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Abstract

The hydrodynamic flow-like behavior of charged hadrons in high-energy lead-lead
collisions is studied through multiparticle correlations. The elliptic anisotropy val-
ues based on different orders of multiparticle cumulants, v,{2k}, are measured up to
the tenth order (k = 5) as functions of the collision centrality at a nucleon-nucleon
center-of-mass energy of \/s = 5.02TeV. The data were recorded by the CMS exper-
iment at the LHC and correspond to an integrated luminosity of 0.607nb ', A hier-
archy is observed between the coefficients, with v,{2} > v,{4} = v,{6} = v,{8} 2>
v,{10}. Based on these results, centrality-dependent moments for the fluctuation-
driven event-by-event v, distribution are determined, including the skewness, kur-
tosis and, for the first time, superskewness. Assuming a hydrodynamic expansion
of the produced medium, these moments directly probe the initial-state geometry in
high-energy nucleus-nucleus collisions.
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1 Introduction

In high-energy nucleus-nucleus collisions, a hot and dense state of strongly interacting quarks
and gluons is created, the so-called quark-gluon plasma (QGP). Clear evidence for this state
was obtained at the BNL RHIC [1-4]. Experiments at the CERN LHC, performed with nucleus-
nucleus collisions at nucleon-nucleon center-of-mass energies up to more than twenty times
greater than available for the RHIC studies, confirmed the main RHIC results with much larger
event samples and kinematic ranges. Unexpectedly, a similar behavior has been observed in
smaller systems formed in high-multiplicity proton-proton and proton-nucleus collisions [5, 6].
One important feature of the QGP is its apparent collective hydrodynamic expansion. The ini-
tial spatial geometry of the overlap region of the colliding nuclei results in anisotropic pres-
sure gradients that, in turn, are reflected in the azimuthal angle distribution of outgoing par-
ticles. This anisotropy has been used to perform detailed studies of the QGP formed at the
LHC [7-19]. Fluctuations in nuclear densities that appear due to the fluctuations in the posi-
tion of nucleons within the incident nuclei also have a significant influence on the QGP expan-
sion [8, 12, 20-22]. The effect of these geometry fluctuations on the observed particle anisotropy
can give insight into the early-stage dynamics of the collisions [23-25].

Figure 1 schematically depicts a collision of two nuclei in the transverse X’ — Y’ plane that
is perpendicular to the beam axis Z, in the laboratory frame. The impact parameter vector
b, which is not experimentally accessible, connects the centers of the colliding nuclei in the
transverse plane. The symmetry plane of the collision, denoted X — Y, defined in terms of the
beam direction and b, is randomly oriented with respect to the X’ — Y’ plane. In this schematic
tigure, ¢ denotes the azimuthal angle of one of the outgoing particles. The anisotropic flow is
quantified in terms of coefficients in the Fourier expansion of the ¢ dependence of the invariant
yield of particles relative to the event-plane angle Yp,
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where E is the energy of the particle, pr its transverse momentum, and v its rapidity. The event-
plane angle Ygp is defined to be in the direction of maximum outgoing particle density [26]
and is, on average, the same as the rotation angle of the symmetry plane with respect to the
laboratory frame. The direction of ¥gp fluctuates about the symmetry plane rotation angle
because of fluctuations in the initial state geometry and resolution effects arising from finite
particle multiplicities. The elliptic flow harmonic v, is the leading term of the Fourier series
expansion of the azimuthal angle distribution in the event plane frame.

Many methods have been developed to study the anisotropic expansion of the system formed
in nuclear collisions [26-28]. The cumulant method was introduced in Refs. [29, 30] based on
multiparticle correlations which do not require an explicit measure of the event-plane angle. In
this method, v,, values can be extracted from c, {2k} cumulant coefficients, where 7 is the order
of the Fourier expansion term and 2k is the number of particles used to determine the correla-
tion. For example, v,{2}, v,{4}, and v,{6} are referred to as the 2-, 4-, and 6-particle cumu-
lant based values for the elliptic flow harmonic, respectively. Nonflow, short-range correlations
arising from jets and resonance decays, can be suppressed by correlating four or more particles.
It is then possible to determine the central moments of the event-by-event, fluctuation-driven,
v, distribution based on the v,{2k} values. The 3rd, 4th, and 5th central moments are called
the skewness (s), kurtosis (x), and superskewness (p) respectively. The skewness describes
the overall asymmetry of the v, distribution, while the superskewness gives a measure of the
asymmetry of the tails. The kurtosis describes the peakedness of the center, or equivalently,
the relative contribution (heaviness) of the distribution tails. In a hydrodynamic expansion



Figure 1: A schematic view of a non-central nucleus-nucleus collision in the transverse plane.

the v, is proportional to the initial-state eccentricity €,, and therefore €, fluctuations produce
non-Gaussian v, distributions [31]. Thus, the central moments can be related to the initial state
geometry and reveal its detailed structure.

In this paper, the cumulant based values are determined using the Q-cumulant method in
which one calculates multiparticle cumulants in terms of moments of Q-vectors [32]. Deter-
mining the cumulant based v,{2k} (k = 1,2,3...) values of the v, distribution is a way to
study the fluctuation behavior related to the initial-state geometry [30]. For Gaussian fluctu-
ations, the higher central moments vanish and the v,{2k} values with k > 1 are all expected
to have the same value [33]. The measured higher-order v,{2k} (k = 2,3,4) values, however,
show a fine splitting [34, 35], v,{4} = v,{6} 2 ©v,{8}, that can be attributed to a non-Gaussian
behavior [31]. In Ref. [36], it is noted that the main signature of non-Gaussian fluctuations is
a nonzero skewness of the v, distribution. This is used to suggest, as described in Ref. [36], a
hydrodynamic probe based on the ratio (v,{6} — v,{8})/(v,{4} — v,{6}). The basic premise
of a hydrodynamic probe is that the observed azimuthal angle correlations that appear in the
bulk medium can be related to the initial-state geometry.

We present for the first time a measurement of v,{10}, derived from ten-particle cumulants,
for lead-lead (PbPb) collisions at a center-of-mass energy per nucleon pair of /s =5.02TeV.
The data used in this analysis correspond to an integrated luminosity of 0.607 nb ! and were
recorded with the CMS detector at the LHC. This enables the development of a new hydrody-
namic probe using the v,{10} value and the corresponding lower-order v,{2k} values. Both
the original and the new hydrodynamic probes should be independent of collision centrality if
moments of the v, distribution with order higher than the skewness are negligible [36]. Cen-
trality refers to the percentage of the total inelastic hadronic nucleus-nucleus cross section [37],
with 0% corresponding to the maximum overlap of the colliding nuclei. This connection be-
tween the centrality dependence of the hydrodynamic probes and higher order moments of the
v, distribution is investigated by measuring both the centrality dependence itself and also by
using the cumulants to extract the higher order moments directly.



This paper is organized as follows. In Section 2 and in Appendix A, we derive formulas for
the v,{10} harmonic and its statistical uncertainty. Section 3 and Appendices B, and C present
derivations of the formulas used in this analysis to calculate the hydrodynamic probe ratios. In
Section 4, we introduce and derive formulas for the standardized moments (denoted as ’nyp,
i = 1,2,3) and the corrected moments (denoted as yix‘:}z)rr, i = 1,2,3) of the fluctuation-driven,
event-by-event v, distribution. Section 5, 6, and 7 present the experimental details, results, and
summary, respectively. The numerical values of the results for this analysis are tabulated in the
HEPDATA record [38].

2 Analysis procedure

A version of the cumulant method, the Q-cumulant method, was introduced in Ref. [32] and
is based on the flow vector Q,,, with Q,, = Zinlem‘Pf. Here, n is the flow harmonic order, M
denotes the event multiplicity, i.e., the number of analyzed tracks in the given event, and ¢; is
the azimuthal angle of the jth track measured in the laboratory frame.

The 2m-particle azimuthal angle correlators (2m) [32] are expressed through the flow vector
Q, with
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Here the summation is over all unique track indices. The weighted mean of the 2m-particle
azimuthal angle correlator ((2m)) is defined as
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where the double brackets ((...)) denote a weighted average over all events within a given
class [39]. The weight is taken as the number of distinct 2m-particle combinations that can be
formed for an event [39]:
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The Q-cumulant c¢,{2k} values are multivariate polynomial functions of the ((2m)) values.
The relationship between the c, {2k} values (up to the 8th order) and corresponding ((2m))
correlations are known [32, 39]. A recursion relationship for the c, {2k} values [40] is given
with
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In Refs. [39, 41] it is shown that

((2k)) = (7). (6)
Based on Egs. (5) and (6), one finds

v, = i/ay'c, {2k}, )

where the a,; coefficients can be determined using the recursion relationship
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In the ideal case, all 2k-particle cumulants c, {2k} with k > 1 result in the same flow harmonic
value v,. But, non-Gaussian flow fluctuations and non-flow correlations result in a splitting
of the ¢, {2k} values with k > 1. In this case, the v,{2k} values will depend on the cumulant

orders as
v, {2k} = {/aylc, {2k} )

Details concerning the Q-cumulant method up to the k = 4 order can be found in Refs. [32,
39]. In the case where k = 5, the above equations give the relationship between the v, {10}
magnitude and the corresponding ¢,{10} value, with

¢, {10} = ((10)) —25((2))((8)) — 100((4))((6)) +400((6))((2))> +900((2))((4))>
—3600((4))((2))> 4 2880((2))°, (10)

0,{10} = Y/ ﬁcn{m}. (11)

Formulas for the analytic calculations of the statistical uncertainties in the v, {2k} (k =1,...,4)
magnitudes are given in Ref. [40]. Appendix A discusses the analytical calculation of the sta-
tistical uncertainty for the v,{10} value.

and

3 Hydrodynamic probes

A compact formulation for the cumulant expansion is given through the formalism of generat-
ing functions. The Fourier-Laplace transform of the symmetry plane elliptic harmonic vector
vy = vye, t U e s (e!'V2), with a vector variable 1 = I.e, + l,e,. Here, e, is the unit vector
in the direction of the impact parameter, while e, is the unit vector perpendicular to b. The
angle brackets () indicate an event average that, for this analysis, involves an average over
events within a centrality class. As the distribution of (v,, vy) is symmetric under v, — -0,

the mean value of the x— and y—component of v, are (v,) = v,, and (v,) = 0. The variances

are 02 = {(v, — (v,))?) and O'yz = <U§) Higher-order central moments up to the kurtosis are

defined in Ref. [42] in terms of the components of the elliptic harmonic vector. The expressions
found in Ref. [42] are reproduced here, expanded to include terms related to the superskew-
ness:

s30 = {(vx — (v4))°),

s = {(vy — (00))0}),

K0 = ((0x — (0,))*) —30%,

Ky = (v — <Ux>)2%2/> - ‘73‘7;/

Kos = (03) — 3(7;*, (12)
pso = ((ox — (0,))%) — 1007530,

px = ((vy — (vy))’0}) — 07539 — 30351, and

p1s = (v, — (vy))0}) — 607515

In Ref. [36], the generating function of the cumulant is defined as In{e!""2). If one expands this
generating function up to the 4th power in (I,,,) one gets the expression in terms of central
moments of the (v,, Uy) distribution, that includes the o, s, and x terms [42]. By extending this
expansion up to the 5th power in (I,,,), we obtain
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One can follow the procedure for expanding the generating function of the v,{2k} cumu-
lants [36] to derive expressions for the hydrodynamic probes that include higher-order mo-
ments of the v, distribution. Instead of using Eq. (7) from Ref. [36], in this analysis Eq. (13)
is used. The difference is that in the earlier work the expansion is performed up to the skew-
ness, while the current analysis additionally covers the 4th and 5th moments. Then, for the
higher-order v,{2k} (k = 2,...,5) values, we find
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If one neglects the 5th-order moments p, as well as the terms with the multiplier (UyZ — 02), then
the hydrodynamic probe proposed with Eq. (14) in Ref. [36] is given as

0{6} —v,{8} ~ L
v {4} —vp{6} 11
Here, one can see that neglecting the kurtosis x moment, with respect to the skewness, would

reduce the right-hand side of Eq. (18) to a constant value of 1/11. Appendix C shows the
relation that corresponds to Eq. (18) if none of the terms in Eqs. (14)-(16) are neglected.
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The approximation given by Eq. (18) can be tested by expressing the right-hand side in terms
of the measurable quantities v,{2k}, with k = 2,3, and 4. Based on Taylor expansion of the
v,{2k}? values, as shown in Appendix B, one finds
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if terms with ((Ty2 — 0y ) are neglected.

In the above relation, /; denotes the hydrodynamic probe and h{aylor denotes the corresponding
Taylor expansion of this probe as expressed in terms of the measured v,{2k} values.

By employing the v,{10} harmonic, we define a new hydrodynamic probe &, as

0,{8} — v, {10} ~ 3
v,{6} — v,{8} 19

+ 88ps0 . (20)
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In the derivation of Eq. (20), none of the terms in Egs. (15)—(17) have been neglected. If one
neglects the 5th p moment, then the right-hand side of the Eq. (20) will reduce to the constant
value of 3/19. A deviation from this constant value indicates that the p moment cannot be
neglected.

Again, as in the case with the derivation of the Eq. (19), one can express the right-hand side of
Eq. (20) through the second power of the higher-order v,{2k} terms, with k = 3,4, 5 (as shown
in Appendix B):
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where h, denotes the new hydrodynamic probe and h;aylor denotes the Taylor expansion of this
probe, as expressed in terms of the measured v, {2k} values.

In Section 6, it will be shown that the term proportional to the asymmetry of the fluctuations

(O'yz — 02) is negligible. The same conclusion is found in Ref. [36].

4 The standardized and corrected moments

The standardized skewness, 7y, and standardized kurtosis, 7,, are defined as

— 530 — K0
Y1 = 0—73, and T = F}é. (23)
The corresponding expressions given in terms of the measured v,{2k} values, are derived in
Ref. [42] as
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The standardized superskewness, 3, is defined as
1y = 20, (25)



In order to express the standardized superskewness through the measured v,{2k} values with
k =1,...,5, one can use the expansion of the fifth power of the v,{2k} value (as discussed in
Appendix B). The resulting expression for the standardized superskewness, expressed in terms
of measurable quantities, is

exp 30,{6}° — 220,{8}° + 190,{10}°
L R R 2

The standardized moments, 'yz-eXp (i = 1,2,3), have contributions from higher-order moments
of the v, distribution that are not negligible (as shown by Eq. (13) in Ref. [42]). For example,
if higher-order moments are considered, then for the standardized skewness we obtain addi-
tional terms Oy and Op, with
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Corrected moments, which are free of contributions from higher-order moments, can be de-
fined if s y .
- 530 . Xa0 Ny  Pso
512 ~ ?, K22 ~ ?, and p32 ~ p14 ~ 75 . (29)

These conditions are satisfied with the elliptic power distribution [43] if the eccentricity param-
eter €, in this model satisfies the condition €; < 0.15 and a linear flow response is assumed.
Mathematical details that support the validity of the conditions given by Eq. (29) are presented
in Appendix D. With these conditions, the corrected moments can be expressed in terms of the
measured v, {2k} (k = 1,...,5) values. As an example, the corrected skewness can be expressed
as

N I 1870,{8}% — 160,{6}> — 171v,{10}3 ‘
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If one replaces the powers that appear in Eq. (30) with the expansions given in Appendix B,
one finds
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We note that the contribution from the term proportional to ((Ty2 — 0?2

tions from moments of order higher than 5 are negligible.

) as well as the contribu-



The same correction procedure can also be applied to the standardized kurtosis and the stan-
dardized superskewness. The corrected form of these moments are given by

ep _ 3 _opf4} +240p{6}* — 2530, {8} + 280,10}
V2,com = 75 (v,{2}2 — 400,{6}2 + 4950, {8}2 — 4560v,{10}2)2’ )
P — 62 30,{6}° — 220,{8}° + 190,{10}°
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5 CMS detector, event selection, and systematic uncertainties

The central feature of the CMS apparatus is a superconducting solenoid of 6 m internal diame-
ter, providing a magnetic field of 3.8 T. Within the solenoid volume are a silicon pixel and strip
tracker, a lead tungstate crystal electromagnetic calorimeter (ECAL), and a brass and scintilla-
tor hadron calorimeter (HCAL), each composed of a barrel and two endcap sections. Forward
calorimeters (HF), made of steel and quartz-fibres, extend the pseudorapidity (1) coverage pro-
vided by the barrel and endcap detectors. Muons are measured in gas-ionization detectors
embedded in the steel flux-return yoke outside the solenoid. A more detailed description of
the CMS detector, together with a definition of the coordinate system used and the relevant
kinematic variables, can be found in Ref. [44].

Events of interest are selected using a two-tiered trigger system. The first level (L1), composed
of custom hardware processors, uses information from the calorimeters and muon detectors
to select events at a rate of around 100 kHz [45]. The second level, known as the high-level
trigger (HLT), consists of a farm of processors running a version of the full event reconstruction
software optimized for fast processing, and reduces the event rate to about 5 to 8 kHz before
data storage [46].

The data analyzed in this paper, before applying the selection described below, consist of
4.27%10° minimum bias lead-lead (PbPb) collision events at Vs, = 5.02TeV, collected in 2018
with an integrated luminosity of 0.607nb ' [47, 48]. The minimum bias events are triggered
by requiring signals above readout thresholds of 3 GeV in each of the two HF calorimeters [46].
Further selections are applied to reject events from beam-gas interactions and nonhadronic col-
lisions [49]. The events are also required to have at least one reconstructed primary vertex
(based on two or more tracks) within a distance (|z,|) of 15cm from the nominal interaction
point along the beam axis. If multiple vertices are found in an event then the primary vertex is
selected as the one with the highest track multiplicity in the event. The total energy deposited
in both HF calorimeters is used for determination of the event centrality [50].

Only tracks that satisfy the high-purity selection criteria described in Ref. [49] are used in the
analysis. In addition, a reconstructed track is only considered as a candidate track from the
primary vertex if the separation along the beam axis between the track and the vertex (d,), and
the track-vertex impact parameter measured transverse to the beam (d,,), are both less than
three times their respective uncertainties 0, and 0y,. The relative uncertainty in the transverse
momentum (UPT / pr) measurement is required to be less than 10%. In addition, tracks must
have 11 or more hits (n,;;5) along their trajectory in the pixel and strip tracking detectors com-
bined. The relative x? of the track fit (x?/ Ngos/ Niayers) is required to be less than 0.18, where
Nyof is the number of degrees of freedom during the track fitting and Ni,y. is the number of
tracking layers used.

Each reconstructed track is weighted by the inverse of the efficiency factor w(#, py, centrality)
calculated based on Monte Carlo HYDJET 1.9 [51]. The efficiency factor accounts for the recon-



struction efficiency € and the fraction of misreconstructed tracks fiisrec (1, P, centrality), with
w =€/ (1 — fmisrec) [52]. The response of the CMS detector to the generated events is simulated
with GEANT4 [53].

The systematic uncertainties are determined by varying the vertex selection, the track selection,
the centrality determination, and the efficiency correction. For each of the indicated sources of
systematic uncertainty, an absolute difference between results from the varied and nominal
values are used to obtain the uncertainty. The vertex selection uncertainty is found by per-
forming the analysis with |z, | < 3cm and with 3 < |z, | < 15cm. The uncertainty related to
the track selection is determined by comparing tight (d,/c, < 2, dyy /0y < 2,0, /pr < 0.05
and x2/Ngo/ Niayers < 0.15) criterion and loose (d,/0, < 5, dy,/0,, < 5,0, /pr < 0.15 and
X%/ Ngot/ Niayers < 0.18) criterion for tracks with the results obtained with the nominal val-
ues. The finite HF energy resolution results in small migration of events across the centrality
bin boundaries. The centrality calibration is varied to calculate the effect of the minimum bias
event selection efficiency of the HF calorimeters [54]. Differences in the pt spectra between the
data and the Monte Carlo simulation can affect the efficiency factor. To estimate the systematic
uncertainty arising from these differences, the efficiency factor w is varied by £ 5%. The final
systematic uncertainty is taken as a quadratic sum of the four indicated sources, with the track
selection found to have the dominant contribution.

6 Results

It was previously shown in Ref. [36] that the presence of non-Gaussian fluctuations in the
initial-state energy density leads to a fine splitting between the higher-order v, {2k} cumulants.
The v,{2k} (k =1,...,5) values are presented in Fig. 2 as functions of centrality in PbPb colli-
sions at /s = 5.02TeV. These results are obtained from charged particles with || < 2.4 and
0.5 < pr < 3.0GeV/c. The statistical uncertainties are about two orders of magnitude smaller
than the systematic ones. A clear splitting between the v,{2} and higher-orders cumulant
based v,{2k} (k = 2,...,5) values is visible. The difference is attributed to flow fluctuations,
with v,{2}? ~ ©v,{2k}? + 202 for k > 1 [36, 55], where 02 is the v, variance. From Fig. 2, it
is clear that the flow fluctuations become larger going to more peripheral collisions (higher
centrality percentages).

In Fig. 2, the ordering and a fine splitting between the v,{2k} (k = 2,...,5) values are not
clearly visible. The v,{2k} (k = 1,...5) values need to satisfy the ordering relationship v, {2k} >
v,{2(k+ 1) } in order to define the hydrodynamic probes given by Egs. (19) and (22). The split-
ting between the higher-order cumulant based v, {2k} values v,{4} = v,{6} 2 v,{8} 2 v,{10}
becomes much finer than the splitting with respect to the lowest-order cumulant based v,{2}
value. Figure 3 shows the corresponding relative differences (v,{2k} — v,{10})/v,{10} (k =
1,...,4) as functions of centrality. The magnitudes of these differences are plotted using a log-
arithmic scale. The fine splitting between cumulants of different orders as well as the expected
hydrodynamic ordering of the splittings is clearly seen. The relative difference between adja-
cent v,{2k} — v,{10} values decreases by about an order of magnitude for each increment in
k.

The measured cumulants of different orders are used to calculate the hydrodynamic probes
given by the left-hand sides of Eqgs. (19) and (22). Figure 4 displays these distributions with
closed symbols. Open symbols in the same figure show the right-hand sides of Egs. (19) and
(22). These are also constructed using the measured v, {2k} (k = 1,...,5) cumulants.

As a consequence of the low multiplicities involved in the calculation of the cumulant based



10

CMS PbPb 5.02 TeV (0.607 nb™Y
0.14§o.5<pT<3.OGeV/c L e e T e
C Inl<24
0.12f - -,
0.1— - o=
~ - S o
A C
%0.08: - = o2
Z0.06F o == o v, {4
B o v,{6}
0.04| == O V,{8}
C A V,{10}
0.02
:H"1‘H‘XH“XHHX“HXHH
0 10 20 30 40 50 60

Centrality (%)

Figure 2: The v,{2k} (k = 1,...,5) values as functions of centrality in PbPb collisions at /s
= 5.02TeV. The vertical sizes of the open boxes denote the systematic uncertainties. Statistical
uncertainties are negligible compared to the marker size. Points are plotted at the center of the
respective centrality ranges. The markers are displaced horizontally for better visibility.
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Figure 3: The relative differences (v,{2k} — v,{10})/v,{10} (k = 1,...,4) as functions of
centrality in PbPb collisions at \/s = 5.02 TeV. The vertical sizes of the open boxes denote the
systematic uncertainties. Statistical uncertainties are negligible compared to the marker size.
Points are plotted at the center of the respective centrality ranges.

v,{2k} values, statistical and systematic uncertainties quickly increase as peripheral collisions
are approached. Also, in the region of very central collisions, because of the small magni-
tudes of the cumulant based v,{2k} values, the statistical and systematic uncertainties are
larger and, therefore, statistical and systematic uncertainties of the hydrodynamic probes are
increased. The magnitudes of the statistical uncertainties of the h, distribution are larger with
respect to those corresponding to the /1, distribution because higher-order cumulants are in-
volved. After the 0-5% centrality bin, where the measurement uncertainties are large, the
hy and h, values show an increasing trend going to more peripheral events. Based on an
event-by-event measurement of the v, distribution, it was reported in Ref. [34] that the h;
has a value of 0.143 £ 0.008 (stat) £ 0.014 (syst) for 20-25% central events, and increases to
0.185 £ 0.005 (stat) &= 0.012 (syst) as the centrality increases to 55-60%. Using the Q-cumulant
method, Ref. [35] compares the measured v,{6} — v,{8} and 5 (v,{4} — v,{6}) distributions.
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Figure 4: The h; = (v,{6} — v,{8})/(v,{4} — v,{6}) (closed blue circles) and the h, =
(05{8} — v,{10})/(v,{6} — v,{8}) (closed red squares) hydrodynamic probes as functions of

centrality in PbPb collisions at /s = 5.02TeV. The distributions depicted with the open cir-

. . . Tayl Tayl
cles and squares represent the corresponding Taylor expansions given by 1,"*" and h,™",

respectively. The horizontal blue (red) line represents a constant value of 1/11 (3/19). The bars
(the vertical sizes of the open boxes) denote the statistical (systematic) uncertainties. Points are
plotted at the center of the respective centrality ranges.

Taking into consideration differences in acceptance, the current analysis is consistent with the
results of previous analyses [34, 35], although with smaller uncertainties. There is a very good
agreement between the distributions obtained by the expressions given on left-hand and right-
hand sides of Eq. (19) and Eq. (22) in Fig. 4. This indicates the importance of including higher-
order terms in the Taylor expansion of the v, generating function.
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Figure 5: The ratios between the hydrodynamic probes and their Taylor expansions. The

ratios are plotted as functions of centrality in PbPb collisions at \/s = 5.02TeV. The vertical

sizes of the open boxes denote systematic uncertainties. Statistical uncertainties are negligible

compared to the marker size. Points are plotted at the center of the respective centrality ranges.

Figure 5 shows ratios between the left- and right-hand sides of the hydrodynamic probes given
by Eq. (19) (left plot) and Eq. (22) (right plot) as functions of centrality. The two sides differ
by less than 1.3% and 0.3% in the cases of Egs. (19) and (22), respectively. Thus, based on
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Egs. (C.2) and (21), which differ from the Egs. (19) and (22) only by the term that is proportional

to ((Ty2 — 02), one can conclude that the contribution of this term is quite small and can be
neglected.
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Figure 6: The magnitudes of the measured (closed circles) standardized skewness ’yixP (upper),
standardized kurtosis 75 © (middle), and standardized superskewness 75 (lower) as functions
of centrality in PbPb collisions at v/s__ = 5.02 TeV. The magnitudes of the corrected skewness
'Y?forr (upper), corrected kurtosis 'yg, worr (middle), and corrected superskewness 'ygf(forr (lower)
are presented with the open circles. The bars (the vertical sizes of the open boxes) denote
statistical (systematic) uncertainties. Points are plotted at the center of the respective centrality
ranges.

Figure 6 displays the distributions of the measured standardized skewness 'ﬁXp , standardized
kurtosis ')/EXP, and standardized superskewness 'yg’(p as functions of centrality. The distribu-
tions of the corrected skewness ’yixforr (upper), corrected kurtosis ')’;chorr (middle), and cor-

rected superskewness 75 & (lower) are presented with the open blue circles. The systematic
uncertainties are generally larger than the statistical ones. The values of the corrected moments
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in the first analyzed centrality bin (5-10%) are not shown because of the very large systematic
uncertainties for this centrality range.

Although with different acceptance and differences in the applied methodology, the obtained
results for the experimentally measured standardized skewness are in a fair agreement with
the results obtained in Ref. [34]. The 7{"" is negative over the entire analyzed centrality range.
This is a consequence of the v, , distribution having a long tail on the low v, , side (as shown
in Fig. 1 of Ref. [36]). The Voy distribution is symmetric and thus its skewness is equal to zero.

The 7{"" had been predicted to become more negative as the centrality percentile increases [36].
This measurement confirms the prediction.

Similarly to the case of the skewness, although with different acceptance and a difference in
the applied methodology to obtain the v,{2k} values, the 75" values are in reasonable agree-
ment with the results presented in Ref. [42]. The 75 values are positive over nearly the entire
analyzed centrality range. The exception is the centrality range of 10-20%. The sign of 75 "
is driven by the mean eccentricity €;, and is predicted to be negative for €, < 0.28 and posi-
tive for ¢y > 0.29 [42]. Our results are qualitatively in an agreement with this prediction. If
the v, values were to reflect a purely linear response to the initial-state eccentricity €,, the cor-
responding kurtosis would equal the kurtosis of the initial €, fluctuations. Although a fully
linear response is not expected, calculations predict that deviations from a Gaussian behavior
for the skewness and kurtosis, although significantly reduced by the hydrodynamic evolution,
are still influenced by the early stage hydrodynamics [36, 56].

Except for collisions with centrality less than 25%, where it is either positive or vanishes, the
75 ¥ moment is negative, with its absolute magnitude increasing towards more peripheral col-
lisions. This is the first measurement of this moment of the v, distribution. Without the super-
skewness, it would be impossible to describe the centrality dependence observed for the new
hydrodynamic probe h,.

In addition to the experimental results for the standardized skewness, kurtosis, and superskew-
ness, the corresponding corrected moments are also presented. Except for the superskewness,
the corrected skewness and kurtosis have larger slopes with respect to the standardized ones.
The corrected moments give additional constraints on models of the initial-state geometry.

7 Summary

The elliptic anisotropy values based on different orders of multiparticle cumulants, v,{2k}
(1 < k < 5), are determined as functions of centrality in lead-lead collisions at a center-of-
mass energy per nucleon pair of \/s = 5.02TeV, with an integrated luminosity of 0.607 nb 1.
The v,{10} value is determined for the first time. A fine splitting is observed between the
harmonic values based on different cumulant orders, with v,{4} = v,{6} = v,{8} = v,{10}.
The ordering of the v,{2k} values is consistent with a hydrodynamic evolution of the quark-
gluon plasma (QGP). This splitting is attributed to a non-Gaussian behavior in the event-by-
event fluctuations of the v, distribution, leading to nonzero values of the skewness, kurtosis,
and superskewness. The splitting becomes finer as the k value increases, with the difference
between the adjacent v,{2k} values decreasing by about an order of magnitude for each in-
crement. The standardized magnitude of the v, moments are presented, together with their
corrected values, where contributions from higher-order moments (up to the 5th moment)
are removed. The large data set of lead-lead collisions collected by the CMS experiment en-
ables a precise measurement of the hydrodynamic probe ; as a function of centrality, where
hy = (v{6} —v,{8})/(v,{4} — v,{6}). A strong centrality dependence is observed, with
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values slowly increasing going to more peripheral collisions. This contrasts with an earlier hy-
drodynamic expectation that had taken the skewness of the initial-state geometry as the main
source of non-Gaussian fluctuations. In that case, the ratio was not expected to depend on cen-
trality. Based on the first v,{10} measurements, a new hydrodynamic probe is introduced that
gives an even more precise measure of the initial-state geometry assuming a hydrodynamic
evolution of the QGP. The new probe, h,, defined as h, = (v,{8} — v,{10})/(v,{6} — v,{8}),
is also found to have a centrality dependence, with a shape similar to the /; results. The cen-
trality dependence of both ratios can be understood in terms of the evolving shape of the in-
teraction region with centrality. Based on these results, centrality-dependent moments for the
fluctuation-driven event-by-event v, distribution are determined, including the skewness, kur-
tosis and, for the first time, superskewness. The results provide basic input for a precision test
of models that assume a hydrodynamic expansion of the QGP.
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A Analytic calculation of v,{10} statistical uncertainty

The statistical uncertainty in v, {10} (given by Eq. (11)) can be expressed analytically using the
procedure described in Ref. [40]. Based on the experimental ((2m)) azimuthal correlations, the
v,{10} statistical uncertainty is given by

s2[0,{10}]4560% (v, {10} )'® 071y + BP0y + C20l gy + D20l + 0y
+ 21‘”3‘T<<z>>,<<4>> +2AC01 ), (6)) T 24D02)),(18))
+ 2402, (10)) + 2BCoay), (16)) T 2BDOay) (18 (A1)
+2Bo4)),((10)) T 2CD06)),((8)) +2C0(6)),((10))
+2Doyg)) (10

where ‘7<2<2k))' k=1,...,5and T((2K)),((21)) 7 withk =1,...,4and [ = 2,...,5 are corresponding
variances and covariances, respectively. The coefficients A, B, C, and D are given by

A = 14400((2))* — 10800((2))*((4)) +800((6))((2)) + 900((4))* — 25((8)),
B = 1800((4)) ((2)) —3600((2))> —100((6)),
C =400((2))? —100((4)), and

D = —25((2)).

(A.2)

B Central moment expansions of v,{2k}?, v,{2k}?, v,{2k}*, and
v,{2k}®

To obtain expressions for the hydrodynamic probes and the standardized and corrected mo-
ments in terms of the measured v,{2k} values, it is necessary to express different powers of
the cumulant v, {2k} values in terms of the central moments. This appendix shows the needed
expressions for v,{2k}?, v,{2k}?, v,{2k}*, and v,{2k}°. The expressions only extend to the fifth
central moments.
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C Expanding the h; hydrodynamic probe to include terms up to
the fifth central moment

The hydrodynamic probe, /11, was introduced in Ref. [36], but in this earlier reference its Taylor
expansion was only shown to the 3rd moment of the (v,,v,) distribution. If none of the terms
from Egs. (14)—(16) are neglected, the right-hand side of Eq. (18) becomes

4K4 + (P50+P32)

0,{6} — 0, {8} _ 1( B )
2)2{4}—’02{6} 11 2525304-3(1(40—1—1{22)—1— (P50+2P32+P14)—%(U§—U§)(5530—6512)

20,

(C.1)
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Without neglecting any terms in Eq. (B.1), the full relationship corresponding to Eq. (19) is

0{6} —0p{8} 1 1 v{4}* —120,{6}* + 110,{8}?

v, {4} —v,{6} T 11 11 0, {4)2 — 0, {6}2 + G- Dm

=3
37,

D Validity of the conditions given by Eq. (29)
Moments of the elliptic-power distribution are obtained in Ref. [43]:

N 1 11
<€;21'fx€ify> = Xox 3Fp (k + St 1o+ X 5,1 +1+k+w;€j), and

~ 3 33
(e lemy) = €0Xoxy1 3Fs <k+ yat Lot 2;2,2+l+k+zx;e%> ,

where , .
o 14
Xy = ﬁ(l —&3)* V2T ()T (k + E)r(z + E)’ and
a(1 + 2 . 3 1
X1 = (2\/E)(1 —e3)* V2T ()T (k + E)r(l + E)’

(C.2)

(D.1)

(D.2)

and 3F, is the regularized hypergeometric function. For the case when the ellipticity parameter
tends to zero, ¢y — 0, the upper formulas give the following ratios between moments of the

initial anisotropy distribution:

(enseny)  TT(3) 1

(eneny)  T(3)T(3) 3

(et TG 1
(ehely)  TT(E) ¥
(hachy) _(achy) _TTGR) _1
(exeny)  (enxeny) T(HT(3) 5

(D.3)

By assuming linear response between the flow and the initial anisotropy, the relations given
by Eq. (D.3) are also well satisfied for the corresponding moments of the v, distribution. Fur-
thermore, these relations are considerably transferred to relations between the corresponding
central moments of the v, distribution given by Eq. (29). We tested these conditions numer-
ically and found that they are satisfied to a reasonable degree in the range of the eccentricity

parameter €, < 0.15.
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