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1 Introduction

The Courant sigma model is a three-dimensional topological field theory that was first
constructed as a nontrivial coupling between 3D BF theory of 0-form and 2-form and Chern-
Simons theory [1]. Aspects of its quantization as a model of topological open membranes
were discussed in refs. [2, 3] and its construction as an AKSZ theory appears in ref. [4].
The local gauge structure of the model is governed by the local form of the axioms of a
Courant algebroid or equivalently by the homological vector field on a differential graded (dg)
symplectic supermanifold of degree 2 [5, 6]. The model has appeared in several instances in
physics, especially in the context of nongeometric string backgrounds and T-duality [7-11].

A direct generalization of the Courant sigma model appeared in the context of first class
constrained Hamiltonian systems together with a Wess-Zumino term supported on a 4D world
volume [12]. This is associated with membranes in nontrivial 4-form flux and it is the direct
analogon of the transition from Poisson to Wess-Zumino-Witten or 3-form twisted Poisson
sigma models in 2D [13]. The gauge structure of this model is governed by a particular
type of pre-Courant algebroids, the latter being relaxed structures originating from Courant
algebroids by dropping the Jacobi identity of the Dorfman bracket [14]. Hence we refer to
the corresponding 3D topological field theory as a (4-form) twisted Courant sigma model.



Both Courant and twisted Courant sigma models feature all three characteristics of a
gauge system that requires treatment within the BV-BRST formalism [15]. Their gauge
algebra is closed only on the stationary surface (on-shell), the coefficients of the gauge algebra
are field-dependent and not constant and moreover there are reducible gauge symmetries
simply because there are 2-forms in the theory. One can refer to, for instance, the textbook [16]
for the general theory of gauge systems and the review [17] for more details on local BRST
cohomology. Therefore these constitute a class of examples of the simplest theories that
feature all these three properties and can thus serve as prototypes to study several relations
between field theory and generalised geometric or higher structures.

On the other hand, there is an important difference between the twisted and untwisted
cases. The target space of the untwisted case is a QP manifold and its master action within
the BRST formalism need not be found by the usual complicated procedure; instead it
acquires a geometric form within the AKSZ construction [18], see also the earlier fundamental
papers [19] and [20]. This is no longer true for the twisted model. The compatibility of
the Q and P structures is obstructed by the 4-form and the AKSZ construction does not
apply per se. One could think that it would be enough to perform the AKSZ construction in
one dimension higher and recover the twisted Courant sigma model as a boundary theory.
However, as the simpler and lower-dimensional analogon of the twisted Poisson sigma model
shows, this is not as straightforward as one might expect. Indeed the master action of the
twisted Poisson sigma model is significantly more complicated than what one would naively
get as a boundary of the Courant sigma model, notably containing quadratic terms in the
components of the 3-form flux [21]. In fact there exists a much larger class of 2D topological
field theories based on Dirac structures that share this feature [22].

The above discussion presents a dichotomy between the general BRST formalism and
the AKSZ construction. The former is completely general and universally applicable, yet
technically complicated and lacking a geometric intuition, whereas the latter is remarkably
simple and with a geometric interpretation by construction, but it is not general. One would
then like to develop methods that keep the positive properties and dispense with the negative
ones, or at least come close to that. Twisted topological sigma models in various dimensions
is one possible arena to develop and test such methods. As already mentioned, the 3D
twisted Courant sigma model is perhaps the simplest class that is general enough to allow
us to draw such lessons. It is also welcome that a subclass of this, called twisted R-Poisson
sigma models in 3D, was completely worked out with traditional methods, albeit in a very
complicated and uninspiring way [23]. It will be used here as a benchmark example to test
the more systematic method we will propose.

According to the above, the first question we would like to answer is
e What is the master action of a 4-form twisted Courant sigma model?

Clearly it is not only the end result that we are interested in, but also the method to derive
it. In this respect, a crucial role is played by particular geometrical quantities that we
will encounter and use on the way. To motivate this further, we note that although for
any AKSZ sigma model the full action is of course covariant, the coefficients of the various
interaction terms in the master action do not exhibit manifest target space covariance term



by term. Although there is nothing wrong with this, it is in fact advantageous to determine
the geometric meaning of these coefficients. One reason for this is that it provides a clear
path toward working out the twisted case.! It also provides a globalization of the theory and
its master action, with manifest target space covariance and without need to consider a local
coordinate patch. Thus the second main question that we are interested in is:

e What is the generalised geometric meaning of the coefficients in the interaction terms
of the master action for the (twisted or not) Courant sigma model?

To answer this question, we need to consider generalised connections on (twisted) Courant
algebroids. We will then see that the main player that gives the sought after geometric
interpretation is an induced E-connection on F, where F is the vector bundle of the (twisted)
Courant algebroid, together with two associated tensors. One is its torsion and the other is the
so-called basic curvature. The former was introduced by Gualtieri in [25], after noticing that
the ordinary definition of the torsion tensor is not linear in all its arguments for generalised
connections. The basic curvature for Courant algebroids was introduced in [26] following a
similar spirit, namely generalizing the notion of basic curvature for Lie algebroids [27, 28]?
to make it tensorial in the realm of generalised connections on Courant algebroids. It was
also found earlier in [24] from a graded geometric viewpoint.

Understanding the geometric meaning of these coefficients will prove important in
“finessing” the master action without solving the master equation order by order in the
number of antifields, yet in a slightly different way than the ASKZ construction such that
the twisted case is also included. This approach is admittedly more complicated than AKSZ,
yet simpler than the traditional one and it reveals some aspects of the formalism that remain
hidden in AKSZ. Since the method we will propose involves computing powers — in the
3D case, the square and the cube — of the only on-shell closed BRST transformation (the
longitudinal differential in [16]) in a specific way to be explained in the main text, we call
this the BRST power finesse.

The rest of the paper is organised in the following way. In section 2 we recall some
basic facts about Lie and pre-Courant algebroids and their description as dg manifolds.
We pay special attention to the transformation of their structural data under change of
coordinates and introduce E-connections on Lie and pre-Courant algebroids, together with
their corresponding torsion and basic curvature tensors. This provides a covariant perspective
that sets the stage for manifest target space covariance in the field theory realization of
these structures. We also discuss twists and their particular role in each case, with emphasis
in drawing a parallel between twisted Poisson and twisted Courant structures and also
discussing their conceptual difference.

In section 3 we turn our attention to the BRST formalism for twisted Courant sigma
models. First we discuss in detail the classical action of the theory and the structure of its
gauge algebra, showing also how it fits within a broader graded geometric perspective to
higher gauge theories. Trivial gauge transformations are handled with care and the openness

! Another reason is that this approach can be related to the recently developed theory of representations
up to homotopy for Lie n-algebroids [24], whose relation to the BRST/AKSZ formalism and twisted sigma
models will be studied elsewhere. We will not discuss this further in the present paper.

2The concept is directly related to the notion of basic connections, see refs. [29, 30].



of the gauge algebra is demonstrated. Notably we reveal and elaborate on the fact that
this is a prototype theory that exhibits the phenomenon of nonlinear openness, its gauge
algebra containing terms quadratic in field equations. In section 3.2 we present the on-shell
closed BRST transformations from the general point of view of dg manifolds. The main
result is Proposition 3.1 which gives the on-shell closed BRST transformation of all fields,
ghosts and ghosts for ghosts collectively in terms of the components of the homological
vector field and its derivatives. Section 3.3 contains a complete analysis of the tensorial
version of the previously found transformations. We discuss in details the transformation
of fields under changes of frame and present the fully tensorial BRST transformation in
Proposition 3.2, which yields a direct relation between the BRST transformation and the
Gualtieri torsion and Courant algebroid basic curvature tensors. This gives an answer to
the second main question we posed above.

Section 4 contains the main results of the paper and the answer to the first question we
posed. After determining the square of the on-shell closed BRST transformation explicitly
and introducing antifields, we explain a certain structure of higher powers of the BRST
transformation that can be used to express the master action. In the present case the highest
power is 3. We formulate Proposition 4.1 which describes a rewritting of the AKSZ-BV
master action for the untwisted Courant sigma model in terms of the elementary operations
we introduced. This is completely the same as the expanded form of the AKSZ action
in terms of number of antifields appearing in [4], but it can be used to determine the
correct master action for the twisted model as well and moreover bring it in a manifestly
covariant form term by term. The first statement is captured in Theorem 4.1 which gives
a compact form of the minimal solution of the classical master equation for the 4-form
twisted Courant sigma model. The expanded (and complicated) form then follows simply
and it is presented in appendix D both in non manifestly and manifestly covariant forms.
At the end of section 4 we also comment on the quantum master equation, solved by the
same master action described earlier.

To complete the picture we present the form of the gauge fixed master action in section 5.
Notably, we show that the result can be brought in the form of the classical action plus a
BRST commmutator thus proving that the model is a topological field theory of Schwarz
type, as expected. Section 6 contains a discussion on our results with an outlook to future
work. There are four Appendices that contain supplementary material. Appendix A details
aspects of the gauge invariance of the classical action of the twisted Courant sigma model
and it is used to examplify some statements in sections 2 and 3. Appendix B contains the
local form of the on-shell closed BRST transformations and of their squares, which appear
with less details and in more abstract form in sections 3 and 4. Appendix C is an annex
to the BRST power finesse that explains several details of more technical nature. Finally,
appendix D contains the expanded form of the complete minimal solution of the classical
master equation, also in a fully coordinate free form.

2 Dg manifolds, twists and target space covariance

In field theory we often encounter target spaces which are differential non-negatively graded
(dg4) manifolds,—a.k.a. NQ manifolds. These are graded (super)manifolds M endowed



with a homological vector field @ € X(M) that satisfies

Q= 510,01 =0. 2.1)

We refer to [31-33] for more precise definitions. Homological vector fields offer an elegant and
intuitive way to encode algebraic and geometric structures and their twists. For example, a Lie
algebra g, which is a vector space equipped with a skew-symmetric bilinear operation satisfying
the Jacobi identity, can be viewed as a dg manifold g[1] whose homological vector field is

0
0as’

a b _c

1
QCE = —icbc(l a

(2.2)

where a® are odd (degree 1) coordinates on g[1]. Eq. (2.1) implies that Cj, are the structure
constants of the Lie algebra. Qcg is the Chevalley-Eilenberg differential of ordinary Lie
algebra cohomology. In the rest of this section we will take a new look to this approach
for Lie, Courant and pre-Courant algebroids, emphasizing covariance and connections and
elucidating the role of twists in case twisted geometric structures are encountered.

In the following we always work with non-negative grading and therefore we shall simply
refer to dg manifolds or Q manifolds without further reference to non-negative grading and
moreover we shall denote as Qn-manifolds those with highest degree n.

2.1 Revisiting Lie algebroids and Q1 manifolds

The above correspondence between a Lie algebra and a dg manifold is also established for Lie
algebroids [34]. A Lie algebroid is a triple (E, [-, ], p) of a vector bundle E over a smooth
manifold M, of a Lie bracket on its sections e € I'(E) and of a smooth bundle map (the
anchor) p : E — TM such that

e, felle = fle.€le+ ple)(f) e/, feC™(M). (2.3)

It follows that p is a homomorphism of bundles,

p(le, €']s) = [p(e), p(e)]. (2.4)

In a local basis of F, say e¢,, and coordinates x* on the base M, the bracket is given in terms
of some structure functions C¢,(x) and the map p has components p,*(z) such that

9
ozt

The statement that E is a Lie algebroid constrains the functions p,* and C¢, to satisfy certain

[ea, en] = Cgp(2)ec,  plea) = pa’(2) (2.5)

conditions. The point now is that the very same conditions are obtained on the other side
where we have the graded Q1 manifold M = E[1] by shifting the fiber degree of the vector
bundle E by 1 and also the homological vector field @ € X(E[1]),
0 1 0
Q = pa(x)a-— — 50&(1‘)@[)@6%7 (2.6)
where z# and a® are degree 0 and 1 coordinates of the graded manifold respectively. The
space of vector fields on M is spanned by the derivations 9/9z* and 9/9a® of degrees 0 and



—1 respectively. That the vector field ) is homological, equivalently that (E[1],Q) is a dg
manifold, is then an if and only if statement with E being a Lie algebroid.

From a geometric point of view, there is a nuisance in the above considerations. This
is that the structure functions C¢,(x) do not transform homogeneously under a change of
basis of the vector bundle F, and therefore they are not tensorial. In particular, assuming
a change of basis on the vector bundle

ta = A(2) %, (2.7)
the structure functions transform according to the rule
C = (AH)SALAY Coy + (AN (AL 9AG — AY 9AS ), (2.8)

where due to the coordinate transformation z# = x#(Z), the partial derivatives and the
coefficients of the anchor map transform as

o 0% 0 , 0
Ozt Ozn 0z MOF (29)
pa = AL (A0 5o (2.10)

Although there is nothing wrong with this per se, both for aesthetic reasons but also to account
for the invariant geometric form of the BV /BRST action for field theories with underlying
Lie algebroid structure, it is desirable to rewrite the vector field @) in a different form. With
some prior knowledge, we would like to express the vector field in terms of the quantity

T = 2wy — Cfh., (2.11)

c —

where in the non-graded differential geometric picture wj, are coefficients of an E-connection
acting on the Lie algebroid F itself. An E-connection on F is a map

VP:T(E) xT'(E) — T'(FE)
(e,e') — VE, (2.12)
such that the following homogeneity and linearity conditions hold:
Viero € = fVee' + Ve, (2.13)
VE(fe +e") = fVEie +VEe" + p(e)fe . (2.14)
In terms of the local basis, the connection coefficients are obtained as
Ve, e = Wheta (2.15)
and they transform in the usual inhomogeneous way:
wi = (ADGAY AL Bl + (A G A AL (2.16)

The transformation is such that it counterbalances the one of the structure functions, allowing
for a homogeneous transformation for T;%.. One may then immediately recognize that the



quantities T, are the coefficients of the Lie algebroid torsion (E-torsion) of this E-connection
on F, which is defined as

T?(e,e') =VE —Vie—[e,€]g, (2.17)

in other words T2 = (T"(ep, ¢ec), ), where ¢ is the dual basis of the vector bundle E*.
Clearly T* € T'(A?E* ® E) is a tensor. Then we can rewrite the vector field @ in a fully
covariant form as

1
Q=a"DV + 3 Tg aba DY | (2.18)

where we have defined the natural degree 0 and degree —1 derivations

0 0 0
DO = pt— —wa’ DU =~ 2.1
0 . b e o By (2.19)

These are natural in the sense that they satisfy

Dz(zo)xu = pa“ ) Dgo)ab = - wgcac’ (2‘20)
DVt =0, DVab = 6t (2.21)

In particular, keeping in mind that the degree 1 coordinate a’ on the graded side corresponds
to the local basis of the dual bundle E* on the non-graded side, it should transform as a
section of E*, which is indeed the case since we find —w®, on the right-hand side. It should
be emphasized that this is a rewriting of the previous expression in covariant terms, no
additional terms have been added for covariantization; in other words, the vector field of (2.6)
is already covariant albeit not in a manifest way.?

There exists, moreover, a special case where the above considerations simplify further.
This corresponds to the choice of E-connection being induced by an ordinary vector bundle
connection V on F, possibly with torsion, through the anchor. Denoting this induced

connection with a solid dot over it, it is
Ve =V 0. (2.22)

Although special, this is the connection of interest in topological sigma models as will
become transparent in the ensuing. It is convenient to define the difference of an arbitrary
FE-connection on F from this induced one,

dle, ) == (VE—VE)e . (2.23)

This ¢ is evidently an endomorphism and its components are ¢¢, = wS, —pat* wﬁb . Equivalently,
we consider general F-connections of the form

VE=VEtg. (2.24)

3When an E-connection on some vector bundle V is considered, the graded geometric formulation goes
through the dg manifold E[1] @ V equipped with a suitable homological vector field. This is not what we do
here and in the rest of this section.



The torsion tensor for the induced E-connection becomes

Ty, = 20w — Cie, (2.25)

c =

and the homological vector field is written as

1
Q = a’p," D) + 5 i aba* DY (2.26)
with D,(P) = % - wzbab 8‘26 . More details on this are found in [26].

2.2 DPoisson vs. twisted Poisson structure

It is useful to recall a nontrivial example that can moreover be twisted. Consider the Lie
algebroid on the cotangent bundle E = T*M of a Poisson manifold (M, II) with Poisson
bivector IT € I'(A2T'M). The Lie bracket is the Koszul-Schouten bracket of 1-forms, given as

(0,1 Tks = Ly’ — Lreyn —d (), nn' € Q(M), (2.27)

and the anchor map IIf : T*M — TM is induced by the Poisson structure II. In addition,
choose a torsion-free ordinary connection V on M and the induced E-connection on E given
in (2.22). Then the E-torsion is given as

T = —V I . (2.28)

The homological vector field in covariant form turns out to be

0
ox?

9
Oa,

. 1. 0
Q = a, 11" ( + ngag ) — ivpﬂ’“’auay— (2.29)

da,’
where a,, is the degree 1 coordinate and 0/0a,, is the degree —1 derivation. This rewriting
appeared without much explanation in ref. [35].

In presence of a closed 3-form background H € Q3 (M), there exists a geometric structure
that departs from vanilla Poisson to what is called twisted Poisson structure [36]. This is
once more given by a bivector II but this time it satisfies the defining property

%[H,H]SN — MeTell,H), (2.30)
in terms of the Schouten-Nijenhuis bracket, the extension of the Lie bracket of vector fields
to multivector fields. In other words, the Jacobi identity for the would-be Poisson bracket of
functions is violated and the violation is precisely controlled by the 3-form H three times
contracted with the bivector II in its first slot. Nevertheless, the cotangent bundle T* M
continues to bear a Lie algebroid structure, this time with the Koszul-Schouten Lie bracket
being suitably twisted to

(1,7 luks = (0,7 ]xs + H(II(n), (")), (2.31)

which satisfies the Jacobi identity by virtue of the twisted Poisson condition (2.30).



The fact that a Lie algebroid underlies both Poisson and twisted Poisson manifolds also
means that there exists a Q1 manifold description for both. Indeed, the homological vector
field that gives rise to the twisted Poisson case is of the same form as the untwisted case,

0 0
Ty~
Oxv Tl da,

da,’

with the important difference that the connection on M that induces the connection on the
Lie algebroid now has torsion given by the closed 3-form H once contracted with the bivector
IT [21]. In particular, the connection coefficients are now given as

e, =1, + %HP"H#W : (2.33)

Note that regardless of whether the ordinary connection has torsion or not, the E-connection

always has E-torsion which is independent of the 3-form (2.28). In practice, the torsion of V
counterbalances the twist of the Lie algebroid bracket in the definition of the E-torsion.

The above example teaches us two lessons. First, when the Poisson structure is twisted

by a 3-form the covariant expression for the homological vector field that describes it retains

its form at the expense of introducing a connection with torsion on the manifold. Second, the

3-form twists various algebraic and geometric operations in different way. Note specifically

that it can be contracted once, twice or three times with the bivector II and each of these

combinations plays a role in modifying some operation or quantity. Let us use the notation

Hl,ljp — HMHHnl/p ’ quj — HMNHV/\HKAP ’ e — HunHV/\HpUHKAO_ ) (234>

Then we observe that from the classical differential geometric point of view the first modifies
the symmetric connection V on M to one with torsion, the second modifies the binary bracket
on ¥ = T*M and the third modifies the Schouten-Nijenhuis bracket of the bivector with
itself, i.e. the Jacobi identity for the Poisson bracket. This is of course a special case in the
category of Lie algebroids, since there exists a natural symplectic form and in absence of
H the Q1 manifold is in fact a QP1 manifold [6].

2.3 Pre-Courant algebroids and Q2 manifolds

The picture of Lie algebroids as dg manifolds extends to Courant algebroids too, and even
further to pre-Courant algebroids [37]. In the latter case it may happen that a closed 4-form
is responsible for the violation of the Jacobi identity, a structure called (4-form) twisted
Courant algebroid in ref. [12]. Let us give a definition. First we recall that a Courant vector
bundle is a pseudo-Euclidean anchored vector bundle (E, (-,-),p: E — T M) such that the
transpose map p* : T*M — E* ~ E to the anchor satisfies p o p* = 0 [14].

Definition 2.1 [14] A pre-Courant algebroid is a Courant vector bundle together with a
binary operation o on the space of sections I'(E) that satisfies the following three axioms:

s pleoe’) = [p(e),p(e)],
« (eoe,e) =3p(e)ee),

o p(e)<e’,e”> _ (eoe/,e”) + <e’,eoe”> )



for all e,e’,e” € T(E). A Courant algebroid is a pre-Courant algebroid such that (T(E),o) is
a Leibniz algebra, which means that the Jacobiator satisfies

Jac(e, e’ e”’) i=eo (e oe”)—(eoe)oe" —€ o(eoe”)=0. (2.35)
For a 4-form twisted Courant algebroid the Jacobiator is instead given as

Jac(e, e/, ¢") = p*H(p(e), ple'), ple") - (2.36)

The (small) difference of pre-Courant and twisted Courant algebroids was quantified in [38].
When p(E) = TM (transitive case) the two structures are the same. In the following sections
we will be concerned with twisted Courant algebroids. We note, moreover, that one may
write the definition of a pre-Courant algebroid in terms of the skew-symmetric operation

1
le, €] = 5(6 oe —¢€oe), (2.37)

see [14]. For (twisted) Courant algebroids we hence refer to the binary operations o and
[-,]e as the Dorfman and the Courant bracket respectively.

Below we mostly work with the alternative definition in terms of dg manifolds. We begin
with Courant algebroids. The properties of the Courant algebroid data, namely the Courant
bracket [-, ]z, anchor p and fiber metric (-,-) can be neatly encoded in a homological vector
field Q € X(M), this time with the dg manifold M being a Q2 manifold (in fact QP2, namely
equipped with a degree 2 symplectic form w, which is compatible with @) in the sense that
Low =0) [5]. In general, M is obtained as the symplectic submanifold of T*[2] E[1] that
corresponds to the isometric embedding of E in the direct sum F @ E* with respect to the
canonical pairing of £/ and E*. Local coordinates on this graded manifold are (z*,a®,b,,) of
respective degrees (0, 1,2). The space of vector fields on M is spanned by the corresponding
derivations of opposite degrees (0, —1, —2). Then the most general homological vector field
compatible with the graded symplectic form on M has the form® [33]

0 b 1 b 0 y 1 b 0

Q= pa“a“w — (77“ puFby + §C§ca ac> i <a,upa bya® + 5@0(11)0&“& ac) 67b“ . (2.38)
Thinking in terms of ordinary differential geometric terms, we have introduced again a basis ¢,
for the vector bundle E of a Courant algebroid. In this basis, C{..(x) are the structure functions

of the Courant bracket and 7, are the components of the fiber metric, in our conventions

Nab = 2(8q, ¢b) 5 - (2.39)

The 7 are the inverse metric components and Latin indices are raised and lowered with
this metric, for instance Cgp. = nchgb. Finally, p,*(x) are once more the components of the
anchor in this basis. The statement now is that the condition Q? = 0 is equivalent to the

*A more recent approach to shifted symplectic structures is [39], where a version of the AKSZ construction
in derived algebraic geometry is proposed. The relation of this approach to theories such as twisted Courant
sigma models was studied in [40].

5If one works with general Q2 manifolds without necessarily having a symplectic structure, then the most
general case proliferates to semi-strict Lie 2-algebroids. This was discussed in detail in ref. [41].

,10,



local coordinate form of the axioms of a Courant algebroid laid down in [42], as given in [1] in
suitable conventions. The homological vector field given in (2.38) requires covariantization in
the same spirit as the Lie algebroid homological vector field of the previous section. Indeed,
there are two obvious sources of noncovariance, the structure functions Cf.(x) and the partial
derivative on the components of the anchor. This evidently calls for the introduction of a
suitable connection. Moreover, this is once more a case of non-manifest covariance. Our goal is
to make covariance manifest and show the relation to appropriate Courant algebroid tensors.

An important difference to the case of Lie algebroids regards the transformation of
the structure functions under a change of basis on the bundle. In the present case this
transformation reads

= (A D)SALAY Coy + (A% P (AZ 9, A8 — AY 9,AL)
— 30 Pt (AT (AY DAY — AT DAY, (2.40)

with the new term appearing due to the unconventional, anomalous Leibniz rule that the
Courant bracket satisfies:

[67 fe/]E = f[€? e/]E + p(e)f el - dEf<67 el> ’ (241)

where dj; : C*°(M) — I'(E) is the Courant algebroid differential defined via (dsf,e) = $p(e) f.
We remark that 7,;, transforms homogeneously, namely

Nab = A AY Ty . (2.42)

Note that the unconventional transformation of the structure functions does not improve
for the Dorfman bracket, since it regards both entries in the bracket and even though the
Leibniz rule is standard in the second entry it is not so in the first one.

Then the first thing to note is that we need an E-connection on E, where E is the Courant
algebroid at hand. We use the same notation as for Lie algebroids and in the local basis the
connection coefficients are as in eq. (2.15). Famously, for Courant algebroid connections the
naive torsion tensor is not suitable since it fails to exhibit linearity in all its arguments. A
suitable Courant algebroid E-torsion tensor 7% € T'(A3E*) was defined in [25] and it reads as

1
TE(el, €9, 63) = <V8El€2 - Vf2el - [61, SQ]E, €3>E + 5 (<V53€1, €2>E — <veES€2, €1>E) (2.43)

in terms of the skew-symmetric Courant bracket and analogously for the Dorfman bracket.
Other possible options for a good definition of a torsion tensor for Courant algebroid
connections were suggested in [43]. In a chosen local basis, the components of the Gualtieri
E-torsion are

1 1
Tabe = wfflb]ﬁcd - §Cffbndc + §w§[anb]d- (2.44)

We could read this formula in an upside down way by solving in terms of the structure
functions of the bracket,

Cgb = ( - 27Zzbc + QWFQb]nec + wi[anb]e)nal . (245>
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This can be used to substitute the structure functions with the E-torsion in the vector field
Q, plus additional terms that must and will be accounted for. Secondly, since there is a
differentiation on functions on M in the components of ), we need a vector bundle connection
V on TM @ E as well. This connection can be extended to act on differential forms in the
usual way and therefore we have an analog of the tetrad connection for Vielbeins, now on
the components of the anchor.® Specifically,

Vupa” = 0upa” + Thppa” — whaps” - (2.46)

We shall denote the torsionless part of this connection by V as before.

We are now ready to express @ in a different form using (2.45) and (2.46). To reach a man-
ifestly covariant result, it is necessary to perform a coordinate transformation (corresponding
to a nonlinear field redefinition in the gauge theory to be discussed below) as follows

1
by = by + §w,mba“ab, (2.47)
mixing the degree 2 and degree 1 coordinates. Let us pause to further justify this transforma-
tion. First note that the coordinate and bundle transformations of the Courant algebroid in
the classical differential geometric side correspond to graded coordinate transformations in
the Q2 manifold side. Specifically, these coordinate transformations are

" = M (%) (2.48)

a® = (A"H%a" (2.49)
A 1 /

b = AL by + 55#(/\—1)3 AS T pa’a’ (2.50)

They are obtained by integrating the infinitesimal counterparts which are generated by a
quadratic Hamiltonian and the canonical Poisson bracket on M which exists because it is a
cotangent bundle [6]. Observing the complicated transformation of the degree 2 coordinate
we can ask whether it can be undone by a suitable redefinition. Indeed this is the redefinition
of (2.47). The fact that

by = A bY, (2.51)

justifies it. In the following we will work with this “covariant” degree 2 coordinate and the
corresponding degree —2 derivation 9/ oby;.

Taking all these into account, a straightforward calculation leads to the following al-
ternative form of the homological vector field:

1
Q = a"p,"DY — <n‘“pa“bZ - (7;1)0 + Gap + 2¢Cab> a“ab> DD

1 1 1
+ ( - Vypa“bzaa + <3Vu7:1bc - §vu¢)abc + 2pau"7cdebuu> aaabac) D(V72) ) (2'52)

5To avoid misunderstanding of this analogy, we mention that no “tetrad postulate” is imposed here.
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where we have defined the natural degree 0, degree —1 and degree —2 derivations in the
present case, which have the form

a 1 8 vbc c 8 o a c -
DELO) = w — 5 ao;::: aba aibl/ + Fy#bgaibu - w/-‘b ang 1) ) (253)
_ 0 0
]:)((z 1) — % +wﬂbaab87’ (254)
"
0
M _
D, = oy (2.55)

Once more these are natural in the sense of the following relations when they act on the

coordinates,
DPz" =54,", DVgr =0, DY gyt =0, (2.56)
D;(?)ac = —wpla’, D(Vae = 5¢, D(_ya“=0, (2.57)
Dby =T9,b5 D VbY =0, Dby = oL (2.58)

In case the induced connection VE is chosen, the endomorphism ¢ vanishes and the vector
field takes the simpler form

Q _ aapauD/(LO) - (nacpaubz - zi;bcaaab) Dg_l)

+ ( — Vypa”bZaa + <;Vy7.gbc + ;pa”ncdebw> a“abac> D’(’_Q) ) (2.59)

There is a further geometrical association to make. Recall that from the non-manifestly
covariant expression (2.38) we observe that a derivative on the structure functions appears.
This turned to a derivative on the components of the E-torsion 7 through (2.45) and in turn
this derivative got covariantized in (2.52). However, the covariant derivative on the Courant
algebroid torsion has an independent geometrical essence. As proven in [26], it is related to
the tensor that measures the compatibility between an (ordinary) connection on E and the
bracket on the Courant algebroid — see [27] for introducing this notion for Lie algebroids
and [28, 44] for more detailed explanations. This tensor is called the basic curvature tensor
SE € QY A?E* ® E*) and for Courant algebroids it is defined as [24, 26]

S¥(eq,e2,e3)X = (Vxler,ea]s — [Vxer,eals — [e1, Vxea]n — Vor e1+ nglxeza €3)x

€2

1
+ 5 <<vaSX€1, €2>E — <V§ESX€2’ €1>E> 5 (2.60)

in terms of an E-connection on T'M (the opposite to an ordinary vector bundle connection
on FE) given as

VeX = p(Vxe) + [ple), X]. (2.61)
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It is also proven in [26] that it may be expressed as

S*(er,e2,e3) X = =V xT"(e1,e2,e3) + (Clez, X)e1 — Cle1, X)ea, e3)p

1

— 2((6(63,X)61,62>E — <C(63,X)62,61>E> s (2.62)

in terms of the Gualtieri torsion and a tensor C defined through
Cleq, X)62 = [VeEl,Vx]eg — V[p(el),X]eg + ¢(Vxeq, 62) , (2.63)

where we recall that ¢ is the difference of the E-connection we work with from the induced E-
connection. Note that ¢ obviously vanishes when the induced connection is chosen. However,
in the general case the last term in the definition of C is absolutely necessary to guarantee
that it transforms tensorially in all arguments.

In a local basis the components of the Courant algebroid basic curvature tensor read

1

Suabc = _vu%bc - Cu[ab]c - icuc[ab} ) (264)
with
Cpab” = pa” Opwpyy, — Opwiy, + szbwfad) — wgbwﬁd + Oupa”wyy, — pd”wﬁbwl‘ia . (2.65)

Caution is drawn to the fact that the coefficients of two different connections appear in this
formula, both denoted as w and distinguished by their indices. One is the ordinary vector
bundle connection and one is the E-connection, which can be completely general. In the
case of induced F-connection, the tensor simplifies greatly to

Cuabc = paVRCbu,u ) (266)

thus being the anchored curvature tensor. Note that the usual expression for the curvature
for Courant algebroid connections is a tensor if and only if the induced connection is chosen,
which explains this relation.

We are now ready to express () in an alternative manifestly covariant form using the
definitions related to the Courant algebroid basic curvature tensor S. For the induced
FE-connection the result is remarkably simple,

Q= aapaquLO) - (nacpa,ubz - tbcaaab)Dgil) - (vupa“bz + .uabcabac)aaDl(/_z) .

(2.67)

W =

We have thus expressed the homological vector field corresponding to a Courant algebroid
in terms of the Gualtieri torsion and the basic curvature of the induced Courant algebroid
connection on itself. In the following we will always refer to the connection V and hence
we denote 7 and S simply as 7 and S.

Let us now turn to twisted Courant algebroids. As discussed earlier, the main difference
to Courant algebroids is that the Jacobi identity for the Dorfman bracket (2.36) is modified.
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The description of this structure in terms of a Q2 manifold is as follows. We consider the
same graded manifold M and the homological vector field

1 0
QH — Q _ 7panbUpc)\Huua)\aaabac 7 (268)
31 o,

where @ is the one of the Courant algebroid. In other words, the vector field (2.68) is
homological if and only if the following conditions hold:

1% pal oy’ =0, (2.69)
Py Oupa” — pa*Oupy” + 1 pe Cap =0, (2.70)
pd" 0, Cabe — pa' 0 Chea + P 0, Ceda — pe!* 0uClab +

+ 0% CoapCrar + 1% CeacCavs + 1% CeadCcr = — pat pa oo e Hyui - (2.71)

These are nothing else but the local coordinate form of the axioms of a twisted Courant
algebroid. The third, H-dependent equation is the local coordinate form of the Jacobia-
tor (2.36). Note that compatibility of @ with the symplectic form is now obstructed by
the 4-form, since Lonw # 0.

It is useful to write down the covariant form of these conditions in terms of the ordinary
connection V on F and of the basic curvature and Gualtieri torsion tensors. For (2.70), the
covariant expression in terms of the components of the Gualtieri torsion is

pauvupbu - pbuvupay + 2776pr1/ abf — 0. (2~72>

Similarly, the covariant expression for (2.71) can be written in terms of the Gualtieri torsion
and the basic curvature tensor, yielding the following elegant formula:

p[duS,uabc} + %nef,];a[b,]zd]f = _%pd“paypbppcgﬂuypg ) (273)

which is essentially an algebraic Bianchi identity for the Courant algebroid basic curvature.
Furthermore, prompted by eq. (2.68) we define

~ 1
Suabc = Sp,abc + iHuabca (274)
having introduced the notation
H,uz/pa = panH,uZ/pn )
H,ul/ab = panpbAH,an)\ )

A
H/mbc = Paﬁﬂb pcVH;ui)\u )

Habcd = paupbupcﬁpdAmem\ . (275)

As usual, the bundle indices in these quantities are raised with the (inverse) metric n®, and H
remains totally antisymmetric in all indices, e.g H ape = —Happve = Happe = —Hapey. Similar
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to the discussion of the twisted Poisson case following eq. (2.34), these quantities have a
definite geometric interpretation. The last quantity, Hup.q, modifies the Jacobi identity for
the Dorfman bracket (2.36). The next to last, H.q, modifies the basic curvature (2.74).
In different terms, akin to the Lo description of a Courant sigma model [45], this term
twists the ternary bracket.” We shall see later that H, uwed modifies the ordinary curvature
of the connection V on E, while the first term H,,,, controls the non-exact part of H, as
discussed in appendix A. Then we observe that the homological vector field for a twisted
Courant algebroid may be written as

1~
QY = a“pa“D,SO) — (n"pat'by, — Ebcaaab)Dgfl) - (V,,pa“bZ + BSyabcabac> a"D{_y) . (2.76)

Notice that the form is the same as for the usual Courant algebroid with the difference
that S is replaced by the H-dependent S.

3 BRST structure of twisted Courant sigma models

3.1 Action, gauge symmetry & nonlinearly open gauge algebra

The Courant sigma model can be described as a membrane sigma model with target space
M, a symplectic dg manifold of degree 2 [1, 2, 4]. As such, its gauge structure is encoded
in the axioms of a Courant algebroid and vice versa; or, in other words, the solution to the
classical master equation in the BV/BRST formulation of the theory is encoded in the graded
symplectic structure and the homological vector field on M, which is the original spirit of the
AKSZ construction [18]. Here we take the above logic one step further and slightly depart
from the usual AKSZ construction by considering topological membrane sigma models with
a Wess-Zumino term. This was originally suggested in [12] in the context of Hamiltonian
systems with first class constraints and also implicitly in [49] in studies related to fluxes in
double field theory. We refer to them as twisted Courant sigma models here because it turns
out that their gauge structure is governed by a twisted Courant algebroid.

In this section we revisit the classical action of the model using dg manifold language
and filling in some gaps regarding the structure of its gauge algebra. The source space (world
volume) of the model is the dg manifold T'[1]%, where ¥ is a three-dimensional manifold
without boundary (the closed membrane). For convenience, we introduce coordinates on T'[1]%
denoted as ¢ of degree 0 and 8™ of degree 1 for the fibre coordinates. In accord with the
notation introduced in the previous section, the classical fields are real functions X*(o), X*E-
valued 1-forms A = A% (0)0™e,, where e, is a local basis of the pullback bundle X*E and
X*T*M-valued 2-forms B = 3 Bymn(0)0™0"dX*. Note that the 2-form is not global, see the
way that the degree 2 coordinate transforms in (2.50). As discussed in section 2.3, a connection
is needed to account for this. We address this issue in section 3.3. The latter two fields can
also be viewed as pullback coordinates for a suitable degree-preserving map ¢ : T[1]X — M,
at least locally. As suggested in [41], eventually it is necessary to extend this to a map

Ox 1 TY — T[]E x M, (3.1)

"We recall that the Lo, description of a Courant algebroid was given in ref. [46]. More generally, the
relation of Lo to perturbative (gauge) field theories was explored and reviewed in [47, 48].
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which is the identity on the first factor, in order to be able to treat »-dependent gauge
parameters. Then locally A* = ¢% (a*) and B, = ¢%(b,). The classical action functional
of maps in our conventions reads

1 1
Sa = / (‘BudX # ot S0 ATAA" + pl(X) Bu A + 5 Cane( X )A“A"AC) + /A X*H (3.2)
T[S 2 3! 5

where H € Q% (M) and we make the usual assumptions the guarantee the existence of the
extension of the world volume to a 4D one ¥ with ¥ = ¥ and the independence of the
action functional of this extension, see e.g. [50] for a clear exposition in any dimension.
The topological membrane action (3.2) is invariant under a prescribed set of infinitesimal
gauge symmetries provided that p¥, 144, Cape and H,,po are the components of the anchor
map, fibre metric, binary bracket and 4-form of a twisted Courant algebroid E. This means
that they satisfy the set of algebraic and differential equations (2.69), (2.70) and (2.71). These
gauge symmetries may be neatly encoded in compact form using the homological vector field
QY eq. (2.76). Denote the fields of the model collectively as ¢* = (X*, A?, B,,), understood
as pull-backs via the map ¢ defined above of the coordinates z* = (z*, a%,b,), namely

¢% = ¢ (2%). (3-3)

Note that ¢® = ¢*(0, ) are dependent on the coordinates of the source Q manifold T[1]X.
The homological vector field on T[1]X is simply the de Rham differential d = 6™9/dc™.
Define a collective gauge parameter as €* = (0, €*, —,,) with components of degrees 0 and 1
respectively — we denoted explicitly the obvious absence of gauge parameter for the lowest
field which is a scalar. Then we can rewrite

de® = [d, €]* = (Lg€)*, (3.4)

in terms of the (graded) Lie bracket of vector fields, provided we introduce the vector
field € = €0, on T[1]X x M. Then it becomes advantageous to introduce the following
distinguished vector field on the product manifold T[1]X x M,

Q=d+Q". (3.5)
The gauge transformations of the fields are then given in terms of this vector field as
0% = (6% © Lge)(x%) + Surivd” (3.6)

in the spirit of [41] as revisited in [26]. Here Lz is the Lie derivative along the homological

vector field @ The second term denotes the contributions that are proportional to the
field equations F* and G obtained by varying with respect to the 2-form and the 1-form
respectively — the remaining field equation has degree 3, one higher than the top form
field in the model and does not contribute. It is useful to mention that the field strengths
of the various fields take the form

Fo=d¢" —¢7(Q"), (37)

in terms of the components of the homological vector field QY [41].
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Note that as long as € is expressed in the canonical basis (9,) these gauge transformations
are not in manifestly covariant form. We are not going to present the expanded form of this
set of gauge transformations at this stage. For Courant algebroids it is found in various works
in the literature, for example [1]. For twisted Courant algebroids it is instructive to isolate the
H-dependence in this gauge transformations in order to understand its geometric significance.
Note that only the top form field acquires an H-dependence in its gauge transformation,
see appendix A, therefore we only write this one:

]‘ a Cc ]‘ a v 1 a v
0By = 6Byln=0 — 5 Hyabe € APAC — 5 Huwav € APV — 31 Huwpa " FVF” (3.8)

where dB,|r—o is the transformation of the 2-form in the Courant sigma model and F
is given as

FF = dXH — paltA°. (3.9)

Then F* = 0 is the field equation of the 2-form field. Thus we observe that in presence of the
4-form H, there are field-equation dependent (trivial) gauge transformations in 6B,. What
is more, these include a somewhat unorthodox nonlinear term in the field equations.

Two important remarks are in order. First, the algebra of gauge transformations is
both open and soft, in other words it only closes on the stationary surface and its structure
“constants” are field dependent. Moreover, since the theory features a 2-form field, it is a
first stage reducible Hamiltonian system. Let us take a closer look to the gauge algebra.
We focus on the most complicated commutator of two gauge transformations on the highest
degree field B,. This is

[01,02]By = 0128y + Uy AN FY + Vo FV NFP + W, G* (3.10)
where G* is the field equation for the field A% given in non-covariant form as
1
G := dA" + % pyt B, + 5C,;;Ab ANA®=0, (3.11)
d12 is the gauge transformation with gauge parameters €{y and 1,12, which are found to be
ey = Cheeies (3.12)
%12 = 28upa’/e([11wy2} — (aMCabc + H/mbc)flllegAc — %Hﬂyabe‘fegF” , (3.13)

and the three coefficients U,V and W are given by®

U/uz = Qaual/paawa[l 6%} + ecllngc(auaucabc + 8(},LHU)abC) ’ (314)
Vivp = —2eteb 00, H,)pa » (3.15)
Wya = —€1€5(0,Cabe + 3 Hpave) - (3.16)

8We note in advance that tensors such as the basic curvature appear in the covariant version of these
coefficients. That the basic curvature appears as a coefficient in the gauge algebra of the simpler case of Lie
algebroid gauge theories was first noticed in [52], even though the geometric meaning of the tensor was not
yet identified there.
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Field/Ghost | X | A* | B, | €* | ¥, | ¥y

Ghost degree 0 0 0 1 1 2

Form degree 0 1 2 10| 1 0

Table 1. The eight fields and ghosts of the twisted Courant sigma model (due to the index a the
fields A and € are doubled). The ghosts €®,1,, correspond to the scalar and 1-form gauge parameters
and the degree 2 ghost 1, is the ghost for the ghost 1,,.

We observe that a term quadratic in the field equations is generated in the gauge algebra (3.10).
This term is absent for vanishing 4-form. Thus we see that twisted Courant algebroids feature
a new property compared with standard gauge theories, that of nonlinear openness of their
gauge algebra. This was also identified before in the context of twisted R-Poisson models [35],
further studied in [23, 51]. Related to this is the fact that the 1-form gauge parameter 1,12
receives a field equation contribution, one more unconventional feature of the model. In
principle one should further calculate the Jacobi identity for the gauge algebra and higher
identities thereof and identify all the structural quantities that appear on the way. We
refrain from embarking in this complicated task for the moment, since an equivalent way
of addressing this goes through the BRST transformation and its various powers, as we
discuss below. Another feature of the gauge algebra which is worth highlighting is that the
coefficient of the term which is nonlinear in the field equations is explicitly symmetric in
its first two indices, see eq. (3.15). This will also play a crucial role in understanding the
systematics of the BRST formalism for the model.

The second remark is that the gauge transformation §¢® is not tensorial. To express
it in a basis-independent form one must take into account changes of frame in the target
space. This can be parametrized by a connection on the twisted Courant algebroid, which is
one of the reasons we introduced such objects in the previous section. We will also account
for this directly within the BRST formalism.

3.2 On-shell closed BRST transformations

Following the standard steps of the BRST procedure, we now promote the gauge transforma-
tions discussed previously to BRST transformations which will be nilpotent on-shell, namely
on the constrained surface. The two gauge parameters € and ¢ are assigned a ghost degree 1
(we do not introduce new notation for them) and moreover due to the first stage reducibility
of the system we must introduce an additional ghost of degree 2 which we denote as QZ This
is the ghost for the ghost . We summarize the fields and ghosts, which are the same as
for the usual Courant sigma model, in table 1.
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We denote the on-shell closed BRST transformations as sg to avoid confusion with previous
and later notation. We have not introduced antifields yet but we can already mention that
s¢ is the “longitudinal differential” in the sense of [16] and therefore it annihilates antifields.
According to our earlier discussion, the BRST transformation of the fields in non manifestly
covariant form is

500% = de® + ?03Q% + 5™, (3.17)

where Q% are the components of Q7. The coefficients are controlled by the first derivatives of
the homological vector field, as expected by the general form that contains the Lie derivative
along it. Anticipating a generalization of the present situation to any higher gauge theory in
the sense of ref. [41], we move on to determine the analogous general collective expressions
for the ghosts and ghost for ghost, a task that was not performed in [41]. To determine
the general form of the BRST transformation on the ghosts we make the following degree
2 Ansatz, neglecting the pull-back map for the time being:

1
soe” = de® + €73 (0) + SNG, (9) + surive”, (3.18)

where €* = (0,0, —Jﬂ) is an alternative notation for the ghost for ghost that aligns with the
previously introduced notation. Consistency of the BRST formalism imposes constraints on
the undetermined coefficients x and A. To determine x and A in eq. (3.18) it is enough to
require that the square of the BRST transformation on the fields vanishes weakly,

s2p* =0, (3.19)

with = denoting weak equality. Note that siiv¢® &~ 0 anyway and it does not influence
the rest of the calculation. The result of imposing this condition is that the coefficients
x and A\ are given as

kg = —0pQ“, (3.20)

gy, = —050,Q°. (3.21)

We observe that they are controlled by the first and second derivatives of the homological

vector field QY. We note in passing that second derivatives of the homological vector field

are related to the Atiyah cocycle on the dg manifold M, here for the trivial connection. A
relation of the Atiyah cocycle to gauge theory was suggested in ref. [26].

To complete this local analysis, we need to determine the BRST transformation on the

ghosts for ghosts €*. Since in the present case the single component of this quantity is a
scalar field, we do not need to include any exterior derivatives. We make the degree 3 Ansatz

s0€® = €7 R, () + €7 NG 5() - (3.22)
Consistency requires that

s2e® =0, (3.23)
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which fixes the new undetermined coeflicients to be

K3, = 050,Q%, (3.24)

AS 5 = 950,05Q° . (3.25)

It is thus found that also third derivatives of the homological vector field appear in the BRST
transformation of the ghost for ghost. This is also expected in view of the relation of these
transformations to the Kapranov L[1] algebra that governs the BRST structure of any higher
gauge theory as proposed in ref. [26] to which we refer for more details. Summarizing the
above discussion and ignoring pullbacks for the time being, we have proven that consistency
of the BRST formalism leads to the following:

Proposition 3.1 The BRST transformations of the fields (¢) = (X*, A% B,,), ghosts
(€*) = (0,€*, —1p,) and ghost for ghost (€*) = (0,0, —V,Z“) for a 4-form twisted Courant sigma
model take the following form in terms of the components (Q%) of the homological vector field
QM of a twisted Courant algebroid (eq. (2.76)) and their derivatives:

500" = de® + €#85Q% + syivd™ (3.26)
« ~a =B «@ 1 B « «@
spe® = de” — €7 0gQ° — 7€ €7080,Q% + Srive”, (3.27)
~Q ~ (0% 1 (6%
506® = EP1050,Q% + geﬁaeéaﬁavagcz , (3.28)

with Sy vanishing on the stationary surface.

3.3 Manifestly covariant BRST transformations

We would now like to understand the global meaning of the various coefficients in Proposi-
tion 3.1 and reach a manifestly target space covariant formulation. Let us first explain what
it would mean to implement manifest target space covariance and obtain inherently tensorial
expressions for the gauge symmetries. One may think of this as the following three-step
algorithm: (i) Consider the field ¢ and its non-tensorial gauge transformation d¢* and
rewrite it in terms of covariant quantities using the connection V; (ii) consider the index-free
field ¢ = ¢ ® e, and isolate the transformation of the pull-back basis e, in d¢%; (iii) define a
different, tensorial transformation d¥¢ by absorbing suitable field equation dependent terms
such that the final expression is manifestly covariant and tensorial.

To illustrate this procedure let us consider an example. In the twisted Courant sigma
model take the gauge transformation of the 1-form as given from eq. (3.6):°

SA" = de® + CLA + 0™ pyep, . (3.29)

9A gauge transformation always has ambiguity of trivial gauge transformations, suiv¢®. We fix this
ambiguity of the gauge transformation of A to the standard form. Such ambiguities of gauge transformations
in the BV and BFV formalisms have been discussed for the twisted PSM in [54].
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Step (i) of the above algorithm instructs us to rewrite this transformation in the alter-

native form
SAY = De® — 20T, A% + n“bpb’%ﬁz - w,‘ij“eb - pb“wﬁcACeb , (3.30)

where D is the exterior covariant derivative induced by V, T is the Gualtieri torsion tensor
and ¥V is a redefined 1-form gauge parameter. We take this opportunity to introduce the

following redefined field and parameters in accord with the analysis of section 2:1°
BY = B+ twuapA®A” (3.31)
Py = Py + wuap A%, (3.32)
DY =Y+ Swuane’e. (3.33)

Note now that this completely equivalent form of the gauge transformation for the 1-form
A% contains two additional terms generated during the covariantization process. If we now
consider the pull-back basis e, of the vector bundle X*F, this transforms under a change
of frame according to

deq = wzaéX“eb . (3.34)
We now observe that for the field A = A* ® e, we can apply the Leibniz rule to obtain
bA=0AR e, + A @ Je, := 0 A ® e, , (3.35)
where we defined the tensorial transformation (see e.g. [53])
GA" = A" + Wiy APS X (3.36)

It is a matter of mere inspection to see that the second term in this Leibniz rule corresponds
precisely to the last term in the transformation 6 A% in the form of eq. (3.30). This isolates
the transformation of the pull-back basis as instructed in step (ii) of the algorithm. Finally

we define the new transformation
SVA" = 5A" + Wi Fle, (3.37)
and the associated tensorial one
§VA" = 6V A" + Wi AP X (3.38)

This is step (iii) of the algorithm and together with the previous steps leads to the final
tensorial and manifestly covariant result

VA= (VA ®eq =6VA*® e, = De — 2T (A, €) + p*(¥Y), (3.39)

where p* is the transpose map to the anchor p. In the BRST setting we should replace ¢ and
0V with operators sp and s§ and the gauge parameters with the corresponding ghosts.

100f course it is no accident that these three quantities appear together in the same superfield of degree 2
in the AKSZ construction of Courant sigma models.
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Even though the analysis above illustrates the general procedure, it hides the advantages
of the covariantized homological vector field for twisted Courant algebroids introduced in
section 2. Indeed this rewriting obviates the need to apply the above algorithm. Instead
one obtains automatically the correct tensorial transformations on the fields of the model as
follows. We start by revisiting the example of the field A* that was detailed above. Note
first that there are two expansions of the homological vector field @, one in the basis (9,)
and one in the basis (D) introduced by the differential operators D, D=1 and D(-2) in
egs. (2.53), (2.54) and (2.55). The coefficients in each expansions are of course different:

Q" = Q%0 = Q¢D, . (3.40)
According to eq. (2.76) the “covariant” components are given as
Q% = a’pa", (3.41)
Q% = —n"py"by; + Toe"a’a® (3.42)
QZ = —V,upa"bya® — %g‘uabca“abac. (3.43)
Notice now that
DI, QL = —npy (3.44)
Dy VQe =270 . (3.45)

Putting these together we directly observe that
§VA" = De® 4 2D, Q% , (3.46)
where we used the coefficients in the alternative expansion of the collective gauge parameter:
€ =€"0q = €exDy, (3.47)

which are nothing but (e3) = (0,€%, —97). Doing the same analysis for all fields and ghosts
in the classical basis of the model, it is straightforward to show that the tensorial version
of Proposition 3.1 (with implicit pull-backs) is:

Proposition 3.2 The BRST transformations on the fields ¢ = (¢<) = ({“,A“,BZ), the
ghosts € = (e3) = (0,¢*, =) and the ghost for ghost € = (€g) = (0,0, —%y) of a 4-form
twisted Courant sigma model with source T[1]% and target M with coordinates (x®) =
(z#,a% b)) of degrees (0,1,2) are given in terms of the homological vector field QF of a
4-form twisted Courant algebroid given in (2.76) and in tensorial form as s§¢ = s§ L R eq
(and similarly for e and €) with

556% = De2 + 4DQ2 + 554,92 , (3.48)
1
sg €y = Deg — E@DﬂQ% - §6€6%D5D’YQ% + Sty (3.49)
~a ~B v « 1 B v 6 «
Sp€y = €y ey DD, QT + gevevengDngQv , (3.50)
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where D is the exterior covariant derivative on X, the differential operators D, are as in
egs. (2.53), (2.54) and (2.55) and sy,;,, vanish on the stationary surface.

The proof of the proposition is completed using the following set of equations for first
derivatives

D” 'lé = VU, DaQ’é = pa'uv
D'Q% = —n"p” . D@5 = 27500,
D'QY = —Vupa"a”,  DuQf = —V,.p"b] — Suanca’a’,

and the following set for second and third derivatives

DaDyQZ = _v,upal/ ) DcDbQ% = 277;%3
DyDQy = —28uapca®,  D'DaQY = —Vyupa”
DcDbDaQVM = _2§Mabc .

These allow to express the tensorial form of the BRST transformations on the fields and
ghosts in terms of the classical differential geometric data on a twisted Courant algebroid,
namely the anchor map p and its transpose p*, the Gualtieri torsion 7 and the 4-form twisted
basic curvature S. We present some additional details and expressions in a coordinate basis
as supplementary material in appendix B; here we report the final manifestly tensorial and
basis-independent result — with suitable grouping of terms:

s6 X = ple), (3.51)
sse= —p (%) +T(ee), (3.52)
soA=De+p*(¥Y) —2T(4,¢), (3.53)
syY = —Vp(p¥,6) — $8(e.€.6) (3.54)
ssu¥ = DY +Vp(h¥, A)+ Vp(y¥,€) + S(A € €) + 557 (3.55)
5o BY = —Dy¥ + Vp(y¥, A) = Vp(BY,€) = S(A, A, €) + 53, BY (3.56)

where the final terms in the BRST transformation of the 1-form ghost and the 2-form
field are given by

™ = J(H(p() p(6)) — Rl )~ F) (357)
S5 BT = 5 (H(p(), p(A)) — R(e, A)(—, F) = S H(—p(e), ;) (3.58)

To completely clarify and explain our notation, first note that all geometric objects mentioned
below are understood in composition with the map X and their components in a coordinate
basis are therefore functions of the pull-back coordinates X*. One can understand this better
by noting that for example the scalar parameter e € T'(X*E[1]) (which should not be confused
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with the collective gauge parameter introduced earlier) is also a section of the pull-back
bundle, and thus p cannot just act on it since its domain is the bundle F; a composition
with X is due. The same remark holds in all other cases.

The covariant BRST transformation s§ (obtained directly from Proposition 3.2 and
corresponding to 6V on the classical fields) is different off-shell than the BRST transformation
so (corresponding to § on fields) for all non-scalar fields, but remains unchanged for the
scalar fields X, e and 1; V. To explain this, first note that the field equations of the fields
B, and A® written in covariant form are

FF:=dXHF — p,ltAT =0, (3.59)
G% =G+ wiy F* A" = DA + 0™ py BY — n™* Ty A°A" = 0. (3.60)

Our definition of covariant BRST transformation is then given for the three non-scalar fields as:

sy A" = s0A” + Wiy Fre’ (3.61)
Sng = SOwZ - f‘ZLO’iEVvFU + %(8(uwu)ab + w[c,luawl/]bd)Fyfa€b> (362)
sy By, = s0B) — fzawVvFU — (O(pWyyab + w&awy]bd)F”A“eb — WG’ (3.63)

where sg$® is the tensorial transformation corresponding to the gauge transformation d¢°.
Obviously on scalar fields there is no difference since there are no scalar equations of motion
and also the field equation of X* plays no role in this since it is of too high degree (a 3-form).

4 The BRST power finesse and the master action

The BRST transformation is nilpotent on-shell, a fact that does not depend on whether
a manifest target space covariant formulation is employed or not — we shall mostly be
working on a local patch in this section but the globalisation can be performed in a fairly
straightforward way as in previous sections. Off-shell its square contains contributions
proportional to the field equations of the model, a fact we already used in order to fix it.
It is instructive and in fact very useful to determine these expressions, see appendix B for
more technical details. In terms of the components Q® of the homological vector field Q¥
using definition (3.7) for the various field strengths that correspond to the field equations
of the model, first we find that'!

s0F* = (1)1 F10,05Q% + d(50:1v0™) — sivd’DQ° , (4.1)

where F* = {F# G} are the field equations defined in (3.59) and (3.60). This is simply
the statement that the field strengths transform covariantly. Furthermore, the Bianchi
identities have the simple form

dFe + FP93Q% = 0. (4.2)

"The consistent choice of grading is dictated by the form degree of the field in question: |¢| = 0, |¢| =
—1, [e] = =2, |F| = 1. Note also that we use Deligne’s sign convention for fields with multiple grading, e.g. for
differential form degree f and ghost degree g: a1ae = (—1)flfz+glg2 201 .
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We need these transformations in order to proceed with determining the explicit form of
the square of the BRST transformation on the classical basis. Indeed it is straightforward
to show that

s =~ F10,05Q" — (=) P F09,0,0,Q°

+ d(strivﬁa) + SO(StriV¢a) + strivﬁﬁaﬁQa - 6/Bstriv¢’yayaﬁQa ) (43)
s2e = ()P F95050,Q + L(—1)I TS 7o, 50, 0,Q
+ 50(Strive®) — smveﬁevﬁg&yQa — %eﬁevstrivgbé&;@g@an . (4.4)

The square of the BRST transformation on all scalar fields vanishes identically, which also
explains the absence of s3¢®. Using (4.1) and (4.2) we can easily see that both s3¢® and
s2€ vanish weakly. Additionally, expression (4.3) is used to find the trivial transformation of
the ghosts from the trivial transformations of the physical fields by demanding the mutual
cancellation of the de*-dependent terms arising from the first two terms in the second line
of (4.3). This results in the general expressions

o 1
suind® = (=) ST Sl 5¢0.Q7 (3F7Q0 + FIFY) (45)
o1 ,
Suive® = (—1)(Q7HDF ZHO‘M(;GE(?EQBGE . QVF° (4.6)

with only nonvanishing component of H%g,s being the 4-form H,, . Although this is a
somewhat redundant presentation of the already found ones in (3.57) and (3.58), it shows the
appearance of the derivatives of the homological vector field in the trivial transformations.
Furthermore, the explicit form of the non-vanishing squares on the non-scalar fields is:

sgAY = —n P FH (%Pby"&u + 3(8,Chea + %Hubcd)ecfd) ,
sF =~ (80300 + HD,00Cote + O Haya ')
s3By = —F (au@pa”wuea + Py A?) + 1(9,05Cape + a<MHA>abc>A“ebeC)
= G (00 + HOuCote + S )€ ) — 0 Hya ' FAFT . (47

These reflect the openness of the gauge algebra of the model, even more so the nonlinear
openness as obvious from the last term in eq. (4.7), where we note again the symmetrization
in the first two indices in the derivative of the 4-form components.

At the end of the day we should have a BV-BRST transformation which is nilpotent
off-shell. The usual procedure invokes antifields such that they transform to equations of
motion. In that way the contributions of the square s will appear in the solution of the
classical master equation together with the prescribed combination of antifields. We shall
return to this in more detail below. What is important to mention here already is that besides
the square of the BRST transformation, higher powers of it which are also weakly vanishing
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Antifield | X}, | AL | Bt# | el | wfe | gfe

Ghost degree | —1 | =1 | =1 | =2 | =2 | =3

Form degree 3 2 1 3 2 3

Table 2. The set of antifields of the twisted Courant sigma model.

can (and in the present case will) in principle play the same role. In other words, one should
also compute all necessary s for n > 2, in the precise way we will explain below. In practice
it is not necessary (or possible) to compute all these powers. However, there is a maximum
power n relevant in each case. To determine this power we need to introduce the antifields,
even though we will continue working with the longitudinal differential (which annihilates
them) and not with the Koszul-Tate one. There is one antifield for each field, ghost and
ghost for ghost of the model. In the present case of twisted Courant sigma models the set of
antifields together with their ghost number and form degree appear in table 2.

We recall the main properties of these antifields. For a given field or ghost ¢ the
corresponding antifield ¢! has ghost number gh(-) and form degree deg(-) such that

gh(p) + gh(p') = -1, (4.8)
deg(p) + deg(¢') = 3. (4.9)

In words, the sum of the form degrees of any field and its antifield must be equal to the
spacetime dimension where the model is defined, here 3, because they appear as a pair in the
sector of the master action with one antifield, whereas the ghost degrees sum to —1 since the
BRST formalism introduces the extended cotangent bundle T*[—1]M with negative degree
shift that accomodates the fields and antifields together. The BV-BRST transformation'? of
each antifield is an equation of motion for its associated field, in our conventions

sl = (—1)deseN F, + (4.10)

where the ellipses denote further terms that are antifield dependent and guarantee that
the BV-BRST transformation is nilpotent. Recall that the so (or s§) part of s annihilates
the antifields,

sopl =0, (4.11)

and the part of it that is responsible for eq. (4.10) is the Koszul-Tate differential [16].

120ur terminology is such that the off-shell nilpotent transformation is called BV-BRST and the only
on-shell nilpotent one is called just BRST.

— 27 —



In the present work we will not have to deal with the full BV-BRST transformation. The
above properties of the antifields already dictate which powers of the BRST transformation
before the introduction of antifields are sufficient to determine the master action. To find this
all we need to know is that the master action must have vanishing ghost degree. Obviously
the classical action Sy already satisfies this requirement. Furthermore the generic term ¢fsgep
also satisfies it for any field and ghost due to (4.8) and the fact that the BRST transformation
has ghost degree 1. This is the well known term in the master action with one antifield.
Taking this logic one step further, let us consider the square of the BRST transformation on
some field or ghost ¢. This is either zero or it contains terms proportional to one or more
equations of motion, including products thereof in the case of nonlinear openness. To include
these terms in the action we need to replace equations of motion by corresponding antifields
that transform to them under the Koszul-Tate differential. Then one must consider higher
powers of the BRST transformation and do the same as long as the result is of vanishing
ghost degree. To remain general, assume that we include in the action a term of the type

'O, (4.12)

of ghost degree zero, and with O()p = sop. Assuming absence of scalar antifields and of
terms in the action that would contain a Hodge star, the lowest form degree of an antifield is
1 and we conclude that there is a bound on the integer n, equivalently on the power n — 1:

n—1<deg(p). (4.13)

Thus the total power of the BRST transformation we must consider is field dependent and
the absolute maximum power in a model is equal to the highest form degree. For instance
in the case of the twisted Courant sigma model this power amounts to n = 3, whereas for
the twisted Poisson sigma model it is not necessary to go beyond n = 2.

Based on the above discussion and disregarding scalar fields for which this is obviously
irrelevant, we see that for the 1-forms A® and 1, we only need to know the square of their
BRST transformation, which we have already found, see (4.7). These will contribute to
the action as

P 0m)p = o1 (s0(0a)9)) (4.14)

where we defined the operation of taking any expression ¢ (here of the form (sg)%¢) that
contains an equation of motion and replacing the equation of motion with the corresponding
antifield:

f(g@) = 80|].‘_> —1 degF+1 T (415)
(-1 s
Specifically,
Al O @A = ™ ALB(=0up by — 5(9uCbea + 5 Hpuped)e€”)
Oy = W BTN (=0,00p0" Pue” = §(0u00Cabe + O Hayane) ") . (4.16)

Moving on, for the 2-form B, there is a subtlety due to the nonlinear openness of the
gauge algebra. Recall that in the commutator of gauge transformations on the 2-form,
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eq. (3.10), we encountered a nonlinear term with symmetrization in the first two indices
of its coefficient. The same structure appears in the square of the BRST transformation,
the last term in eq. (4.7). Since this will have to appear together with a product of two
commuting antifields, we are prompted to replace only the equation of motion whose index is
within the symmetrization. In other words the operator § acts only on one of the two field
equations in the product as specified. This gives the term

B0 9B, = BM"B™(~0,05p0" (Yve® + 1y A®) — 1(8,01Cabe + 0y Haabe) A% )
B Al (=0upa” by — §(9uClabe + 3 Hyuave)e'€")
_ %BT“BTA@LHAMW%”F” ) (4.17)

Furthermore, for the 2-form field B, we expect a cubic antifield contribution of ghost degree
zero.' The cubic contribution is obtained by replacing the remaining equation of motion in
O(2)p with the corresponding antifield, performing a (third) BRST transformation and again
replacing the newly generated field equation with the corresponding antifield. The result
contains terms of various ghost degrees and to isolate the correct term we should project
to degree 0. What we explained in words takes the form:

0T O = o' (80 (f (0(2><p))) lanzo - (4.18)

This is the right way in which the cube of the BRST transformation contributes. Specializing to
the only field for which this general procedure is relevant in the present case, the contribution
to the master action is

BT”O(3)BIL = Binptrpte <8M(9>\agpal/1;,/6a + %OuaAa,,Cabce“ebec

%(8 0 H)\abc - ga“a)\paVH,,gbc)ﬁaébec) . (4.19)

The procedure is described in more technical detail in appendix C. Then as a preliminary, cal-
ibrating result which is simple to prove we state the following for the case of vanishing 4-form:

Proposition 4.1 The AKSZ-BV master action for the (untwisted) Courant sigma model
can be expressed as

ghgo-i—n
Sevo = C1|H o Z T : O(n)90|H=0 ’ (4'20)
n=1

where S is the classical action, ¢ = (¢, €,€) is the collection of fields, ghosts and ghost for
ghost, and the O, ¢ is defined as above with H = 0. The factor B counts the number of
antifields of the same kind in any of the terms in the sum and the symmetry factor 3, counts
the terms that appear more than once for a fized n.

13The cubic contributions of higher ghost degree contribute to potential anomalies controlled by Bianchi
identities [55]. We shall not analyse these issues here.
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The proof is a direct comparison'* of each term in the sum of eq. (4.20) with the corresponding
terms with 1, 2 and 3 antifields in ref. [4]. This is then nothing but an alternative rewriting
of the AKSZ theory in 3D, in which the expansion in the antifields is obtained at face value.
This slightly alternative perspective is useful for two reasons. First, it can be upgraded
relatively easily to a manifestly target space covariant form where the various coefficients
in the master action acquire a geometric interpretation in terms of the Courant algebroid
structures and tensors, namely the Gualtieri torsion and the basic curvature. The second
advantage, in which we focus here, is that the above form of the master action can be used to
account for the 4-form twisted Courant sigma model for which there is no three-dimensional
AKSZ construction.!® This is accounted for by the following:

Theorem 4.1 The minimal solution of the classical master equation for the 4-form twisted
Courant sigma model is

3 ho+n
_1)9he
SBV = Scl ol Z (’%'5 SDT : O(n)(p’ (421)

n=1

where S is the classical action, ¢ = (¢, €,€) is the collection of fields, ghosts and ghost for
ghost, and the O,y is defined as above including the 4-form contributions. The factor By
counts the number of antifields of the same kind in any of the terms in the sum and the
symmetry factor B, counts the terms that appear more than once for a fized n.

We call this procedure for obtaining the master action the “BRST power finesse” because
instead of the standard approach of homological perturbation theory where the master
equation is solved order by order by adding terms to the master action with increasing
number of antifields, here all essential information is obtained directly from the on-shell closed
BRST transformation. This is of course completely equivalent, it just avoids some technically
challenging steps at the price of computing the higher powers of the BRST transformation
as explained above. In cases where the AKSZ construction is not directly applicable or
when a global geometric interpretation of the coefficients in the master action is desired,
this procedure is technically advantageous.

The detailed expression for the BV master action is given in appendix D. Obviously it
reduces to the AKSZ-BV action when the 4-form vanishes. Moreover, it is directly checked
that for the special case of M being a twisted R-Poisson manifold of order 3 in the sense of
ref. [35] it reduces to the master action of the three-dimensional twisted R-Poisson sigma
model, which was tediously determined in ref. [23], see in particular section 4 in that paper.
The agreement of the presently more general case to the special case there is established
with the following identifications,

p=TIF, CW =9,I", CHP=RMP, (4.22)

1Up to irrelevant differences in conventions and notation.

Y Even though one can consider that it can be obtained as a boundary theory of the AKSZ construction in
four dimensions, see e.g. the approach developed in ref. [56], it would be difficult to find the right boundary
conditions for this to happen, especially to do this in a systematic way.
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where II* : T*M — TM is the map induced by a Poisson structure II and R*” are the
components of a 3-vector that satisfies

[IL, Rlsx + (II%4, H) (4.23)

which is the defining condition of a 4-form twisted R-Poisson structure of order 3, giving
rise to a special case of a 4-form twisted Courant algebroid.
The general result may also be written as

SBV = SBV,O + SBV,H) (4-24)

where the AKSZ action is what we denoted above as Spy, and Spyu contains only H-
dependent terms. This is useful in isolating the new contributions and eventually proving that

(S(], S3)Bv + (51, SQ)BV =0, (4.25)
2(51, S3)BV + (SQ, SQ)BV = 0, (426)
where S; is the sector of Spy with ¢ antifields and (-, -)gy is the odd BV bracket. Using the

axioms of the pre-Courant algebroid in the covariant form (2.72) and (2.73), their derivatives
and the following identity,

p[auvugubcd} = _vup[augubcd] - 35]/6[(11)7;3] ’ (427)

we have validated by direct computations that these nontrivial conditions hold. Together
with the remaining, simpler identities, this establishes that this is a solution to the classical
master equation and that the above theorem is valid.

Comment on the quantum master equation. Before closing this section, let us turn to
the question of the solution to the quantum master equation. Recall that the BV Laplacian
is defined as

oy 02

h

A:E <_1)g(<p)5 —
a P Pa

(4.28)

where the sum is taken over all fields and ghosts and the functional derivative acts from
left to right. Then the quantum master equation is

1
iAW = (W, W)y, (4.29)

where W is the quantum action whose loop expansion starts with the classical master action
Spy. It was shown in ref. [57] that the minimal solution to the classical master equation
of the Poisson sigma model satisfies the quantum master equation too. Note, moreover,
that this remains true for the twisted Poisson sigma model, as can be directly seen via its
master action in eq. (4.36) of ref. [21].
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Let us check what happens in the Courant or twisted Courant sigma model. There are
six terms in the minimal solution to the classical master action on which the BV Laplacian
does not vanish, namely those with simultaneous appearance of a field and its antifield:

S = / (—lea“(X)e“ _ (A;Ab + ;4&) Clc + (BB, + o1, + §140,)0,p0" "

(4.30)
This is easier to see in the expanded form of appendix B. The rest of the terms are in the
kernel of the Laplacian. All terms in (4.30) are independent of the 4-form and therefore they
are the same for both the twisted and the untwisted models. A simple inspection shows that
the XTX and @qu terms cancel out after the action of the BV Laplacian. Noting moreover
that a 2-form and an 1-form have the same number of components in three dimensions, it
turns out that the BT B term cancels out with the 1) term. What remains are the AT A and
e'e terms, which vanish separately under the action of A because the result is proportional to
C%,. Thus the classical master action we determined for the (twisted) Courant sigma model
is also a solution of the quantum master equation.' We clarify that by this we mean the
naive quantum master equation in the sense of ref. [58], since in the infinite dimensional
setting of field theory the odd Laplacian is not well defined.

5 The gauge fixed master action

To complete the picture painted in the previous sections we embark in gauge fixing the large
gauge symmetry of the twisted Courant sigma model. This is a necessary task if one wants
to compute correlation functions, even though we shall not do this in the present paper —
see [2] for computations of bulk/boundary correlators in the open membrane case. It also
serves as an illustrating example for the general theory of gauge fixing within the BRST
formalism [16, 59] and the AKSZ construction in particular [60].

The first step toward gauge fixing is to further enlarge the minimal set of fields and
ghosts to a non-minimal set. A non-minimal set contains more fields than it is sufficient to
solve the classical master equation. However the classical master equation does not have a
unique solution and indeed the larger set still generates a solution. These additional fields
are usually called trivial pairs and they contain antighosts!'” and Lagrange multipliers. We
will use the general notation £ for antighosts and ( for Lagrange multipliers. They also come
together with their corresponding antifields so that ¢ will be antifields for the antighosts
and ¢! antifields for the Lagrange multipliers.

Let us briefly recall the general properties of these additional fields. For an ordinary
1-form gauge field such as A%, we have a scalar gauge parameter such as €* which we replaced
by a ghost of ghost number 1 with the same name in the BRST treatment. To each such
ghost we assign a trivial pair (§,,(,). The ghost number of the antighost &, is the opposite

Note that the calculation of the AS includes divergences since the BV Laplacian includes the trace of
the functional derivative. In fact, AS; = C - 0 with an infinite constant C similar to the case of the Poisson
sigma model [57]. We can prove that the proper gauge invariant regularization exists and the (twisted or not)
Courant sigma model satisfies the quantum master equation under this regularization.

1"We remind here that antighosts are not the same fields as the antifields of the ghosts.
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of one for its ghost, in the present case gh(§,) = —1. We also require that the ghost number
of the Lagrange multiplier is in general

gh(¢) = gh(¢) +1. (5.1)

The reason for this is that the Lagrange multiplier will eventually pair with the antifield
of the antighost in the non-minimal solution of the classical master equation and therefore
the two must have opposite ghost number. Since gh(¢f) = —1 — gh(¢), this means that we
require gh(¢) = —gh(¢") which is nothing but eq. (5.1). This means in particular that for a
usual gauge field the ghost number of the Lagrange multipler vanishes. Counting degrees of
freedom, an 1-form in d dimensions has d components and we reduce 1 for the ghost and 1
for the antighost to reach the correct number of d — 2 polarizations for a massless gauge field.

For 2-form gauge fields the situation is a little more involved due to the reducibility of
the gauge theory. An example is the 2-form'® B, in the twisted Courant sigma model but
the discussion is general. In this case we have a 1-form gauge parameter v, which we turn
into a ghost of the same name and ghost number 1. To this we assign an 1-form antighost £
of ghost number —1 and the Lagrange multiplier (* of ghost number 0. We also have the
scalar ghost for ghost J# of ghost number 2 to which we assign a scalar antighost £~ # of ghost
number —2 and a Lagrange multiplier E # of ghost number —1. This is however not enough to
yield the correct degree of freedom count. There is one additional field to introduce, what is
usually called an extraghost that we denote as ¢, - This is an auxiliary scalar field of vanishing
ghost number together with the Lagrange multiplier C_“ of ghost number +1. To justify this
proliferation of fields, recall that a 2-form in d dimensions has d(d — 1)/2 components from
which we subtract 2d from the two 1-form (anti)ghosts and we add 3 at the next level from
the ghost for ghost, antighost for ghost and extraghost. The result is (d — 2)(d — 3)/2 which
is the correct number of polarizations for a massless 2-form. For the field content of the
(twisted or not) Courant sigma model we summarize the trivial pair content in table 3 and
their antifields in table 4. Although in the case at hand the situation is not exceedingly
complicated, we also present the rather simple BV triangles for clarity:

B,

N SN

&r Yu (5.2)

e SN

&u n D

Now we are ready to write down a non-minimal solution to the classical master equation
which is

S = Sev + [ €%, (5.3)

where the collective notation £ = (¢7@, §L, 5;, 55) and (, = (Cq, CH, CH, éu) was introduced.
This is the action that we would like to gauge fix. To do so we must introduce a Lagrangian

18Tn this section we consider the original fields before the redefinition.
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Antighost/Multiplier | & | & | &€* | &u | G | CH | CH | Cu

Ghost degree —1|-1}-2]0]0|0|-1|+1

Form degree 0 1 0 00711 0 0

Table 3. Antighosts/extraghost £ and Lagrange multipliers ¢ for the twisted Courant sigma model.

Autifield | €7 | & | &8 | & ¢t g ¢l ¢

Ghost degree 0 O|+1|-1]—-1|-1|0 -2

Form degree 3 2 3 3 3 2 3 3

Table 4. Antifields of the antighosts/extraghost £ and of the Lagrange multipliers ¢ for the twisted
Courant sigma model.

of degree —1 usually called the gauge fixing fermion and denoted by W. This is a functional
independent of all antifields and it is used to fix all antifields as

)

= 5.4
° =5, (5.4)
and thus eliminate them from the action as
ov
Sar = SS_V {90’ SOT = &P} . (5'5)

The gauge fixing fermion is of course not unique and its choice implements different gauges.
Nevertheless there are some basic requirements that have to be satisfied, stemming from the
necessity to have properly defined propagators in the theory. We refer to [61] and to the
review [59] for more details on this general point. For a é-function gauge fixing the gauge
fixing fermion is independent of the Lagrange multipliers and an admissible choice for a first
stage reducible system has the following form in our notation:

w = [ (faff(¢) € () + EF 2 () + f“fi’u(@&) , (5.6)

where all four f; are functionals only of the fields and they are required to have proper
rank [61] so that propagators exist. As remarked e.g. in [62] a standard gauge fixing in the
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AKSZ construction is to consider a Riemannian metric that defines a Hodge star operator
and a gauge fixing fermion with fields in the image of the codifferential d = — % d . This
is in line with eq. (5.6) and it was already used in [2] to consider the following gauge fixing
fermion for the Courant sigma model

Usosm = / (dfa * A% +dE « By, + dg“ * Py + dgu * f“) ) (5.7)

which up to total derivatives is of the same form as (5.6) for suitable choice of f;, that is
fo = xdfAe, fou = *dTBH, [y, = *dT(FZ and fy, = df = 4. We can use the same one for
the twisted Courant sigma model too. This choice fixes the antifields as

Xtr=o, Al = xde,, B# = s der (5.8)
62207 wTM:_*dgﬂ, JTNZO’ (59)

§o=—dxA, g =d«B,+xdf, {f=—dxy,, {=-dx&, (510

and all antifields of the Lagrange multipliers vanish: ¢(t® = 0. Then we can write the
complete form of the gauge fixed master action as

SGF = Skin + Sint,O + Sint,H ’ (5~11)

where the kinetic, H-independent interaction and H-dependent interaction terms are given
in non manifestly covariant form as:

Sin = / (—BAdX“—*dCﬂ)+A“(§nabdAa+*dca)+¢M<*d5”—d*d§“>
—e“d*d&a%—iﬂd*dg’%t@*dgu—l—CMd*g“) , (5.12)

Suo= | (pa“BMAa L Coapee® e+ (1™ + O APEC) s,
+ (Oupa” (Bue® =y A*) + 10, Capc A" AP¢) xde
— (Oppa” (Vv A" + ") + 30, Cape A% ¢) x dLH
— 0™ (Dupp” U + 10, Chegee®) x dgg xdg!
+ (0u0pa" Pue” + 10,05 Capeeee”) x dEH A€
— 5(0u0Apa” (€ + 1y A”) + 10,05 Cape A" + d€H xdE™

+ 18,0005 pa” Dy € + 10,020 Copee®ee®) # d&H 5 dE™ dg”) , (5.13)
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St = / (— S(Hyuape A" AP+ Hyqpe® AP FY + L H 50" FY FY) 5 dEF
— % (HwbcAaebec + %HwabeaebF”) * dE“
— %nabHudeeced *xd&, xd&r + %O(HH/\)abceaebec * dg“ s de?
— 20y Hahe A" + 30, Hgpee e F) 5 dEF 5 dEN

+ % (0u0\H gabe — %5u8,\pa”Hwbc)e“ebec s dEP 5w dEN * df”)

+/AX*H. (5.14)
b

The gauge fixed master action can be written as the sum of the classical action plus a
BRST exact contribution, as expected for a topological field theory of Schwarz type [63],
where the classical action is completely metric independent. In order to show this, we can
first write the gauge fixed BRST transformations:

Sgrp = (SBVa SO)BV’SOT:@ . (5.15)
oy

The precise form of these for the relevant fields is

sarA? = 50A% + 0 (s Uy + 3(0uChed + 3 Hupea)eSe?) * dEP, (5.16)
Sarlu = 80Uu + (0u0rpa" Vre® + £(0u07Cabe + 0 Hyape )€ € e®) * dE™ (5.17)
SGFEQ - CO{ ; (518)

and finally a longer one for the 2-form which is

sar By = 0By — ™ (8upp”ty + 2(0,Chea + 3 Hypea)e“€?) * d&,
+ (8u00pa" e + £(9u0\Cape + O Hyape )€ e®) * dE>
— (0u0rpa” (ue® + Uy A") + (0,07Cabe + O Hyyape) A€€°
+ 200, H ) pape e F7) * A&
+ (040705 pa" b e® + 18,0305 Copeee’e

+ (20,00 Hyyape + 200,05p0” Hyype) €%€"€%) % €7 + &> . (5.19)

Using these BRST transformations, the gauge fixed action (5.11) for the 4-form twisted
Courant sigma model can be written in the simple form

Ser = S + /SGF(Aa kA€o + By d€P — i, x dEF + 4% dE,).  (5.20)

This proves that the twisted Courant sigma model is a topological field theory of Schwarz
type, as expected.
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6 Conclusions and outlook

Motivated by the geometric approach to the BRST formalism mainly represented by the
celebrated AKSZ construction, we have studied in depth the BRST structure of 4-form twisted
Courant sigma models. These are topological membrane sigma models in three dimensions
with a Wess-Zumino term that corresponds to a 4-form flux. Their gauge structure is
controlled by pre-Courant algebroids where the violation of the Jacobi identity of their
binary bracket is controlled by a closed 4-form. Our approach offers simultaneously a global
perspective to ordinary Courant sigma models that constitute one of the main examples
of the AKSZ construction and a method to solve the master equation for twisted models
where the AKSZ construction is not directly applicable.

Specifically, we showed that there is a manifestly frame independent formulation of the
master action of the Courant sigma model with all coefficients in the interaction terms acquir-
ing a geometric meaning. This is achieved by the introduction of an auxiliary (generalised)
E-connection on the Courant algebroid with vector bundle E. Two tensors associated to this
connection play a distinguished role. One is the Gualtieri torsion tensor and the other is the so-
called basic curvature tensor which measures whether an ordinary connection on the Courant
algebroid from which the generalised connection is induced is compatible with the Courant
bracket—(in the sense of being a derivation of it). Although the full AKSZ master action is
of course covariant in any form, our approach reveals that covariantizing term by term the
expanded action the interaction terms come together with these tensors and their derivatives.

Apart from the aesthetic appeal of a geometric interpretation of the BV coefficients, an
advantage of this geometric observation is that it shows a clear path in finding the master
action of the twisted Courant sigma model, which is not of the AKSZ type in three dimensions,
without residing on four-dimensional AKSZ and boundary conditions or to direct order by
order computations, both of which can be very complicated. In applying the method we
proposed, it is enough to work at the level of the on-shell closed BRST transformation and
compute higher (in the present case third) powers of it beyond the usual square, at least in a
certain way that involves a specific replacement of field equations with antifields before each
higher power is taken. What happens then is that we obtain a formally identical expanded
expression of the master action for the untwisted (AKSZ) and twisted (non AKSZ) cases.
This BRST power finesse of the master action utilizes the masterful AKSZ construction to
go slightly beyond it, being admittedly more complicated that vanilla AKSZ but still simpler
and more geometric than fully fledged BRST.

Having identified all the 4-form-dependent terms in the master action, we also discussed
its gauge fixing and in particular we showed that the complete quantum action can be
written as the classical action plus a “BRST commutator” term. This confirms that the
theory is topological and in particular that it takes precisely the form of a Schwarz type
theory, as expected since this is the case for Chern-Simons theory which is the backbone
of the twisted Courant sigma model.

Although the model we studied is particular, the approach we have followed is expected
to have broader applicability in the realm of higher gauge theory, especially in the graded
geometric approach of ref. [41]. One obvious desideratum would be to extend the spirit of
the AKSZ construction beyond the topological field theory territory. An example of this
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has been suggested in refs. [64, 65]. Another path toward more universal results would be
to develop a precise correspondence between the BRST formulation of the twisted Courant
sigma model and representations up to homotopy (ruths) for Lie 2-algebroids. The reason
to expect a direct correspondence is that the main example of ruth for Lie algebroids is
their adjoint representation constructed in [28] in terms of the basic connection and the
basic curvature tensor. Then one could expect that the appearance of the basic curvature
tensor for Courant algebroids in the Courant sigma model and its twisted version is a signal
of a ruth. Ruths beyond Lie algebroids were discussed in [24] and precise constructions
inspired by the BRST formalism for higher dimensional Hamiltonian mechanics will be
reported in future work.
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A Classical gauge invariance

The classical action functional of the twisted Courant sigma model (3.2) is
1 1
5, = / <—BMdX“ + T AAY + i (X) B, A” + ?)'Cabc(X)AaAbAc) + /A X*H
T[S ! s

where H is the pullback of closed 4-form on the body M of the target. If H is also exact,
H = dG, the resulting action functional can be rewritten as an untwisted Courant sigma
model with redefined 2-form B, and redefined structure functions Cgp.

By =B, — %G ueF"F7 + 1Guopa” A"F — LG opa” pp” A®AY
CNtabc - C(abc + PaMPbVPgGuuo 5

for G = %GWJ(X)dX”dX”dX" and F* = dX#* — p,#*A*. Thus we see that the only relevant
part of the twist originates from the non-exact part of the 4-form H [12].
The gauge variation of the Wess-Zumino term drops to the boundary:

5 /A L H o dXPAXVAXAX = / 2 € pat Hyord XV dX7d X (A1)
s TS

Now we can use the symmetry H — H + dA, for some 3-form A, in order to remove the
exact part of H from further discussion. Namely,

o /\ X*(H + dA) = / %ea(Haua/\ + 4paﬂa[uAyoA])qudXUdX/\ )
by T ™

so we can choose A to remove the exact part of H, i.e., to set 3-form on the target to zero.
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One can now proceed with finding the gauge transformations that leave the classical
action invariant. The only new term in comparison to the untwisted case is (A.1). The
simplest way to obtain the sought-after result is to substitute dX* = FH* 4+ p,#* A% in all its
three appearances on the right hand side of (A.1). All H-dependent terms that contain F*
will go to the redefinition of the gauge transformation of B, and the only one that does not
contain F'* and is proportional to Hgp.q twists the Jacobi identity (2.71). Using the classical
gauge transformations for the untwisted case, which we recall here,

OXH = ept . SAY = de® + CLebe + nabpb“wu ,

and eqs. (2.69) and (2.70) we obtain
1
dSa = / (—F“ (5Bu + dvpy + Oupa” (Bue® — 1, A®) + 5(8#0111,0 + Hpyape) A A€l
1 a pAbv 1 a v A
+ §H,uyab€ A°F + EH#V)\GE F'F

1
+ A A A0 0, Cate — 3pa Oy Chd + BCse s — Habcd)> L (A2)

The vanishing of the first two lines fixes the classical gauge variation of B, and the last
line gives the Jacobi identity for a twisted Courant algebroid, (2.71).

B BRST transformations in local form

In Proposition 3.1 we gave a set of general expressions for the BRST transformation of
the fields (¢%) = (X*, A% B,):

500% = de®* + eﬁagQa + Striv®” . (B.1)

The invariance of the classical action (3.2) fixes the transformations stiv¢®. Using the
explicit expression for the homological vector Q7 given in (2.68) one can show that the
transformations (B.1) which explicitly read

so X" = pote”,
s50A% = de® + n“bpb”@l)u + CgcAbec,
soBy = —dv, — Oupa” (Bye® — 1, A®) — %(8MCabc + ILIWI,C)A‘ZAZ’GC

_ig

5 ul/abeaAbFV - %Huu)\aeaFVF)\a (BZ)

indeed leave the classical action invariant. As explained in section 3.2, the BRST transforma-
tions of the ghosts (¢%) = (0, €%, —v,) and ghost for ghost (¢€*) = (0,0, —1,,) are determined
imposing that (sg)2¢* and (s¢)%¢® vanish weakly. Thus the general expressions

1
Soﬁa =de® — NﬁaﬁQa — 56’867858762& + Striv€a )

1
506 = ¢P1950,Q% + geﬁaéaﬁawag@a , (B.3)
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lead to
s0€ = — n“b(pb“{bvu + %C’bcdeced) ,
50 = = Oupa” Pue® = §(0uCabe + Hyuave)e e’
0% = Aty + Aupa” (b A% + ™) + 2(0uCape + Hyape) A€ + L H, e FV . (B.4)

It is straightforward to verify that (B.2) and (B.4) indeed give (4.7) when squared.
Similarly, in Proposition 3.2 we defined the tensorial BRST transformations of (redefined)

fields and ghosts (3.31)—(3.33). The explicit coordinate expressions of the covariant BRST

transformations with the basis transformations defined in analogy to (3.37) are:

sy XH = patet,
syt = ="y + 0 Toapee? — pytelwioel,
sngj = —V,upa" Py € — L5, pee’ele” + pa”e“f‘za by
sy A* = De” + % py 1y — 20" Teap A% — pylew A°,
sy = DUy + Viupa” (U5 A + 4 %) + Spanc A€’ + pa7 T )
+ Y(Hpap — Rapy )" F”
s§BY = —Dyy + Vyupa" (V) A = By €*) — Spuapc A AP + po” €T, BY
— (Hyvab — Raby )" APF” — LH 50" FVF° . (B.5)

As discussed in section 3, for 4,1V, BY these transformations, defined in egs. (3.61)—(3.63),

differ off-shell from the non-tensorial ones. Finally, the non-vanishing squares are:
(s§)2A% = ™ FIH(=V uop" 0y — gucdbecﬁd + Y(Hyped — po” Redyp)€%€?)
(55)*08 = FMN(pa” Riurye = Vi Vr)pa" Y05 € = 5V (uSn)abee ") ,
(50)°BY = FM(pa" Rynye — VuVaypa”) (W5 € + 105 A%) = V(S ape A%€)
+ GV =V upa" Py = Spabee’€” + §(Hpuave — pa” Rocyu)€'¢))

+ FAFU(%RI(IM,\)U&Y - %(v(,uH)\)aab - V(uRab/\)U)eaeb) . (B-6>

C Technical annex to the BRST power finesse

As discussed in section 3, we can use just the on-shell closed BRST transformations to obtain
the minimal solution to the classical master equation. When the 4-form H vanishes we
can fix O(,¢ using only the homological vector field (), as one expects from the AKSZ
construction. For n = 1, by definition we have

Oy¢™ = 506" = de” + 95Q" .

As explained in the main text, O(2)¢* is obtained from (50)2¢* by substituting a field equation
with the corresponding antifield. Because of the grading we must carefully define how this
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substitution is done. We postulate that the field equation is first brought to the left-most
position of each expression and then the substitution is performed. Thus we rewrite eq. (4.3) as

~ o 1 s o
(s0)%0* = —F° (eﬁasaﬁQ +5(=1) P €1895050,Q ) ,

where s = (|¢®| 4 [€7])(JF°| + 1) are signs obtained from commuting graded variables. After
substituting F — (—1)deg]:+1¢}_- we obtain

s =1 (0% 1 S (6
O¢® = (1) 1o} (eﬂagaﬁQ + 5(—1) ?€195930,Q ) . (C.1)
Similarly, for the ghosts we have
1
Oy = d&* — €P93Q” — 56’6678537@& ,
O(aye® = o2 ( (—=1)18%€705050,Q% + l(71)82&7660 930,0-Q
) F 5050, 3 503050 ;
where the signs are s; = (|¢7| + 1)|(F°| + 1) and sy = (|®| + |€7] + [€5] + 1)(|F°| + 1).
For the Courant sigma model we also get a cubic contribution from the highest-degree
field B,,. Thus we need to calculate so(O)¢) and collect contributions proportional to

the field equations. The only relevant contributions come from deé and de terms which are
in turn obtained from sgpe® and sy¢:

50(O(2)0™) D (—1)F7 1100 (Eﬁdaavagaﬂcga + (—1)*dé? 950950, Q*

4 ;(—1)8’6/36%&@358587@&) :

we used D to denote that the terms on the right hand side are included to the quantity on
the left hand side together with additional terms that we do not focus on presently, and
s = (|| + |€])|F°|. We find that the first two terms on the right-hand side collect into

a term proportional to d(é°¢?), while the last one is rewritten as a term proportional to
d(e’e’e*). Thus we have

1 /
50(O(@)#%) > —d <¢j§ <zﬂaava(;aﬁc2a Fo(-1)° eﬂaaakagaﬁaycga»
+dol? <Eﬁevavagaﬁc2a + é(—l)S’eﬂaeAaAaéaﬁanﬂ
+ (1) lpl (gﬁadwakavaéaﬁcga + (13(—1)5/65676)‘d¢”8k8)\85858762a> :

The first two lines do not contribute to the ghost number zero action. We focus on the last
line and use d¢® = F* + ¢*(Q%) keeping only the field equation part to get

1 /
50(026”) D (=)’ lghe (gﬁaf“aﬁawadaﬁcga + (=1’ eﬁevekf“aﬁa@aaﬂm@a) .
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Now we commute the field equation to the left-most position and replace it with the cor-
responding antifield

O¢® = (—1)"¢lF el (~5aa 9,0505Q" + 6( 1)%26P€7€20,0£05050,Q° )

where the signs are s1 = 1+|F°|+|F"|(|e?|+|F?|+1) and sg = |F2|(|®|+|e7)+|F=|(|®|+]e})).
Evaluating the relevant derivatives of the homological vector field () we obtain

~ 1
B0 B, = B'*B1*Bt° <8H8)\agpa'j¢yea + 65’”6,\3(,0@06“6[’66) :

D Complete minimal solution of the master equation

Based on the results of Theorem 4.1 we write down the expanded form of the minimal
solution of the classical master equation for the twisted Courant sigma model, separating
sectors by number of antifields. This comprises the usual sectors found e.g. in ref. [4]—in
different notation and conventions — plus additional contributions that contain the 4-form
components and it reads:

Spv = So + 51+ S2 + 53, (D.1)

where Sy = S is the classical action (3.2) and the rest of the terms are given as
Si = / { AL (de + 1 oy, + CiA€) — X[ pale® — €l (n™py*hy + 3Che’e”)
B (A0 + By (B = ,A) + 50, Cae + Huare) A A+
+ S Hypape® AP FY + éHW,\ae“F”FA)
+ O (Oupa” e’ + §(0uCabe + Huave)e ")
4 1 (A0 + up (B, A"+ )
+ 2(0uCabe + Hyave) A" + iﬂwbe%bF“)} : (D.2)

Sy = /{—ALBT“Uab(aupb”Ju 3(0,Ched + 3 Hypea)ee®)

+ ™ BT (8,0xpa” Yy + 10, INCabe + O Hygpe ) € €%€°)
— 1B B™(8,07pa” (1hye® + Py A%) + (0,05 Cape + Oy Hrgpe) A% €

+ éa,uH)\o‘abeaebFU)} ) (D3>
Sy = / _%B’WBTABTU <au3,\80PaV1Zu€a + %8M8,\60Cabcea6bec

+ (é&,@“H)\abc - i@lﬂ)\pa” ,,ch)eaebec> (D.4)
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The manifestly covariant expression where all coefficients have a clear geometric meaning is
Spv = Sy + 51 + S5 + 55, (D.5)
where the primed sectors are

8 = / (“BY (X" — p,#A%) + Sng A“DAY - 3T A°APA%) + /g XTH, (D.6)

Sy = /{Xivpa“e“ — Al (De® + nabpb”?/)z — 20" Tpeg A%€?)
+ BI(DYY — Vypa" (5 A* = BY€") + Sane A" A"+
+ %(H/u/ab - Rabul/)EaAbFV + %HMVAGGGFVF)\)
ebn™(—p VY + Teae’e?) + V™(Vypa" 1y € + $Spuapce’e )

1 (DI 4+ V(B A+ 05 €%) + Sppe A+
+ i(Huuab - Rabuu)e EbFV)} (D7)

Sé B /{AlBT“n“b (_v’upl)yl;‘Y o glwdbeced + %pby(Hm/cd - Rcd;w)GCEd)
_ ¢T/‘BT)‘ ((anRl(/u/\)O' - V(uv)\)palj)/{zzea _ %v(ug)\)abCGGGbﬁc)
+ %BT,UBT/\ ((anRZ)\G - VMV)\IOQV)( Zea + QZIYAG) _ V,ug)\abcAaebEC

=+ FU(3 M)\U"vbv (HAUab Rab/\a)eaeb))} 5 (DS)

Sl = / —LBMBPBY (<Y, (0"Rip, — Vi Vapa Yo + 1V VaSpaec e’
+ 1" Bipp = ViV apa”)(Hupe = Rocuo)e"ee”) | (D.9)
where we used the following redefined antifield:
XIY = Xf — wiy (el + APAL) + TV (BY B + Tyl + 47 917) . (D.10)
A redefinition like that is expected since this is the only antifield that has total degree 2 and

participates in the same superfield as the other three fields we redefined earlier. One can
also observe that the BV symplectic form after the field redefinition becomes

Wy = / SBY BT + 5% 50T + 5p5 op T + SXHS XY + dedel + 0AGAY . (D.11)
by

A change of coordinates, as described in section 2.3, corresponds to a canonical transformation
for this symplectic form provided that the BV momentum is covariantized as in eq. (D.10).
This is true because under a change of coordinates'® we obtain

X7 = X054 (N0 (BB 0" 4 gy — (A0 A L+ AT AT,
(D.12)

YHere we use ¢ instead of ¢ to denote transformed fields in order to avoid clash of notation.
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taking into account how the connection coefficients transform. Notice that this becomes
simple precisely because bY transforms as in eq. (2.51). The original coordinate with trans-
formation (2.50) would yield a very complicated result. Finally, we stress once more that
egs. (D.1) and (D.5) are two ways of writing the same master action Sgy. This is possible
because the solution to the master equation is up to field redefinitions and the nonmanifestly

and manifestly covariant forms are related by one.
Finally we can write the action in a completely coordinate free form term by term.

The result is
S(’):/{—(BV,F)+<A,DA>—éT(A,A,A)+/§X*H}, (D.13)
St = [{(X17,p(e) = (41, De s (57,67) 2T (= A0)
+ (BL.DYT + (Vo(4),0%) + (Vo(), BY) +8(4, 4,¢)
L(H(p(e), p(A)) = R(e, A))(—, F) + tH(—, ple), F, F))
(el (0, %) + T(=, €, 0)) + (&, (Vole), §) + 4S(e, ,6))

2
(41, DV + (Vo(4),67) = (Vo(e),07) + S(4,,)

+ H(H(O:p(0) - Ble.0)(~ F)) }. (D.14)

+ L(H(p(e), p(e)) — Rle, €))(—, p(AT)))

+ 1@, (B, (DX p(e),07) + 1VS(e, e, €))

+ 3(B, (41, (D*p(e), %) + §VS(e,€,€)))

+ 3BT, (BY, (D" p(e), 4¥) + (~D Cp(A),§%) — VS(4, €, ¢)

+ 2REC(QY, -, —, F) — L(VH(p(e), p(€)) — VR(e, e))(—,F))))} , (D15

Si,’) - /{_fli(BTv (BT7 (BTa VDLCP(E)JZV)) + %va(e, & 6))))

— (BN (BY, (3D ple), (H(p(e). p(€) — R(e,€))(—, BT))))} : (D.16)

Here (+,-) is the pairing between TM and T*M and (-,-) is the pairing between E and E*
and contractions of two E’s or two E*’s with the fiber metric 7, eq. (2.39). R is the curvature
tensor for the connection w and RYC is the Riemann curvature tensor for the Levi-Civita
connection I'. DECy := VVu — (REC v) is the second order differential operator acting on
a vector field v € X(M). All tensors are understood in composition with the sigma model
base map X, for example as po X, T o X, So X and so on, meaning that their components

in a given basis are compositions with the map X.
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