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We compute the first nontrivial noncommutative correction to the Einstein-Hilbert Lagrangian, which
arises from the double copy of noncommutative Yang-Mills theory (ncYM). We start by considering linear
and quadratic θ-corrections up to cubic order in fields in ncYM theory and in arbitrary D dimensions. We
compute the first nontrivial corrections to the three-points vertex operators and use them to construct a
double copy theory of the form ncYM × ncYM. The resulting theory is given by a double geometrical
formalism which includes noncommutative corrections to the perturbative cubic double field theory (DFT)
formulation, where the star product of the theory is doubled in agreement with the doubling of the physical
coordinates of the theory. Upon solving the level matching condition the noncommutative products are
identified and they produced θ2-corrections to the cubic DFTaction. We analyze the pure gravitational limit
of this formulation considering D ¼ 4 and imposing the transverse-traceless gauge.

DOI: 10.1103/PhysRevD.111.086031

I. INTRODUCTION

Exploring the connections between gauge and gravita-
tional theories has become a central focus of modern
theoretical physics, toward the understanding of the quan-
tum nature of gravitational interactions. One of the most
successful programs in this line of research is the double
copy prescription [1–3], which provides a powerful frame-
work linking scattering amplitudes of gravitational and
gauge theories. First introduced by Kawai, Lewellen, and
Tye [4] this approach reveals a remarkable correspondence
in the context of string theory: closed string tree-level
amplitudes can be recast in terms of open string amplitudes.
Beyond its profound implications for scattering theory, the
double copy formalism has also led to interesting con-
nections between classical solutions in Yang-Mills theory
and gravity [5–10], playing an important role in the
application of scattering amplitude methods to classical
gravitational physics [11–18].
Recently, the double copy formulation of Moyal-Weyl

type noncommutative gauge theories was discussed

[19,20]. There the twisted version of color-kinematics
duality compatible with the color-kinematics mixing of
noncommutative UðNÞ gauge theory was developed. The
result of the double copy relations in that case is the
ordinary, commutative gravitational theory. Using the
classical double copy prescription, however, it is possible
to capture the gravitational noncommutative corrections
coming from the double copy map of noncommutative
SUðNÞ gauge theory. The explicit computation of these
corrections, at their leading order in the noncommutativity
parameter θ, is the main goal of this paper.
We exploit the idea of the classical double copy

prescription which connects Yang-Mills theory with per-
turbative double field theory (DFT) [21], the latter being a
T-duality invariant reformulation of supergravity.1 This
prescription was given in [24] for the Yang-Mills theory
expanded up to cubic order in fields,

YMð2;3ÞðAÞ → DFTð2;3Þðe;ϕÞ → Sugrað2;3Þðh; b;φÞ: ð1Þ

While the double copy map (1) does not require a gauge
fixing condition at quadratic order, the cubic contributions
requires the Siegel gauge fixing at the DFT level, which is
equivalent to the De Donder gauge once the level matching
condition is solved. The same procedure has been used in
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other higher-derivative gauge theories for constructing
T-duality invariant formulations [25–28].
We start by considering linear and quadratic non-

commutative corrections in SUðNÞ gauge theory as given
in [29–32], up to cubic order in fields. Following [24] but
keeping track of the noncommutative structure of the
theory in arbitrary D dimensions, we compute the three-

point vertex operators dabc → πð1Þμνρ and fabc → πð0Þμνρ þ πð2Þμνρ.
Using these operators, we construct the double copy ncYM
× ncYM theory giving rise to a θ2-corrected theory defined
in a double geometrical framework. This is interpreted as a
noncommutative correction to the cubic DFT Lagrangian
(ncDFT) extending (1).
We study the pure gravitational limit (bμν ¼ 0 and

φ ¼ 0) in the transverse-traceless gauge (gauge TT) solving
the level matching condition in D ¼ 4. In this limit, the
double copy theory is given by the Einstein-Hilbert
Lagrangian plus Riemann cubic contributions, schemati-
cally,

ð2Þ

Thus we obtain the noncommutative corrections to pure
gravity action from the double copy map.
This paper is organized as follows: In Sec. II we briefly

review the classical double copy procedure given in [24]. In
Sec. III we repeat the basic elements of the ncYM
construction. In Sec. IV we identify the vertex operators
of ncYM to construct the double copy prescription.
We then analyze the resulting gravitational case in the
transverse-traceless gauge. Finally in Sec. V we conclude
our work including an outlook with promising future
directions.

II. DOUBLE FIELD THEORY AS THE DOUBLE
COPY OF YANG-MILLS

We start by reviewing the classical double copy map
developed in [24]. We will briefly show how to obtain a
quadratic and cubic double geometrical framework (which
we understand as a T-duality invariant rewriting of the
NSNS supergravity) using the double copy map. The
starting point is a D-dimensional Yang-Mills action,

SYM ¼ −
1

4

Z
dDxκabFμν

aFμνb; ð3Þ

where

Fμν
a ¼ 2∂½μAν�a þ fabcAμ

bAν
c; ð4Þ

and space-time indices are contracted with a Minkowski
metric ημν ¼ diagð−;þ;þ;þÞ and gauge indices are

contracted by the Cartan-Killing metric κab. The quadratic
and cubic action require different maps, apart from the
identification of the gauge field, so we will review them
separately.

A. Quadratic action

Passing to momentum space, the quadratic terms of the
gauge action read (up to a total derivative)

S2 ¼ −
1

2

Z
k
κabk2ΠμνðkÞAμ

að−kÞAν
bðkÞ; ð5Þ

where
R
k ≡

R
dDk and Aμ

aðkÞ ¼ ð2πÞ−D=2Aμ
aðxÞeikx. The

projector ΠμνðkÞ is defined as

ΠμνðkÞ ¼ ημν −
kμkν

k2
; ð6Þ

and obeys the identities

ΠμνðkÞkν ¼ 0; ΠμνΠνρ ¼ Πμ
ρ: ð7Þ

The next step is to follow the double copy prescription
which consists on replacing the color indices by a second
set of space-time indices (a → μ̄) corresponding to a
second set of space-time momenta k̄μ̄. This implies

Aμ
aðkÞ ⟶ eμμ̄ðk; k̄Þ: ð8Þ

The Cartan-Killing metric κab is identified following the
relation

κab ⟶
1

2
Π̄μ̄ ν̄ðk̄Þ; ð9Þ

where the projector Π̄μ̄ ν̄ is defined in the same way as the
projectorΠμν but for barred momenta and indices instead of
the original ones. Using these rules the quadratic action (5)
becomes

S2 ¼ −
1

4

Z
k;k̄

k2ΠμνðkÞΠ̄μ̄ ν̄ðk̄Þeμμ̄ð−k;−k̄Þeνν̄ðk; k̄Þ: ð10Þ

while the level matching constraint states that

k̄2 ¼ k2: ð11Þ

The presence of a nonlocal term forces the introduction of
an auxiliary scalar field ϕðk; k̄Þ,

ϕðk; k̄Þ ¼ 1

k2
kμk̄ν̄eμν̄: ð12Þ

Considering the inclusion of the scalar field (dilaton), it is
straightforward to Fourier transform to a local action in
doubled position space:
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S2 ¼
1

4

Z
dDxdDx̄ðeμν̄□eμν̄ þ ∂

μeμν̄∂ρeρν̄

þ ∂
ν̄eμν̄∂

σ̄eμσ̄ − ϕ□ϕþ 2ϕ∂μ∂ν̄eμν̄Þ; ð13Þ

which reproduces the standard quadratic DFT
action [21]. Pure gravity limit is obtained using x ¼ x̄ as
the solution of the level matching condition and identifying
eμν with the linearized gravitational field hμν ¼ gμν − ημν,
with h ≔ hμμ ¼ ϕ.

B. Cubic action

After Fourier transforming to momentum space the cubic
contributions from (3), the three-point vertex function with
appropriate antisymmetrization is obtained

πð0Þμνρðk1; k2; k3Þ ¼ ημνkρ12 þ ηνρkμ23 þ ηρμkν31; ð14Þ

for kij ¼ ki − kj. The action at this point can be written as
[Ai ≡ AðkiÞ]

S3 ¼ −
i

6ð2πÞD=2

Z
ki

δðk1 þ k2 þ k3Þ

× fabcπμνρAa
1μA

b
2νA

c
3ρ; ð15Þ

which shows that an extension of the double copy pre-
scription (8), (9) must be considered in order to include the
structure constant. The proper substitution rule is

fabc ⟶
i
8
π̄ð0Þμ̄ ν̄ ρ̄; ð16Þ

with π̄ð0Þμ̄ ν̄ ρ̄ defined in the same way as (14) but for barred
momenta. One obtains

S3 ¼
1

48ð2πÞD=2

Z
dK1dK2dK3δðK1 þ K2 þ K3Þ

× π̄ð0Þμ̄ ν̄ ρ̄πρμνe1μμ̄e2νν̄e3ρρ̄ ð17Þ

where K ¼ ðk; k̄Þ, dK ¼ d2DK and eiμμ̄ ¼ eμμ̄ðKiÞ. After
some manipulations, Fourier transformation to position
space and integration by parts, the authors of [24] obtained
the following cubic action for the double copy of
Yang-Mills theory

S3 ¼
1

8

Z
dDxdDx̄eμμ̄½2∂μeρρ̄∂μ̄eρρ̄ − 2∂μeνρ̄∂

ρ̄eνμ̄

− 2∂ρeμρ̄∂μ̄eρρ̄ þ ∂
ρeρρ̄∂

ρ̄eμμ̄ þ ∂ρ̄eμρ̄∂ρeρμ̄�: ð18Þ

This action agrees with the cubic (gauged fixed) DFT
action. Upon solving the level matching condition (11)
using the solution x ¼ x̄, which breaks the double geom-
etry, it gives rise to the universal NSNS sector of the
low energy limit of string theory. In this scenario, we

decompose the field eμν into a symmetric and an anti-
symmetric part,

eμν ¼ hμν þ bμν: ð19Þ
When both the dilaton (related to scalar ϕ appearing at
quadratic order) and the b-field are set to zero, the resulting
action reproduces linearized gravity in the De Donder
gauge with h ¼ 0. In the next section, we explore the
noncommutative corrections to action (18) coming from the
double copy map of ncYM and imposing the transverse-
traceless gauge, which is compatible with the De Donder
gauge.

III. NONCOMMUTATIVE CORRECTIONS

We consider the noncommutative extension of SUðNÞ
Yang-Mills theory using a Moyal-Weyl star product and
considering terms up to cubic order in fields. The starting
action is [29]

S�YM ¼ −
1

4
Tr

Z
dDxF�

μν⋆F�μν ð20Þ

where the Moyal-Weyl product is defined in the usual way

ðf⋆gÞðxÞ ¼ e
i
2
θρσ ∂

∂xρ⊗
∂

∂yσfðxÞ ⊗ gðyÞ
���
y→x

: ð21Þ

Noncommutative field strength is defined as

F�
μν ¼ 2∂½μA⋆

ν� − i½A⋆
μ ; A⋆

ν �⋆; ð22Þ

where A⋆ is a solution of the Seiberg-Witten map [33].
Namely, the algebra of noncommutative gauge transforma-
tion in general closes in enveloping algebra, and one
introduces the map relating noncommutative fields and
parameters with the standard ones in order to keep the same
number of degrees of freedom [34]. The SUðNÞ generators
Ta satisfy

½Ta; Tb� ¼ ifabcTc; ð23Þ

fTa; Tbg ¼ 1

N
δab þ dabcTc; ð24Þ

while the trace of three generators is given by

TrðTaTbTcÞ ¼
1

4
ðdabc þ ifabcÞ: ð25Þ

The quadratic form of the action (20) is given by

S�2 ¼ −
Z

dDx∂½μAν�a⋆∂μAνa: ð26Þ

The θ-corrections coming from this action are total deriv-
atives, and therefore there are no noncommutative correc-
tions at quadratic level in fields.
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A. θ-correction to the cubic Yang-Mills action

At cubic order, the θ-correction to the Yang-Mills action
is given by [29]

S�3 ¼ −
1

8
Tr

Z
dDxθμν

�
ffFρμ; Fσνg; Fρσg

−
1

2
fFμν; FρσFρσg

�
: ð27Þ

Using the expression (25) we rewrite this as

S�3¼−
1

8

Z
dDxθμνdabc

�
Fρμ

aFσν
bFρσc−

1

4
Fμν

aFρσ
bFρσc

�
:

Moving to momentum space and regrouping terms we can
rewrite the noncommutative contribution to the cubic action
in terms of the three vertex operator πð1Þ,

i

6ð2πÞD2
Z
k
δðk1 þ k2 þ k3Þdabcπð1ÞμνρAa

1μA
b
2νA

c
3ρ; ð28Þ

where

πð1Þμνρ ¼ 3

4
ð−θðμjσk1σðkν2kρÞ3 þ k2ϵkϵ3η

jνρÞÞ

þ 2θðμjσk1ϵk2σkϵ3η
jνρÞ − 2θϵσk1ϵk2σk

ðμ
3 η

νρÞÞ: ð29Þ

Following the YM × YM structure of the double copy
prescription we identify

dabc →
ip
8
π̄ð1Þμ̄ ν̄ ρ̄; ð30Þ

with p a free parameter of order 1. The above identification
give rise to θ2- corrections to the cubic DFT action, which
takes the implicit form

−
p

48ð2πÞD2
Z
k;k̄

δðK1þK2þK3Þπ̄ð1Þμ̄ ν̄ ρ̄πð1Þμνρe
μ
1 μ̄e

ν
2 ν̄e

ρ
3ρ̄; ð31Þ

where now π̄ð1Þμ̄ ν̄ ρ̄ is proportional to a second noncommu-
tative parameter θ̄ coming from a ⋆ product defined as

ðf⋆gÞðxÞ ¼ e
i
2
θ̄ρ̄ σ̄ ∂

∂x̄ρ̄
⊗ ∂

∂ȳσ̄fðx̄Þ ⊗ gðȳÞjȳ→x̄: ð32Þ

We present the full noncommutative cubic action in Sec. IV,
after taking into account the quadratic θ-correction to the
cubic Yang-Mills action.

B. θ2-correction to the cubic Yang-Mills action

The θ2-correction to the cubic part of the Yang-Mills
action is given by [31,32]

S�3 ¼ −
1

32

Z
dDxfabcθμνθκλ

�
1

4
Fμν

aDκFρσ
bDλFρσc

−DμFρκ
aDνFσλ

bFρσc

�
; ð33Þ

where Dμ ¼ ∂μ − iAμ is the standard gauge covariant
derivative. The first term in the action (33) can be
eliminated by using the covariant field redefinition Aσ →
Aσ þ cθμνθκλDλFμνFκσ with appropriately2 chosen con-
stant c, thus we drop it from further considerations.
Moving to momentum space and regrouping terms

we rewrite the action (33) in terms of the three-vertex
operator πð2Þ,

S�3 ¼
i

6ð2πÞD2
Z
k
δðk1 þ k2 þ k3Þfabcπð2ÞμνρA1μ

aA2ν
bA3ρ

c;

ð34Þ

where the θ2-correction to (14) is given by

πð2Þμνρ ¼ 3

8
θϵξk1ϵk2ξðθ½μνk1κkρ�2 kκ3 − θκ½νk1κk

ρ
2k

μ�
3 Þ: ð35Þ

Thus we obtain two extra sources of the θ2-corrections to
the DFT action: on one hand, we use the identification
fabc → i

8
πð0Þμ̄ ν̄ ρ̄ on (34). On the other hand, we consider

the identification

fabc →
i
8
πð2Þμ̄ ν̄ ρ̄ ð36Þ

in the leading order action (15). Therefore, the full
identification for the structure constant fabc is given by

fabc →
i
8
ðπð0Þμ̄ ν̄ ρ̄ þ πð2Þμ̄ ν̄ ρ̄Þ: ð37Þ

IV. FULL θ2-CORRECTED DFT ACTION AND ITS
PURE GRAVITATIONAL LIMIT

The full θ2-correction, obtained through the double copy
map, to the cubic DFT action is given by

S�3jDFT ¼ −
1

48ð2πÞD2
Z
k;k̄

δðK1 þ K2 þ K3Þ

× ðpπ̄ð1Þμ̄ ν̄ ρ̄π
ð1Þμνρ þ π̄ð0Þμ̄ ν̄ ρ̄π

ð2Þμνρ þ π̄ð2Þμ̄ ν̄ ρ̄π
ð0ÞμνρÞ

× e1μμ̄e2νν̄e3ρρ̄: ð38Þ

2Note that the results for the θ2-correction to the cubic part of
the Yang-Mills action obtained from Refs. [31,32] differ by a
factor in front of the term we removed by field redefinition. In
(33) we used result of Ref. [32].
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The action (38) contain terms proportional to θ̄θ, θ2, and θ̄2.
The explicit expression in coordinate space is given in (A1)
of the Appendix A.

A. Pure gravitational analysis

While the double copy map presented in this paper is
valid in an arbitrary number of dimensions, from now on
we will fix D ¼ 4. We solve the level matching constraint
as x ¼ x̄ and we consider a pure gravitational setup
eμν ¼ hμν satisfying the gauge TT, i.e., we impose
∂
μhμν ¼ 0 ¼ h. Then double copy action up to cubic order
in fields can be written schematically3 as

S�ð2;3Þ ¼ −2
Z
x
hμνRμν þ

Z
x
LRiem3 þ t:d; ð39Þ

where LRiem3 are terms cubic in the Riemann tensor and t.d
are total derivative terms containing Riem2 contributions,
which drop out in agreement with the absence of nontrivial
corrections at the quadratic level.
All the cubic contributions in LRiem3 proportional to the

Ricci tensor can be eliminated considering a field redefi-
nition of perturbation of the metric, hμν → h�μν ¼ hμν þ h̃μν
in the quadratic action i.e.,

Z
dDxh�μνRμνðh�Þ¼

Z
dDxhμνRμνþ

Z
dDxh̃μνRμνþOðθ4Þ:

The h̃μν is proportional to θ2Riem2 and all the Ricci
contributions of (39) can be eliminated. The procedure
induces new quartic contributions (in fields and θ) through
the commutative cubic action which now should depend on
h�μν. Finally, the first nontrivial noncommutative corrections
to gravity action inferred from the linearized expressions are

LRiem3 ¼θμνθρσ
�

p
144

RξαβκRξαβκRμνρσ

þ5p
18

RξβακRξαβμRκνρσ−
2p
9
RξαβκRξαβμRκρνσ

þ
�
2

9
pþ 1

24

�
RξβακRξμαρRβνκσ

−
�
5

18
p−

1

24

�
RξβακRξμαρRβσκν

−
p
18

Rδβξ
μRδρξ

κRβσκνþ
1

12
Rδβα

μRδ
κ
αρRβσκν

�
: ð40Þ

Note that the proposed noncommutative corrections to
Einstein-Hilbert action should be thought of as higher
derivative/curvature corrections obtained through the
double copy map. These corrections could potentially have

a geometric interpretation of the action in terms of ⋆-
deformed general relativity [35].
The equation of motion of the pure gravitational setup

coming from the double copy of the noncommutative
Yang-Mills Lagrangian is given by

□hμν ¼ −
1

8
∂
νhσλ∂μhλσ −

1

4
∂
σhλν∂σhλμ þ

1

4
∂σhλν∂λhμσ

−
1

8
ημν∂λhσρ∂ρhλσ þ

3

16
ημν∂λhρσ∂λhρσ þ

1

2
Cμνðθ2Þ;

ð41Þ

where Cμνðθ2Þ represents θ2-corrections coming from the
variation of the higher-derivative contributions in the
double copy Lagrangian. In order to check the possibility
of propagation of unphysical degrees of freedom in this
particular setup, we split the noncommutative corrections
into cubic and quartic order in derivatives:

Cμνðθ2Þ ¼ Cμν
1 ð∂3hÞ þ Cμν

2 ð∂4hÞ: ð42Þ

The explicit form of the corrections is given the
Appendix B. One can show that if we restrict noncommu-
tativity to spatial directions only, there are no time
derivatives higher than quadratic and therefore, no propa-
gating unphysical degrees of freedom. Limiting nocommu-
tativity to spacial direction4 is the standard solution for the
potential loss of unitarity due to higher derivative correc-
tions coming from the ⋆-product deformations.
The present construction brings new possibilities when

studying the noncommutative correction to exact gravita-
tional solutions like the generalized version of the Kerr-
Schild ansatz [36], which has been constructed in [37] and
further extended in [38–40]. Since our double copy
procedure generates a nontrivial cubic correction to the
cubic DFT action, it is natural to expect θ2-corrections to
the single and zeroth copy procedure following [37] and
using the prescription given in [41].

V. CONCLUSIONS AND OUTLOOK

We performed a classical double copy procedure on the
noncommutative formulation of non-Abelian Yang-Mills
theory up to cubic order in fields. We constructed the three-
point vertex operators in order to identify the noncommu-
tative corrections to the totally symmetric, dabc, and totally
antisymmetric, fabc, structure constants and we use them to
construct the double copy theory respecting the form
ncYM × ncYM. The resulting theory (A1) can be interpret
as a noncommutative deformation of the DFT cubic action.5

3The full expression is long and not very illuminating thus we
do not present it at this level.

4The Lorentz invariance is already broken with the choice of
the constant noncommutativity parameter θ.

5See Ref. [41] for a nonperturbative formulation of non-
commutative DFT in generalized metric formalism.
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Interestingly enough, the noncommutativity is given by a
pair of ⋆-products, with parameters θμν and θ̄μ̄ ν̄, in
agreement with the doubling of the physical coordinates
of DFT, also noticed in [19,20]. As a consequence of
solving the level matching condition (identification of the
dual coordinates with the ordinary ones), these products are
identified, giving rise to θ2-corrections to the cubic DFT
action, while the quadratic part remains uncorrected. We
wrote the covariant form of the noncommutative cubic
correction to the action in the pure gravitational limit
(bμν ¼ 0, φ ¼ 0) and using the transverse-traceless gauge
in D ¼ 4, compatible with the De Donder gauge, required
by the cubic commutative action.
We computed the corrections to the equation of motion

up to quadratic order in fields, giving rise to new correc-
tions to the subleading dispersion relation for gravitational
waves coming from the double copy formulation. In the
present version of the construction the equation of motion
potentially contains cubic and quartic time derivatives for
generic θ, which indicates that the foundation of the double
copy requires the inclusion of extra degrees of freedom,
possible in the form of charged scalar fields mimicking the
technique developed in [26]. However, in the special case
when θ is a spacial constant, we evade this issue.
Furthermore, we use the transverse-traceless gauge in

order to simply the first noncommutative correction to the
Einstein-Hilbert Lagrangian, given by Riem3 terms. Using
this gauge, for example, all the cubic contributions con-
taining the Ricci scalar (for instance, RiemR2) are trivial
due to R ¼ 0þOðh2Þ in the gauge TT. Then, our result can
be generalized by imposing only the De Donder gauge and
allowing new gravitational contributions related to the
Ricci scalar. Using the De Donder gauge one finds
R ¼ −∂μνhμν þOðh2Þ, and only the leading order part
contributes to the cubic action. In our case, the transverse
condition eliminates the leading order contribution to R.
While the πð0Þ and πð2Þ vertices are fixed using the

perturbative DFT, the inclusion of the vertex πð1Þ induces a
free parameter p which cannot be fixed by the classical
double copy procedure. The full cubic action, up to
θ2-contribution can be written as

S�3 ¼
i

6ð2πÞD2
Z
k
δðk1 þ k2 þ k3ÞA1μ

aA2ν
bA3ρ

c

½fabcðπð0Þμνρ þ πð2ÞμνρÞ þ dabcπð1Þμνρ�; ð43Þ

and due to different symmetrization of f and d terms we
can write

S�3 ¼
i

6ð2πÞD2
Z
k
δðk1 þ k2 þ k3ÞA1μ

aA2ν
bA3ρ

c

ðfabc þ dabcÞðπð0Þμνρ þ πð1Þμνρ þ πð2ÞμνρÞ: ð44Þ

This rewriting implies the identification

fabc þ dabc →
i
8
ðπð0Þμνρ þ πð1Þμνρ þ πð2ÞμνρÞ; ð45Þ

which fixes p ¼ 1. This choice is reminiscent of the
identification encountered in the analysis of double copy
of UðNÞ noncommutative gauge theory based on twisted
color-kinematics duality [20]. It would be interesting to
further study the color-kinematics mixing inherent in the
noncommutative field theories in the framework of (pos-
sibly weakly) constraint double field theory.
Another interesting continuation of our current results is

to explore the b-field contributions to the Einstein-Hilbert
action coming from the double copy map. These contri-
butions will be proportional to θ2 after solving the level
matching condition and we expect some contributions of
the form ð∇HÞ3 after writing the terms in covariant form.
The inclusion of the b-field to the noncommutative cor-
rection of the cubic action will allow us to study nontrivial
T-duality transformations involving the metric and the
b-field on the noncommutative cubic dynamics.
Finally, once the cubic corrections are fixed one can use

purely algebraic methods to construct the quartic contri-
butions, as described in Refs. [42,43] in commutative
setting and in [19] in noncommutative generalization of
the problem. These become important in order to preserve
causality when studying the group/phase velocity of the
(modified) gravitational waves for propagating signals. As
studied in [44], the contributions to the group/phase
velocity require an infinite expansion in derivatives in
the gravitational Lagrangian, as happens in string theory.
Interestingly, the double copy of ncYM offers a tower of
higher-derivative corrections, unlike its commutative
version.
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APPENDIX A: NONCOMMUTATIVE DOUBLE FIELD THEORY:
CORRECTIONS TO THE CUBIC ACTION

The full noncommutative θ2-correction to the perturbative DFT action obtained from the double copy map of ncYM is
given by6

S�3 ¼ −
3p
256

Z
x;x̄
ðθðμjσθ̄ðμ̄jσ̄∂σ∂σ̄eμμ̄∂ν∂ν̄eνν̄∂ρÞ∂ρ̄Þeρρ̄ þ θðμjσθ̄ðμ̄jσ̄∂σ∂σ̄eμμ̄∂ν∂ϵ̄eνν̄ηjν̄ ρ̄Þ∂ρÞ∂ϵ̄eρρ̄

− 2θðμjσθ̄ðμ̄jσ̄∂σ∂ϵ̄eμμ̄∂ν∂σ̄eνν̄∂ρÞ∂ϵ̄eρρ̄ηjν̄ ρ̄Þ þ 2θðμjσθ̄ϵ̄ σ̄∂σ∂ϵ̄eμμ̄∂ν∂σ̄eνν̄∂ρÞ∂ðμ̄eρρ̄ηjν̄ ρ̄Þ

þ θðμjσθ̄ðμ̄jσ̄∂σ∂σ̄eμμ̄∂ϵ∂ν̄eνν̄∂ϵ∂ρ̄Þeρρ̄ηjνρÞ þ θðμjσηjνρÞθ̄ðμ̄jσ̄ηjν̄ ρ̄Þ∂σ∂σ̄eμμ̄∂ϵ∂ϵ̄eνν̄∂ϵ∂ϵ̄eρρ̄

− 2θðμjσηjνρÞθ̄ðμ̄σ̄ηjν̄ ρ̄Þ∂σ∂ϵ̄eμμ̄∂ϵ∂σ̄eνν̄∂ϵ∂ϵ̄eρρ̄ þ 2θðμjσηjνρÞθ̄ϵ̄ σ̄∂σ∂ϵ̄eμμ̄∂ϵ∂σ̄eνν̄∂ϵ∂ðμ̄eρρ̄ηjν̄ ρ̄Þ

− 2θðμjσηjνρÞθ̄ðμ̄jσ̄∂ϵ∂σ̄eμμ̄∂σ∂ν̄eνν̄∂ϵ∂ρ̄Þeρρ̄ − 2θðμjσηjνρÞθ̄ðμ̄jσ̄ηjν̄ ρ̄Þ∂ϵ∂σ̄eμμ̄∂σ∂ϵ̄eνν̄∂ϵ∂ϵ̄eρρ̄

þ 4θðμjσηjνρÞθ̄ðμ̄jσ̄ηjν̄ ρ̄Þ∂ϵ∂ϵ̄eμμ̄∂σ∂σ̄eνν̄∂ϵ∂ϵ̄eρρ̄ − 4θðμjσηjνρÞθ̄ϵ̄ σ̄∂ϵ∂ϵ̄eμμ̄∂σ∂σ̄eνν̄∂ϵ∂ðμ̄jeρρ̄ηjν̄ ρ̄Þ

þ 2θϵσθ̄ðμ̄jσ̄∂ϵ∂σ̄eμμ̄∂σ∂ν̄eνν̄∂ðμj∂ρ̄Þeρρ̄ηjνρÞ þ 2θϵσθ̄ðμ̄jσ̄ηjν̄ ρ̄Þ∂ϵ∂σ̄eμμ̄∂σ∂ϵ̄eνν̄∂ðμj∂ϵ̄eρρ̄ηjνρÞ

− 4θϵσθ̄ðμ̄jσ̄ηjν̄ ρ̄Þ∂ϵ∂ϵ̄eμμ̄∂σ∂σ̄eνν̄∂ðμj∂ϵ̄eρρ̄ηjνρÞ þ 4θϵσθ̄ϵ̄ σ̄∂ϵ∂ϵ̄eμμ̄∂σ∂σ̄eνν̄∂ðμj∂ðμ̄jeρρ̄ηjνρÞηjν̄ ρ̄ÞÞ

þ 1

128

Z
x;x̄

θ̄ϵ̄ ξ̄θ̄½μ̄ ν̄ð∂ρ∂ϵ̄∂λ̄eμμ̄∂ξ̄∂ρ̄�eμν̄∂λ̄eρρ̄ − ∂μ∂ϵ̄∂λ̄eρμ̄∂ξ̄∂
ρ̄�eμν̄∂λ̄eρρ̄ − ∂ϵ̄∂λ̄eμμ̄∂

ρ
∂ξ̄∂

ρ̄�eμν̄∂λ̄eρρ̄

þ ∂ϵ̄∂λ̄eμμ̄∂
μ
∂ξ̄∂

ρ̄�eρν̄∂λ̄eρρ̄ − ∂ϵ̄∂λ̄e
μ
μ̄∂ξ̄∂

ρ̄�eρν̄∂μ∂λ̄eρρ̄ þ ∂ϵ̄∂λ̄e
μ
μ̄∂ξ̄∂

ρ̄�eρν̄∂μ∂λ̄eρρ̄Þ

þ 1

128

Z
x;x̄

θ̄ϵ̄ ξ̄θ̄κ̄½ν̄ð−∂ρ∂ϵ̄∂κ̄eμμ̄∂ξ̄∂ρ̄eμν̄∂μ̄�eρρ̄ þ ∂
μ
∂ϵ̄∂κ̄eρμ̄∂ξ̄∂

ρ̄eμν̄∂
μ̄�eρρ̄ þ ∂ϵ̄∂κ̄eμμ̄∂ρ∂ξ̄∂

ρ̄eμν̄∂
μ̄�eρρ̄

− ∂ϵ̄∂κ̄eμμ̄∂μ∂ξ̄∂
ρ̄eρν̄∂

μ̄�eρρ̄ þ ∂ϵ̄∂κ̄eμμ̄∂ξ̄∂
ρ̄eρν̄∂μ∂

μ̄�eρρ̄ − ∂ϵ̄∂κ̄eρμ̄∂ξ̄∂
ρ̄eμν̄∂μ∂

μ̄�eρρ̄Þ

þ 1

128

Z
x;x̄

θϵξθ½μνð∂ρ̄∂ϵ∂λeμμ∂ξ∂ρ�eνμ̄∂λeρρ̄ − ∂
ν̄
∂ϵ∂λeμμ̄∂ξ∂ρ�eνν̄∂λeρμ̄ − ∂ϵ∂λeμμ̄∂

ρ̄
∂ξ∂

ρ�eνν∂λeρρ̄

þ ∂ϵ∂λeμμ̄∂
μ̄
∂ξ∂

ρ�eνρ̄∂λeρρ̄ − ∂ϵ∂λeμμ̄∂ξ∂ρ�eνν̄∂μ̄∂λeρν̄ þ ∂ϵ∂λeμμ̄∂ξ∂ρ�eνν̄∂ν̄∂λeρμ̄Þ

þ 1

128

Z
x;x̄

θϵξθκ½νð−∂ρ̄∂ϵ∂κeμμ̄∂ξ∂ρeνμ̄∂μ�eρρ̄ þ ∂
ν̄
∂ϵ∂κeμρ̄∂ξ∂ρeνν̄∂μ�eρρ̄ þ ∂ϵ∂κeμμ̄∂

ρ̄
∂ξ∂

ρeνμ̄∂μ�eρρ̄

− ∂ϵ∂κeμμ̄∂
μ̄
∂ξ∂

ρeνν̄∂μ�eρν̄ þ ∂ϵ∂κeμμ̄∂ξ∂ρeνν̄∂
μ̄
∂
μ�eρν̄ − ∂ϵ∂κeμμ̄∂ξ∂ρeνν̄∂

ν̄
∂
μ�eρρÞ: ðA1Þ

APPENDIX B: NONCOMMUTATIVE GRAVITY: CORRECTIONS TO THE EQUATIONS OF MOTION

Using the leading order equation of motion (□hμν þOðh2Þ ¼ 0) and field redefinitions, we simplify Cμν
1 and Cμν

2 to the
form

Cμν
1 ¼ 7p

48
θμβθνκ∂σγβhδα∂δακhσγ −

�
1

36
pþ 1

768

�
θναθβκ∂μταhϵξ∂ϵξβhτκ

þ p
36

θνβθακ∂μταhϵξ∂ϵβκhτξ −
�

1

768
pþ 1

384

�
θνβθακ∂μταhϵξ∂ϵξβhτκ

−
p
144

θνβθακ∂μτϵhξα∂ξβκhτϵ −
p
48

θνβθακ∂τϵαhμξ∂ξβκhτϵ

þ
�
67

576
pþ 1

384

�
θνκθαβ∂μταhϵξ∂ϵξβhτκ −

p
144

θξαθβκ∂μνγhδξ∂δαβhγκ

þ
�
13

288
pþ 1

384

�
θξαθβκ∂μνξhγδ∂γαβhδκ −

�
1

768
p −

1

768

�
θξαθβκ∂μγξhδα∂νδβhγκ

6We used CADABRA software [45] for the calculations. Code is available upon request.
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−
�
1

16
pþ 1

768

�
θξαθβκ∂μγξhνδ∂δαβhγκ þ

�
7

288
p −

1

768

�
θξαθβκ∂νγξhμδ∂δαβhγκ

−
�
13

288
pþ 1

384

�
θξβθακ∂μνξhγδ∂γδαhβκ −

1

384
θξβθακ∂μγδhξα∂νβκhγδ

−
�
17

144
pþ 1

384

�
θξβθακ∂μγξhδα∂δβκhνγ −

�
23

576
p −

1

384

�
θξβθακ∂μγξhδα∂νβκhγδ

−
�
23

288
p −

1

768

�
θξβθακ∂μγξhδα∂νδβhγκ −

19p
576

θξβθακ∂μξαhγδ∂γβκhνδ

þ 19p
576

θξβθακ∂μξαhγδ∂γδβhνκ þ
23p
576

θξβθακ∂μξαhγδ∂νβκhγδ

−
3p
64

θξβθακ∂μξαhγδ∂νγβhδκ þ
p
144

θξβθακ∂μξαhγδ∂νγδhβκ

−
p
9
θξβθακ∂νγξhδα∂δβκhμγ −

�
23

576
pþ 1

384

�
θξβθακ∂νξαhγδ∂γβκhμδ

þ
�

1

384
þ 23

576
p

�
θξβθακ∂νξαhγδ∂γδβhμκ þ

�
29

192
pþ 1

384

�
θξβθακ∂γξαhμδ∂δβκhνγ

þ
�
137

576
p −

1

768

�
θξκθαβ∂μγξhδα∂νδβhγκ þ ðμ ↔ νÞ ðB1Þ

Cμν
2 ¼ 17p

144
θμβθνκ∂σγhδα∂δαβκhσγ þ

�
13

144
pþ 1

768

�
θναθβκ∂μτhϵξ∂ϵξαβhτκ

þ
�
1

36
pþ 1

768

�
θνβθακ∂ταhϵξ∂ϵξβκhμτ −

�
1

24
pþ 1

256

�
θνβθακ∂ταhϵξ∂μϵβκhτξ

−
p
9
θνβθακ∂ταhϵξ∂μϵξβhτκ þ

�
1

24
pþ 1

256

�
θνβθακ∂τϵhξα∂μξβκhτϵ

þ
�
1

8
pþ 1

384

�
θνκθαβ∂ταhϵξ∂μϵξβhτκ þ

�
59

576
p −

1

768

�
θξαθβκ∂μγhδξ∂νδαβhγκ

þ 3p
64

θξαθβκ∂μξhγδ∂γδαβhνκ −
�

7

576
pþ 1

768

�
θξαθβκ∂μξhγδ∂νγαβhδκ

þ
�
25

192
p −

1

768

�
θξαθβκ∂νγhδξ∂μδαβhγκ þ

19p
576

θξαθβκ∂νξhγδ∂γδαβhμκ

−
�
13

144
p −

1

384

�
θξαθβκ∂γξhμδ∂νδαβhγκ −

�
5

96
p −

1

768

�
θξαθβκ∂γξhνδ∂μδαβhγκ

þ
�
1

36
p −

1

768

�
θξβθακ∂μνhγδ∂γδξαhβκ −

�
5

144
p −

1

768

�
θξβθακ∂μξhγδ∂νγδαhβκ

þ 13p
288

θξβθακ∂νξhγδ∂μγδαhβκ −
�

7

144
pþ 1

768

�
θξβθακ∂γδhξα∂μνβκhγδ

−
�
1

16
pþ 1

768

�
θξβθακ∂γξhδα∂μδβκhνγ þ

�
7

72
pþ 1

384

�
θξβθακ∂γξhδα∂μνβκhγδ

−
�
3

32
pþ 1

768

�
θξβθακ∂γξhδα∂μνδβhγκ −

�
7

144
pþ 1

768

�
θξβθακ∂γξh

δ
α∂

ν
δβκhμγ

−
�

7

144
pþ 1

384

�
θξβθακ∂ξαhγδ∂γδβκhμν þ

�
1

16
pþ 1

768

�
θξβθακ∂ξαhγδ∂μγβκhνδ
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−
�
1

72
p −

1

256

�
θξβθακ∂ξαhγδ∂μγδβhνκ −

�
7

144
pþ 1

768

�
θξβθακ∂ξαhγδ∂μνβκhγδ

−
�
1

72
pþ 1

384

�
θξβθακ∂ξαhγδ∂μνγβhδκ þ

�
1

72
p −

1

768

�
θξβθακ∂ξαhγδ∂μνγδhβκ

þ
�

7

144
pþ 1

768

�
θξβθακ∂ξαhγδ∂νγβκhμδ þ

1

768
θξβθακ∂ξαhγδ∂νγδβhμκ

þ
�
31

288
pþ 1

256

�
θξκθαβ∂γξhδα∂μνδβhγκ −

5p
64

θξαθβκ∂νξhγδ∂μγαβhδκ þ ðμ ↔ νÞ ðB2Þ

where we introduced the compact notation ∂μν ¼ ∂μ∂ν.
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Planté, and P. Vanhove, Bending of light in quantum gravity,
Phys. Rev. Lett. 114, 061301 (2015).

[14] N. E. J. Bjerrum-Bohr, J. F. Donoghue, B. R. Holstein, L.
Plante, and P. Vanhove, Light-like scattering in quantum
gravity, J. High Energy Phys. 11 (2016) 117.

[15] N. E. J. Bjerrum-Bohr, P. H. Damgaard, G. Festuccia, L.
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