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ABSTRACT: QCMaquis is a quantum chemistry software
package for general molecular structure calculations in a matrix
product state/matrix product operator formalism of the density
matrix renormalization group (DMRG). It supports a wide range
of features for electronic structure, multicomponent (pre-Born−
Oppenheimer), anharmonic vibrational structure, and vibronic
calculations. In addition to the ground and excited state solvers,
QCMaquis allows for time propagation of matrix product states
based on the tangent-space formulation of time-dependent
DMRG. The latest developments include transcorrelated elec-
tronic structure calculations, very recent vibrational and vibronic
models, and a convenient Python wrapper, facilitating the interface with external libraries. This paper reviews all the new features of
QCMaquis and demonstrates them with new results.

1. INTRODUCTION
Among the broad range of quantum chemical methods
established in the past decades, tensor network algorithms
have emerged as a particularly promising group of high-
accuracy approaches for efficiently treating strongly correlated
quantum systems.1−7 These methods leverage suitable tensor
factorization schemes to efficiently represent and manipulate
complex quantum many-body wave functions that are
otherwise beyond the reach of traditional numerical
techniques. Various tensor network algorithms have been
developed across diverse scientific disciplines. Examples
include tree tensor networks,6,8,9 with promising applications
in chemistry, the projected entangled pair states (PEPS)10

and the multiscale entanglement renormalization ansatz
(MERA),11 commonly utilized for lattice systems in
condensed matter physics, or the multiconfigurational time-
dependent Hartree (MCTDH)12 approach for molecular
quantum dynamics simulations. Despite differences in target
applications and algorithmic implementations, these ap-
proaches all rely on systematic tensor factorization schemes
to efficiently capture the Hamiltonian’s essential features.
In quantum chemistry, the most successful tensor-based

algorithm is the density matrix renormalization group
(DMRG),13−15 which relies on a one-dimensional tensor
network topology referred to as matrix product state (MPS)

or tensor train (TT).16 So-called area laws17 guarantee that
the ground state wave function of one-dimensional short-
ranged gapped Hamiltonians can be efficiently encoded in a
TT factorization. This allows DMRG to deliver high accuracy
while taming the inherently exponential computational cost of
solving the Schrödinger equation. Initially devised to study
spin chains in solid-state physics, the algorithm was
subsequently applied to Hamiltonians that are neither
inherently (pseudo)one-dimensional nor limited to short-
range interactions, such as the ones found in electronic
structure theory.18−24 For such systems, area laws no longer
apply. Nonetheless, the DMRG algorithm has been shown to
be a highly efficient method for the deterministic variational
optimization of the electronic wave function.24 Today, it is
widely regarded as a benchmark method for large-scale
electronic structure calculations of strongly correlated systems
such as transition metal complexes and clusters.1,2,25−37
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The linear one-dimensional TT factorization employed in
DMRG is among the simplest tensor network topologies.
Despite this apparent simplicity, MPSs have proven to be
remarkably versatile, successfully tackling a broad range of
applications beyond their originally intended purpose and
often rival state-of-the-art specialized networks. In fact, the
simplicity of the MPS structure avoids many of the challenges
associated with more complex tensor network topologies. For
instance, higher-dimensional tensor networks, such as the
two-dimensional PEPS networks or the complete-graph and
related tensor networks,38−40 can better capture the
correlation structure of certain systems but become computa-
tionally demanding for increasing lattice dimension. Fur-
thermore, DMRG benefits from well-established and
extensively tested schemes based on quantum information
metrics41 to resolve the arbitrariness of the mapping of the
quantum system (e.g., described in terms of orbitals) to the
linear tensor network lattice. This remains an active field of
research in more complex tensor network topologies, such as
tree tensor networks9,42,43 due to the increased number of
possible site permutations.
DMRG offers several advantages over competing stochastic

approximate solvers, such as Full Configuration Interaction
Quantum Monte Carlo (FCIQMC).44 One key benefit is
that, in its standard optimization scheme, DMRG is
variational, guaranteeing that the energy is always an upper
bound to the exact energy. Furthermore, the cost and
accuracy of a DMRG calculation are primarily governed by a
single controllable parameter, namely the bond dimension,
which can be systematically increased to refine the accuracy
and converge the results toward the exact solution. Additional
parameters that affect the accuracy of the method have been
summarized in refs 32,45. Its robust optimization scheme
allows for the application of DMRG as an ‘off-the-shelf’
method for studying target systems without needing in-depth
knowledge of the algorithm’s inner workings. This accessi-
bility has contributed to the widespread adoption of DMRG.
In recent years, the DMRG algorithm has been extended

beyond its original role as a ground-state solver for time-
independent problems. The convenient tensor network
formulation of DMRG28 facilitates the direct application of
standard linear algebra techniques to wave functions ex-
pressed as an MPS. This has led to the development of
several DMRG-based algorithms, which, instead of computing
the ground state solution, target excited states.46−55

Furthermore, various time-dependent formulations of
DMRG have emerged,56−60 enabling the study of quantum
dynamic processes. Remarkably, these time-dependent
approaches often demonstrate comparable computational
cost and accuracy61−63 to established quantum dynamics
methods, such as MCTDH.
Alongside these algorithmic developments, DMRG has

been extended to tackle quantum many-body Hamiltonians
beyond traditional spin models or ab initio electronic
structure. As a result, DMRG has been developed toward
anharmonic vibrational structure,9,47,63−66 electronic67,68 and
vibronic69−76 quantum dynamics, rotational Hamiltonians,77

treatment of finite-temperature effects,78 open quantum
systems,79−81 and multicomponent systems, such as in
nuclear-electronic82,83 and polaritonic chemistry.84

Since its inception more than 30 years ago, DMRG has
inspired the development of several mature open-source
implementations, often specializing in a field of application.

One of the most widely used tensor network packages is
ITensor,85 which has strong roots in condensed matter
physics and is primarily designed for lattice systems. Other
notable and widely used packages include quimb86 and
TeNPy.87 In electronic structure theory, a few DMRG
packages are available. Notable examples include the various
versions of the Block program (Block, StackBlock,88 and,
recently, Block289) from the Chan group and the
ChemMPS290 package, which, however, is no longer under
active development. Both software stacks interface with
various quantum chemistry packages, such as OpenMol-
cas91−93 and PySCF.94,95 In addition, the groups of Legeza
and Veis have developed massively parallelized implementa-
tions of the DMRG algorithms for electronic structure
calculations on GPUs96,97 and CPUs,98 but these programs
remain closed source and are not publicly available. For
applications involving vibrational and vibronic systems, the
Renormalizer99 package from the Shuai and the recently
unveiled Kylin-V100 program from the Ma group are some of
the few open-source options.
We have developed the open-source QCMaquis package in

the past decade, which started as an electronic structure
program101,102 and has soon been extended toward vibra-
tional structure.47,64 QCMaquis offers a comprehensive set of
algorithms designed to tackle quantum chemical problems
across domains, providing several unique features that set it
apart from other DMRG programs.
Here, we present version 4.0 of the program, which collects

various previous developments, combined with significant
enhancements to the program’s capabilities. Notable exten-
sions to electronic structure calculations include support for
explicitly correlated calculations through the transcorrelated
method103,104 and an interface to the complete-active-space
second-order perturbation theory (CASPT2)105,106 method in
OpenMolcas, relying solely on up to three-body reduced
density matrices (RDMs). A new vibrational model leverages
the n-mode quantized Hamiltonian,65 which introduces
generic modal basis sets for the optimization of vibrational
energies, requiring integrals of the n-mode potential with
respect to the chosen basis set. For common basis sets�such
as harmonic oscillator eigenfunctions, one-body potential
eigenfunctions, and vibrational self-consistent field (VSCF)
modals�these integrals may be computed with our Colibri
software.107 In addition, modal correlation analyses based on
quantum information metrics, including the generation of
modal entanglement diagrams, can be calculated for vibra-
tional systems.108 New vibronic Hamiltonians have also been
integrated into the program; among them is the Frenkel
excitonic Hamiltonian, which accommodates the description
of modes connecting neighboring monomers. Finally, a new
Python interface for interacting with QCMaquis has been
developed, which facilitates the program integration into
complex workflows. This interface can be used as a drop-in
replacement for active space solvers in the PySCF quantum
chemistry package.
This work is structured as follows: Section 2 reviews

fundamental theoretical aspects of the DMRG algorithm.
Afterward, various features of the QCMaquis program are
presented, each accompanied by a new DMRG demon-
stration calculation on an illustrative example. First, the
available Hamiltonians�spin−lattice, electronic, vibrational,
and vibronic�are outlined in Section 2.1. Then, excited state
solvers are discussed in Section 2.2. Subsequently, Section 3.2
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presents the tangent-space formulation of time-dependent
DMRG for both real- and imaginary-time evolution. Sections
3.4 and 3.5 focus on electronic structure calculations and
discuss dynamic correlation methods and interfaces to
external quantum chemistry programs, respectively. Tools
for wave function analyses, such as n-particle and n-orbital
RDMs, quantum information metrics, and autocorrelation
functions are outlined in Section 3.6, followed by a brief
discussion of technical aspects of the program in Section A.
Finally, the paper describes the latest version of the AutoCAS
program in Section 3.7, which automatically determines active
orbital spaces and can serve as an automated driver of
QCMaquis. This paper closes with concluding remarks and
an outlook on future developments.

2. METHOD
The QCMaquis program leverages the matrix product state/
matrix product operator (MPS/MPO) formulation of the
DMRG algorithm.28 In this formalism, the wave function
coefficient tensor is decomposed into a tensor network
comprised of a linear chain of L rank-3 site tensors. Each of
these tensors is assigned to a local degree of freedom (DoF)
of the system. Through the occupation number vector
(ONV) representation in second quantization, these DoFs
refer to orbitals in electronic structure theory or modals in
vibrational structure theory. Moreover, composite schemes
have been developed in which individual tensors are assigned
different particle types, as, for instance, in vibronic systems,
composed of vibrational and electronic DoFs, or in pre-
Born−Oppenheimer nuclear-electronic schemes, which treat
both electrons and nuclei on the same footing.
In general, the wave function ansatz is then given by an

MPS,

| = ··· | ···M M M L, 1 2L
L

1
1

1 2
2

1
(1)

composed of a linear chain of rank-3 tensors (except for the
first and last tensor, which are matrices), where the index σi
corresponds to the occupancy of DoF i, and αi introduces
(nonphysical) auxiliary indices along which neighboring
tensors are contracted. If the extent of the αi indices,
referred to as the bond dimension, is allowed to grow
exponentially along the length of the chain, this factorization
can exactly represent any arbitrary quantum state from the
system’s entire Hilbert space (albeit at the cost of becoming
completely impractical). In practice, the bond dimension is
set to a fixed maximal value, leading to an algorithm that
scales polynomially with system size.
In the MPS/MPO formalism, operators are also

represented as one-dimensional tensor networks (that is,
MPOs),

= ··· | ··· ··· |O W W W L L, 1 2 1 2L
L L

1
1 1

1 2
2 2

1

(2)

Unlike the MPS, the MPO usually corresponds to an exact
factorization of the underlying operator. Various approaches
have been proposed to compress the operator further.109,110

These techniques rely on truncating the singular value
decomposition of the individual MPO site tensors. In this
process, the sparsity of the MPO representation is usually
compromised.110 To preserve the sparsity of the MPO,

QCMaquis adopts an exact MPO factorization for all
operators.
The MPO factorization of an operator is inherently

nonunique. Although deriving a naive MPO representation
is straightforward, constructing a compact representation�
characterized by a small bond dimension�remains a
challenge, especially for operators containing long-range
interactions and n-body coupling terms. To address this
challenge, several algorithms have been proposed for
constructing compact MPOs of arbitrary operators,109−111

including the method developed by our group,101 which has
been implemented in the first version of QCMaquis in 2015.
Our procedure begins by constructing an initial, naive MPO
representation of the operator from its symbolic second-
quantized form. It then systematically identifies and
consolidates recurring substrings of creation and annihilation
operators across the operator’s terms, reducing redundancy in
the MPO tensors and achieving a more compact
representation. For a comprehensive explanation of our
algorithm, the reader is directed to our original work in ref
101.
One crucial aspect of an efficient DMRG implementation is

the exploitation of global symmetries imposed by the
Hamiltonian. These symmetries can come in the form of
particle number or spin conservation and have the effect of
decomposing the tensors in the tensor networks into distinct
sectors characterized by their respective quantum num-
bers,112,113 resulting in a block-sparse structure of the MPS
and MPO tensors. While this block sparsity significantly
reduces computational and memory costs, it also complicates
the implementation of efficient tensor contraction schemes,
especially for non-Abelian symmetries like the SU(2)
symmetry imposed by spin conservation.96 As a result,
modern DMRG programs must be carefully engineered to
fully leverage these sparsity patterns and achieve optimal
performance.
The success of DMRG stems not only from its compact

representation of wave functions and operators but also from
its efficient and robust optimization scheme. This approach
provides a mechanism for optimizing each MPS site tensor
individually while keeping the others fixed, thereby reducing
the effective size of the problem. The optimization progresses
through a series of “sweeps” across the lattice, solving each
site’s resulting local optimization problem until convergence.
Typically, this local problem consists of an eigenvalue
equation or, in the case of certain excited state solvers, a
linear system of equations for the MPS site tensor under
consideration. In practice, the “two-site” variant of DMRG is
usually employed. In this method, two neighboring sites are
contracted along their shared index to form a “supersite”,
which is then optimized, followed by its decomposition back
into its original two site tensors using the singular value
decomposition. Although this two-site approach is computa-
tionally more demanding than the single-site variant, it
provides several practical advantages. The larger local
problem reduces the likelihood of getting trapped in local
minima, making the optimization more robust. Furthermore,
the discarded singular values during the supersite decom-
position can be used to estimate the error of the method,
helping to determine the required bond dimension for a
given accuracy and enabling extrapolation to the infinite bond
dimension.22,114 Due to these advantages, unless stated

The Journal of Physical Chemistry A pubs.acs.org/JPCA Article

https://doi.org/10.1021/acs.jpca.5c02970
J. Phys. Chem. A 2025, 129, 7549−7574

7551

pubs.acs.org/JPCA?ref=pdf
https://doi.org/10.1021/acs.jpca.5c02970?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


otherwise, the two-site variant of DMRG was employed for
all numerical simulations contained in this paper.

2.1. Available Hamiltonians. QCMaquis implements
facilities for treating several classes of Hamiltonians occurring
in model spin systems, electronic structure theory, vibrational
and vibronic problems, and multicomponent nuclear-
electronic systems. These Hamiltonians are detailed in the
sections below.

2.1.1. Spin−Lattice Hamiltonians: Fermi-Hubbard Model.
QCMaquis provides routines for simulating the two-dimen-
sional lattice Fermi−Hubbard model Hamiltonian in both the
real-space representation

= +†t a a U n nr

i j
i j

i
i iFH

( )

,
, , , ,

(3)

where i = (ix, iy) and ⟨i, j⟩ corresponds to nearest neighbor
sites, and in momentum space representation

= + †
+

†t n U c c c cm

k
k k

p q k
p k q k q pFH

( )

,
,

, , ,
, , , ,

(4)

where the creation operators ai,σ have been transformed to
the momentum-space operators using a unitary trans-
formation

= ·c
WL

e a1 i
k

i

k i
i, ,

(5)

In addition to standard calculations on the model,
QCMaquis can perform explicitly correlated calculations
based on the transcorrelated115,116 formalism. In this method,
the wave function is described by an ansatz given by the
product of a correlator eτ and a determinantal expansion,
which, in our case, is provided by an MPS

| = |etc MPS (6)

The correlator is incorporated into the Hamiltonian through
the use of a similarity transformation, yielding a non-
Hermitian operator = e etcFH FH . In the case of the
Fermi−Hubbard model, the correlator is chosen to be the
Gutzwiller correlator,117,118 which improves the description of
electron correlation by penalizing configurations containing
doubly occupied sites.

2.1.2. Electronic Structure Theory. 2.1.2.1. Conventional
Electronic Hamiltonian. QCMaquis can perform electronic
structure calculations using the Born−Oppenheimer elec-
tronic Hamiltonian given in atomic units by

= + +
< <

Z
r r

Z Z

r
1
2

1

i
i

i I

I

iI j i ij I J

I J

IJ
el

2

, (7)

with i, j and I, J corresponding to electronic and nuclear
indices, respectively, and ZI describing the charge of nucleus
I. In second-quantization, el can be written as

= +
{ }

†
{ }

† †h a a v a a a a
1
2p q

pq p q
p q r s

pqrs p q s rel
,

,

, , , ,

,

(8)

where

= *
| |

i
k
jjjjjj

y
{
zzzzzzh

Z
r

r R
r r( )

1
2

( )dpq p
I

I

I
q

2

(9)

= * *
| |

v r r
r r

r r r r( ) ( )
1

( ) ( )d dpqrs p q r s1 2
1 2

1 2 1 2
(10)

correspond to the standard one- and two-body integrals
expressed in an orthonormal basis of spatial molecular
orbitals. QCMaquis can be used to target a specific
irreducible representation of the molecular point group, an
eigenstate of the Sz operator, or an S2 spin configuration
using a spin-adapted approach.90,102,119

2.1.2.2. Transcorrelated Hamiltonian. QCMaquis also
supports performing explicitly correlated calculations using
the transcorrelated method,115,116 which aims to reduce the
basis set incompleteness error by incorporating prior
knowledge of the wave function into a modified Hamiltonian

tc. This is achieved by performing a similarity trans-
formation of the electronic Hamiltonian el using a function
F, known as the correlator,

= F Ftc
1

el (11)

This correlator is typically parametrized by an exponential,
whose arguments explicitly depend on the interparticle
distances

=F e (12)

with

=
<

f r( )
i j

ij
(13)

where i and j correspond to electronic indices. Similar to
R12/F12 methods,120 the correlator is primarily chosen such
that the analytic cusp conditions121,122 of the exact wave
functions at the point of coalescence of two charged particles
are satisfied. The similarity transformation in eq 11 can be
expanded using the Baker−Campbell−Hausdorff formula,
which naturally truncates after the first nested commutator

= = + [ ] + [[ ] ]

= + · +

e e ,
1
2

, ,

1
2

1
2

( )
i

i i i i

tc el el el el

el
2

(14)

This transformation results in a non-Hermitian operator that
includes up to three-body interactions due to the third and
fourth terms in eq 14, respectively. In second-quantized form,

tc is expressed as

= + |
{ }

†
{ }

† +ˆ
h a a a a a a

1
2

( )
s

s s
ss

s s s stc

, ,

(15)

{ }
† † †K a a a a a a

1
6 ss s

s s s s s s

,

, ,
(16)

where |̂( ) are modified two-body integrals and Kμν,λσ,κτ
are additional three-body integrals arising from the similarity
transformation. The expressions for these integrals can be
found in ref 103. Note that the introduction of the three-
body operator significantly increases the bond dimension of
the MPO from L( )3 to L( )5 ,103 where L corresponds to
the number of orbitals. Such an analysis is also valid for 3-
body coupling terms in vibrational structure calculations. This
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steep increase in computational cost may be tamed by
normal-ordering the Hamiltonian with respect to a reference
state,123,124 usually the Hartree−Fock solution. The normal-
ordering then allows contributions from the three-body
operator to be incorporated into lower-body terms so that
the remaining�usually small�pure three-body fluctuation
potential can be neglected. The resulting Hamiltonian is
expressed as

= + { } + { }E B Btc NO ref 1 2 (17)

where the bracketed operators denote the normal-ordered
one- and two-body operators with respect to the reference
state |Ψref⟩ and = | |Eref ref tc ref corresponds to the
energy of the reference state. The validity of this
approximation has been confirmed on a wide array of
systems104,123−125 and since tc NO has only up to two-body
interactions, it retains the same computational scaling as el.
In practice, we recommend always using the normal-ordered
approximation to allow for transcorrelated DMRG calcu-
lations on the same systems that conventional DMRG can
tackle. The transcorrelated calculations can be performed
with the conservation of the number of spin α and β
electrons.

2.1.2.3. Four-Component Relativistic Hamiltonians.
While spin-averaged scalar-relativistic effects on electronic
structures can be efficiently addressed at the level of one-
electron integrals,126,127 QCMaquis also includes a relativistic
four-component formulation based on time-independent
Hamiltonians in the absence of external magnetic fields.128

The relativistic DMRG model is based on the Dirac-
Coulomb Hamiltonian, with the optional inclusion of the
Breit interaction for the approximate description of magnetic
and retardation effects in the interaction of two electrons.129

The four-component spinor formulation encompasses both
relativistic kinematic effects and spin−orbit coupling, which
enables a variational treatment of relativistic effects directly in
the optimization of the MPS wave function. We note that for
scalar-relativistic (one-component) methods, spin−orbit
coupling may also be taken into account in a subsequent
step by matrix product state state-interaction.130 Approximate
two-component Hamiltonians, such as exact two-compo-
nent131,132 and zero-order regular approximation133−135 are
also supported.
The implementation is based on a Kramers pair basis {φl,

φ̅l}, built from pairs of fermion spinor functions {φl} and
{φ̅l}, respectively. In the absence of external magnetic fields,
these are doubly degenerate according to Kramers’ theorem
and related by the time-reversal operator. However, in
practice, each spinor is considered independently in
QCMaquis, thereby each lattice site is 2-dimensional with
the spinor being either unoccupied or occupied.
Based on a quaternion symmetry scheme, the full range of

Abelian double group symmetries is also supported. In
addition to the D2h* group and subgroup thereof, QCMaquis
also supports the finite groups C16h* and C32v* , with and
without inversion symmetry, to be used as approximations of
the full groups D∞h* and C∞v* for linear molecules. As the
number of particles is preserved, relativistic calculations can
be run with combined U(1) and double group symmetry.

2.1.3. Nuclear-Electronic Pre-Born−Oppenheimer Hamil-
tonian. A unique feature of QCMaquis, not available in any
other DMRG software, is the implementation of the pre-

Born−Oppenheimer model. In this model, nuclei and
electrons are treated on an equal footing, allowing for either
all nuclei to be treated fully quantum mechanically, or
selected nuclei to be represented by classical point charges.
Potential future applications of this model are high-precision
studies of processes involving tunneling of light nuclei,
coupled motion of electrons and nuclei (such as proton-
coupled electron transfer), anharmonic vibrational or high-
precision vibronic spectroscopy.136−142 If only the protons are
treated quantum mechanically, while all other nuclei remain
classical, these approaches have been successfully applied to
moderately sized systems consisting of dozens of atoms.143,144

In addition to the orbitals from conventional electronic
structure theory, including strongly correlated nuclear orbitals
significantly expands the system’s active space, rapidly
exceeding the limits of exact diagonalization methods and
highlighting the necessity of approximate active space solvers
like DMRG. Currently, the lack of reliable subsequent
multicomponent approaches to account for dynamic
correlation within large active spaces limits the accuracy of
pre-Born−Oppenheimer methods. Despite this limitation, the
DMRG implementation in QCMaquis82,83 provides a crucial
foundation for advancing these techniques in the future.
If all nuclei are treated quantum mechanically, the pre-

Born−Oppenheimer Hamiltonian corresponds to the full
molecular Hamiltonian, expressed as the sum of the
electronic Hamiltonian from eq 7 and the kinetic energy of
the nuclei

=
m
1

2A A
ApreBO el
2

(18)

where mA is the mass of nucleus A. Representing this
Hamiltonian in second quantization is a nontrivial task, as it
requires accounting for the bosonic or fermionic nature of a
given nucleus and incorporating all possible spin quantum
numbers. Specifically, this would include all integers
(including zero) for bosons and all positive half-integers for
fermions. The current implementation in QCMaquis is
limited to spin-0 bosons and spin-1

2
fermions. As the

derivation of the second-quantized form of the Hamiltonian
is quite involved, we refer the interested reader to our
original publication in ref 82, for a formal discussion as well
as for explicit expressions for all integrals required.
In the following, we summarize the results for a

Hamiltonian describing a system of spin-1
2
fermions. This

Hamiltonian is given by
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(19)

Here, hIij and VIik,Jjl are the one- and two-body integrals
calculated over spatial molecular orbitals. Nt is the number of
distinguishable particle types with corresponding capital
indices, while LI represents the number of orbitals for
particle type I. Lowercase indices correspond to orbital
indices, and the spin variable s can be spin-up or down for
spin-1

2
fermions. The implementation of the model accounts
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for the distinct symmetries of different particle types and
ensures the commutation of operators associated with
different particle types. This is achieved by adapting the
Jordan−Wigner transformation as detailed in ref 82.

2.1.4. Anharmonic Vibrational Systems. In addition to
electronic and pre-Born−Oppenheimer Hamiltonians,
QCMaquis can also be utilized to perform anharmonic
vibrational calculations. It supports two of the most widely
used vibrational models: Watson-type145 and n-mode146

Hamiltonians.
2.1.4.1. Watson Hamiltonian. Watson-type Hamiltonians

can be applied to potential energy surfaces (PESs) that are
represented by general sum-over-product expressions of
position and momentum operators.
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(20)

where M is the number of vibrational modes, and Q̂i and P̂i
are the position and momentum operators associated with
the ith mass-weighted normal mode. Our QCMaquis code
can treat Hamiltonian terms of Q̂i and P̂i of arbitrary order,
including mixed expressions for rovibrational couplings. The
operators Q̂i and Pi are expressed in terms of bosonic

creation b̂i
† and annihilation b̂i operators as = +†

Q b b( )i i i
1
2

and = †
P b b( )i

i
i i2

.
These second-quantization operators define the mapping of

the Hamiltonian, and correspondingly also the vibrational
wave function, onto the DMRG lattice. Specifically, for the
Watson-type Hamiltonian, each lattice site corresponds to a
vibrational normal mode i, and the wave function is
consequently expanded in terms of harmonic oscillator
eigenfunctions, where a maximum number of Ni harmonic
oscillator eigenfunctions is chosen as the local basis of each
site i. This mapping of vibrational DoF to DMRG lattice sites
is referred to as canonical and is depicted in Figure 1. All
possible combinations of occupied vibrational basis functions
are physically allowed since the site occupations are
independent of each other. This lattice, therefore, does not
exhibit any particle number conservation symmetry.

2.1.4.2. n-Mode Hamiltonian. Alternatively, the vibrational
DMRG algorithm can also be applied to anharmonic systems
described by the more flexible n-mode expansion of the PES
with the following Hamiltonian, neglecting rotational
coupling terms,

= + +
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where is the kinetic energy operator. The n-body potential
terms n depend at most on n of the M normal modes,
which do not need to be in product form or adhere to any
specific functional format. The n-mode Hamiltonian can be
expressed in second quantization using a generic anharmonic
modal basis set as

=
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(22)

where the one-body integrals Hk di,hdi

[i] contain both the kinetic
and potential one-mode contributions of mode i, the two-
body integrals Hk dik dj,hdih dj

[i,j] contain two-mode potential con-
tributions, and analogous expressions for higher-order terms
follow. The creation b̂kdi

† and annihilation b̂k di
operators are

defined with respect to the kith basis function ϕi
ki associated

with the ith mode. The n-mode Hamiltonian thus maps each
vibrational mode to several modal basis functions ϕi

ki, each
corresponding to a site on the DMRG lattice. This lattice is
illustrated in Figure 2.
The computational cost of introducing higher-order n-

mode expansions grows rapidly, due to the number of n-
mode terms, which scales as M( )n , where M and n
correspond to the number of vibrational modes and
maximum order of the many-body couplings in eq 21,
respectively. The scaling is also affected by the number of
points used to sample the PES and construct the
corresponding integrals for each n-mode term. This scales
as #(( 1Dsamples) )n for the simplest uniform grid. However,
it has been shown that not all higher n-mode terms have the
same effect on the overall vibrational energies.147 This fact
can be exploited to prescreen only the relevant terms, which
reduces both the overall sampling cost and the number of
terms in the vibrational Hamiltonian.147 The contribution of
higher-order terms to the total energy can also be
significantly reduced by using localized vibrational modes
instead of normal modes.148,149 Furthermore, the sampling
cost can be greatly diminished by iterative sampling and
surface shrinking,147 and, in the case of on-the-fly sampling,
by switching to computationally less expensive electronic
structure models for the higher-order terms.150−153

2.1.5. Electronic and Vibrational Coupling. QCMaquis
can be applied to simulate vibronic processes, where the
interplay between electronic and vibrational DoFs is essential
for capturing the underlying physical phenomena. It provides

Figure 1. Tensor diagram of the canonical vibrational lattice. Each
site corresponds to a vibrational mode, indicated by the different
colors of the tensor sites, with its corresponding bosonic harmonic
oscillator creation and annihilation operators, b̂i, b̂i

†, positioned
above. The local basis i is determined by the first Ni vibrational
states, given in curly brackets.
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two classes of vibronic Hamiltonians. The first one models
the dynamics of Frenkel excitons along molecular aggre-
gates.154−156 The second describes a general class of
systems157 containing arbitrary electronic and vibrational
DoF that are coupled together. Typical applications of this
model include the computation of vibrationally resolved
electronic spectra.
The two supported MPS lattice orderings for vibronic

calculations are depicted in Figure 3. The sequential lattice

lists all electronic DoFs before the vibrational DoFs, while the
intertwined lattice orders DoFs based on their corresponding
electronic state and, thus, interleaves electronic and vibra-
tional DoFs.

2.1.5.1. Frenkel Excitonic Systems. To efficiently describe
molecular aggregates composed of multiple identical
chromophores, each described by the same electronic states
and vibrational DoFs, the Frenkel excitonic model Hamil-
tonian can be used. In QCMaquis, the Frenkel excitonic
model is comprised of two electronic states, which typically

include the ground state, for each chromophore. The
vibrational DoFs are described in terms of harmonic
oscillator PESs and the Watson Hamiltonian Watson for
the ground and the excited electronic state. This model
assumes nearest-neighbor interactions with a unique scalar
coupling term Jcoupl between neighboring monomers. Given
Nmon monomers with Nvib vibrational modes each, the
excitonic Hamiltonian can be written as
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where the indices i and j run over the monomers and
vibrational mode, respectively, with Q̂i,j and P̂i,j corresponding
to the jth vibrational coordinate and corresponding
momentum of monomer i. The frequency ωj corresponds
to the frequency of the vibrational mode j and is assumed
identical for all monomers. The first double sum in eq 23
corresponds to the harmonic oscillator Hamiltonian of the
ground electronic state |0⟩ of the aggregate. The second term
describes, using Watson, the vibrational Hamiltonian of the
aggregate’s excited electronic states |ΨSdi

⟩, which correspond
to a configuration with all monomers except for monomer i
in the electronic ground state. The last term accounts for the
nearest-neighbor coupling between electronic states.

2.1.5.2. Generic Vibronic Processes. For an arbitrary
vibronic system containing Nes electronic states, the
Hamiltonian takes the form

=
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where Q = (Q1, ···, QM) denotes the M vibrational DoFs. The
diagonal terms Q( )m denote the vibrational Hamiltonian
associated with the mth electronic state, and is expressed as

Figure 2. Tensor diagram of the n-mode vibrational lattice, where each site corresponds to a modal basis function. The modals are color-coded
according to their associated vibrational mode. The local dimension of each site is two, reflecting the occupancy of the modal, with the
constraint that any single configuration only possesses a single occupied modal per normal mode. Shown above the tensor sites are their
respective bosonic creation and annihilation operators.

Figure 3. Tensor diagrams for the two lattices supported by
QCMaquis for vibronic calculations. Sites are color-coded according
to their electronic states, with corresponding vibrational modes
shown in a lighter shade. Above each site tensor, the operators (a ̂
for fermionic and b̂ for bosonic) corresponding to the degrees of
freedom (DoF) are indicated, while the possible occupancy of these
DoFs is listed below. The sequential lattice first includes sites related
to the electronic, followed by the vibrational DoFs. In contrast, the
intertwined lattice ordering groups all DoFs associated with the
same electronic state.
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where Em
(eq) stands for the electronic energy of the mth

electronic state at the ground state equilibrium molecular
structure, Qj and Pj refer, respectively, to the jth
dimensionless normal coordinate and corresponding con-
jugate momentum, with corresponding harmonic frequency
ωj and linear shift coefficient gj

(m). The off-diagonal terms
Q( )mn represent the nonadiabatic couplings between the

mth and the nth electronic state, and can be expressed as
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with gk
(m, n) and hk, l

(m, n) corresponding to the first- and second-
order nonadiabatic coupling coefficients, respectively.

2.2. Excited-State Algorithms. QCMaquis provides
several excited state solvers that are applicable to any of
the models outlined above. These algorithms are detailed in
the following sections.

2.2.1. Sequential Low-Lying Excited States with DMRG-
[ORTHO]. The most straightforward extension of the standard
DMRG algorithm to target excited states is the DMRG-
[ORTHO] variant. In this approach, excited states are
calculated sequentially by enforcing orthogonality of the
current MPS to all previously calculated MPSs, which
correspond to lower-lying states.55,64,101 This is achieved
through a constrained optimization procedure that minimizes
the energy of the current MPS in the subspace orthogonal to
the lower-lying states. Such a procedure formally corresponds
to the ground state optimization of the modified Hamiltonian

= {| } {| }n n (27)

where {| }n
corresponds to the projection operator onto

the orthogonal complement of the subspace spanned by the
set of lower-lying MPSs {|ϕn⟩}. Although DMRG[ORTHO]
is practical and efficient for computing low-energy excited
states, the method suffers from some significant drawbacks
when applied to higher-lying excited states as it requires
computing all lower-lying states before reaching the target
state, leading to increased computational cost and error
accumulation as higher excited states are targeted.

2.2.2. Arbitrary Excited States Using the Inverse Power
Iteration with DMRG[IPI]. The DMRG[IPI] algorithm
leverages the inverse power iteration (IPI) approach46,158 to
compute excited states by repeatedly applying the shifted-
and-inverted Hamiltonian on the guess wave function

| = |( )k k
1

1 (28)

at each iteration k. The expensive explicit inversion of the
modified Hamiltonian is avoided by reformulating the
operation as Γω|Ψk⟩ = |Ψk−1⟩ where = ( ). In
practice, the wave function is optimized by minimizing the
functional

[ ] = | | |O 2k k k k k1 (29)

in a sweeping procedure, yielding the optimal MPS of a given
bond dimension at iteration k.48 Assuming that the initial
guess MPS |Ψ0⟩ has nonvanishing overlap with the targeted
eigenstate, the wave function |Ψk⟩ converges with increasing k
toward the eigenstate of the Hamiltonian whose energy lies
closest to the shift parameter ω. Each DMRG[IPI]
calculation requires an energy shift ω parameter provided
by the user.

2.2.3. Solving Entire Energy Intervals Using DMRG-
[FEAST]. To efficiently compute excited states within densely
populated regions of the eigenspectrum, DMRG[FEAST] is a
particularly powerful approach, as an entire energy interval
can be computed at once.48 This method is based on the
FEAST algorithm,159 which simultaneously computes all
eigenfunctions within a specified energy range IE = [Emin,
Emax] through an iterative subspace diagonalization procedure.
An initial set of M linearly independent guess states {Ψguess

(1) ,
···, Ψguess

(M) } is projected to the subspace spanned by the
eigenfunctions of the Hamiltonian contained in the interval
IE. Using Cauchy’s integral theorem, this projector M can be
expressed as a complex contour integral
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which, in practice, is approximated with an Np-point
numerical quadrature
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The contour integral in eq 30 can be of any arbitrary shape
as long as it encircles the target eigenstates defined by the
energy interval IE (see Figure 1 from ref 48 for an
illustration). For simplicity, QCMaquis relies on a circular
contour. Here, the weights wk and the complex energy shifts
zk of each quadrature node are determined automatically by
the integration scheme. The MPS |Ψ(i,k)⟩ associated with a
given node k and guess state i is obtained by solving the
linear system | = |z( )k

i k i( , )
guess
( ) . After every iter-

ation, the Hamiltonian is diagonalized within the space
spanned by the projected states, yielding approximate
eigenpairs of the energy interval IE. The resulting
eigenfunctions serve as updated guesses for the next iteration,
and this procedure is repeated until convergence is achieved.
To perform a DMRG[FEAST] calculation, the user must
specify a target energy interval by setting Emin and Emax and
the number of M initial guess states, which should be larger
than or equal to the number of eigenstates contained in IE. In
practice, to ensure proper convergence of the DMRG-
[FEAST] algorithm, the number of guess states should be
larger than the number of states contained in IE.

159 The
computation cost of the algorithm scales linearly with the
number of guess states, which should be on the order of the
number of eigenstates in IE.

3. RESULTS
3.1. Vibrational Excited States of the Formic Acid

Dimer. Supramolecular complexes are a challenging class of
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molecular systems for vibrational calculations. Due to the
weak nature of intermolecular forces, these systems are
usually characterized by several highly anharmonic low-
frequency modes, which exhibit large amplitude motion. As a
result of these effects, the harmonic approximation commonly
used in standard vibrational calculations breaks down.
Vibrational DMRG (vDMRG) can account for anharmonic-
ities, and to demonstrate the QCMaquis vDMRG algorithm,
we calculated the ground and several low-lying excited states
of the formic acid dimer (FAD), which can be considered a
prototypical example for molecular recognition and supra-
molecular complexes. For these vDMRG calculations, the
analytic PES developed by Qu and Bowman160 was exploited.
First, the FAD minimum molecular structure was calculated.
The PES minimum is characterized by a planar structure that
belongs to the C2h point group. Next, the normal modes and
corresponding frequencies were calculated (see Supporting
Information for the computed harmonic frequencies).
In order to perform the vDMRG calculations, the PES

around the minimum structure was transformed into a form
recognized by QCMaquis using two distinct strategies. The
first strategy consists of the use of Watson from eq 20, for
which the Taylor expansion of the PES is needed. This
expansion was constructed by calculating second-, third-, and
fourth-order PES derivative tensors around the minimum
structure. The second strategy relies on the n-mode
Hamiltonian from eq 21. For this strategy, the PES was

truncated at the 2-mode coupling terms around the
minimum, where each n-mode term was represented on an
equidistant grid of 31 points in the range between the two-
seventh harmonic inversion points. The n-mode potentials
were then used for the VSCF calculation, in the Fourier
discrete variable representation (DVR) basis, performed using
the Colibri software. For the eight lowest-frequency normal
modes, the lowest Ni = 6 VSCF modals were used to
construct the second quantized form of nmode from eq 22,
while Ni = 2 VSCF modals were used for the other normal
modes. This Hamiltonian was then used for the vDMRG
calculations. The low-lying excited vibrational states were
computed using both the DMRG[ORTHO] and DMRG-
[FEAST] algorithms using the single-site variant, with the
maximal bond dimension set to 50. Examples of the
QCMaquis input files for both cases are provided in the
Supporting Information. The optimized MPS representations
of each vibrational state were used to extract the most
significant configurations using the SRCAS protocol.161 The
configuration with the largest weight defines the character of
each excited state. The results are summarized in Table 1.
For the Watson model, vDMRG reproduces the zero-point

energy (ZPE) in excellent agreement with the diffusion
Monte Carlo (DMC) value (15,337 ± 7 cm−1) reported by
Qu and Bowman.160 It should be noted that perfect
agreement is not expected, as the DMC calculation was
performed on the original PES, while the Watson model used

Table 1. vDMRG Energies of Low-Lying Vibrational States of the Formic Acid Dimer Calculated Using Analytic PES from
Ref 160a

Watson

no. state E(ORTHO) E(FEAST) harmonic

0 0.95GS − 0.07ν3ν5ν22 + 0.06ν32ν21 15,378 15,380 15,582

1 0.89ν1 + 0.14ν3 + 0.10ν13 51 51 71
2 0.81ν12 + 0.21ν1ν3 − 0.12GS 104 113 142
3 0.89ν3 − 0.21ν1 − 0.09ν32ν5ν22 139 139 171
4 0.94ν2 − 0.07ν2ν3ν5ν22 + 0.06ν12ν2 159 143 167
5 0.77ν13 − 0.24ν1 + 0.19ν12ν3 175 179 213
6 0.63ν4 + 0.56ν1ν3 − 0.24ν12 189 189 209
7 0.68ν4 − 0.56ν1ν3 + 0.09ν42 199 192
8 0.75ν5 + 0.19ν12ν5 + 0.17ν1ν3ν5 204 206 254
9 0.81ν1ν2 + 0.24ν5 + 0.10ν13ν2 208 226 238
10 0.68ν1ν4 − 0.28ν1ν5 − 0.22ν12ν3 234 236 280

n-mode

no. state E(ORTHO) E(FEAST) harmonic

0 0.99GS′ − 0.07ν′1ν′3 − 0.05ν′12 15,456 15,456 15,582

1 0.95ν′1 − 0.16ν′3 − 0.15ν′13 87 87 71
2 0.86ν′2 − 0.11ν′1ν′3 − 0.06ν′1ν′2ν′3 167 167 167
3 0.77ν′12 + 0.21ν′1ν′3 − 0.17ν′14 172 172 142
4 0.98ν′4 − 0.07ν′1ν′3ν′5 − 0.07ν′62 200 200 209
5 0.94ν′3 + 0.20ν′1 − 0.13ν′1ν′32 224 224 171
6 0.86ν′1ν′2 − 0.32ν′13 − 0.15ν′13ν′2 253 253 238
7 0.74ν′13 + 0.38ν′1ν′2 − 0.27ν′12ν′3 264 266 213
8 0.96ν′6 − 0.17ν′4ν′6 − 0.08ν′2ν′6 272 272 276
9 0.93ν′1ν′4 + 0.16ν′13 − 0.15ν′3ν′4 286 286 280
10 0.98ν′5 + 0.07ν′53 + 0.05ν′52ν′11 291 290 254
11 0.80ν′1ν′3 − 0.32ν′32 − 0.31ν′12 313 304 242

aνi
j and ν′ij denote the jth excited modal of the ith mode for the Watson and n-mode Hamiltonian, respectively. The ground state energy is given

with respect to the PES minimum structure, while the energies of excited states are given relative to the ground state. All energies are reported in
cm−1. In addition to the energies, the three largest CI coefficients, obtained through the SRCAS protocol161 and the DMRG[ORTHO] MPS, are
reported for each vibrational state. Each harmonic energy corresponds to the term with the largest CI coefficient.
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approximates the PES by neglecting higher than fourth-order
terms in Taylor expansion. For the n-mode model, on the
other hand, the discrepancy in the ZPE is somewhat larger
when compared to the DMC. Both models, however, yield a
significant improvement over the harmonic ZPE (15,582
cm−1). It should be pointed out that both the Watson and
the n-mode model use approximate potential energy surfaces,
obtained by Taylor and n-mode expansions respectively,
which differ. In fact, the discrepancy of the ZPE in the n-
mode approach can be traced back to the neglect of the 3-
and 4-mode terms in the PES representation, which are
partially included in the Taylor expansion employed in the
Watson model. This is confirmed by running the vDMRG
calculation with the Watson model in which 3- and 4-mode
terms in the third and fourth-order derivative tensors are set
to zero (see Supporting Information), in which case the ZPE
obtained (15,496 cm−1) closely matches the one from the n-
mode model.
When the excitation energies obtained with the Watson

and the n-mode models are compared, the Watson-model
vDMRG energies are systematically shifted to lower values,
albeit with different magnitudes when compared to the
harmonic ones for the first 10 excited states calculated. On
the other hand, such a trend is absent in the n-mode model,
which can again be traced back to the inclusion of the 3- and
4-mode coupling terms in the expression of Watson. This fact
indicates that the excitation values obtained with the Watson
model are expected to be more accurate in the case of the
formic acid dimer than the ones obtained with the n-mode
approach for the employed PES approximations. Additionally,
for the ν4/ν′4 excited states, for which the experimental
excitation energy is available (194 cm−1), both models yield
an improvement over the vibrational configuration interaction
(208 cm−1).160 However, the assignment of this state in the
Watson model is ambiguous, due to the comparable weights
of the ν4 configuration in the 6th and 7th excited states. As a
consequence, they share the same harmonic excitation energy
in Table 1. When the weights of the most significant
configurations of each state are compared between the
Watson and the n-mode model, it can be noted that their
values are significantly larger in the n-mode case. This is
directly related to the fact that the n-mode model uses
optimized VSCF modals as the basis set functions, which
provide a superior representation of the vibrational wave
function when compared to the harmonic oscillator functions.
These weights can be used to assign the character of each
excited state and provide some insight into the correlation
between different modes and different basis functions.
Further insight into correlations can be gained from the
entanglement diagrams of each state, an example of which is
provided in Section 3.7.
Note that the energies of the vibrational states for this

system obtained from the ORTHO and FEAST excited state
solvers are not identical, particularly for the Watson
Hamiltonian. We attribute this to the difference in structure
of the wave function between the Watson and n-mode
calculations. One major difference lies in the single-modal
basis functions used, which correspond to harmonic oscillator
eigenfunctions in the case of the Watson Hamiltonian and
VSCF modals in the case of the n-mode Hamiltonian. As
VSCF modals are optimized to provide an optimal
description of the system using a single Hartree product, it
is expected that this basis will produce a wave function with a

lower multiconfigurational character when compared to
simple harmonic oscillator basis functions. Furthermore, the
order of the coupling terms in the two models are not
entirely equivalent. While the n-mode expansion was
truncated at the 2-mode terms, the Taylor expansion of the
PES in the Watson Hamiltonian included up to fourth-order
potential energy derivatives, introducing some 3- and 4-mode
coupling terms. These additional terms are expected to
increase the required bond dimension to encode the wave
function, since they further correlate different modes. The
result of these two effects is that the calculations with the
Watson Hamiltonian are more sensitive to bond dimension
truncation. However, even FEAST and ORTHO calculations
executed with identical bond dimensions are not guaranteed
to yield solutions with matching accuracy, because in FEAST,
the eigensolutions are obtained from a Hamiltonian matrix in
the basis of projected guess MPSs of a given bond dimension.
This results effectively in a linear combination of the
projected MPSs which, formally, corresponds to an MPS of
increased bond dimension. Finally, FEAST depends on a
quadrature approximation of the integral, which might also
introduce errors in the energies.

3.2. Time-Dependent DMRG: Real-Time Propagation
Quantum Dynamics. Quantum dynamics calculations are
available in QCMaquis via the tangent-space formulation of
the time-dependent DMRG (TD-DMRG) algorithm.58−60 In
this formulation, the equation for propagating the time-
dependent MPS is obtained from the Dirac−Frenkel
variational principle

| | =i 0t (32)

where |δΨ⟩ denotes an infinitesimal variation of the wave
function |Ψ⟩ within the manifold of MPSs of bond dimension
D. The resulting equations of motion obtained are of the
form
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where
MPS
denotes the projector onto the tangent space of

this manifold with respect to the reference wave function
|ΨMPS⟩. Analytical expressions for MPS

can be derived and
are found in refs 59,162 and 60. Due to the invariance of the
MPS from eq 1 with respect to the gauge transformations
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where tensors Aσj are left-normalized ∑σdj,α dj−1
Aα dj−1αdj

σj Aα dj−1αdj′
σj =

δα djαdj′, while tensors B
σj are right-normalized ∑σ dj,αdj

Bαdj−1αdj

σj Bαdj−1′αdj

σj =
δα dj−1αdj−1′. Using this normalization for the MPS, the projection
operator can be expressed as
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Inserting eqs 35 into 33 and approximating the exponential
operator using the first order Lie−Trotter splitting, the time
evolved wave function is given by

| + =

··· |

t t

t

( ) e e e

e e ( )

i t i t i t

i t i t

MPS

MPS

L L L
(1)

1
(2)

1
(1)

1
(2)

1
(1)

(36)

This expression lends itself to an implementation in a sweep-
based DMRG algorithm. At every site, two local propagation
steps are performed: a forward propagation under the action
of k

(1) , and a backpropagation step under the action of

k
(2) . Both forward and backward steps are performed with

the Lanczos algorithm.163,164 After the local propagation step
is completed, a singular value decomposition is applied to the
local tensor, and the bond dimension is truncated, as in the
standard DMRG approach.
This TD-DMRG algorithm contains several sources of

error. The first source corresponds to the bond dimension
truncation, which effectively results in the time evolution
under a modified Hamiltonian, as can be seen from eq 33.
This error can be reduced by dynamically increasing bond
dimension based on the singular values obtained from the
truncation step.69 The second source of error can be traced
to the use of the Lie−Trotter splitting. In a first-order
Trotterization scheme is used, a single sweep across the
lattice propagates the MPS to |ΨMPS(t + Δt)⟩ with an error
of the order t( )2 . The error due to Trotterization step can
be reduced by adopting a second-order scheme, which
sweeps across the entire lattice and back to propagate the
MPS to |ΨMPS(t + Δt)⟩ with the error t( )3 . An additional
source of error pertains to the Lanczos algorithm. In practice,

this error can be made arbitrarily small by further enlarging
the Krylov space and is usually negligible in comparison to
the Trotterization error.
In addition to the direct simulation of time-dependent

processes, TD-DMRG can be used for calculating absorption
spectra from an autocorrelation function.67,69 This approach
is particularly advantageous in cases where the energy range
of interest contains a large number of eigenstates, many of
which do not contribute significantly to the overall spectrum.
Such cases frequently appear in vibrational spectra, where
dominant peaks correspond to transitions with single-
excitation character. However, due to the large span of
vibrational frequencies of different normal modes within a
molecule, there may be a vast number of multiply excited
states of low-frequency modes that lie below the excited state
corresponding to a single excitation of the highest-frequency
mode (e.g., O−H stretching). In those cases, DMRG-
[ORTHO] incurs significant cost in optimizing these states,
whereas DMRG[FEAST] may struggle due to the high
density of states in this energy region. TD-DMRG circum-
vents these problems as the initial state can be easily
prepared as μ̂|ψGS⟩ and the overall cost is determined by the
total propagation time, which determines the peak widths.
Since experimental spectra are often significantly broadened,
the total cost of time evolution is usually far lower than the
cost of the explicit calculation of the eigenstates.

3.2.1. Excitation Transfer in the Benzoic Acid Dimer.
Studying the dynamics of photoinduced processes in
molecular dimers and polymers is crucial to understanding
the fundamental mechanisms underlying energy and charge
transfer in large supramolecular systems.165,166 An important
class of such systems is hydrogen-bonded supramolecular
complexes, the most prominent example being the nucleobase
pairs in the DNA and RNA molecules, whose photodynamics
has a significant impact on a plethora of biochemical
processes.167−169 As a prototypical example of such systems,
we chose the benzoic acid dimer to study the excitation
transfer process in this work. For this system, the excitation

Figure 4. PESs of the first two electronic excited states in the benzoic acid dimer along the two normal modes that significantly mediate the
energy transfer. The scatter and line plots depict the adiabatic and diabatic PESs, respectively. Deformations corresponding to the motion along
these modes are indicated by the structures at the bottom.
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into the S2ad excited state can be used to induce the energy
transfer process.170,171

A model of the excitation transfer between the two
monomers comprising the benzoic acid dimer can be
constructed using only the first two singlet excited states,
which, thus, define the vibronic Hamiltonian from eq 24.
This process was studied using TD-DMRG to elucidate the
population dynamics and determine the vibronic absorption
spectrum. The vibronic Hamiltonian was obtained by Taylor
expanding the adiabatic PESs of the first two electronic
excited singlet states around the point of minimum energy of
the electronic ground state PES pertaining to the C2h point
group. These two adiabatic S1ad and S2ad states correspond to
the Ag and Au irreducible representation (irrep) and arise
from a π → π* delocalized excitation on both benzene rings.
At the electronic ground-state equilibrium molecular
structure, the S1ad excited state features two imaginary
frequencies associated with vibrational modes belonging to
the Bu irrep. These modes correspond to antisymmetric ring
‘breathing’ and ring stretching deformations, as depicted at
the bottom of Figure 4. Displacements along these modes
reduce the system’s symmetry from C2h to Cs, leading to the
localization of the excitation on one of the two benzene rings.
As a result, the S1ad adiabatic state features a double well
structure, with each well corresponding to the localization of
the excitation on one of the two benzene rings. The diabatic
PESs were constructed following the procedure outlined in
ref 157. The final model vibronic Hamiltonian employed in
this TD-DMRG study includes the 13 vibrational modes that
contribute most significantly to the interstate coupling
between the S1 and S2 states.
The study first examined the excitation transfer between

the two monomers of the benzoic acid dimer. The TD-
DMRG time propagation was initialized with a state
corresponding to the ground vibrational state of the ground
electronic state vertically excited to the diabatic S1 electronic
state. The time propagation was executed with a time step Δt
= 1 fs over a total propagation time of 250 fs with a
maximum bond dimension of 85. The population dynamics
of the two excited states are depicted in Figure 5.
During time evolution, the initial excitation confined to the

S1 diabatic state migrates to the S2 diabatic state. After 800 fs,
half of the initial excited state population has transferred to
the other diabatic states, after which the system approaches

equilibrium, with the initial localized excitation being evenly
distributed across the two benzene rings of the dimer. The
equilibration time scale obtained from our TD-DMRG
calculation is significantly shorter than the exciton transfer
rate of 17.7 ps reported in the experimental study of ref 170.
This is because we calculated a Franck−Condon excitation
directly onto the crossing point of the two diabatic excited
state surfaces, where the interstate coupling is very large. In
ref 170, on the other hand, reports the exciton transfer rate,
defined as the transfer rate of a localized wavepacket in the
minimum of one of the diabatic states to the minimum of the
other one.
Following the investigation of the excitation transfer, the

vibronic spectrum of the photoexcitation process was
determined. This spectrum was calculated by performing a
Fourier transform of the time-dependent autocorrelation
function

= |C t t( ) (0) ( )MPS MPS (37)

assuming a constant transition dipole moment. In order to
simulate the spectrum, vertical excitation was assumed. For
the ground state minimum molecular structure, the S2ad is a
bright excited state, while the S1ad is not. Consequently, to
describe the vertical excitation into S2ad, which is a
superposition of S1 and S2 states, the appropriate coherent
superposition of the ground state vibrational wavepacket in
these two excited electronic states was used as an initial state.
The resulting autocorrelation function is reported in Figure 6.
The autocorrelation function exhibits a slow decay after

approximately 80 fs. When using a lower bond dimension of
50, the initial evolution of the autocorrelation function
remains unchanged from the one obtained by the TD-DMRG
calculation with a bond dimension of 85. After 120 fs, the

Figure 5. Population dynamics for the benzoic acid dimer obtained
through TD-DMRG simulations of the vibronic model Hamiltonian.
The dynamics are initiated from the ground vibrational state of the
ground electronic state excited to the S1 electronically excited state.

Figure 6. Real and imaginary parts of the initial 160 fs of the
autocorrelation function for the vibronic model Hamiltonian of the
benzoic acid dimer obtained with TD-DMRG. The wavepacket is
initialized as a coherent superposition of the vibrational ground
states of the respective S1 and S2 electronic excited states. The
simulations were carried out using two different bond dimensions,
namely, 50 and 85.
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data obtained by the two quantum dynamics calculations start
to diverge slightly. The autocorrelation function obtained
from these dynamics is reported in Figure 7.

To account for the vertical excitation energy, the spectrum
has been shifted by 39,752 cm−1, from which the sum of the
zero point energies of all vibrational modes, 6510 cm−1, was
subtracted. The peaks in the spectrum obtained with a bond
dimension of 85 exhibit sharper absorption peaks compared
to the one obtained with a bond dimension of 50, illustrating
an improvement in accuracy.

3.2.2. Frenkel Exciton Dynamics across a Rubrene
Aggregate. π-Conjugated molecular aggregates have garnered
significant attention in recent years due to their promising
applications in organic electronic devices, such as field-effect
transistors and light-emitting diodes.172,173 A notable example
is rubrene single crystals, which demonstrate exceptional hole
mobility, positioning them as prime candidates for next-
generation field-effect transistors.174 Upon photoexcitation,
excitons in the rubrene crystal can propagate through
electronic coupling, driven by the overlap of the large,
delocalized π-systems of the aromatic monomers. Given their
potential in optoelectronic applications, understanding their
interactions with light and the resulting charge transfer
dynamics is of particular importance.
Here, we investigate the quantum dynamics of an exciton

within a single layer of four rubrene molecules aligned along
the c-axis of the crystal, which is typically the axis along
which charge transfer occurs in these systems. This tetramer
is illustrated in Figure 8.
The Frenkel excitonic Hamiltonian, as described in Section

2.1.5, was employed to model the behavior of the rubrene
crystal upon photoexcitation. TD-DMRG was used to

calculate the absorption spectrum and examine the exciton
migration dynamics along the aggregate.
The excitonic Hamiltonian of eq 23 incorporates a

constant nearest-neighbor electronic coupling Jcoupl, which
mediates charge transfer between monomers. Each monomer
is modeled with only two electronic states: the ground state
and the first excited state, both represented by harmonic
oscillator potentials. The TD-DMRG calculations were
initiated with the first rubrene monomer excited to the
vibrational ground state of its first electronic excited state and
all other monomers were in their electronic and respective
vibrational ground states. The parameters that enter the
excitonic Hamiltonian, consisting of the vibrational frequency,
linear shift coefficient ki from eq 20, and Jcoupl-coupling
strength, were taken from ref 175. The bond dimension was
set to 40, and the time step was chosen to be 1 fs with a total
propagation time of 1000 fs.
Figure 9 shows the autocorrelation function of the first 300

fs of the time evolution. The autocorrelation function initially

decays within the first 200 fs, followed by a revival of its
amplitude. This total autocorrelation function was used to
derive the absorption spectrum corresponding to the
electronic transition from the ground state to the first excited
electronic state. To reduce spurious oscillatory artifacts in the
spectrum caused by finite-time propagation effects, the
autocorrelation function is multiplied by an exponential
damping factor, exp(−t/τ), with τ = 500 fs, prior to
performing the Fourier transform. The resulting spectrum,
shown in Figure 10, was shifted to match the experimental
0−0 transition energy of 2.33 eV. As expected, the absorption
spectrum exhibits vibronic state splitting, which causes a fine
structure in the broader peak corresponding to the electronic
excitation due to the nearest-neighbor coupling term Jcoupl.

Figure 7. Vibronic absorption spectrum of the benzoic acid dimer
calculated with TD-DMRG obtained from the autocorrelation
function from Figure 6. Intensity is given as the absolute value of
the complex spectrum.

Figure 8. Single layer of four rubrene molecules aligned along the c-axis of the rubrene crystal.

Figure 9. Initial 300 fs of the autocorrelation from the TD-DMRG
calculation of the excitonic model Hamiltonian for the rubrene
tetramer with a bond dimension of 40.

The Journal of Physical Chemistry A pubs.acs.org/JPCA Article

https://doi.org/10.1021/acs.jpca.5c02970
J. Phys. Chem. A 2025, 129, 7549−7574

7561

https://pubs.acs.org/doi/10.1021/acs.jpca.5c02970?fig=fig7&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.5c02970?fig=fig7&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.5c02970?fig=fig7&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.5c02970?fig=fig7&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.5c02970?fig=fig8&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.5c02970?fig=fig8&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.5c02970?fig=fig8&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.5c02970?fig=fig8&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.5c02970?fig=fig9&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.5c02970?fig=fig9&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.5c02970?fig=fig9&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.5c02970?fig=fig9&ref=pdf
pubs.acs.org/JPCA?ref=pdf
https://doi.org/10.1021/acs.jpca.5c02970?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


The excited-state population dynamics of the rubrene
tetramer are presented in Figure 11. Initially localized on the
first monomer, the excitation is fully transferred to the other
monomers within the first 200 fs of the propagation,
coinciding with the vanishing of the autocorrelation function
in Figure 9. As expected, this transfer proceeds sequentially
along the chain of monomers, from one neighboring
monomer to the next. A notable accumulation of excited-
state population is observed on the fourth monomer after 300
fs. This behavior is attributed to its position at the terminal
end of the tetramer, possessing only a single neighboring
monomer for propagating the exciton further.

3.3. Time-Dependent DMRG: Imaginary-Time Prop-
agation for Ground State Optimization. The time-
dependent formulation of DMRG also provides an alternative
method for optimizing the right eigenvectors of the
Hamiltonian by performing imaginary-time evolution, ex-
pressed as

| = |lim e
t

t
initial (38)

starting from an arbitrary initial vector |Ψinitial⟩. This evolution
converges to the lowest eigenstate that has nonvanishing
overlap with the initial state |Ψinitial⟩. Provided that the initial
wave function contains contributions from the ground state,

the imaginary-time evolution can effectively be used to find
the ground state of an arbitrary Hamiltonian.
As demonstrated in our previous works,103,118 this

optimization method is especially useful for non-Hermitian
Hamiltonians, such as the transcorrelated Hamiltonian, where
conventional DMRG optimization schemes fail due to the
breakdown of the variational principle for non-Hermitian
operators. Figure 12 depicts the potential energy curves of
the N2 molecule obtained through time-independent and
imaginary-time transcorrelated DMRG calculations using the
cc-pVDZ and cc-pVTZ bases176 with a bond dimension of
500.
The correlator used for transcorrelation is given by F = eτ,

where = < rexp( )i j ij
1
2

, which exactly enforces the
electronic cusp conditions when two electrons coalesce.
The correlation factor of γ was set to 2.5 because lower
values of γ (e.g., γ = 1) lead to significantly nonvariational
energies − see ref 104 for further discussion on this issue.

3.4. Dynamic Electron Correlation: Multireference
Perturbation Theory. In practical electronic structure
calculations, DMRG is typically employed as an active-space
solver, where a subset of the orbitals designated as active
form a subspace in which DMRG is executed. For
quantitatively accurate results, the missing dynamic correla-
tion from the neglected orbitals�absent from the active
space�can be addressed using post-CAS methods. Examples
of such methods combined with DMRG have been reviewed
in refs 36 and 178. Several forms of multireference
perturbation theory (MRPT) are readily available thanks to
our interface to external quantum chemistry programs and are
described below. We note in passing that we have also
investigated other approaches within the QCMaquis environ-
ment for capturing the dynamical correlation lacking in the
DMRG ansatz including range-separated DFT179 and multi-
reference driven coupled cluster.180,181

QCMaquis provides routines to evaluate up to four-body
RDMs derived from an MPS wave function. These RDMs are
needed for MRPT methods such as CASPT2105,106 and N-
electron valence state second-order perturbation theory
(NEVPT2).182 Our NEVPT2 implementation, which lever-
ages Cholesky-decomposed two-electron repulsion inte-
grals,183 is available as a separate module in OpenMolcas,
while our new CASPT2 implementation is integrated within
the conventional OpenMolcas DMRG interface.

Figure 10. Vibronic absorption spectrum of the rubrene tetramer,
derived from the autocorrelation function in 9. Intensity is given as
the absolute value of the complex-valued spectrum. The broad
singlet-to-singlet transition appears at approximately 2.32 eV and
exhibits a fine structure arising from the excitonic coupling between
the rubrene monomers in the tetramer aggregate.

Figure 11. Excited-state population dynamics of the excitonic rubrene tetramer. This data was obtained through TD-DMRG with a bond
dimension of 40.
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In the CASPT2 formalism, computing the correction to the
energy involves expressions184 containing contractions
between the RDMs Γpq···

st··· of the CAS wave function and
the generalized Fock matrix f v,v′, such as

= = | |A f f epqr
stu

vv
vv pqrv

stuv

vv
vv pqrv

stuv

(39)

with epq···
st··· corresponding to the n-electron spin-summed

excitation operators.185 eq 39 requires computing the 4-
RDM, which will become prohibitively memory-intensive for
large active spaces where exact diagonalization methods are
infeasible and approximate CAS solvers, such as DMRG,
become necessary. To make our CASPT2 implementation
practical, certain simplifications are made to eq 39.186 First,
the molecular orbitals are rotated to pseudocanonical form,
which diagonalizes f v,v′, eliminating one of the indices in the
sum. Furthermore, the four-body excitation operator is
expressed in terms of lower-body excitation operators as
follows:

=e e E e e epqrv
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Then, the contraction in eq 39 can be rewritten as
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Here, |ψ′⟩ corresponds to a new wave function resulting from
the application of the operator Ô = ∑v f vvEvv on the original
wave function Ô|ψ⟩ = |ψ′⟩. In the DMRG formalism, this
operation is given by the contraction between an MPO and

an MPS. Although this operation can, in principle, be
expensive, in this case, it can be performed efficiently because
the operator Ô takes the form of an MPO of bond dimension
of only 2 due to its diagonal nature. The first term in eq 41,
therefore, denotes a transition 3-RDM between the newly
computed MPS |ψ′⟩ and the original one |ψ⟩. With this
approach, all quantities in the CASPT2 algorithm requiring
the 4-RDM may be derived from the 3-RDM and this
transition 3-RDM, eliminating the need to explicitly compute
and store the expensive 4-RDM. To further accelerate
calculations, an option is provided in OpenMolcas to
compress the MPS to a smaller bond dimension before
evaluating the transition 3-RDM, which is the bottleneck of
the computation. While this option has the potential to
significantly speed up the RDM evaluation, excessive
compression can compromise the accuracy of the results.
Our current CASPT2 implementation is limited to state-
specific calculations with a multistate extension under
development.

3.4.1. Minimum and Transition State Energy Barrier of
the Benzoic Acid Dimer. To demonstrate the importance of
dynamic correlation effects in this context, we investigate the
electronic energy barrier between the minimum and
transition state structures of the benzoic acid dimer. The
transition state structure corresponds to the D2h point group,
with both carboxyl hydrogen atoms equidistant to the
corresponding oxygen atoms of both monomers. In the
minimum structure, on the other hand, each carboxyl
hydrogen is associated with one monomer, which reduces
the symmetry of the molecule to C2h. For both geometries,
the active space of (20e, 18o) was determined by
AutoCAS187 (see also below), which included the entire π-
system of both monomers in the active space. For the
transition state, this corresponds to the 6 energetically lowest
orbitals of the Ag and B3u symmetries, and 3 energetically
lowest orbitals of the B2u and B1g symmetries. In the case of
the minimum structure, the selected active space corresponds
to the 9 energetically lowest orbitals of the Ag and Bu

Figure 12. N2 potential energy curves for time-independent (TI-) and transcorrelated (tc) DMRG in the cc-pV(DZ) and cc-pV(TZ) basis sets
using a bond dimension m = 500. The tcDMRG calculations were conducted using a correlation factor = < rexp( )i j ij

1
2

with γ = 2.5. As a
high-accuracy reference curve, the MRCI+Q-F12 in the aug-cc-pV(5Z) basis is taken from the literature.177
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symmetries. Threshold diagrams of both geometries are given
in Figure 13.
An initial DMRG-SCF calculation was performed using the

OpenMolcas interface for both the minimum and transition
state molecular geometries with the AutoCAS selected (20e,
18o) active space using the def2-SVP basis set.188 The orbital
mapping was chosen based on the Fiedler vector of the
mutual information of the orbitals.41

The convergence of the energy with respect to the bond
dimension is illustrated in Figure 14. It depicts the error of

the electronic energy obtained for various bond dimensions,
measured with respect to the energy with a calculation
performed at a bond dimension of 2500. To reduce the
computational cost of evaluating the RDMs for the CASPT2
method, the CASPT2 calculations were performed using the

DMRG-SCF wave function of bond dimensions 1000. This
choice is deemed justified since both the ground and
transition states have an error below 10−3 [Ha]. The
converged MPS was compressed to a bond dimension of
500 for the evaluation of the 3-RDM. The CASPT2
calculation utilized an empirical ionization-potential−elec-
tron-affinity shift189 of 0.25 and an imaginary level shift190 of
0.1. The results are summarized in Table 2. For comparison,
DLPNO−CCSD(T) calculations were carried out using the
ORCA quantum chemistry package.191

3.5. Interfaces to External Quantum Chemistry
Packages. The electronic structure model of QCMaquis is
tightly integrated with several quantum chemistry packages,
including the newly added support for PySCF.

3.5.1. OpenMolcas. Historically, QCMaquis has served as
the default DMRG approximate FCI solver in the Open-
Molcas quantum chemistry package, which specializes in
methods designed to tackle problems requiring a multi-
configurational description of the wave function. As Open-
Molcas is written in the Fortran programming language,
QCMaquis provides a C interface that exposes routines to its
core functionality. This C interface bridges QCMaquis and
OpenMolcas by binding its routines using Fortran functions,
allowing direct invocation from within the OpenMolcas
source code.

3.5.2. Python Bindings and PySCF. To enhance the
standalone usability of the software, Python bindings were
developed that expose QCMaquis’s functionality. As Python
is increasingly dominant in scientific computing, these
bindings facilitate the integration of QCMaquis into custom
workflows and improve compatibility with other tools in the
Python ecosystem. The Python bindings are accessed
indirectly via concise wrapper functions, which ensure that
the internal mechanics of QCMaquis remain abstracted from
the user.

Figure 13. Threshold diagrams corresponding to the maximal discarded single-orbital entropies relative to the largest value for different active
space sizes, as introduced in ref 187 for (a) minimum structure and (b) transition state structure of the benzoic acid dimer.

Figure 14. Logarithmic plot of the error of the DMRG-SCF
electronic energy of the benzoic acid dimer for different bond
dimensions measured with respect to the energy obtained with a
bond dimension of 2500. This error is reported for the minimum
and transition state (TS) molecular geometries.

Table 2. Electronic Energies in mHa (Absolute Energies Shifted by −8.3 × 106) of the Benzoic Acid Dimer Obtained from
a DMRG-SCF and Subsequent CASPT2 Calculation for the Minimum and Transition State Geometries Using an Active
Space of CAS(20e, 18o)a

DMRG-SCF DMRG-CASPT2 DLPNO−CCSD(T) experiment

minimum −6236.9 −8543.6 −8754.0
transition state −6204.0 −8520.1 −8740.6
barrier 32.9 23.5 13.4 28.4b

aBoth calculations were performed using DMRG with a bond dimension of 1000, and the evaluation of the transition 3-RDM was conducted using
an MPS that was compressed to a bond dimension of 500. bRef 171.
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Leveraging the Python bindings, QCMaquis provides a
newly developed interface to PySCF, enabling its use as an
FCI solver. This allows CASCI and CASSCF calculations to
be performed with QCMaquis as the active-space solver by
replacing the corresponding FCISolver object as depicted
in the code snippet in Figure 15.

3.6. Measurements and Properties. 3.6.1. CI Coef-
ficients. In a DMRG calculation, since the wave function is
represented as an MPS tensor factorization, the CI
coefficients are not directly accessible. However, specific
coefficients may be extracted from the wave function by
evaluating the overlap between the optimized MPS wave
function |ΨMPS⟩ and an MPS corresponding to a single
configuration

= |cp p MPS (42)

where cp corresponds to an arbitrary CI coefficient related to
configuration p. In QCMaquis, the individual configuration
can be specified using the ONV string of the configuration.
To recover the most significant CI coefficients, our

sampling reconstruction of the complete active space
(SRCAS) procedure161 may be employed. In the SRCAS
algorithm, the configurational space is sampled with a
Metropolis−Hastings Markov chain. Several parameters affect
the sampling procedure. All of them are provided with sane
default values; however, they can be tuned, if necessary.
These parameters are the threshold for the completeness of
the CI representation ηcomplete, which represents the norm of
the reconstructed CI wave function and is used to terminate
the algorithm (default value is set to 0.99), and the threshold
for storing the sampled ONV ηstore (default value is set to
0.001). The algorithm consists of the following steps:
1. Initial Setup: An initial guess ONV is automatically
created or can alternatively be provided by the user. Its
CI coefficient Ccurr is computed by evaluating the
overlap with the MPS as in eq 42.

2. Generate New State: From the current reference
ONV, a randomly (de)excited state is generated.

3. Evaluate New Configuration: Calculate the CI
coefficient Cnew of the newly generated ONV, and
store the configuration if |Cnew| > ηstore.

4. Update the Reference ONV: Update the reference
ONV with the newly generated one with a probability

= | |
| |

Ä
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2 .

5. Repeat Until Convergence: Repeat steps 2 to 5 until
the CI expansion is sufficiently reconstructed as
measured by ∑i|Ci| 2 > ηcomplete.

3.6.2. Particle Reduced Density Matrices and Transition
Particle Densities. QCMaquis provides routines for comput-
ing up to 4-particle RDMs, which are essential for various
applications such as orbital rotations (requiring 1- and 2-
RDMs) during DMRG-SCF iterations, as well as for certain
dynamical correlation methods that depend on additional 3-
and 4-RDMs, such as CASPT2. Users have the flexibility to
specify a sub-block for the RDM computation, rather than
calculating the entire matrix. The syntax for this option is
detailed in the manual. Additionally, QCMaquis can compute
up to 3-particle transition-RDMs between two wave functions
stored as MPS in the form of checkpoint files. The RDMs are
computed by evaluating expectation values of second-
quantized operators with respect to the MPS wave function

= | |···
···

···
···epq

st
pq
st

MPS MPS

one-by-one at the end of the optimization of the wave
function. This procedure is less efficient than schemes that
combine the optimization of the MPS with the evaluation of
the RDMs.192,193 However, it has the benefit of eliminating
the inconsistencies in the elements of the RDMs due to the
MPS wave function changing during the sweeps, which can
plague such schemes. Nonetheless, the evaluation of the
elements can be performed independently and is, hence,
embarrassingly parallel, which we exploit in our implementa-
tion. This functionality is exposed either through the standard
input file or the newly developed Python interface shown in
the code snippet in Figure 16.

3.6.3. Orbital Entropies and Quantum Entanglement
Measures. QCMaquis provides routines for extracting
quantum information metrics, such as the orbital entro-
pies194,195 and mutual information,196 from MPS wave
functions. These quantities rely on the evaluation of the
orbital RDMs. Due to the complexity of evaluating certain

Figure 15. Code snippet of the DMRG-CI and DMRG-SCF calculation on the stretched N2 molecule with a CAS of (6e, 6o) using the PySCF
interface.

Figure 16. Code snippet for extracting one- and two-body RDMs from QCMaquis.
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operator expectation values entering the orbital RDM within
a spin-adapted framework, only a subset of them are directly
implemented. Internally, the remaining values are computed
by first transforming the MPS to the 2U(1) symmetry. This
transformation converts the spin-adapted MPS to the one
with only conservation of α and β particles.
These orbital-RDMs can be used to compute the single-

orbital entropy for spatial orbital i, given by

=
=

s (1) lni i i
1

4

, ,
(43)

where α runs over the possible occupancies of the orbital and
ωα,i correspond to the eigenvalues of the orbital RDM. The
two-orbital entropies are defined analogously by

=
=

s (2) lnij ij ij
1

16

, ,
(44)

where α now represents the 16 possible occupancies of two
spatial orbitals and ωα,ij denotes the eigenvalues of the two-
orbital RDM for orbitals i and j. These quantities are used to
construct the mutual information matrix of the system

= +I s s s
1
2

( (1) (1) (2))(1 )ij i j ij ij (45)

These quantum information measures can be conveniently
accessed using the newly developed Python interface as
depicted in the code snippet from Figure 17.
The entropies and mutual information are also available for

vibrational Hamiltonians expressed in the n-mode second
quantization framework, as introduced in eq 22. For the
corresponding expressions of the single-modal and two-modal
entropies, the reader is referred to ref 108. As an example, we
present the entanglement diagram for one of the excited
vibrational states of the formic acid dimer in Figure 18.

3.6.4. Autocorrelation Functions and Population Anal-
ysis. Time-dependent quantities can be extracted along a TD-
DMRG propagation using QCMaquis. This includes the
autocorrelation function defined in eq 37, from which the
spectrum of the system can be derived.
Additionally, for vibronic processes, the population

dynamics of the excited states along the PESs can be tracked
throughout the time propagation. The Python interface
provides a convenient method for postprocessing TD-
DMRG results. The function analyze_results from
Figure 19 generates plots for the provided measurements.
The populations and the autocorrelation functions, read from
the results file, are plotted and saved in the directory
containing the results file. In addition, the unshifted spectrum
under the assumption of a constant dipole moment can be
automatically computed from the autocorrelation function.

3.7. Automatic Selection of Active Orbital Spaces
with AutoCAS. Even though the maximum number of
orbitals in DMRG can be significantly larger than in CASCI-
based methods, it is still too low to capture the entire orbital
space, even for small molecular systems. In practice, strongly
correlated orbitals are selected and form an active space,
which is then evaluated by CAS-based methods, to recover
static correlation and return a qualitatively correct wave
function. However, a manual orbital choice of the active
space is nontrivial and requires deep knowledge of the
system. Since orbital selection significantly impacts the
accuracy of CAS-based methods, numerous strategies have
been proposed178,197−219 to guide or automate this process.
A special approach is the autoCAS algorithm187,220−222

developed by our group, which utilizes single-orbital
entropies from an unconverged (in terms of bond dimension
and the number of sweeps) DMRG wave function. For the
selection of the active space for multiconfigurational systems,
the relative magnitude of the single-orbital entropies is used
to identify strongly correlated orbitals.

Figure 17. Code snippet demonstrating DMRG-CI calculation of the LiH diatomic molecule through the Python bindings. Subsequently,
quantum information metrics, namely, the 1- and 2-orbital entropies and the mutual information, may be extracted from the optimized MPS.

Figure 18. Modal entanglement diagram for the vibrational excited
state ν′12 of the formic acid dimer obtained from the n-mode
Hamiltonian. Only the most entangled modals are presented. The
symbol Ki denotes Kth VSCF modal of the normal mode i. Circle
diameters are proportional to the value of the corresponding modal
entropy, while line widths are proportional to the value of the
mutual information. Further details on the entanglement diagrams
can be found in ref 108.
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Even though the algorithm does not require a converged
DMRG wave function for the selection of the active space,
the number of orbitals is still limited. Hence, an initial active
space is selected first that consists of all valence orbitals of
the system of interest. The single-orbital entropies194 of this
active space�obtained via the poorly converged DMRG
calculation�are then used to select the orbitals for the final
production active space. For most post-CAS methods, it is
crucial to have a balanced active space,221,223 meaning that all
strongly correlated orbitals need to be included in the active
space. To ensure this balancing, the autoCAS algorithm
selects the orbitals based on plateaus in the single-orbital
entropies, such as the ones in Figure 13. In order to generate
these plateaus, the single-orbital entropies are first sorted
based on their magnitude. Since the initial active space is
generally larger than the required active space, many orbitals
are weakly correlated and have small single-orbital entropies,
while others, such as the ones responsible for bond-breaking
processes, have large orbital entropies. This difference in
magnitude forms a plateau when the number of orbitals is
plotted against the single-orbital entropy. The number of
orbitals that generate this plateau are the ones that are
included in the final active space. This algorithm ensures that
every strongly correlated orbital is included in the active
space.
In cases where the active space is larger than the maximum

number of orbitals that can be treated with DMRG, the large
CAS protocol222 can be applied. In this protocol, the initial
active space is first divided into the occupied and virtual
orbitals. Both of these orbital spaces are, then, further divided
into a series of subspaces containing only a subset of the
respective orbitals. Subsequently, every subspace from the
occupied orbitals is combined with every subspace from the
virtual orbitals to generate subactive spaces, in which the
single-orbital entropies are evaluated. The final approximate
single-orbital entropy for each orbital is chosen as the
maximum single-orbital entropy obtained from these
subactive spaces. The large CAS protocol can, thus, be
utilized to determine active spaces in much larger systems
than could be conventionally treated with DMRG, since with
this protocol, DMRG calculations only need to be performed
in each subspace.
The program SCINE autoCAS224,225 includes the pre-

viously described algorithm, as well as different workflows
that can automatically perform active space calculations. The

package supports multiple electronic structure backends for
performing operations such as the orbital optimization and
entropy evaluation of the initial and final active spaces. In
addition to the interface to the existing interface with
OpenMolcas, a new interface to the PySCF95 package has
been developed, which utilizes the PySCF interface of
QCMaquis to carry out the required DMRG calculation.

4. CONCLUSIONS AND OUTLOOK
The QCMaquis program has evolved into a flexible software
for DMRG calculations with extensive functionality for a wide
range of applications. What makes QCMaquis special is its
versatility, reaching beyond standard electronic structure
calculations to the description of anharmonic vibrational
systems, and the resolution of vibronic structures in
absorption spectra to TD-DMRG quantum dynamics
simulations. In addition, QCMaquis has pioneered unique
techniques unavailable in other packages, including pre-
Born−Oppenheimer nuclear-electronic DMRG and trans-
correlated DMRG methods.
Major recent advancements, compared to earlier versions

of the program, have been the availability of arbitrary basis
functions in vDMRG through the n-mode Hamiltonian
formalism, enhanced insights into correlation patterns in
vDMRG through the exposure of modal quantum informa-
tion measures, and the inclusion of the Frenkel excitonic
Hamiltonian. The application of the new features has been
demonstrated in tailored case studies in this work. The latest
release also exposes the functionality of QCMaquis through
the newly developed Python bindings, which enable its use as
an active space solver for PySCF.
QCMaquis 4.0 marks a milestone in the development of

the software. However, future work is already underway and
will focus, for instance, on the development of a vibronic
model incorporating the n-mode Hamiltonian to enable the
use of generic basis sets in vibronic time-dependent
calculations. This approach offers enhanced flexibility and
accuracy for describing complex molecular systems by
accounting for anharmonic effects and higher-order couplings.
Another key future goal will be the inclusion of finite-
temperature effects in the DMRG algorithm, which would
facilitate the exploration of temperature-dependent properties
in chemical systems. Moreover, ongoing efforts will aim at
extending the software’s interfaces to other libraries, including

Figure 19. Code snippet for time evolution and automatic spectrum visualization.
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the development of a multistate extension for the CASPT2
implementation in OpenMolcas.

■ A TECHNICAL ASPECTS

A.1. Input and Output
The standalone version of QCMaquis expects, in addition to
the input file, an integral file with all integrals encoding the
second-quantized Hamiltonian of the system. This file is
either specified in a text or binary format using the
integral_file or integral_binary keywords,
respectively. The expected format of the integral file depends
on the type of Hamiltonian and is documented in the
QCMaquis manual.
In addition to the calculation’s output printed to standard

output, QCMaquis relies on the HDF5 file format for storing
the results of the simulation. This comprises the re-
sults_file, containing relevant intermediate quantities,
such as the bond dimension and energy of each sweep, as
well as the requested properties of the final MPS. The
simulation checkpointing mechanism in QCMaquis also relies
on the HDF5 file format by storing the MPS at the end of
each sweep to disk. Aggregated into a directory, defined by
chkp_file keyword in the input file, each site tensor is
stored in its individual HDF5 file. This enables users to
restart calculations from previous states and perform post-
calculation analyses on the properties of the MPS. The
results_file and chk_file keywords are optional, and
if omitted, the results of the simulation are not stored to a
file, and checkpointing will not be performed.
A.2. Lattice Ordering
An aspect that can have a significant impact on the
performance of DMRG is the mapping of the DoF to the
one-dimensional tensor lattice. In particular, a judicious
mapping can significantly reduce the size of the bond
dimension required for representing the wavefunction
solution.22 The default ordering obeys the orbital ordering
defined by the FCIDUMP file. However, this mapping can be
overwritten by manually providing a comma-separated string
of integers corresponding to the DoF indices in the integral
file with the orbital_order input parameter. Alter-
natively, the orbitals may be automatically reordered based
on quantum information measures41 from a partially
converged DMRG calculation using the Fiedler ordering.
We recommend enabling this option for all electronic
structure calculations.
Also, for vibrational models, the ordering of vibrational

DoF to the MPS lattice sites is defined by the ordering
provided in the integral file. Typically, for the Watson
Hamiltonian, which maps each normal mode to a lattice site,
the ordering is chosen in ascending harmonic frequency. The
n-mode mapping groups modals relating to a particular mode
sequentially, following the same convention of increasing
frequency.
Two distinct lattice orderings for vibronic Hamiltonians are

available in QCMaquis. The first is the intertwined sorting,
where an electronic site is followed by the vibrational sites
associated with that electronic site. This provides an intuitive
ordering for the excitonic Hamiltonian, as it describes a chain
of connected monomer units with their own electronic states
and vibrational modes grouped together. The other option
places the electronic sites at the beginning of the lattice,
followed by the remaining vibrational sites, which is the

standard ordering for DMRG calculations with the vibronic
Hamiltonian. These two lattices are depicted in Figure 3. The
keyword vibronic_sorting in the input file determines
which of the two ordering options is used for the
calculations. The format of the integral file determines the
ordering of the individual DoFs for the chosen lattice type.
However, typically, the DoFs are sorted with increasing
energy.
In contrast to the electronic structure case, the effects of

different lattice orderings for vibrational and vibronic DMRG
calculations have not yet been thoroughly investigated. For
vibrational systems, the preliminary steps can be found in our
study from ref 108, which analyzed quantum information
metrics extracted from vibrational MPS. Further studies,
including for vibronic systems, will be the subject of future
work.
A.3. MPS Initialization
QCMaquis can restart calculations from a previous
checkpoint by providing by specifying an existing checkpoint
directory to the chkpfile keyword. Otherwise, there are
several options for initializing an MPS from scratch.

A.3.1. Electronic Structure. The initial guess of the MPS
can be either a random MPS of fixed bond dimension or one
corresponding to a single determinant, defined by a comma-
separated list of DoF occupancies defined in the hf_occ
input parameter. The latter is simply given by an MPS with a
bond dimension of one. To generate the Hartree−Fock
determinant, the doubly occupied determinants need to be
set to 4, corresponding to doubly occupied, and the
unoccupied determinants need to be set to 1, encoding
unoccupied determinants.

A.3.2. Vibrational and Vibronic Structure. For vibrational
and vibronic Hamiltonians, the MPS is usually initialized by a
single ONV that describes the particles in the selected
vibrational basis state and on the preferred electronic state in
the case of vibronic calculations. The DoFs of this ONV can
correspond to occupancies of harmonic oscillator basis
functions or vibrational self-consistent field reference modals
in the case of vibrational calculations with the Watson or n-
mode Hamiltonian, respectively. Furthermore, the MPS can
be initialized as a coherent superposition of ONVs.
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