjugate momenta p,, = 0L/0%* are given by:
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where p, is the radial momentum and L represents the angu-
lar momentum. The Hamiltonian of the system can then be
expressed as:
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where §; = —1 for timelike geodesics and §; = 0 for null

geodesics. The radial motion of the particle is governed by
the equation:

7 + Vegr(r) = 0, (35)
with the effective potential
L? E?
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where the constant F,, corresponds to the energy for massless
particles or energy per unit mass for massive particles.

Circular orbits with a constant radius are determined by
the condition V;(r) = 0, and the condition for instability
is VJ}i(r) < 0. Therefore, the radius of an unstable circular
geodesic is found by simultaneously satisfying:

e/ff(r)

where primes indicate differentiation with respect to the ra-
dial coordinate 7. Using Eqgs. (34) and (36), the Hamiltonian
in terms of the effective potential is expressed as:
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Fig. 1 Hawking temperature vs. horizon radius depicted for two distinct charge regimes: Q = 0.11 < Q. (left) and Q = 0.16 > Q. (right), and

vy =3/2.
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Fig. 2 Left: Free energy F as a function of temperature T~for three distinct charge regimes: Q0=011<Qc,Q=Qcand Q = 0.2 > Q., and
v = 3/2. Right: For temperatures in the range 71 < T' < T3, three black hole solutions coexist, and a first-order phase transition between small

and large black holes occurs at the temperature 7.

Linearizing these equations around the unstable circular
orbit at radius » = 7, and applying conditions from Eq. (37),
we obtain:

d (or or
— =K 40
dt (51%) (m) ’ 40
where K is the linear stability matrix [87], given by:
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The principal Lyapunov exponent corresponds to the eigen-
value of the stability matrix K [28]:
A=y Leilro)

22
Using Egs. (35) and (36), the Lyapunov exponent can thus
be computed for both massive and massless particle cases.

(42)

3.1 Timelike Geodesics (Massive Particles)

For EPYM AdS black holes, both stable and unstable circular
geodesics exist for massive particles. In this subsection, we



specifically focus on unstable timelike circular geodesics
characterized by definite angular momentum and energy. For
massive particles, 51 = —1, and using Eq. (36), the effective
potential is given by:

2 2
Vanlr) = £00) | 5 + 705541 @

Fig. 3 depicts the effective potential for timelike geodesics
across various values of 7, holding other spacetime and
particle parameters constant. The plot clearly identifies points
of stable and unstable equilibrium. Specifically, the brown
dots mark radii corresponding to unstable circular orbits at
different r, values. Notably, these unstable circular orbits
disappear with increasing horizon radius 7y, signifying a
corresponding disappearance of the Lyapunov exponent for
larger black holes, as discussed in the next section.

Expressing Eq. (42) in terms of the effective potential
defined in Eq. (43) for timelike geodesics and applying con-
ditions from Eq. (37), we have:

1
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Importantly, this Lyapunov exponent for unstable timelike
geodesics remains real and positive, as required by the insta-
bility condition VJ(r,) < 0.

3.2 Null Geodesics (Massless Particles)

For null geodesics, corresponding to massless particles, the
effective potential for unstable orbits is obtained by setting
51 =0:

2 2
L, b ] . (45)

T
Applying the conditions for circular orbit and instability, the
Lyapunov exponent for null geodesics is given by:

Vare) _ [ 2P o)
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Similar to the massive particle case, the condition V[ (r,) <
0 ensures that A remains positive, indicating instability for
null orbits.

4 Phase Transition and Lyapunov Exponents
4.1 Timelike Geodesics (Massive Particles)

In this subsection, we investigate the phase transition behav-
ior of EPYM AdS black holes by analyzing the Lyapunov
exponents of timelike geodesics. From Eq. (44), the radius r(
of unstable circular geodesics depends explicitly on the event
horizon radius 7y, the charge (), and the nonlinear Yang-Mills

parameter . Since obtaining an analytical expression for r(
is impractical for arbitrary v, we select a fixed value, specifi-
cally v = 3/2, and numerically solve for r( using condition
(37). This approach allows us to examine the variation of the
Lyapunov exponent with different values of r, and Q.

The behavior of the Lyapunov exponent A is illustrated
in Fig. 4, where we plot log,,(A + 1) as a function of di-
mensionless charge Q and dimensionless horizon radius 7,
for angular momentum L = 20¢. The figure highlights the
divergence of A as r, — 0. For smaller values of 7, the in-
fluence of Q on ) is more pronounced compared to larger 7,
values. As either 7, or () increases significantly, their impact
on A diminishes, causing A to approach zero.

Now, by expressing the Lyapunov exponent as a function
of the Hawking temperature, with 7, being a function of T,
we can illustrate the relationship between A and T, as shown
in Fig. 5. The plot of A versus T closely mirrors the structure
seen in the free energy plot (Fig. 2). Similar to the free energy
behavior, the Lyapunov exponent plot exhibits multivalued
behavior for Q < Q. within the temperature range T; to
T, corresponding to the coexistence of different black hole
phases. Specifically, in the small black hole phase, the Lya-
punov exponent \ initially increases with rising temperature,
reaches a maximum, and then decreases as the temperature
approaches T5. In contrast, for intermediate and large black
hole phases, A respectively increases and decreases with tem-
perature starting from 7}. As temperature continues to rise,
the Lyapunov exponent asymptotically approaches zero. Con-
versely, for Q > Q. no phase transition occurs, consistent
with observations from the free energy plots. This analysis
clearly demonstrates that Lyapunov exponents as functions
of T provide valuable insights into the phase structure of
EPYM AdS black holes.

While Fig. 5 provides qualitative insights into black hole
phase transitions, a quantitative analysis is essential to de-
termine order parameters and critical exponents. This quan-
tification is achievable by examining the difference in Lya-
punov exponents between small and large black holes. At the
first-order phase transition temperature Tp, the Lyapunov ex-
ponents for the small and large black holes are denoted as A
and )\, respectively. The difference, defined as A\ = A;— A,
represents a discontinuous jump between phases, serving as
an order parameter that remains nonzero during the first-order
transition. At the critical point, however, Ay = );, resulting
in A\ = 0, indicative of a second-order phase transition.
Thus, the Lyapunov exponent effectively serves as an order
parameter, capturing the critical behavior and characterizing
the phase structure of EPYM AdS black holes.

Critical exponents describe the behavior of physical sys-
tems near their critical points. To explore the critical behav-
ior of the Lyapunov exponent for timelike geodesics around
EPYM AdS black holes, we examine the variation of the
normalized difference AX\/\. with respect to the rescaled
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temperature ratio Tp / T, (denoted as ) near the critical point,
as depicted in Fig. 6. The left panel illustrates the overall
trend, whereas the right panel offers a detailed close-up near
the critical region. The critical exponent b, associated with
the order parameter A, is defined through the relation:

a

_ _1\b
o= alt—1) 47)

Numerical analysis reveals the critical exponent to be
approximately b ~ 1/2. More precisely, the fitted numerical
data yield:

AN
o~ 449463(t - 1)0-527748, (48)

This outcome indicates that the critical exponent for A\
aligns closely with the critical exponent of the order parame-
ter in the van der Waals fluid model, as anticipated from mean-
field theory predictions. Additionally, this result matches the

critical exponent determined for null orbits around EPYM
AdS black holes [66].

4.2 Null Geodesics (Massless Particles)

In this subsection, we investigate the phase transitions of
EPYM AdS black holes using the Lyapunov exponents as-
sociated with null geodesics. Our analysis confirms that, re-
gardless of the geodesic type, the relationship between Lya-
punov exponents and black hole phase transitions remains

consistent, thus demonstrating the robustness of Lyapunov
exponents as a probe for phase transitions °.

Similar to the massive particle scenario, our investigation
for massless particles focuses on the specific range of event
horizon radii ry, that admit unstable circular geodesics. As
in the RN-AdS case [30], unstable circular geodesics exist
for all angular momenta L # 0 outside the event horizon.
Utilizing Eq. (46), we present a three-dimensional plot of
10g,00(A 4 1) as a function of dimensionless charge Q and
dimensionless horizon radius 7y, in Fig. 7. This plot reveals
the divergence of \ as 7, approaches zero, while \ asymp-
totically approaches one when either Q or 7, becomes very
large, consistent with the behavior observed for RN-AdS
black holes.

Fig. 8 depicts the Lyapunov exponent A of massless par-
ticles on unstable null circular orbits as a function of tem-
perature 7', obtained by substituting 7, (") into Eq. (46), for
a specific charge regime, Q = 0.11 < Q.. Similar to the
massive particle case, unstable null circular geodesics cease
to exist beyond a certain temperature, causing A to approach
one. Within the temperature range 7; < T' < Tb, ) exhibits
multivalued behavior, reflecting the coexistence of three dis-
tinct black hole phases, and a first-order phase transition

3Since birefringence is expected to occur in non-linear electrodynam-
ics when light propagation is considered, an effective metric is typi-
cally introduced to describe such cases [31, 88, 89]. However, as the
Power—Yang—Mills field does not couple directly to the electromagnetic
sector, birefringence does not arise in our setup in the low-temperature
regime that we study. In Yang—Mills theory, birefringence phenomena
may instead occur in the propagation of gluon fields [90].
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between the small and large black hole phases occurring at
temperature Tp. Conversely, for Q> Q.. only a single solu-
tion exists, with \ decreasing monotonically and eventually
approaching zero.

Fig. 9 further illustrates the discontinuous change in the
Lyapunov exponent A/ as a function of the rescaled tem-
perature Tp / T, (denoted as t). This plot clearly indicates
that AN/ ). serves effectively as an order parameter for the
black hole system. Near the critical temperature, our numer-
ical analysis reveals a critical exponent of approximately
b ~ 1/2. Specifically, we obtain:

A ~ 1.97818 (t — 1)0-51967,

C

(49)

Thus, we conclude that the critical exponent is indepen-
dent of both the nonlinear charge of the black hole and the
type of geodesic considered, provided the black hole under-
goes a phase transition from the small to large black hole
phases.

5 Discussions

In this article, we have investigated the Euclidean thermo-
dynamics of Einstein-Power-Yang-Mills AdS (EPYM AdS)
black holes and used the Lyapunov exponent to probe their
phase structure. The relationship between black hole phase
transitions and chaos, characterized by the Lyapunov ex-
ponents, is explored by considering both timelike and null
geodesics in the vicinity of EPYM AdS black holes. Our
study generalizes the connection between Lyapunov expo-
nents and black hole phase structures from Abelian gauge
field (Maxwell) coupled gravity spacetimes to spacetimes
coupled with nonlinear and non-Abelian gauge fields.

First, we presented the thermodynamic properties of the
EPYM AdS black hole by calculating the on-shell Euclidean
action. We generalized the approach typically used for con-
ventional gauge fields coupled to Einstein gravity to incorpo-
rate Power-Yang-Mills gauge fields coupled to Einstein grav-
ity, including the appropriate boundary and counter terms.
The thermodynamic variables of the black hole obtained from
the Euclidean action satisfy the first law of thermodynamics
and the Smarr relation. The black hole phase transition was
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studied by examining the resulting free energy as a function
of Hawking temperature. A transition between small and
large black hole phases, analogous to the conventional van
der Waals-like system, was observed. Due to the nonlinear
Yang-Mills charge parameter (), analytical analysis was not
feasible for arbitrary values of «; hence, our analysis was
carried out numerically.

The underlying phase structure of the black hole space-
time is examined by calculating the Lyapunov exponents for
both timelike and null geodesics, offering a complementary
perspective. Our results effectively demonstrate that Lya-

punov exponents serve as a robust framework for characteriz-
ing black hole phase structures. Specifically, we showed that
Lyapunov exponents display distinct thermal behaviors that
mirror the relevant free energies when system parameters re-
main below their critical values. Within a certain temperature
range, Lyapunov exponents exhibit multivalued behavior, re-
flecting the coexistence of three distinct black hole solutions.
Above the critical value, however, the Lyapunov exponent
becomes monotonic across the entire temperature range. The
transition from multivalued to single-valued behavior of the
Lyapunov exponent accurately signifies the second-order crit-
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ical point, highlighting that the thermodynamic properties
and phase structures of EPYM AdS black holes are encoded
within these exponents.

Further, we demonstrated that the discontinuity in Lya-
punov exponents (AX) during the first-order phase transition
serves as an effective order parameter, capturing the essence
of the black hole phase transition. Notably, we identified that
AN possesses a critical exponent of 1/2 at the critical point,
further reinforcing the analogy with van der Waals phase
transitions. Although variations in the «y parameter influence
critical parameter values, the overall behavior of Lyapunov
exponents and associated critical exponents remains consis-
tent.

Recently, the Euclidean path integral approach to black
hole thermodynamics and phase transitions has attracted re-
newed interest [91, 92]. As future work, it would be valuable
to explore the kinetics of black hole phase transitions and
generalized free energy landscapes using the Euclidean path
integral framework for EPYM AdS black holes. Additionally,
since the Euclidean approach has been applied to nonlinear
Maxwell Lagrangian densities coupled to Einstein gravity in
(Anti) de-Sitter backgrounds [68, 93], it would be intriguing
to extend this method to EPYM black hole spacetimes.
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Appendix A: Euclidean Action Calculation

In this appendix, we provide detailed calculations of the
Euclidean action (16). Recall that the action for EPYM grav-
ity in four-dimensional spacetime, including a cosmological
constant A, is given by Eq. (1):

1
I = 7/ d*z/—g(R—2A—F7), (A.1)
2 m
with the metric:
2
ds? = —f(r)dt® + % +72d6% + r?sin? 0dp?,  (A2)
where
2 oM 2Q%)Y

fry =14+ M Q@) (A3)
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The Euclidean action is expressed by Eq. (11) as: The bulk action contribution to the total Euclidean action is:
1
Ibulk = — d4x\/—g (R—QA—.F’Y)

16m
Iz = Ivuk + Lsuer + Iym + Lcount- (A4) = —— dT/ d?"/ do

167r —

6 (20%)

X/o dgo[r Sm9<R_42_r4w
We calculate the Euclidean action for an arbitrary temperature _ B (R3 +7}) —M—nr, (2Q*) a2
T, equivalently described by the imaginary time period S. 2 & 4(3 — 4y)ry Ay=3 v
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(AS5)

where we assume that the boundary X'y is positioned at
r = R, introducing a cutoff in the integral at this boundary.
Here, we have identified the periodicity in 7 with the Killing
surface gravity 37! = f'(r;,) /4w [68]. Eventually, we take
the limit B — oo.

To calculate the surface term I, we first identify the
non-zero components of the induced boundary metric A, :

her = f(r)|r:f%’
heo = R?,
heoe = R?sin? 6.
To find the trace of extrinsic curvature K, we use the outward
unit normal vector n* = (0, 1/f(r),0,0), leading to:

(A.6)

K = hMUK#y = huyvp.nu = h'l“/(altnl/ - Fﬁunp)
= — (WL + BTG, + h¥°I7 ) n _
1 2 3M 3R 202)7 -
f(R)
(A7)

Using Egs. (A.6) and (A.7), we calculate the surface term as:

1
Isurf = —— d3x |h| K
8 b
_ B 3R (2Q%) B3—dy
=5 | 2R+ "5 —3M + 47_3(3 29 R .

(A.8)
In the canonical ensemble to fix the conserved charge @),

we must add an extra boundary term to the action, which is
defined as [86],
)

1
IYMZ*/ Bz hnu<
47T 2+

For the Wu-Yang magnetic ansatz 4, Ay = 0, and there is

OF"

no electric potential at the boundary, since the only non-
vanishing components of F},, are F»3 = —F35. Hence, this
term will vanish.

Next, the counter-term I.,,,; can be evaluated as:

1 3
Icount = 7/ Ty |h‘ |: + EIR'_ é (R Rab - 3R2):|
87T poin 8

/ dT/ d@/%d@\/ +—~+Wé%ine<i+é—é> (A.10)
o (R SR M>
where we have employed a Taylor expansion:

and omitted terms vanishing as R — . Assuming
~ > 3/4 (as the surface term diverges at v = 3/4), the total
Euclidean action for the Einstein-Power-Yang-Mills AdS
black hole becomes:

_ B rﬁ’ (2@2)7 )
I = 5 (T‘h+ 72 2(3_47)7{11%3 T - (A.12)

Appendix B: Thermodynamics in grand canonical
ensemble

While the thermodynamics and phase transitions of EPYM
black holes have been extensively analyzed in the canonical
ensemble, studies in the grand canonical ensemble remain
comparatively limited. Investigating these black holes in the
grand canonical framework is important not only for clar-
ifying their internal thermodynamic structure, but also for
applications within the AdS/CFT correspondence, where
black hole phase transitions are often linked to those of the
dual quark—gluon plasma under a fixed boundary potential.
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Fixing the potential at the AdS boundary provides a more
natural description of the dual plasma than the fixed—charge
(canonical) ensemble. Here we examine the phase transitions
of EPYM black holes in the grand canonical ensemble, em-
ploying both free energy and Lyapunov exponents as probes
of critical behavior in this exotic class of solutions.

The grand canonical free energy W can be defined by a
Legendre transform of the canonical free energy F',

W=F-0Q=M-T5—2Q. (B.13)
which gives
3 2
moor L (2Q2)7(4 - 5v)
W=—-—F 4+ ——= B.14
448 8y =3 B9

In the grand canonical ensemble, the Yang-Mills potential ¢
is fixed rather than the charge ). Hence, we can rewrite the
equation (22) for @ in terms of @. We get,

o0 (1 (47—3)45)%1—1

T (B.15)

Substituting this in (B.14), we can rewrite the free energy
W in terms of @. Now, from Fig. 10, we study the phase
structure and stability of the EPYM black hole by observing
the variation of free energy as a function of the temperature.
The cusp in the W-T diagram signals a first-order phase tran-
sition. Interestingly, the characteristic swallow-tail structure,
indicative of a van der Waals—type phase transition, emerges
only for specific values of the parameter 7, as shown here
for v = 0.8. In contrast, for Y = 1 and v = 1.5, such be-
havior disappears. Previous studies in the grand canonical
ensemble have demonstrated that van der Waals—type phase
transitions generally occur only for black holes in d > 5 di-
mensions [94], with exceptions arising in certain non-trivial
cases such as Power-Maxwell and Born—Infeld black holes
[88, 95, 96]. Our results reveal that, for particular values of
v, black holes in the Power—Yang—Mills class can also ex-
hibit van der Waals—type phase transitions in four dimensions
within the grand canonical ensemble, thereby adding them
to this family of non-trivial solutions. For v > 1, the van
der Waals behavior ceases to exist, and the system instead
undergoes a Hawking—Page—type phase transition.

Similar to the canonical ensemble, the Lyapunov expo-
nents of massless particles orbiting the black hole can be
employed to probe phase transitions. The variation of the
Lyapunov exponent with temperature as shown in Fig. 11,
reflects the behavior observed in Fig 10.
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