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ABSTRACT

Kernel methods are widely used in pattern recognition,
including subspace clustering (SC). They transform
nonlinear problems in the input data space into linear ones
in a high-dimensional feature space. This transformation,
achieved through the kernel trick, makes computationally
tractable nonlinear algorithms possible. However,
kernelizing linear algorithms through the kernel trick is
infeasible in case of gross sparse corruptions that are
modeled by the ¢, -norm of the error term. To address this,

we propose, for the first time, a robust kernel sparse SC
(RKSSC) algorithm for data with gross sparse corruptions.
We validated the proposed approach on two well-known
datasets, using the linear robust SSC algorithm and
nonlinear (kernel-based) SSC algorithm as baseline models.
According to the Wilcoxon test, the RKSSC's algorithm
clustering performance is statistically significantly better
than baselines.

Index Terms— Robust kernel sparse
clustering, Nonlinear projection trick, Kernel Trick

subspace

1. INTRODUCTION

Clustering high-dimensional data into disjoint homogeneous
groups is one of the fundamental problems in data analysis
[2]. However, the high dimensionality of the ambient
domain deteriorates clustering performance, a phenomenon
related to the well-known curse of dimensionality.
Consequently, identifying low-dimensional structures within
a high-dimensional data is a critical challenge in engineering
and mathematics [1]. In many applications, data can be well
represented by a union of multiple linear subspaces, leading
to linear subspace clustering (SC) [3]-[7]. However, real
world data do not always conform to linear subspaces. One
way to address this problem is by formulating SC
algorithms in the reproducible kernel Hilbert space
(RKHS) H, also known as the feature space induced by
mapping ¢:X — H , instead of the original input space X .

This approach is justified by Cover's theorem [8], which
states that the number of separating hyperplanes is
proportional to the dimension of the data-generating space.
Therefore, a large dimension of the feature space is crucial
for making the data linearly separable.

Working in high (possible infinite) dimensional feature
space is computationally intractable. The standard solution
to this problem is employment of the kernel trick [9]-[11].
However, linear SC algorithms that do not use the
Frobenious norm of the error term, such as the robust
version of the sparse SC (SSC) algorithm [5], cannot be
kernelized [12]. Kernelization that accounts for outliers has
been accomplished in [10] and [11] for the ¢, -norm of the

error term. However, as pointed out in [12], it remains an
open problem how to kernelize linear algorithms based on
the ¢, -norm of the error term that models gross sparse

2,1

corruptions. Herein we focus this issue in formulating the
robust kernel sparse SC (RKSSC) algorithm.

Instead of applying linear algorithms in an induced
high dimensional space, it is possible to apply them in the
empirical feature space [13]. This space is induced by an
approximate explicit feature map that includes only a
limited number of terms from ¢ [14], or by an empirical

kernel map (EKM), see definition 3 in [15]. Notably, the
kernel principal component analysis (KPCA) transform [16]
is a special type of EKM [17][13]. This EKM was referred
to as the nonlinear projection trick (NPT) in [18]. When data
in the feature space are centered, NPT allows for the
calculation of coordinates of mapped data with respect to
the orthonormal basis of a subspace of the empirical feature
space. Then, applying the linear method to these coordinates
is equivalent to applying the kernel method to the original
data [18]. Here, we follow a rigorous proof of equivalence
between the linear robust ¢, -norm based SSC algorithm and

its NPT-based kernel version, and derive an optimization
method for the RKSSC algorithm. We show that optimal
performance of the RKSSC algorithm is not achievable by
simply applying the linear SSC algorithm to NPT-mapped
data. Instead, the derived optimization method reveals that
the regularization constant in the in the NPT-induced space
becomes a function of the square root of the rank of the
centered kernel matrix. The MATLAB code for the
proposed  RKSSC  algorithm is  available at:
https://github.com/ikopriva/RKSSC.

The rest of the paper is organized as follows. In
Section 2, we revisit the background and related work.
Section 3 presents derivation of the robust kernel SSC
algorithm. Experimental results are presented in Section 4,
and conclusions are drawn in Section 5.



2. BACKGROUND AND RELATED WORK

Although, the nonlinear projection trick concept is presented
in [18], it is necessary to understand this concept to follow
the optimization procedure for the RKSSC algorithm
presented in Section 3. Thus, we reproduce the basic
derivations behind the NPT.

Let XZ2[x,..,x,|e R™"
(training) dataset comprised of N samples in a D-

dimensional input space. Let
O(X)= [¢(xl),...,¢(xN )]e R stand for the in-sample

zero-mean data in the F-dimensional feature space. If W(X)
denotes the non-zero mean version of ®(X), we obtain ®(X)
through:

(D(X):\P(X)(IN_EN) (D

A

represent the in-sample

1,1} isan
NxN matrix with all equal to I/N. Let
K 2®(X) ®(X)e R™" be the kernel (Gramm) matrix of
the in-sample data. The rank of K is R. Because ®(X) is
centered, it follows that R<N-1. Let K= ‘P(X)T ¥ (X) be

the non-centered kernel matrix. We obtain the centered
kernel matrix as:

K=(IN_EN)IC(IN_EN) . (2)

Let the kernel vector associated with an arbitrary xe R” be
defined as:

k(x) 2 ®(X)

where Ly is an NxN identity matrix, and E, =+

elements

T

#(x)e RY . 3)

where k(x) is the EKM with regard to the in-sample data X (
see definition 3 in [15]). Let x(x) be the non-centered kernel
vector. We obtain the centered one as:

k(x)=(1, —E,)[ x(x)-+K1,]. 4)
Let P be the R-dimensional subspace of the feature space
formed by ®(X). Let ¢, (x) be the projection of ¢(x) onto

1-D vector space formed by we R” . We restrict w to be in
P, ie, w=0(X)o. for some ac R". Let K have the
K =UAU", with
A, =diag(4,,...,4;) being the leading R eigenvalues and

eigenvalue decomposition

Ur containing the corresponding R eigenvectors. The
orthonormal basis of P is obtained as:

M2O(X)U A =[n,...,n,]e R . (5)
We obtain the coordinates of the mapped training data ®(X)
in the Cartesian coordinate system spanned by IT as:

Y =A;"UK = A} UL e R, (6)
We obtain the coordinate of the projection of any xe R”
onto P in the same coordinate system as:

y=I"p(x) =AUk (x). (7

Using Lemma 1 from [18], we obtain the coordinates of the
projection vector w in P as:

w=®(X)a=Tp (®)

where B=YaeR®. Given that we now have the

coordinates of the in-sample data (6), and the out-of-sample
(test) data (7) in the empirical feature space, applying the
kernel method to the in-sample data X is equivalent to
applying the linear method to their coordinates Y. The same
applies to the out-of-sample data x and its coordinates y. In
this regard, we point out that EKM (7) is the same as the
KPCA transform given by equation (34) in [17]. In other
words, KPCA can be implemented in a new, more
interpretable way by applying PCA on coordinates (6)/(7)
[18].

3. ROBUST KERNEL SPARSE SUBSPACE
CLUSTERING

We now present an optimization method for deriving the
RKSSC algorithm. The linear SSC algorithm derived in [5]
is obtained as the solution of the following optimization
problem:

min|[CJ, +2,

A o2
Bl 12k o
s.t.X=XC+E+Z, diag(C)=0.

In the above equation, Ee R™" models sparse gross
corruption and Z e R™" models Gaussian noise. The term
Ce R™ stands for the representation matrix in the self-
expressive model X=XC, and diag(C)=0 constraint is
employed to prevent the trivial solution where each data
point is represented by itself. By setting 4, =0, we obtain
the SSC objective function optimized for additive Gaussian
noise. The linear SSC algorithm is derived in [5] and the
corresponding nonlinear kernel SSC algorithm is derived in
[9]. Here, we focus on a robust nonlinear kernel-based SSC
algorithm. By setting A4, =0 to model gross sparse
corruptions in (9), we obtain the robust SSC objective
function:
min [C[| +, || X-XC|
c T ' (10)
s.t.X=XC+E, diag(C)=0.
By mapping data into empirical features space X — @ (X),

equation (10) becomes:
min|[C[, +A, | (X) - (X)C]|
s.t.®(X)=®(X)C+E, diag(C)=0.
It is evident that the error term in (11) cannot be expressed
solely in terms of the inner product <1>(X)T ®(X). Thus,

the kernel trick cannot be employed to obtain the nonlinear
kernel-based version of the linear SSC algorithm robust to
gross sparse corruptions. According to [18], the RKSSC
algorithm is obtained by applying the existing linear robust

(1D



SSC algorithm to the coordinates Y in equation (4) of the
data in the empirical feature space. Consequently, the
objective function (10) becomes:
minfc], -, [y -vc], .
s.t.Y =YC+E, diag(C)=0.
As the subsequent derivations will show, the issue with (12)
is that the regularization constant A. cannot be properly
tuned. This is because, in the mapped space, A, becomes a
function of +/R. That will be demonstrated shortly.
Following [18], we re-formulate the optimization problem
(11) in the projected 1-D vector space:

|, +A wT(<1>(X)—<1>(X)c)||1

min
C,w

st.®(X)=®(X)C+E, diag(C)=0 and |w|, =1.

(13)
Using (8) and the fact that IT is orthonormal, it follows
||w||2 == ||B||2 =1. Now, mind  that

w'®(X)=BY [18], equation (13) becomes
B (Y-YC)|,

bearing in

min|[C[, +2,

s£Y=YC+E, diag(C)=0 and ||, =1.
By using the matrix norm inequality ||Ab||1 < ||A||1 ||b||1 from

equation (2.3.4) in [20], we obtain:
min|cl, +, (¥~ vC) Ip]

s.t.Y=YC+E, diag(C)=0 and ||[3||2 =1
Applying  the inequality ~between vector norms
[Bl, <[], < VB, from cquation (2.2.5) in [20]. we
obtain:

minfc], + VR [(Y - YC)| 8],

14)
.Y =YC+E, diag(C)=0 and |B], =1.

Since the minimum of (14) is constrained with ||[i||2 =1,

from the optimization point of view, we obtain the
equivalent formulation of (14) as:

min ||C||] + \/EAB "(Y - YC)"
c - 4 1
py (15)

s.t.Y =YC+E, diag(C)=0.
The important difference between optimization problems
(15) and (12) lies in regularization constant. The
regularization constant in (15), Z is proportional to the
square root of the rank of the kernel matrix K,
ie., /Te <R . Since, along with the kernel parameters, R is
an additional hyperparameter selected via cross-validation it
will influence the value of A . In other words, the

regularization constant 4, can not be adjusted

independently of R. That is why the direct application of the

linear robust SSC algorithm in [5] to equation (12) will yield
suboptimal results.

The RKSSC algorithm yields an estimate of the self-
representation matrix C, from which we calculate the data
affinity matrix:

c|+[c]
A="—"——. (16)
2
Using (16), we compute the normalized graph Laplacian
matrix [21]:
-1/2 -1/2

L=I-(D)"” A(D) (17)
where the elements of the diagonal degree matrix are given
with the sum of rows of A, i.e., D, = ZN A . The spectral

i Jj=1 y

clustering algorithm [22] is then applied to L to assign the
cluster labels Fe N, to data points, where C denotes the

number of clusters. We summarize the RKSSC algorithm in
Algorithm 1.

Algorithm 1: Robust KSSC (RKSSC)

Input: Data Xe R, number of clusters C, R,
7, <R,
K(--).

Output: Assigned cluster indicator matrix Fe N} .

Step 1:
K=x(X,X) .

Step 2: Compute the centered kernel matrix through:

K :(IN _EN)’C(IN _EN)'

Step 3: Compute the eigenvalue decomposition of K
such that K «~ UAU", with A, =diag(4,,..., 4, ) being the
leading R eigenvalues and Uy containing the corresponding
R eigenvectors.

Step 4: Compute the coordinates: Y = AU},

Step 5: Apply the robust SSC algorithm [5] to Y to
estimate the self-representation matrix C using the

parameters of the selected kernel function

Compute the uncentered kernel matrix

regularization constant Z «<R.

Step 6: Calculate the data affinity matrix A using (16),
the normalized Laplacian matrix L using (17), and apply
spectral clustering on L to assign cluster labels Fe N to

data points X.

Algorithm 1 works on the in-sample (training) data with
time complexity O(N°) and space complexity O(N?). To
cluster out-of-sample (test) data every data point is mapped
through equation (7). From clustering partitions obtained on
training set we estimate the orthonormal bases from the first
d left singular vectors of each partition. Afterward, we
assign label to a test data according to a minimum point-to-
a-subspace distance criterion [28].



Here d represents an a-priori known subspace dimension.
Bases estimation sets requirement on minimal size of the
training dataset as: N=>Cxd. Because typically d and C are
small, d=9 for face images [29], and d=12 for handwritten
digits [30], hyperparameters tuning can be performed on
reasonably small training set. The rest of data form an
arbitrarily large test data the size of which does not affect
the hyperparameters tuning process.

4. EXPERIMENTAL RESULTS

We compared the proposed RKSSC algorithm with the
linear robust SSC (RSSC) algorithm [5] and non-robust
nonlinear kernel SSC (KSSC) algorithm [9] as baselines.
For this purpose, we used the Extended Yaleb (EYaleb)
dataset [24] and MNIST [25] dataset. The EYaleb dataset
contains 38 groups of face images, with 64 images per
group. We clustered all 38 groups, i.e., C=38. The MNIST
dataset contains 10 groups of handwritten digits with 1000
images per group. We clustered all 10 groups, i.e., C=10.
Regarding the kernel function, we used the polynomial

(xi,xj)=(<xi,xj>+b)d, and the Gaussian

o)

kernel rank R, (b, d) or 6% are hyperparameters introduced
by kernelization. They are tuned on randomly generated
subsets containing 46 and 200 data samples per group from
the EYaleb and MNIST datasets, respectively. Their values
are reported in publicly available MATLAB code. Testing
subsets contained 19 and 200 data samples in respective
order. We used accuracy (ACC), normalized mutual
information (NMI), and F; score as performance measures.
We validated them on 100 randomly generated in-sample
and out-of-sample subsets. The in-sample subsets contained
the same number of samples as those used for
hyperparameters tuning. In terms of preprocessing, we
normalized all data to unit-column ¢, norm prior to further

kernel: «,,,

X; —X;

kernel: KGW_“(XX.,X ,,):exp Along with the

processing. We conducted statistical significance analysis
using the Wilcoxon sum rank test. The obtained results are
shown in Table 1 for the EYaleb dataset and Table 2 for the
MNIST dataset. Performance on in-sample data is given in
the first row, and out-of-sample data in the second row.
RKSSC yielded statistically significantly better results than
the linear RSSC algorithm [5]. For the EYaleB dataset, it
also outperforms significantly nonlinear KSSC algorithm
[9]. For the MNIST dataset, the RKSSC algorithm and
KSSC algorithm yield comparative results. To further
emphasize the quality of the results obtained by the RKSSC
algorithm, we report results achieved by autoencoder (AE)-
based deep networks [26] in Table 1, and for deep
embedding for clustering (DEC) network [27] in Table 2.

Table 1. Clustering performance on the EYaleb dataset.

Algorithm ACC [%] NMI [%] Fi[%]
RSSC 75.65+1.84 80.48+1.65 40.77+4.39
81.36+2.17 85.79+1.67 58.73+3.81
RKSSC Gauss 80.63+1.78 84.78+0.09 68.01+2.63
81.72+1.84 86.62+1.09 70.73+2.49
p values vs. 4.41x10°° 1.05x107% 2.56x103
RSSC 0.1801 1.33x10* 7.99x1034
RKSSC poly 81.74+1.73 85.59+0.91 70.51+2.59
82.03+1.83 86.97+1.12 71.95+2.59
p values vs. 2.28x1032 3.56x10 2.56x103*
RSSC 0.0435 5.54x10® 4.02x10*
KSSC Gauss 71.17+1.51 75.78+1.06 42.4242.14
77.63+1.84 82.76+1.20 59.00+2.97
AE [26] 84.73 86.75 -

Table 2. Clustering performance on the MNIST dataset.

Algorithm ACC [%] NMI [%] Fi[%]
RSSC 60.25+4.89 62.10+2.95 51.31+3.86
60.30+4.35 60.40+2.36 52.5243.43
RKSSC Gauss 64.57+2.72 62.94+2.03 64.57+2.72
65.18+2.83 64.02+2.09 65.18+2.83
p values vs. 2.05x10M! 3.09x107 9.29x1018
RSSC 1.13x103 6.56x102° 4.50x10""7
RKSSC poly 62.49+2 .48 62.11£1.72 54.44+2.19
59.27+2.84 58.64+1.89 47.83+2.70
p values vs. 9.97x10° 0.9971 2.46x101°
RSSC 0.1136 1.68x107 5.57x10°'8
KSSC Gauss 63.68+3.53 63.53+2.28 55.76+2.27
63.83+3.55 63.4542.33 55.89+2.91
DEC [27] 61.20 57.53 -
5. CONCLUSIONS

In this paper, we introduced the robust kernel sparse
subspace clustering (RKSSC) algorithm for nonlinear SC of
data contaminated by gross sparse corruptions. In such
cases, the error term in the related linear optimization
problem is modeled by the ¢ -norm, and kernelization

based on a kernel trick cannot be directly applied. By
centering data in the empirical feature space (EFS) induced
by the kernel-based mapping, the use of a nonlinear
projection trick enables us to calculate the coordinates of
mapped data with respect to the orthonormal basis of a
subspace of the EFS. The RKSSC is obtained by applying
the existing linear RSSC to the coordinates of data mapped
in the EFS. However, derived optimization procedure
reveals that the regularization constant of the RKSSC
algorithm is proportional to the square root of the rank of
the centered kernel matrix and, therefore, has to be tuned
properly.
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