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Abstract: We present updated predictions for lifetimes of doubly charmed baryons,
within the heavy quark expansion, including available NLO αs contributions and newly-
computed terms in the 1/mc series. Our improved results confirm the expected hierarchy

τ(Ξ+
cc) < τ(Ω+

cc) < τ(Ξ++
cc ) ,

while the predicted lifetime τ(Ξ++
cc ) = 0.32± 0.5+0.8

−0.7 ps is consistent with the recent LHCb
determination. We provide predictions for the lifetime ratios of the Ξ+

cc and Ω+
cc baryons rel-

ative to the Ξ++
cc baryon, namely τ(Ξ+

cc)/τ(Ξ
++
cc ) = 0.22±0.05±0.04 and τ(Ω+

cc)/τ(Ξ
++
cc ) =

0.52± 0.13+0.03
−0.02.
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1 Introduction

Lifetimes of weakly decaying hadrons containing c and b quarks are typically treated within
the heavy quark expansion (HQE) [1] (for review see e.g. [2]), which has the structure of
an operator product expansion arranged in inverse powers of the quark mass. For hadrons
containing a b quark, the series converges rapidly enough that theoretical predictions of
lifetimes can be readily tested against experiment, and in the most recent works, which
have included newly-available contributions in the 1/mb and αs expansions, they are found
to be in excellent agreement, within uncertainties [3–5]. In charmed hadrons, however,
the HQE only converges slowly, resulting in enhanced sensitivity to uncertainties from the
matrix elements and higher-order power corrections.

In our previous work [6], we updated the lifetime predictions for weakly decaying singly
charmed hadrons. Our results were compatible with the new experimental lifetime for the
Ω0
c baryon [7–9] of four times the previous measurements [10], albeit with sizeable theoretical

uncertainties (see also [5]). Some tensions with experiment appeared in lifetime ratios, and
in the predictions for D mesons (with our results agreeing with the study of [11]), but the
overall picture is that the heavy quark expansion can consistently describe charmed hadron
decays and accommodate experimental data.
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In this paper, we extend the analysis of [6] to the doubly charmed baryons Ξ++
cc , Ξ

+
cc,

and Ω+
cc. Our predictions update those in previous studies [12–21] by including the most

complete set of available contributions, in particular the Darwin contribution, NLO correc-
tions to two- and four-quark contributions, and subleading (dimension-seven) four-quark
contributions. We also provide an estimate of uncertainties arising from renormalisation
scale variation and hadronic parameters, and present results for two different charm quark
mass schemes.

To date, only the Ξ++
cc has been seen [22], and its lifetime determined to be 256(27) fs

[23]. The existence of the other two baryons considered in this work still remains to be
confirmed experimentally. While SELEX reported a measurement of Ξ+

cc [24, 25], with a
reported mass of 3.519GeV and lifetime of < 33 fs, other experimental searches have not
confirmed this result [26–31], and it has been suggested that the observation at SELEX
was a misidentification [32]. Likewise, the most recent searches for Ω+

cc have not reported
a detection yet [33]. We find a lifetime for the Ξ++

cc consistent with the LHCb result, while
the predicted hierarchy τ(Ξ+

cc) < τ(Ω+
cc) < τ(Ξ++

cc ) is in agreement with that in the early
studies of [14, 34].

The paper is organised as follows. In section 2, we briefly review the heavy quark
expansion as applied to doubly charmed baryon decays. In section 3, we discuss the non-
perturbative inputs, the matrix elements, for the baryons considered in this paper. Our
results are presented in section 4, and we end with conclusions in section 5. Appendices
A.1 and A.2 contain, respectively, the conventions and numerical inputs used in the paper,
while in appendix B we provide analytic expressions for the leading-order coefficients of
four-quark contributions.

2 Background

In this section, we briefly overview the heavy quark expansion (HQE) applied to charm
decays. We refer the reader to section 2 of our previous work [6] for more details, as well
as to [2, 11].

Via the optical theorem, the lifetime of a heavy hadron can be related to the imaginary
part of the forward transition operator:

1

τ (H)
= Γ(H) =

1

2MH
⟨H|T |H⟩ , T = Im i

∫
d4xT [Heff (x)Heff (0)] , (2.1)

where Heff is the effective Hamiltonian describing the charged current interactions of the
charm quark (e.g. [35])

H =
GF√
2

[ ∑
q,q′=d,s

VcqV
∗
uq′
(
C1(µ)Q

(qq′)
1 + C2(µ)Q

(qq′)
2

)
− VubV

∗
cb

6∑
k=3

Ck(µ)Qk +
∑
q=d,s
ℓ=e,µ

VcqQ
(qℓ)

]
+ h.c. , (2.2)
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where GF is the Fermi constant, Vab are Cabibbo-Kobayashi-Maskawa (CKM) matrix ele-
ments, and the ∆C = 1 current-current operators read

Q
(qq′)
1 = (c̄iγµ(1− γ5)q

j)(q̄′jγµ(1− γ5)u
i) ,

Q
(qq′)
2 = (c̄iγµ(1− γ5)q

i)(q̄′jγµ(1− γ5)u
j) ,

Q
(qℓ)
SL = (c̄γµ(1− γ5)q)(ℓ̄γ

µ(1− γ5)νℓ) ,

(2.3)

where i, j are colour indices. The remaining operators Q3-6 denote the penguin operators,
which are suppressed by the CKM factor VubV

∗
cb. Since their Wilson coefficients C3-C6

are additionally numerically small (e.g. [11, 35]), we will neglect these contributions in the
present paper, as we have done in [6].1

The right-hand side of (2.1) can then be expanded, using the HQE, in powers of
ΛQCD/mQ and αs, where mQ = mc is the heavy-quark mass and ΛQCD is the QCD scale.

This yields a tower of local operators Oi, ordered by increasing powers of the inverse
charm mass,

T =

(
C3O3 +

C5
m2
c

O5 +
C6
m3
c

O6 + . . .

)
+ 16π2

( C̃6
m3
c

Õ6 +
C̃7
m4
c

Õ7 + . . .

)
, (2.4)

where the Wilson coefficients Ci contain the short-distance physics, analogously to the Ci in
(2.2).2 The operators within the first bracket are each composed of heavy-quark field bilin-
ears, with operators of increasing dimension generated by insertion of covariant derivatives,
and will be referred to below as the “non-spectator” contributions. The terms within the
second bracket involve the contributions of four-quark operators. These “spectator contribu-
tions” are sensitive to the flavour of the light quark in the hadron, and are one-loop enhanced
relative to the non-spectator contributions by the factor 16π2, explicitly exhibited in the
above expression. Therefore, they can induce significant lifetime splitting effects. There are
in fact three distinct topologies for these contributions, referred to as weak exchange (WE),
constructive Pauli interference (int+), and destructive Pauli interference (int−); these are
represented in figure 1.

c

c c

d, s d, s

qdown

u

c

c c

d, s d, s

qdown, ℓ
−

u,νℓ

c

c c

u u

qdown

q′
down

Figure 1. Topologies for four-quark contributions in doubly charmed baryons. From left to right:
weak exchange, labeled WE; constructive Pauli interference, labeled int+; destructive Pauli inter-
ference, labeled int−. qdown and q′down in the loop denote d or s quarks.

1Note that Qqq
′

2 denotes the colour-singlet operator in our convention, following [6, 35] but opposite to
the choice by some other authors, e.g. [11, 15, 19], where Q1 is the colour-singlet.

2The absence of the dimension-four operator, suppressed by ΛQCD/mQ, was demonstrated in [36, 37].
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The Wilson coefficients Ci can be calculated perturbatively in powers of the strong
coupling constant αs,

Ci = C(0)
i (µ, µ0) + C(1)

i (µ, µ0)αs(µ) + C(2)
i (µ, µ0)αs(µ)

2 + . . . , (2.5)

where µ is the renormalisation scale arising from the evolution of the weak Hamiltonian,
while µ0 is an operator factorisation scale. Only a few of the Ci in (2.4) are known beyond
leading order, see table 4 in our previous work [6]. Following that work, although some
NNLO corrections are known in semileptonic decays, for consistency we include only the
available NLO corrections in both semileptonic and nonleptonic contributions. Note that
the NLO Darwin contribution, recently computed for b→ cℓνℓ decays [38, 39], has not yet
been adapted for charm decays, and we therefore also do not include it.

The decay width of a doubly heavy baryon in the HQE can be brought into the form3

Γ(Bcc) = Γ0

[
c3
⟨Bcc|c̄c|Bcc⟩

2MBcc
+
c′Gµ

2
G

m2
c

+
cρρ

3
D

m3
c

+ . . . (2.6)

+
16π2

2MBcc

(∑
i,q

cq6,i⟨Bcc|O
q
i |Bcc⟩

m3
c

+
∑
i

cq7,i⟨Bcc|P
q
i |Bcc⟩

m4
c

+ . . .

)]
,

where all CKM contributions are included implicitly in the coefficients ci in the equation
above, and, Γ0 is the normalisation factor defined by

Γ0 =
G2
Fm

5
c

192π3
. (2.7)

Because of the leading m5
c dependence of the decay rate, the charm quark mass has to

be precisely defined. This is, however, problematic, owing to the well-known renormalon
divergences of the pole mass; for a review, see [40, 41]. To avoid this problem, several
renormalon-free schemes have been introduced, e.g. [42–47]. However, as many of these
schemes were developed initially with the b quark in mind, it remains unclear how appro-
priate these are in the case of the charm mass. We will not address this question in this
paper, and restrict ourselves to presenting results in terms of the pole and kinetic mass
schemes [45–47], following the procedure laid out in section 2.4 of [6].

The nonspectator matrix elements are defined as follows [48]:

µ2π(Bcc) =
−1

2MBcc
⟨Bcc|c̄v(iD)2cv|Bcc⟩ ,

µ2G(Bcc) =
1

2MBcc
⟨Bcc|c̄v

1

2
σµν(gsG

µν)cv|Bcc⟩ ,

ρ3D(Bcc) =
1

2MBcc
⟨Bcc|c̄v(iDµ)(iv ·D)(iDµ)cv|Bcc⟩ , (2.8)

where cv denotes the phase-redefined QCD field cv(x) ≡ eimcv·xc(x).
3For notational consistency with our previous paper [6], we use c′G to distinguish the contribution to the

chromomagnetic Wilson coefficient resulting solely from the 1/mc-expansion in the soft gluon background
field. In terms of the coefficients defined in that paper, c′G = cG − c3/2.
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Using the definitions in (2.8), one can express the matrix element of the leading c̄c

operator as

⟨Bcc|c̄c|Bcc⟩
2MBcc

= 2− µ2π(Bcc)
2m2

c

+
µ2G(Bcc)
2m2

c

, (2.9)

with no further higher order 1/mc-corrections [48], while the first term counts the number
of heavy quarks in the baryon.

The dimension-six and dimension-seven four-quark operators, Oqi and P qi , will be de-
fined in eqs. (3.23) and (3.29) below.

Considering only the valence contributions, and neglecting doubly Cabibbo-suppressed
terms, the leading-order (LO) results for the dimension-six spectator contributions to the
decay widths are

Γ̃6,Ξ++
cc

= |Vcs|2|Vud|2⟨Γ̂u6,int−(xs, 0)⟩Ξ++
cc

+ |Vcs|2|Vus|2⟨Γ̂u6,int−(xs, xs)⟩Ξ++
cc

+ |Vcd|2|Vud|2⟨Γ̂u6,int−(0, 0)⟩Ξ++
cc
, (2.10)

Γ̃6,Ξ+
cc
= |Vcs|2|Vud|2⟨Γ̂d6,exc(xs, 0)⟩Ξ+

cc
+ |Vcd|2|Vud|2

(
⟨Γ̂d6,int+(0, 0)⟩Ξ+

cc
+ ⟨Γ̂d6,exc(0, 0)⟩Ξ+

cc

)
+ |Vcd|2

∑
ℓ=e,µ

⟨Γ̂d,SL
6,int+(xℓ, 0)⟩Ξ+

cc
, (2.11)

Γ̃6,Ω+
cc
= |Vcs|2|Vud|2⟨Γ̂s6,int+(0, 0)⟩Ω+

cc
+ |Vcs|2|Vus|2

(
⟨Γ̂s6,int+(xs, 0)⟩Ω+

cc
+ ⟨Γ̂s6,exc(xs, 0)⟩Ω+

cc

)
+ |Vcs|2

∑
ℓ=e,µ

⟨Γ̂s,SL
6,int+(xℓ, 0)⟩Ω+

cc
, (2.12)

with the notation referring to the topologies in figure 1, and the corresponding expressions
given in appendix B. NLO corrections to the four-quark contributions are included by
following the procedure outlined in section 2.3.2 of [6], based on the results of [49–52].
The dimension-seven spectator contributions follow the same pattern and hierarchy as in
eqs. (2.10-2.12).

In the next section, we will discuss the evaluation of the matrix elements appearing in
the contributions above.

3 Matrix elements for doubly charmed baryons

Unlike in the case of hadrons containing a single heavy quark, where it is sufficient to
deal with both the decay rate and the matrix elements in terms of the HQE, for the case of
doubly charmed baryons each matrix element picks up, in effect, two separate contributions.
These arise, firstly, from interactions between the two charm quarks, viewed as a diquark in
the S = 1 colour antitriplet state, and secondly from interactions between the (cc) diquark
and the remaining light quark in the baryon [53–55].

In order to deal with these, we separately expand the matrix elements in NRQCD and
in the HQE, where the former is used for dealing with the charm-charm interactions and the
latter for the (cc)-q interactions, where we hereafter denote the diquark (cc) by D. In order

– 5 –



to deal with the charm-charm interactions, we apply the nonrelativistic QCD (NRQCD)
expansion of the matrix element of all two quark operators.

Performing the standard Foldy-Wouthuysen transformation of the charm quark field
results in the following NRQCD expansion of the c̄c operator [56] in terms of the nonrela-
tivistic two-component field Ψc:

c̄c = Ψ†cΨc −
1

2m2
c

Ψ†c(iD⃗)2Ψc +
3

8m4
c

Ψ†c(iD⃗)4Ψc

− 1

2m2
c

Ψ†cgsσ⃗ · B⃗Ψc −
1

4m3
c

Ψ†cgs(D⃗ · E⃗)Ψc + . . . (3.1)

at O(1/m4
c), ie at O(v7c ) in the counting in terms of nonrelativistic c-quark velocity vc. The

velocity scaling rules in NRQCD [57]

Ψc ∼ (mcvc)
3/2, D⃗ ∼ mcvc, gsB⃗ ∼ m2

cv
4
c , gsE⃗ ∼ m2

cv
3
c , (3.2)

indicate that up to O(v7c ) we must keep the D⃗4 term, and that the Darwin term is, despite
being 1/mc suppressed, of the same order in vc counting as the chromomagnetic term.

In addition, we will make use of the NRQCD expansion of the chromomagnetic operator

c̄
1

2
σµνG

µνc = −Ψ†c gs σ⃗ · B⃗Ψc −
1

2mc
Ψ†c gs (D⃗ · E⃗)Ψc + . . . (3.3)

In the above expressions, one differentiates between the covariant derivative D⃗ in the fun-
damental representation, and the covariant derivative D⃗ in the adjoint representation. Fur-
thermore, we use the notation (D⃗ · E⃗) to denote that the derivative acts inside the bracket
only; the remaining conventions can be found in appendix A.1.

3.1 Matrix element of the kinetic operator µ2π

To extract the kinetic parameters, arising from the structures Ψ†c(iD⃗)2Ψc and Ψ†c(iD⃗)4Ψc,
we use the nonrelativistic picture and the observation from the potential models (from where
the average kinetic energy of a bound system is derived by using the virial theorem) that
the quark kinetic energy practically does not depend on the quark content of the system,
but is determined by its colour structure. We first estimate the matrix element

⟨Bcc|Ψ†c(iD⃗)2Ψc|Bcc⟩
2MBcc

= 2m2
c⟨v2c ⟩ , (3.4)

where the factor of 2 arises from the presence of two charm quarks, and ⟨v2c ⟩ is the mean
squared three-velocity of a single charm quark in the baryon. The latter can be estimated
as ⟨v2c ⟩ = ⟨vc(D)2⟩+ ⟨v2D⟩, where vc(D) is the velocity of a charm quark within the diquark,
and vD is the velocity of the diquark. Then, by following [13], we express the total kinetic
energy T in the baryon’s rest-frame as

T =
mDv

2
D

2
+
mqv

2
q

2
, (3.5)
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where mD ≃ 2mc is the mass of the diquark, and vq is the velocity of the light quark. Using
this expression, and applying conservation of the momentum in the baryon’s rest frame,
the mean squared velocity of the diquark is

⟨v2D⟩ =
mqT

2m2
c +mcmq

. (3.6)

On the other hand, by expressing the average kinetic energy of the diquark, accounting for a
factor 1/2 stemming from the color factor difference between potentials of colour antitriplet-
triplet (bound in a singlet state), and colour triplet-triplet (bound in an antitriplet state)
systems, as

T

2
=

1

2
mc1v

2
c1(D) +

1

2
mc2v

2
c2(D) (3.7)

and, assuming ⟨vc1(D)⟩ = ⟨vc2(D)⟩ = ⟨vc(D)⟩, one can extract the mean squared velocity
of the c-quark in the diquark as [13]

⟨v2c (D)⟩ = T

2mc
. (3.8)

Combining both formulas, we finally obtain the mean squared velocity of a c-quark in a
doubly charmed baryon:

⟨v2c ⟩ =
T

2mc

(
1 +

mq

mc +mq/2

)
, (3.9)

where it is evident that the dominant contribution comes from the motion of the charm
quark within the diquark.

Following [13, 17], which has subsequently been applied in [15, 19], we have finally the
expression

⟨Bcc|Ψ†c(iD⃗)2Ψc|Bcc⟩
2MBcc

= 2m2
c

(
T

2mBc
+

mBq T

2(mBc )
2 +mBcm

B
q

)
, (3.10)

As was done implicitly in [13], and made clear in [15], the quark masses arising from
the matrix element should be treated as constituent masses for consistency, with modern
values, taken from [54], given in eqs. (A.6) and (A.7). For the kinetic energy, we use the
value T = 0.4GeV from [13, 58], leading to the value ⟨v2c ⟩ = 0.14, to which we assign a 30%

uncertainty.
Finally, the Ψ†c(iD⃗)4Ψc contribution can be approximated in terms of the squares of

the Ψ†c(iD⃗)2Ψc contribution, which is to say that

1

2MBcc
⟨Bcc|Ψ†c(iD⃗)4Ψc|Bcc⟩ ≈ 2m4

c⟨v2c ⟩2 (3.11)

with the same inputs as before. Again, the factor of two accounts for two c-quarks in the
doubly charmed baryon.
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3.2 Matrix element of the chromomagnetic operator µ2G

To estimate the matrix element µ2G, we can use the HQE for the baryon mass [59–61],

MBcc = 2mc + Λ̄ +
µ2π(Bcc)
2mc

− µ2G(Bcc)|D-q

2mc
− µ2G(Bcc)|c-c

2mc
+O

(
1

m2
c

)
. (3.12)

where Λ̄ ∼ 0.5GeV for charmed hadrons, and all parameters in the expansion are formally
independent of the heavy quark mass. For doubly charmed baryons, µ2G arises from two
distinct sources: the diquark-quark chromomagnetic interaction, and the chromomagnetic
interactions between the charm quarks within the diquark. In the constituent picture, these
can be written, emphasising the dependence on spin, as

µ2G(Bcc)|D-q = dBccλ2(Bcc)|D-q , µ2G(Bcc)|c-c = dDλ2(Bcc)|c-c , (3.13)

respectively, where dBcc and dD denote the spin factors

dBcc = −2 (SB(SB + 1)− SD(SD + 1)− Sl(Sl + 1)) ,

dD = −2 (SD(SD + 1)− 2Sc(Sc + 1)) . (3.14)

The standard procedure of extraction of µ2G is to take the hyperfine splitting between the
masses of spin-1/2 baryon Bcc and its spin-3/2 B∗cc partner. Since the spin of the (cc)

diquark does not change between the Bcc and B∗cc states, the contribution of µ2G(Bcc)|c-c
to the mass expansion (3.12) above cancels in the mass difference MB∗cc −MBcc , so that
the µ2G(Bcc)|D-q part can be extracted. The relevant values for our purposes are dBcc = 4,
dB∗cc = −2, and dD = −1, since the diquark D is in a spin-1 state in both the spin-1/2 and
spin-3/2 baryons. One obtains

µ2G(Bcc)
∣∣
D-q = dBcc2mc

MB∗cc −MBcc
dBcc − dB∗cc

=
4

3
mc

(
MB∗cc −MBcc

)
, (3.15)

which agrees with [15, 19], up to their differing presentation of factors of two.4

To calculate the remaining µ2G piece arising from the c-c interaction, we evaluate the
c-c contribution by taking the matrix element of the nonrelativistic expression (3.3) in the
constituent model, and obtain

⟨Bcc|Ψ†cgsσ⃗ · B⃗Ψc|Bcc⟩
2MBcc

∣∣∣∣∣
c-c

= 2 ·
(
−4

3

)
1

mc
g2s ⟨ta1ta2⟩ ⟨s⃗1 · s⃗2⟩ |ψcc(0)|2 , (3.16)

where ta1,2 and s⃗1,2 are the color matrices and the spin vectors of the two c-quarks in the
diquark, and ψcc(0) is the wave function of the diquark at the origin [13, 15, 17]. For the
spin-1 diquark we have ⟨ta1ta2⟩ = −2/3 and ⟨s⃗1 · s⃗2⟩ = 1/4, so that

⟨Bcc|Ψ†cgsσ⃗ · B⃗Ψc|Bcc⟩
2MBcc

∣∣∣∣∣
c-c

=
4

9

g2s
mc

|ψcc(0)|2 . (3.17)

4In [13], there is an apparent sign error in the same contribution.
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Using the equation of motion for the gluon field strength (A.3) in the nonrelativistic limit, we
can relate the remaining nonrelativistic Darwin term in (3.3) to the diquark wave function
as

⟨Bcc|Ψ†c gs(D⃗ · E⃗)Ψc|Bcc⟩
2MBcc

∣∣∣∣∣
c-c

= −g2s
⟨Bcc|(Ψ†c taΨc)(Ψ

†
c taΨc)|Bcc⟩

2MBcc
=

4

3
g2s |ψcc(0)|2 . (3.18)

Therefore, the final expression for the matrix element of the chromomagnetic operator for
doubly heavy baryons reads:

µ2G(Bcc) = µ2G(Bcc)|D-q + µ2G(Bcc)|c-c

= 2

[
2

3
mc

(
MB∗cc −MBcc

)
− 2

9

g2s
mc

|ψcc(0)|2 −
1

3

g2s
mc

|ψcc(0)|2
]
. (3.19)

The diquark wave function |ψcc(0)| is the nonrelativistic radial wave function at the
origin for a (cc) diquark system. Its extraction is not straightforward, since it cannot
be related to a physical decay constant, as is the case for cc̄ systems, where |ψcc̄(0)|2 =

1/12 f2J/ΨMJ/ψ. A naive assumption |ψcc(0)|2 = |ψcc̄(0)|2 is also not a satisfying choice,
given that the binding potentials of (cc) and (c̄c) systems differ by an overall colour-related
factor.5 For the present analysis, we use the value obtained from the fits to the physical
charm hadron masses using the potential models in [65]

|ψcc(0)|2 = 0.02GeV3 , (3.20)

to which we also assign a conservative 30% model uncertainty.
Combining all the above contributions together leads to our expression for the dimension-

three matrix element:

⟨Bcc|c̄c|Bcc⟩
2MBcc

= 2

[
1− 1

2
⟨v2c ⟩+

3

8
⟨v2c ⟩2 +

1

3

MB∗cc −MBcc
mc

− 4παs
1

9

|ψcc(0)|2
m3
c

− 4παs
1

6

|ψcc(0)|2
m3
c

]
. (3.21)

Note that the apparent discrepancy in the overall factor of the above matrix element that
is missing in some of the previous literature [13, 15, 19] can be attributed to a difference in
presentation style, wherein only one charm quark in the matrix elements was accounted for,
but the factor of two was instead included in the initial formula for the operator product

5Using this assumption to extract the value of |ψcc̄(0)|2 from the J/ψ decay constant, fJ/ψ =

418(8)(5)MeV [62], we obtain

|ψcc(0)|2 = |ψcc̄(0)|2 = 0.045GeV3 .

Another option is to use the simple dimensional scaling relation that takes into account the ratio of the
colour factors in the binding potentials of the (cc) and (c̄c) systems [63, 64], which leads to

|ψcc(0)|2 =
1

8
|ψcc̄(0)|2 = 5.6 · 10−3 GeV3 ,

which differs by about an order of magnitude from the value obtained in the potential models.
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expansion in eq. (2.1). In addition, the last two terms in (3.21) are, in [19], smaller by a
factor of two, while we agree with [13, 15].

The sizes of different contributions can be illustrated numerically by evaluating the
above expression for the central values of T = 0.4GeV [13, 58] and the value for |ψcc(0)|2
in (3.20), with αs(1.5GeV) = 0.35:

⟨Bcc|c̄c|Bcc⟩
2MBcc

= 2− 0.14 + 0.02 + 0.04− 0.006− 0.009 , (3.22)

where the ordering of the numerical values follows the ordering of the terms in the formula
(3.21).

3.3 Matrix elements of the operators involving spectator interactions

Turning to the four-quark matrix elements, we will apply the nonrelativistic constituent
quark model (NRCQM), in which the matrix elements, for the basis of dimension-six oper-
ators

Oq1 = (c̄iγµ(1− γ5)qi)(q̄jγ
µ(1− γ5)cj) , Oq2 = (c̄i(1− γ5)qi)(q̄j(1 + γ5)cj) ,

Õq1 = (c̄iγµ(1− γ5)qj)(q̄jγ
µ(1− γ5)ci) , Õq2 = (c̄i(1− γ5)qj)(q̄j(1 + γ5)ci) , (3.23)

where i, j, are colour indices, can be expressed in terms of the baryon wave functions as [19]

⟨Oq1⟩Bcc =
⟨Bcc|Oq1|Bcc⟩

2MBcc
= −6 |ΨBcccq (0)|2 , ⟨Oq2⟩Bcc =

⟨Bcc|Oq2|Bcc⟩
2MBcc

= − |ΨBcccq (0)|2 ,

⟨Õq1⟩Bcc =
⟨Bcc|Õq1|Bcc⟩

2MBcc
= 6B̃ |ΨBcccq (0)|2 , ⟨Õq2⟩Bcc =

⟨Bcc|Õq2|Bcc⟩
2MBcc

= B̃ |ΨBcccq (0)|2 ,

(3.24)

where B̃ = 1 in the constituent quark limit [66], which is taken as exact in the present
analysis. Note that the matrix elements are only nonzero when the quark in the operator
matches the valent quark in the baryon.6

Following the mass formula of de Rujula, Georgi, and Glashow [68], we relate the
wave functions in (3.24) to the baryon hyperfine splittings. Normalising to the equivalent
hyperfine splitting of charmed mesons, in order to reduce uncertainties from the constituent
quark masses and the scale of αs, leads to the relation∣∣ΨBcccq (0)

∣∣2 = 4

3
yq
MB∗cc −MBcc
MD∗

q
−MDq

|ΨDq
cq (0)|2 , (3.25)

where |ΨDq
cq (0)|2 = (1/12) f2DqmDq is the meson wave function, and yq is the ratio of con-

stituent quark masses between baryons and mesons, (mBcmBq )/(mM
c m

M
q ); using the values

for quark masses quoted in eqs. (A.6) and (A.7) [54] leads to

yu = yd ≡ y =
mBcm

B
q

mM
c m

M
q

≃ 1.20 , ys =
mBcm

B
s

mM
c m

M
s

≃ 1.15 . (3.26)

6In principle, non-valent contributions, via so-called ‘eye contractions’, will also contribute, but these
have not been computed for baryons [4, 6]. They can, however, be expected to be subleading, as was
observed in mesons [67], and we therefore neglect them in this study.
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However, with the exception of mΞ++
cc

, the masses of doubly charmed baryons have yet to
be determined experimentally. We are therefore obliged to turn to a model estimate of
their values. Numerous studies exist, and we refer the reader to the tables in [69–71] for a
comprehensive overview. In the heavy quark limit mc → ∞, there is the relation [72, 73]

4

3

MB∗cc −MBcc
MD∗

q
−MDq

→ 1 , (3.27)

although it can be expected that this will only approximately hold in the charm sector. In
this study, we will take the values for masses and hyperfine splittings from the lattice QCD
computation in [74]:

MΞ∗
cc
−MΞcc = 82.8± 9.2MeV , MΩ+,∗

cc
−MΩ+

cc
= 83.8± 5.5MeV , (3.28)

where we combined the reported statistical and systematic uncertainties in quadrature.
This leads to the values for the matrix elements given in table 1.

Matrix element value/ GeV3

⟨Ou1 ⟩Ξ++
cc

= ⟨Od1⟩Ξ+
cc

−0.040± 0.003± 0.01

⟨Os1⟩Ω+
cc

−0.055± 0.004± 0.02

Table 1. Values of the matrix elements ⟨Oq
1⟩Bcc

= ⟨Bcc|Oq
1|Bcc⟩/(2mBcc

) using the baryon hyperfine
splitting values from [74], with remaining parameters given in appendix A.2. The first uncertainty
arises from the input parameters, while the second one results from assigning a 30% error to account
for inherent model uncertainties. The other four-quark matrix elements can be inferred from the
relations in eq. (3.24).

For the dimension-seven matrix elements, where the operator basis is [6, 11, 19, 52]

P q1 = mq(c̄i(1− γ5)qi)(q̄j(1− γ5)cj) ,

P q2 =
1

mQ
(c̄i
←
Dργµ(1− γ5)D

ρqi)(q̄jγ
µ(1− γ5)cj) ,

P q3 =
1

mQ
(c̄i
←
Dρ(1− γ5)D

ρqi)(q̄j(1 + γ5)cj) ,

P̃ q1 = mq(c̄i(1− γ5)qj)(q̄j(1− γ5)ci) ,

P̃ q2 =
1

mQ
(c̄i
←
Dργµ(1− γ5)D

ρqj)(q̄jγ
µ(1− γ5)ci) ,

P̃ q3 =
1

mQ
(c̄i
←
Dρ(1− γ5)D

ρqj)(q̄j(1 + γ5)ci) , (3.29)

we will follow [6] to relate these to dimension-six matrix elements by the scaling relations
(with the definitions ⟨P qi ⟩Bcc = ⟨Bcc|P qi |Bcc⟩/(2MBcc))

⟨P q1 ⟩Bcc = mq⟨Oq2⟩Bcc , ⟨P q2 ⟩Bcc = ΛQCD⟨Oq1⟩Bcc , ⟨P q3 ⟩Bcc = ΛQCD⟨Oq2⟩Bcc , (3.30)
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where we used ΛQCD = 0.33GeV [75] for the central values. The matrix elements from
the remaining three dimension-seven operators follow the colour-antisymmetry relation
⟨P̃ qi ⟩Bcc = −B̃⟨P qi ⟩Bcc , with B̃ = 1 in the valence quark approximation [66], which we
again take to be exact.

3.4 Matrix element of the Darwin operator ρ3D

The coefficient of the Darwin term in the decay rate was only recently computed in [11, 76–
78], since at the level of O(1/m3

c) the Darwin operator starts to mix with the four-quark
operators and computational difficulties arise. For the corresponding matrix element, we
will apply the equation of motion (A.3) for the gluon field strength to relate the contribution
from the D-q interaction to the four-quark matrix elements, following [4, 6], giving

2MBccρ
3
D = g2s

∑
q=u,d,s

⟨Bcc|
(
− 1

8
Oq1 +

1

24
Õq1 +

1

4
Oq2 −

1

12
Õq2
)
|Bcc⟩ +O(1/mc) , (3.31)

where only the terms that survive in the valence quark approximation are kept in the sum.
The remaining piece, from the interaction between the two charm quarks, can be esti-

mated in like manner to what was done for the chromomagnetic term in (3.17), with the
result

ρ3D(Bcc)|c−c =
1

2

⟨Bcc|Ψ†gs(D⃗ · E⃗)Ψ|Bcc⟩
2MBcc

=
2

3
g2s |Ψcc(0)|2 . (3.32)

Combining the contributions (3.31) and (3.32), using the relations between the matrix
elements from eq. (3.24), and inserting the values in table 1, gives the values

ρ3D(Ξ
++
cc ,Ξ

+
cc) = 0.08± 0.02GeV3 , ρ3D(Ω

+
cc) = 0.09± 0.02GeV3 , (3.33)

where the dominant contribution arises from the charm-charm interaction (3.32), and the
uncertainty in (3.33) arises from the |ψcc(0)|2 model uncertainty.

4 Results and discussion

In this section, we present our predictions for the lifetimes of doubly charmed baryons and
their lifetime ratios. We estimate the scale uncertainties by varying the scale µ in the range
(1GeV, 3GeV), while the central values correspond to fixing µ = 1.5GeV. We also take into
account hadronic uncertainties, outlined in the previous section, and (smaller) parametric
uncertainties. For the values of the charm quark mass in the pole and kinetic mass scheme,
we follow our previous work [6].

The predicted lifetime ratios are obtained using

τ(H2)

τ(H1)
=

1

1 + [Γ(H2)− Γ(H1)]
theory τ(H1)exp

, (4.1)

where for the experimental normalisation we use the value of the Ξ++
cc lifetime measured

by the LHCb Collaboration [23],

τ(Ξ++
cc )LHCb = 0.256+0.024

−0.022 ± 0.014 ps . (4.2)
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Expressing the lifetime ratio in this way results in the cancellation of the universal non-
spectator contributions, which therefore leads to a reduction in the theoretical uncertainties.

Our predictions for the lifetimes and ratios are given in table 2. These results are
consistent with the hierarchy

τ(Ξ+
cc) < τ(Ω+

cc) < τ(Ξ++
cc ) . (4.3)

This hierarchy was first predicted in [34], and follows from a consideration of the relative
sizes and signs of the four-quark contributions. In terms of the topologies in figure 1, the
Ξ+
cc decay width can be expected to pick up a large, positive exc contribution, while the

Ξ++
cc picks up a small (negative) int− contribution. The dominant int+ contribution to Ω+

cc

is also positive, driving its lifetime somewhat lower than that of the Ξ++
cc . While previous

estimates of the lifetime hierarchy were based solely on the LO spectator contributions, we
find the hierarchy to be robust even when including radiative corrections to the dimension-
six operators together with the LO dimension-seven contributions.

We illustrate the sizes of different contributions to the overall decay widths using the
central values of the inputs, in the kinetic mass scheme, in the following numerical formulas:

Γ(Ξ++
cc )/ps−1 = (2.22︸︷︷︸

LO

+1.14︸︷︷︸
NLO

)− 0.14
µ2π

0.5GeV2 + 0.003
µ2G

0.13GeV2 + 0.35
ρ3D

0.08GeV3

+ (−1.43︸ ︷︷ ︸
LO

+0.15︸︷︷︸
NLO

)
⟨Ou1 ⟩

−0.04GeV3 − 0.05
1

−8.5 · 10−4 GeV4 ⟨P u1 ⟩︸︷︷︸
=0

+0.82
⟨P u2 ⟩

−0.01GeV4 ,

(4.4)

Γ(Ξ+
cc)/ps

−1 = (2.22︸︷︷︸
LO

+1.14︸︷︷︸
NLO

)− 0.14
µ2π

0.5GeV2 + 0.003
µ2G

0.13GeV2 + 0.35
ρ3D

0.08GeV3

+ (7.27︸︷︷︸
LO

+3.17︸︷︷︸
NLO

)
⟨Od1⟩

−0.04GeV3 + 7 · 10−3 1

−8.5 · 10−4 GeV4 ⟨P d1 ⟩︸︷︷︸
=0

+3.25
⟨P d2 ⟩

−0.01GeV4 ,

(4.5)

Γ(Ω+
cc)/ps

−1 = (2.22︸︷︷︸
LO

+1.14︸︷︷︸
NLO

)− 0.14
µ2π

0.5GeV2 + 0.003
µ2G

0.13GeV2 + 0.39
ρ3D

0.09GeV3

+ (5.37︸︷︷︸
LO

+0.11︸︷︷︸
NLO

)
⟨Os1⟩

−0.05GeV3 + 0.13
⟨P s1 ⟩

−8.5 · 10−4 GeV4

− 2.50
⟨P s2 ⟩

−0.02GeV4 + 0.18 · 10−4 ⟨P s3 ⟩
−0.003GeV4 . (4.6)

Several observations regarding the relative magnitudes of the contributions are now in or-
der. We first note that we have neglected the masses of up- and down-quarks, resulting in
the vanishing of the dimension-seven matrix elements ⟨P u,d1 ⟩; see eq. (3.29). Furthermore,
the Darwin term exhibits the largest impact among the power-suppressed two-quark con-
tributions. Its effect on total decay rates is, however, mitigated by cancellation with the
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kinetic term. Regarding the spectator contributions, we note the sizeable effects from NLO
corrections to the dimension-six terms. These, however, contribute in the same direction
as the LO terms, except for the relatively small opposite-sign contribution in the case of
negative Pauli interference in Γ(Ξ++

cc ). The small NLO correction to the dimension-six
contribution for the Ω+

cc baryon in the kinetic scheme, evident from eq. (4.6), is a result of
accidental cancellation between the Cabibbo-enhanced semileptonic contribution and the
nonleptonic weak-exchange contribution at this order, but this cancellation does not, in
general, extend to other mass schemes. However, note that in different mass schemes the
relative sizes of the LO and NLO contributions are effectively rearranged leaving the final
predictions consistent within uncertainties. Contributions induced by the dimension-seven
contributions are also large. For Ξ++

cc and Ω+
cc, they come with opposite sign relative to

the leading spectator terms. It can be expected that the inclusion of currently-missing
NLO corrections, and a refined understanding of the corresponding matrix elements, would
be important for solidifying the present theoretical predictions. Our results for the total
decay rates, lifetimes, and lifetime ratios are given in table 2, and results for predicted
semileptonic decay widths are given in table 3.

Observable Kinetic Pole

Γ(Ξ++
cc )/ps−1 3.1± 0.5+0.9

−0.6 3.2± 0.4+0.9
−0.7

Γ(Ξ+
cc)/ps

−1 17.3± 3.4+4.4
−3.6 16.9± 3.3+4.2

−3.5

Γ(Ω+
cc)/ps

−1 6.7± 1.8+1.2
−1.1 6.1± 1.7+1.3

−1.1

τ(Ξ++
cc )/10−13s 3.2± 0.5+0.8

−0.7 3.2± 0.4+0.9
−0.7

τ(Ξ+
cc)/10

−13s 0.6± 0.1+0.2
−0.1 0.6± 0.1+0.2

−0.1

τ(Ω+
cc)/10

−13s 1.5± 0.4+0.3
−0.2 1.6± 0.5+0.4

−0.3

τ(Ξ+
cc)/τ(Ξ

++
cc ) 0.22± 0.05+0.04

−0.04 0.22± 0.05+0.04
−0.03

τ(Ω+
cc)/τ(Ξ

++
cc ) 0.52± 0.13+0.03

−0.02 0.57± 0.15+0.04
−0.03

Table 2. Values for the total decay rates, lifetimes, and the lifetime ratios, in the pole- and kinetic
mass schemes. Uncertainties arise from parametric (first) and scale µ variations (second). The
predictions for the ratios are obtained using the experimental value of τ(Ξ++

cc ) for the normalisation
according to the formula (4.1).

To date, the only observable to have been measured is the lifetime of Ξ++
cc [23], with

the value given in (4.2). Our result, in table 2, is consistent with this value for both mass
schemes considered in this paper, within uncertainties. As the remaining observables are
yet to be measured, we provide them as predictions, to be compared against analysis of
LHCb data as and when it becomes available.7

7We thank He Jibo for his comments on the ongoing analysis at the LHCb.
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Observable Kinetic Pole

ΓSL(Ξ
++
cc )/ps−1 0.84± 0.03+0.05

−0.07 0.70± 0.03+0.07
−0.09

ΓSL(Ξ
+
cc)/ps

−1 0.86± 0.03+0.05
−0.07 0.71± 0.04+0.07

−0.09

ΓSL(Ω
+
cc)/ps

−1 1.42± 0.56+0.01
−0.09 1.07± 0.54+0.01

−0.10

Table 3. Semileptonic decay widths including both the electron and the muon contributions, in
units ps−1, in the pole- and kinetic mass schemes. Uncertainties arise from the hadronic (first) and
scale variations (second).

We also report our predictions for the inclusive semileptonic decay widths,

ΓSL(Bcc) ≡ Γ(Bcc → Xeν) + Γ(Bcc → Xµν) , (4.7)

with the corresponding numerical values given in table 3. Note that the semileptonic
width ΓSL(Ω

+
cc) turns out to be particularly sensitive to the choice of the charm quark

mass scheme. In addition, the hadronic uncertainties for this observable are large, which
can be attributed to cancellation between dimension-six and -seven contributions, both of
which are Cabibbo-enhanced.8 It can be expected that the inclusion of NLO corrections
to the dimension-seven Wilson coefficients would improve the numerical stability of this
prediction, both by reducing the sensitivity to the choice of charm quark mass scheme and
by potentially reducing the overall uncertainties. Moreover, we stress that an experimental
measurement of the semileptonic decay widths would provide important insights into the
structure of the corresponding hadronic matrix elements.

We now briefly comment on how our results compare to previous predictions. The
earliest estimate for the lifetimes dates to the 1980s [79], with the expected hierarchy (4.3)
first noted in [34]. The first comprehensive evaluation of the lifetimes came around a decade
later [13–15, 17, 18], with the most recent studies in [19–21, 54, 80]. A complete compar-
ison, including the intermediate analytic expressions, is somewhat challenging, as earlier
authors have not always been clear about their conventions, and there are some apparent
typographical/sign errors, in e.g. eq. (22) of [12].9 One particular source of confusion is
how to handle the presence of an additional charm quark; for example, [15] introduces the
resulting factor of two at the level of the decay width. In our presentation, discussed at
length in section 3, such a factor always arises from the evaluation of matrix elements. As
compared with earlier studies, we have included additional contributions in the 1/mc and
αs expansions, in particular the nonleptonic Darwin contribution, which was not available
until recently, and sizeable NLO αs corrections to the dimension-six contributions. In ad-
dition, most early papers do not provide a comprehensive uncertainty analysis, and can
therefore be sensitive to changes in numerical input. Nevertheless, all previous studies are

8A similar feature has been observed for the singly charmed Ωc baryon [5, 6].
9Note that, contrary to the claim in [19], there is no discrepancy between their analytic results and those

of [15], once corrections in the erratum of the latter paper are taken into account (see also table 1 in [16]).
Likewise, the results for lifetimes from [15] are incorrectly quoted in table XII of [81].
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Figure 2. Comparison of our predictions for the lifetimes of Ξ+
cc, Ω

+
cc, Ξ

++
cc , in dark blue, with

the LHCb measurement of τ(Ξ++
cc ) [23] in cyan, and other theoretical predictions [13–20, 54] in

light red, in chronological order from left to right. Where available, uncertainties in the previous
theoretical predictions are also indicated.

broadly consistent with the hierarchy τ(Ξ+
cc) < τ(Ω+

cc) < τ(Ξ++
cc ) , with which we also agree,

as shown in eq. (4.3).
In figure 2, we summarise our final results for lifetimes, and compare them to previous

predictions and the available experimental measurement.

5 Summary

In this work, we have provided updates to the predictions for lifetimes of doubly charmed
baryons, with newly-available contributions to the decay width included. We also provide,
for the first time, predictions for the lifetime ratios, which benefit from reduced uncer-
tainties. Our result for the Ξ++

cc lifetime is compatible with the available experimental
measurement, while the remaining results presented in this paper serve as predictions for
anticipated future results, which can be expected from the analysis of Run 3 LHCb data.

As compared with previous predictions, we have extended the analysis in the following
ways:

• inclusion of the Darwin contribution in the full decay width, not available for any
previous studies;
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• inclusion of available NLO corrections to leading two- and four-quark contributions;

• inclusion of 1/mc corrections to four-quark operators, not available in [12, 13, 15, 17,
21], with a fresh consideration of their parametrisation as opposed to [19] in light of
the discussions in [6, 11];

• a more complete analysis of uncertainties, taking hadronic and scale uncertainties into
account.

Our results provide further support for the hierarchy τ(Ξ+
cc) < τ(Ω+

cc) < τ(Ξ++
cc ), which can

be tested concretely in future and ongoing collider experiments.

As with the previous studies of charmed hadrons [6, 11], these predictions can evidently
be extended in multiple ways: firstly, by adding additional contributions in the 1/mc ex-
pansion, which can be expected to converge only slowly; secondly, by consideration of
higher-order QCD corrections, which will also serve to reduce the sizeable uncertainty aris-
ing from renormalisation scale variations;10 and, thirdly, by greater control of the hadronic
inputs, which also provide a large uncertainty.

Most importantly, however, these predictions should serve as motivation for a renewed
experimental interest in inclusive doubly charmed baryon decays. As was noted in [6, 11],
there are some tensions between the theoretical predictions and experimental results for
singly charmed hadron decays; while the overall pattern is one of qualitative agreement, it
is clear that doubly charmed baryon observables provide a further test of the applicability
of the heavy quark expansion to charm decays.
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for the first time. This will be particularly useful in the case of singly charmed hadrons, although in the
present study, this effect will be dominated by hadronic uncertainties.
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A Conventions and numerical inputs used in the paper

A.1 Conventions

Here we gather conventions used in deriving the presentation of equations earlier. We define
the covariant derivative

Dµ = ∂µ − igsA
a
µt
a (A.1)

and thus

[iDµ, iDν ] = igsGµν . (A.2)

The equation of motion for the gluon field strength is therefore

[Dµ, G
µν ] = −gstaq̄f taγνqf , (A.3)

with an implicit sum over the colour index a and all the flavours f . Our convention for the
chromoelectric and chromomagnetic fields is given as

Gi0 = Ei, Bi = −1

2
ϵijkG

jk , (A.4)

with the convention for the totally antisymmetric symbol ϵ123 = +1. In the Darwin term,
the covariant derivative D⃗ in the adjoint representation acts on the chromoelectric field as

(D⃗ · E⃗) = (∂⃗ta − gfabctbA⃗c) · E⃗a (A.5)

A.2 Numerical inputs

In this section, we collect the numerical inputs used in this work. Values of the inputs are
taken from PDG [83, 84] except where stated. Parameters also used in our previous paper
[6] have the same value.

All quark masses in the matrix elements of four-quark operators are taken to be their
constituent masses in baryons and mesons, which take different values and are obtained
from fits to experimentally determined hadron masses [54, 89]. Specifically, the constituent
quark masses in mesons are

mM
u,d = 310MeV , mM

s = 483MeV , mM
c = 1663.3MeV , mM

b = 5003.8MeV , (A.6)

and in baryons, where the expected quark masses are somewhat larger, are

mBu,d = 363MeV , mBs = 538MeV , mBc = 1710.5MeV , mBb = 5043.5MeV . (A.7)
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Parameter Numerical value

ms(2GeV) 0.093GeV

mc(mc) [85, 86] 1.280(13)GeV

mb(mb) [85, 86] 4.198(12)GeV

αs(mZ) 0.1180(7)

mZ 91.1876GeV

mµ 0.105658GeV

Table 4. Values of input parameters used in the numerical analysis. Uncertainties in the final
digit(s), which are neglected in this study, are given in brackets. The values of mc(mc) and mb(mb)

are the Flavour Lattice Averaging Group (FLAG) [85, 86] averages.

Ξ++
cc , Ξ

+
cc Ω+

cc Ξ++,∗
cc , Ξ+,∗

cc Ω+,∗
cc

masses from [74] 3.610(32) 3.738(28) 3.692(35) 3.822(30)

Experimental masses 3.62155(38) [87] N/A N/A N/A

Table 5. Masses, in GeV, of doubly charmed baryons, and their resonances, taken from the lattice
study in [74], with statistical and systematic uncertainties added in quadrature. Only the Ξ++

cc

has been confirmed experimentally. Given the expectation that isospin splitting should not lead to
large mass differences, e.g. [88], the reported mass of Ξ+

cc in [24, 25] is not used in this study.

D± D0 Ds

mM 1.86966(5) 1.86484(5) 1.96835(7)

fM 0.2120(7) 0.2120(7) 0.2499(5)

Table 6. Masses and decay constants of D mesons in GeV, from the latest PDG [83] and FLAG
[85, 86] values. Uncertainties in the final digit(s), which are neglected in this study as they are
dominated by other effects, are given in brackets.
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B Contributions to decay width from four-quark operators

Here we compile analytic expressions for the leading-order spectator contributions to the
inclusive decay width (2.4), as given by eqs. (2.10-2.12). They are (e.g. [6, 52])

Γ̂q
6,int+(x1, x2) =

Γ0

2mM

16π2
√
λ

m3
Q

{[(
(x1 − x2)

2 + x1 + x2 − 2
)
(2C1C2 +NCC

2
2 )
]
Oq1

−
[
2
(
2(x1 − x2)

2 − x1 − x2 − 1
)
(2C1C2 +NCC

2
2 )
]
Oq2

+
[(
(x1 − x2)

2 + x1 + x2 − 2
)
C2
1

]
Õq1 − 2

[(
2(x1 − x2)

2 − x1 − x2 − 1
)
C2
1

]
Õq2

}
,

Γ̂q6,exc(x1, x2) =
Γ0

2mB

16π2

m3
Q

(
2NC

√
λ(1− x1 − x2)

){[
2C1C2

]
Oq1 +

[
C2
1 + C2

2

]
Õq1

}
,

Γ̂q
6,int−(x1, x2) = Γ̂q

6,int+(x1, x2)
∣∣
C1←→C2

,

Γ̂q,SL
6,int+(xℓ, 0) = Γ̂q

6,int+(xℓ, 0)
∣∣
C1→0,C2→1,NC→1

, (B.1)

and for dimension seven,

Γ̂q
7,int+ =

Γ0

2mM

16π2
√
λ

m4
Q

(2C1C2 +NCC
2
2 )

{
2
[
2(x1 − x2)

2 − x1 − x2 − 1
] (
P q1 + P q1

†
)

+
2

λ

[
(x1 + x2 − 1)

(
(x1 − x2)

2 + x1 + x2 − 2
)
+ λ

(
2(x1 − x2)

2 + x1 + x2

)]
P q2

+
4

λ

[
(1− x1 − x2)

(
λ+ (x1 − x2)

2 + x1 + x2 − 2
)

+ λ
(
1 + 2x1 + 2x2 − 6(x1 − x2)

2
)]
P q3

}
+

{
P qi → P̃ qi , (2C1C2 +NCC

2
2 ) → C2

1

}
,

Γ̂q7,exc =
Γ0

2mB

16π2

m4
Q

[12 ((1− x1 − x2)
2 + (x1 + x2)λ

)
√
λ

]{[
2C1C2

]
P q2 +

[
C2
1 + C2

2

]
P̃ q2

}
,

Γ̂q
7,int− = Γ̂q

7,int+
∣∣
C1←→C2

,

Γ̂q,SL
7,int+(xℓ, 0) = Γ̂q

7,int+(xℓ, 0)
∣∣
C1→0,C2→1,NC→1

, (B.2)

with the (x1, x2) dependence suppressed. In both eqs. (B.1) and (B.2), λ ≡ λ(x1, x2) =

1 + x21 + x22 − 2(x1 + x2 + x1x2) is the Källén function, while xi denote the dimensionless
ratio

xq =
m2
q

m2
c

, xℓ =
m2
ℓ

m2
c

. (B.3)

We treat the u, d, e, and νi as massless, so that only xs and xµ are nonzero.
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