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We derive exact analytic solutions for density and velocity fields to all orders in Eulerian standard
perturbation theory for ACDM cosmology. In particular, we show that density and velocity field
kernels can be written in a separable form in time and momenta at each perturbative order. The
kernel solutions are built from an analytic basis of momentum operators and their time-dependent
coefficients, which solve a set of recursive differential equations. We also provide an exact closed
perturbative solution for such coefficients, expanding around the (quasi-)EdS approximation. We find
that the perturbative solution rapidly converges towards the numerically obtained solutions and its
leading order result suffices for any practical requirements. To illustrate our findings, we compute the
exact two-loop dark matter density and velocity power spectra in ACDM cosmology. We show that
the difference between the exact ACDM and the (quasi-)EdS approximated result can reach the level
of several percent (at redshift zero, for wavenumbers k < 1h/Mpc). This deviation can be partially
mitigated by exploiting the degeneracy with the EFT counterterms. As an additional benefit of our
algorithm for the solutions of time-dependent coefficients, the computational complexity of power
spectra loops in ACDM is comparable to the EdS case. In performing the two-loop computation, we
devise an explicit method to implement the so-called IR cancellations, as well as the cancellations
arising as a consequence of mass and momentum conservation.

PACS numbers:

I. INTRODUCTION

The large scale structure (LSS) is a repository of key information on our universe’s origin and evolution, all the way
to the current dark energy dominated era. Data on inflationary interactions is encoded in the initial conditions for
structure formation while LSS dynamical evolution also depends on the presence of additional components that may
drive late-time acceleration. Astronomical surveys of the galaxy distribution (e.g. Euclid, LSST, SKA) promise to soon
cross the qualitative threshold on cosmological parameter, such as a percent level accuracy on the dark energy equation
of state parameters [1-3]. Crucially, it is by going beyond the background cosmology that we will, for example, extract
information on non-Gaussianities and identify different dark energy models that otherwise support the same expansion
history.

LSS dynamics is amenable to a perturbative description for a limited range of wavenumbers: those for which the
separation of scales underlying a consistent effective treatment can be advocated. The large hierarchy separating the
size of the observable Universe 1/Hy and the onset of non-linearities 1/knr, in structure formation explains the success
of linear perturbation theory in describing the essential features observed in galaxy surveys. At scales as large as 10
Mpe, non-linearities become relevant: different Fourier modes stop evolving independently showing hints of a UV/IR
mixing typical of non-linear regimes.
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At the interface between the linear and highly non-linear regime are so-called quasi-(or mildly-non-) linear scales.
Gaining perturbative control over the quasi-linear range significantly increases the number of modes at our disposal
(N oc k3). A plethora of distinct perturbative approaches have been put forward in this direction [4-25], a programme
that has been altogether quite successful. The exact k-reach of the perturbative treatment in particular has been
the subject of intense research activity, especially within the context of the EFT framework [12, 13] (see also [26, 27]
for recent reviews). Even though several aspects need further development on the “model building” front, there are
already definite predictions on given observables, consisting mainly of the one-loop power spectrum and the tree-level
bispectrum, that have already been employed in obtaining cosmological information from the LSS galaxy surveys
[28-35].

Our work tackles the perturbative treatment of LSS in ACDM cosmology. In this context, striving for ezact
analytical solutions serves multiple purposes. Besides being necessary for a view of the projected accuracy of soon-to-be
operational probes, such solutions are also important to ensure that approximations do not get in the way (i.e. create
degeneracies out) of otherwise distinct signatures. In this work, we present all order exact recursive solutions for
perturbation theory kernels of the density and velocity fields (i.e. F,,G,) in ACDM cosmology. The need to go beyond
the so-called extended (quasi-)EdS approximation! has long been recognised as a timely step (see, e.g. [13, 36-44]),
with our own previous work [45] providing for the first time exact all order solutions for ACDM and beyond. In this
manuscript we shall take [45] as the starting point and report on the significant progress in manifold directions.

We are after separable solutions accounting for the time and momenta dependence of density and velocity kernels.
We identify, for each order in perturbation theory (PT), a complete “basis” of operators in a separable form that make
up the solution for the F, G kernels. We derive such basis recursively, i.e. by employing the results at lower perturbative
orders as building blocks. By construction, the derivation of time-dependent coefficients needs no input from the
momenta operators and vice-versa, greatly simplifying and speeding up the calculation. We provide an algorithm that
unambiguously couples time and momenta operators to give each basis element. Our algorithm completely eliminates
the need (still present in [45]) for an ansatz to be put forward at every perturbative step to identify the solution. This
is a striking improvement, especially relevant as the community has been increasingly recognising the importance of
tackling higher orders in PT [46-55]. Moreover, we derive explicit perturbative solutions for time-dependent coefficients.
By a suitable choice of time variable our perturbative solutions are valid for generic cosmological parameters within
the ACDM cosmology.

We also develop a systematic way to deal with IR (and UV) divergences in loop integrals. As is well-known (see
e.g. [6, 47, 56, 57]) the equivalence principle guarantees the cancellation of leading and sub-leading IR divergencies.
The presence of several large IR contributions in the expression for higher order observables ahead of their overall
cancellation hinder calculational efficiency. In addition to the cancellation of these IR divergences, mass and momentum
conservation also plays a role in determining the scale dependence of loop contributions by imposing cancellations
of large contributions sensitive to UV scales [4, 8, 58, 59]. By introducing suitable window functions, we are able to
renormalize correlation functions and make contact with so-called perturbation theory counterterms in the context of
the EFT framework.

This paper is organised as follows: in Section 11 we set the stage with the equations of motion for the ACDM
system, we also briefly report on previous works on the subject. In Section III we lay out our algorithm and derive
recursive separable solutions for the kernels that may be used up to any order in perturbation theory. We further
show how, starting from the Einstein-de Sitter approximation, one may derive solutions arbitrarily close to the exact
result. In Section IV we focus on one- and two-loop results for the density and velocity cross and auto power spectra.
We draw our conclusions in Section V and comment on future work. A significant fraction of our derivations has
been delegated to the appendices. Thus, in Appendiz A we review the linear growth equations and derive a new
expansion of the specific form of the linear growth rate combination. In Appendix B we review the integral solutions
for perturbation theory kernels. Based on these results in Appendiz C we derive separable kernel form, for which we
give the perturbative solution of the time-dependence in the Appendix D. In Appendiz E we explore the various IR
and UV limits of the newly obtained kernels, which we use in Appendiz F to explore the IR and UV properties of the
two-loop power spectra.

Throughout the paper, we assume a Euclidean cosmology with €2, = 0.3, og = 0.8 and h = 0.7 with the BBKS
linear power spectrum. We work under the assumptions of adiabatic Gaussian perturbations and General Relativity.
As mentioned in footnote !, in the rest of the paper when we refer to the EAS solutions, we have in mind the usual

1This method consists in handling the time dependence of kernels as in an Einstein-de Sitter universe (only matter content), where e.g.
5 (a) o« D™(a) but with the added prescription to employ the linear growth rate D of a ACDM universe. Henceforth, in order to adhere
to common parlance, we refer to this approximation as EdS, rather than (quasi-)EdS.



(quasi-EdS) approximation of setting the n-th order growth factor D7, instead of the a™ which would be the solution
in the actual EAS Universe. Our results for time coefficients and momentum kernels are provided in the Mathematica
notebook, in the arXiv source file of this paper.

II. DYNAMICS IN THE ACDM UNIVERSE

As is well known, we may describe the large-scale structure as a fluid in the non-relativistic limit obeying the
following equations of motion for the fluctuations of the density contrast ¢ and the peculiar velocity 6 = 9;v*:
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where 5,’? is the Dirac’s delta function, qi12 = q1 + g2, fq = [d3q/(27)3, and H = dIna/dr. Here a is the scale factor,

and 7 is conformal time. The kernels a, 3 are defined as a(q1,q2) = 1+ (q1 - q2)/43, B(a1,q2) = (q12)*(q1 - @2) /2433
At linear order, assuming the growing mode initial conditions, the time and momentum dependent parts are clearly
separable

S (1) = Dy(n)ol, 0 (1) = —H(7) f4 (1) Do (7)o, (2)

where D, is the linear growth factor, fi = dln Dy /dlna is the linear growth rate (see Appendix A for a brief review
of results in the linear regime). In addition to the growth mode, we also have the decaying mode with linear decay
factor D_, and equivalently defined decay rate f_. 6i® represents the initial value of the density contrast. The growing
and decaying factors D, and D_ satisfy the differential equation,

d*D(1) dD(r)
ar O

In ACDM cosmology, the solutions for Dy (7) can be expressed in a closed form (see Eq. (Al)). In order to identify
the solutions for density contrast and velocity beyond the linear order, we employ the following perturbative ansatz:

— ng(T)H2(7) D(r)=0. (3)
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where q1, = q1 + g2 + - - - q,. Henceforth we shall not display the integration over q; ... q, on the right-hand side,
which is taken as granted. The kernel functions F};, and G}, are fully symmetrized with respect to the momenta in their
argument. Hereafter all the kernels are to be understood as symmetrized and we omit the superscript “s”. Although
the non-linear kernels F,,, G,, are constant in time and more easily obtained in the EAS universe [4, 8], they become
time-dependent functions in ACDM. The standard approximation in the field is to keep the ACDM growth rate D’}
and keep the EdS, time-independent, solution for the F,, G,, kernels.

Recently the full time-dependent solution for the kernels in ACDM has been found in [45]. This solution has been
derived in an integral recursive form which is somewhat impractical for direct use when computing correlators in
perturbation theory. Here we will start from the results of [45], casting them in a slightly modified but equivalent
form, with the goal of expressing such solutions in an explicitly separable form, disentangling the time dependence of
the kernels from their momentum dependence.

We thus start from the full implicit ACDM solution of the kernels at n-th order

Fn(q17 "7qn7a') = / E(w&")(a,a)h& )(q17 "aqTHa) + U)é )(aﬂa)hg )(ql7 "7qn7a)>a (5)
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where we use the scale factor a as the time variable, and wg%, u&"g are the “Green’s functions”, given in the explicit

form (BT7). As clear by inspection, these are completely determined by the Dy and fi functions. In addition to



the purely time-dependent Green’s functions, we have source terms h&ng, which also depend on time as well as the
momenta. These source terms are recursively constructed from the lower order kernels F,,; and G, such that n’ < n.
The explicit form of these source terms is given in (B2). For the full derivation of this result see Appendix B.

As mentioned, in the integral solution in Eq. (5), the source functions h( ") depend both on time and momenta, and
a considerable calculatlonal advantage would be achieved if one could prov1de solutions whose time and momenta
dependent parts are separable. Furthermore, given the importance of higher order corrections, one should aim at
recursive solutions, which would enable us to do without, for example, the order-specific ansatz used in [45] to arrive
at the exact analytical solution for the n = 3 case. Here we present a systematic derivation of recursive separable
functions that make up the kernels solution at any given order.

We start by suggesting the separable ansatze for the ACDM solutions in Eq. (5),

F’I’L(q17 oy qn,Q Z )‘(Z) H(Z) qla . ,qn) - An(a) . H’I’L(q17 "aqn)a (6)
N(n)
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where the time dependent coefficients )\,(1 ), H»El) and the momentum operators part Hy(f) are explicitly separated. The

last equalities in Eqgs. (6) are written with a more compact notation that we shall be using later in the text. For now,
we keep the index “£” explicit to make each manipulation of the operators as clear as possible. We stress that the
same momentum operators Hff) are used for both F,, and G, while the time-dependent coefficients )\Sf ) and nSf) are
different. The number of terms in the sum N(n) gives us the number of the basis elements at n-th perturbative order

which are, for the first few orders,
N(1)=1, N((2)=2 N(3)=6, N(4) =25 N(5)=111. (7)
In general, counting the number of terms generated by the recursive form of Eq. (5), gives us the expression

1 [(n—1)/2]
N(n) =65 155N (3) BN (3)+1)+3 Y Nm)N(n—m). ®)

m=1

Note that N(n) provides a useful upper bound on the dimension of the basis operators at each given order so that our
basis may contain redundant elements. In order to obtain the minimal number of independent terms, one would need
to employ relations such as the one in Eq. (B9) as well as other physical constraints that arise from requirements such
as the equivalence principle as well as mass and momentum conservation [59, 60]. We shall not linger on extracting all
such relations at this stage but just point out that the solutions for the time coefficient we obtain should manifest all
such properties, as we will show later on. Our task is thus split in two parts: determining the explicit form of the
momentum operator basis Hy(f), as well as computing the time coefficients )\Sf) and n&f ) at each perturbative order.
For the detailed derivation of how the split of the momentum operators and the time coefficients is performed, we refer
the reader to Appendix C. Here we focus on presenting the main results.

The momentum operator basis HT(LE) is given by the recursive relation involving only the lower order basis operators.

This is similar to the EdS solutions for the F,, and G,, kernels, although the expression for the Hy(f) contains more
terms, and we have

N(n/2) [ N(n/2) N(n/2)
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where the sourcing term [h,] above is given by

ml(n —m)! .
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and the expression for [hﬁ]m e

is obtained by simply replacing o with § in Eq.(10). The Kronecker delta (5,{251

selects only one of the specific [hq, ,@],(fle m(q1, -, qn) operators and identifies it with HY. The key to this counting

are the bijective maps ¢;, which depend on the indices {n,m,i,j} and relate them to the set of numbers that go
from 1 to N(n). The explicit expressions for ¢; are provided in (C4). At second order, one immediately recovers

H2(1) = g, 2(2) = (3, as expected. Having obtained the expressions for the momentum operator basis, we now move

on to determining the time dependent coefficients.

The expressions for the coefficients A\’ (and similarly for K )) introduced in Eq. (6) give

N(n/2) [ N(n/2) N(n/2)
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where the explicit time-integral representation for functions W is given in Eq. (C3). Analogously to what happens for

the momentum basis “vector” Hy(f), one of the W(S% nem(@) or Wﬂ(lfg n—m (@) functions with fixed indices is identified
(0)

as /\%Z ). Equivalent expression holds for x, as shown in Eq. (C6), which identifies one of functions U as k,’. Note

that, the momenta operators [h]gff Zb_m and the time coefficients W,(,L”,)L m and U,(,:J,)L m share the same index structure.
For n =1 one has )\§1) = Kjgl) =1 and at n = 2 one finds
1 2(1,1 2 2(1,1 1 2(1,1 2 2(1,1
=W A=W e =ua s @ = U5 (12)

which, as expected, agrees with the previous findings [45, 61]. Combined with those in Appendix C, the formulas in
Egs. (9) and (11) for Hy(f), AY ), ) have a close (recursive) structure allowing us to systematically compute kernels up

to an arbitrary order n. The operators Hff) are made up by a combination of the basic building blocks « and S ,
making it straightforward to automatize the calculation with a computer program.

Although the time-dependent coefficients, )\%), mﬁf ), can also be systematically written down, their expressions given
in (C3) involve recursive time integrals. This in itself is not a problem and these expressions can easily be used to
obtain the numerical values for the time coefficients. However, instead of these integral representations, we can recast

these expressions in the form of coupled differential equations

WA, + V), — U0, = r D 0
n (ij) n(ij) n(ij)  _
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where one may identify m; = m, ms = n — m. The time variable is n = In D4, and a dot denotes a derivative

(0)

w.r.t. to n, that is “= d/dn. According to Eq. (11), one selects time coefficients \;,” and k'Y from the functions W

and U, respectively. One can recursively solve Eq. (13) with the initial conditions )\gl) = Iigl) = 1 and obtain the
time-dependent coefficients up to the desired order.

The differential equation for the time coefficients of the kernels is amenable to the direct numerical treatment, and
indeed we will use this approach to obtain our main reference results further on. In addition, the differential equation
representation is particularly useful in formulating the analytical, perturbative solution which we discuss in the next
section.

Before we continue towards the solution of these equations, we stress here an interesting and practical point about
the dependence of Egs. (13) on cosmological parameters. The only dependence on the cosmological parameters €2,
and Q¢ (z = 0 values) comes from the f_/f? . factor in the equations for U, and Ug. Moreover, in Appendix A we
show that the functional dependence of f_/f¥ can be written in the form of the single variable Qo/ Qnoe®", which
captures the full dependence on the cosmologlcal parameters. In other words, in Eq. (A7) we show that we can write

f- 3 Qo 3, Qr0 3, 2 Qro 3, °
= __ 2 Z°AD — — . 14
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Figure 1: 6f = f—/f? +3/2 is shown as a function of the scale factor. Numerical results (solid black line) are compared to the
perturbative expansion in powers of ¢ = Qa0/Qmoe®”. The expansion up to the first (dot-dashed lines), second (dashed) and
third (long-dashed) order is shown using the c1, c2 and c3 coefficients given in Eq. (18). In EdS approximation this quantity

vanishes identically, while beyond EdS the deviations from zero source the time dependence of all the MY and kY coefficients.

with some numerical coefficients c;, fixed within the ACDM paradigm. Figure 1 shows the convergence of this expansion.
This implies that in Eqs. (13) we can change the variable to ¢ = Q0/Qm0e®", which would alter only the first derivative
terms with 0, = 3(0;. Then a change of the cosmological parameters merely results in a shift of time ¢ 2

Thus, our equations are independent from cosmological parameters €2,,9 and Q59 and once solved, the solutions are
valid for all choices of cosmological parameters.

III. NUMERICAL AND PERTURBATIVE SOLUTIONS OF THE KERNEL TIME DEPENDENCE

As we have anticipated in the previous section, the /\,(f) and nﬁf’ solutions can be obtained either by using the
explicit integral solutions given in Eqs. (C3), or alternatively by numerically solving the differential Eqs. (13) and
using the correspondence in Eq. (11). Either one is a viable option, although given the plethora of existing tools for
solving coupled differential equations, the path via differential equations seems the most practical and efficient. We
have used this method to obtain the results in Figure 2. Solid lines denote the relative deviations of )\g) and mgf)
obtained in the EdS limit from the exact numerical results. Since the ACDM universe matches the EdS universe at
early times, the deviations vanish at a = 0. As expected, the deviations grow with time in all the panels of Figure 2,
and can reach values barely shy of ten percent. Note in particular that the typical deviation at redshift z =1 is a
factor of a few smaller than its z = 0 counterpart. One expects this difference to propagate all the way to correlators.

Given that the number of coefficients at higher orders is large (see Eq. (7)), in Figure 2 we show the average value
of all of the deviations and the typical spread (in terms of the one standard deviation). From this, we can observe the
trend that, at later times, the deviation of the coefficients from the EdS approximation tends to grow with n, (i.e.
when considering higher perturbative orders) and the spread of the coefficient values may also grow (i.e. some tend to
be close to the EdS values while for others the deviations can be larger). One might wonder how much of a role outliers
play in such analysis. To address this, in Figure 3 we show the relative deviations of the ACDM and the EdS results

for all the time-dependent coefficients at a = 1, up to n = 5. Although the AN are typically O(1%) in size, Ax
can be as large as O(10%), which is not at all negligible when compared to the precision of upcoming observations.
Motivated by the discussion in the last section, we now embark on a journey to find the analytic perturbative solution

for the time dependence of the ,\;‘5) and /ﬁ% ) coefficients. As shown in Figure 2, EdS approximation for these coefficients
is a good starting point, and the deviation are relatively small. It will thus serve us well to use the EdS solution as
the result around which to organise the perturbative expansion. These deviations from the EdS approximation are

2This fact has subsequently been also observed, at the level of one-loop results, in the reference [62].



-l T T T T O -l T T T T O

Y 10 A2, K2 N=2 10 A3,K3 N=6

8 — — — analytic(up to &3)

Q

Q

>

-

P

©

—

Q

~

9

o

g

1]

Q

Q

>

-

P

©

—

Q

~ ) >
g . s i

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
a a

Figure 2: Relative error showing the deviation of the analytic (dashed) and EdS (solid) A,, and k., coefficients from the numerical
calculations. The error is defined as X/Xyum — 1 for X = /\$f ) (blue) and H(ne) (red). The above four panels illustrate the typical
time evolution of the relative deviations for n =2 (top left), 3 (top right), 4 (bottom left) and 5 (bottom right). Analytic results
correspond to the perturbative calculations up to the third order in ¢, see Egs. (19) and (D12). The central lines are the
average of N(n) lines for each order, while the coloured bands indicate the spread of all of the coefficients in £ (i.e. one standard
deviation around the mean of all coefficients in ¢ is used). As can be seen in the figure, the analytic results generally agree with
the full numerical solution to 0.1% accuracy while the deviation associated to the EdS results can reach up 10% at late times.

encoded in the factor f_/f2 in the differential Eqs. (13), as well as in the higher order source terms. Since this ratio is
exactly —3/2 in the EdS limit, we introduce the deviation from the EdS value as a small perturbative parameter,

(), 3
fir) 2
Figure 1, shows that this dimensionless parameter is < 0.2 in absolute terms throughout the evolution of the Universe.
This is a good indication that a convergent perturbative expansion can be obtained by treating J f as a small parameter.
In addition to the expansion in Jf we are interested in representing §f as a power series in ( = Qx¢/Qmoe®” which
() (0)

n

and ky,’ results as a power series in the same variable. We thus expand W,Zl(%g

of(r) = (15)

would allow us to express the final A

and U,Zl(zfn)Q appearing in Eqgs. (13) as
wn = wmol ] oy yr =y gl gl 4 (16)

where the superscript [n] denotes the perturbative order with respect to §f, namely O(5f™), and the suppressed
indices are the same in both sides of the equations. Note that order [0] means the solution in the EAS limit. This also
corresponds to the static limit of the Eqgs. (13), where we drop the time derivative terms turning these equations into
recursive algebraic equations. In this limit, once the coeflicients are combined with the momentum basis H,(f), one just
recovers the usual EdS solutions for the F),, and G,, kernels.

For a detailed derivation of the perturbative results, we refer the reader to Appendix D. Here we just note that the
solutions of Eq. (13) at the order of O(Jf!) can be expressed in the integral form of lower order terms

woll — 7, [(8,7 tnt ) (0 168 (Wan[l—l] +(n— 1)wrl-1 (“/\)[l_ﬂﬂ : (17)

Wil =z, [l + o (Wt~ 4 (n - gt
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Figure 3: Relative deviation of the A\ (blue) kD (red) coefficients in ACDM cosmology to the EdS values at the present time,
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ranging from 0.1% to almost ten percent, while A$f> ’s errors are somewhat smaller reaching up to a few percent. This figure also
shows that differences between the ACDM and EdS coefficients tend to grow with perturbative order n.

where Z,,[X] is the time functional defined in (D3). Using the above recursive relations repeatedly, one can obtain
the expression for the perturbative solutions (D9) for W and Wg'. Moreover, to analytically evaluate the integral
expressions so obtained, we rely on the expansion of  f in power law form. In Appendix A we show how one may
obtain the expansion of §f in powers of ¢ = Qx0/Qmoe®”. Up to the third order, it reads

3 141 9993
~ 2 3 —_ - - = ——. 1
6f(n) ClC + CQC + CBC ) C1 29’ C2 4114° C3 1040842 ( 8)

Upon performing these steps, we derive the analytic expressions for )\,(f ) and /i,(f) for a generic choice of cosmological
parameters Qxq, ,,0. For instance, at n = 2, we obtain

5 C1 462 263 (2) 2 (&1 462 283
AU 2 A 22 243 AN _c,a €2 2 | 408 .3 19
2 7 91C 931< 875C ’ 2 7+91<+931< +875C ’ (19)
(1 § _ 5& _ 3262 2 2263 3 (2) é % 3262 2 2263 3
P2 T T T 0m S e P2 = r b T oS e

where we write explicitly only the leading order results in §f, suppressing the O(5f?) terms. The results for n = 3
and 4, namely )\g),ngg),)\y),ng), are reported in Eqs. (D12) and (D13). Using this perturbative approach, it is
straightforward to generate all terms at higher orders.? It suffices here to derive the ones that will be needed for the
two-loop calculation (up to the )\g) and feg) coefficients). Given the number of components (recall that for n =5 we
have 111 terms), we do not report the explicit expression. Nonetheless, in Figs. 2 and 3 we compare the analytical
results at leading order in §f to the numerical ones. One observes that our analytic expressions typically achieve
O(1073) accuracy at the present time and better accuracy at earlier times. Compared to the EdS results, our analytic

expressions are about 100 times more accurate.

3 Mathematica notebook for these coefficients and H,, kernels, up to the fifth order, can be found in the arXiv source file of this paper.



IV. ONE- AND TWO-LOOP POWER SPECTRA

Equipped with the results of the last section, we are now ready to tackle observables such as the matter density and
velocity power spectra, as well as the cross power spectrum. In the process, we shall develop and illustrate the utility
of a systematic method to handle infrared and ultraviolet divergences in loop integrals. The equivalence principle, fully
at work in ACDM, guarantees that specific cancellations will take place in the IR configurations of the kernels. Similar
cancellations take place due to the mass and momentum conservation, in the absence of which there would be large
UV contributions. Such cancellations between large contributions typically require very high precision, thus making
numerical integration more difficult and less stable. As we show in the rest of this section, the properties required for
such cancellations are all imprinted in the solutions for the A\, and &, coefficients. The coefficients “remember” all
the information inherited from their EoM, and we see the equivalence principle, mass and momentum conservation
respected and manifested in the various limits of the one- and two-loop power spectra that we study below. One can
use these properties in evaluating the loop integrals: we do so by first isolating the leading divergences, analytically
confirming they are cancelled out, and numerically evaluating the remaining “regularised” parts of the power spectra.

As observables whose calculation (and target of percent-level precision) requires an improvement upon the EdS
approximation, we compute the one-loop and two-loop order of the following power spectra

(2m)° 6k i Pos (k) = (8(K)O(K")) . (2m)°0)0 4 Pso(k) = (6(k)O(K))) . (2m)°0p Poo (k) = (O(K)O(K)) . (20)

A. One-loop results

Using the notation introduced in Eq. (6), the one-loop results are as follows:

stlcgloop(k) = (AQ : 122 : }\2) +2 (Al . 113 . }\3) s (21)
Ptsléloop(k) = (>‘2 Iy - 52) + ()\1 -3 k3+ 1« 3) s
Péle-loop(k) = (Ko - Isg - ko) + 2 (k1 - I3 - K3) ,

where we have defined the scale dependent integrals
Iy = 2/Hz(q, k —q) ® H(q,k — q)Pin(q)Piin(k — q) , (22)
q
Lo =3 [ Hi(k) © Ha(k,g,~0)Pin(k)Pin(@).
q

Note that, when seen as matrices, these integrals have the properties: I, = I5y and I3 = I7;.

In this subsection, we describe an efficient method to compute loop power spectra using the one-loop power spectrum
as the simplest example before applying it to two-loop calculations. This method is essentially important to avoid
artificial residuals of the physical cancellations and achieve high-precision calculations while saving computational
resources. Our strategy is simple. We know the integrals I;; in (21) contain the IR and UV contributions, which
eventually cancel. Hence we isolate them as in I;; = fij + [Lijlir + [I;;]luv, where fij is the remaining regular part.
The cancellations of [I,;]ir and [I;;]uv are analytically confirmed. Then, we focus on the numerical evaluations of the
regularised contributions from I~ij.

We begin with I5;. One can see that its IR contributions come from two configurations, namely ¢ — 0, and g — k.
It is convenient at this point to re-map the second sector to the first one (see [47]) as

I — /q<|k_q| + /|q|zk—q 4 / Hy(q.k — q)® Ha(q,k — 0)O(k — | — ) Pin(@) Pin(k — ). (23)

We extract the IR and UV contributions in this integrand. Using the asymptotic form of the kernels, one can write

A 2 A
hiyw (k) 5 + RS s (k) 5+ 0(¢%), as q—0,

Hy(q k—q)@ Hx(qgk—q)~q o ', !
hoy oy (k@) ¢ + O(K®) as k—0.

(24)

For the explicit form of the H,, operators in the various limits, as well as the asymptotics of hég), we refer the reader
to Appendix E. Having identified both the IR and UV limits of the kernel products, we can introduce the regularised
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version of our integral (we label it fgg) by subtracting these contributions only in the asymptotic regimes. In order to
do so, we introduce window functions, Wik (k) and W35V (k), which ensure that the appropriate asymptotic form is
applied only in the IR and UV regimes. The regularised integral is thus given by

fa- | [4H2<q,kq>®H2<q,kq>@<|kq|qmm(km (25)
q
@) ~E ) A @ 5 Koy
4| hyy 1 (k,q)?+h227m (kv‘J)g W5 (k)Plin(k)*thz,Uv(k’q)qT;Wm (k) Pin(q) | Piin(q),

where one can write Iny = Toy + [I2]ir + [I22]uv, with

L)tk = 4 /q ( S ( 52 +h g (k) ];) WR Py (k) Prin(q) = (RIEWIR) k203 Pin (k) (26)
EnsJuy =2 / hY o (F, q)%wz‘évﬂmmmm(q) — (ROYWEY) ksl
Here we have introduced Y3 = 3 f Pin(9)?/¢, =3 f Pin(q)/q?, and
hyy = G }) and hy, = % (_gl _31>7 (27)

as also shown in Appendix E. Note that the UV contribution does not have an additional factor of two since it does
not require a re-map in the low k limit.

Let us specify the window functions Wi and W3V, The task we demand of these functions is to effectively restrict
the domain of the contribution they are multiplied by into the appropriate momenta configuration, i.e. high and low k
regimes respectively. We are free to choose the form of such functions that is best suited for the task at hand. We
choose one convenient and simple form

(k/kIR)4 1
T Gl 2 W' ) = g

with parameters kir &~ 0.1Mpc/h and kyy =~ 0.2Mpc/h. It will, of course, be convenient to choose Wik = Wi i
order to quickly arrive at the cancellation of the leading IR contributions in the total one-loop power spectrum.
Let us turn to the I 3 term, where the asymptotic contributions are

Wik (k) = (28)

h§23>IR(k,q) +0(¢%) as g — 0,

H, (k) @ Hy(k,q,~q) ~ A A (29)
hg(:)s),Uv (k:, q) + th)’UV (k:, q) Z—; +O(kY), as k—0.
In an analogous way to Iss, we can introduce the regularised integrals as
I;= 3/ [H1(k)®H3(k7q,—Q) (30)
q
k2 ; oK
2 . 0 2
- h§3),IR (k,q) ?Ww (hgd)UV (k. q) + th),UV (k. q)qZ) Wi ]Phn(k)Plin(Q)v
i.e. I13 = f13 + [I13]IR + [I13]UV with
sk =3 [ & . 0) S5 VI P ) (@) = (W) K203 ), (31)
q
N
[Lis]uv = 3Pin(k) / hﬁ?,w(k, 9) zWis" Pin(k) Plin(@) = (s Wi3") K05 Pua (),
a

where h{§ = — (1 1 0 0 1 1) and Ay = — (1,1, -12,0,5,1). Here, since X3 - h{}) 1y = &5 - hiy ;y = 0, the term
h(lg),UV does not contribute to the power spectrum and is not included in [I13]yy. The remaining UV contribution

. : (2)
comes only from the next-to-leading order term hy3' -



11

104 104F ] 5
Two-loop Puin__ z=0.0
rv'a_‘ - P ~~~~~
5 103 10 T 6§d:SPAcdm_PEdS . e 3
5 )
= 102 10
* 10! 10t
n
10° 10° .
1 102 10! 10°
(:’,E. 30 ggJ o o o g%merict 3 I E
25 - up to
2 20 100 BR: W S ¢
= 15 0
- 10 -10
~ 5 -20F E
E: 0 s -30f ]
1 100 1072 10°
k [h/Mpc] k [h/Mpc]

Figure 4: One- (left panel) and two-loop (right panel) contributions to the density-density, density-velocity and velocity-velocity
power spectrum. Upper panels show the absolute contributions of EdS results (blue lines) compared to the ACDM corrections
(red lines). We see that the three different spectra Pss (dashed lines), Pso (dot-dashed lines) and Pyg (solid lines) receive
corrections of different sizes, whose relative importance is also a function of the scale dependence of the EdS terms. Lower panels
display the ACDM corrections § Pss, 0 Pso and 6 Ppg computed using the numerical evaluations of the A, and k,, coefficients
(shown in dots). We also show the perturbative time dependence computation as described in Sec. III. The results including
the O(¢') (dotted lines), O(¢?) (dashed lines) and O(¢®) (solid lines) contributions are shown. Results are shown for redshift
z=0.0.

This is of course guaranteed by the mass and momentum conservation of the original EoM [8]. We now move to the
IR cancellations. As soon as the “22” and “13” terms are combined, we find

(A2 [Toalim - Ao) + 2 (A1 - [Lis]ir - As) = { (Mg - BEE - Xo) WEE 2 (A1 - BIE - Ag) W}?} K202Pin(k) =0,  (32)

where we take WIR = WIR. This is of course the same as the usual IR cancellation between Py and Pj3 in standard
perturbation theory (SPT) [8]: it is guaranteed for equal-time correlators by the equivalence principle, as has been
discussed in [57, 59, 60, 63—66]. The same cancellations take place for the velocity-velocity spectrum and for the
velocity-density cross-spectrum. The final expression for the one-loop density power spectrum is

Pél(;loop(k) _ (}\2 . 122 . }\2) +2 ()\1 -113 . )\3) ) (33)

and analogous expressions hold for the other two observables, Pélékmp and Pel(;lmp, with the appropriate time-dependent
coefficients in the same way as Eqgs. (21). The momentum dependent matrices Z;; that all the three power spectra
share at one-loop order are given by

Too = Do+ (RYWRY)K'SE,  and iz = Lz + (Y WEY) k203 Pin. (34)

We numerically evaluate these regularised expressions, a procedure that circumvents the expensive numerical treatment
of the IR and UV cancellations and saves significant computational time.

In the left panels of Figure 4 we show the one-loop contributions for all these power spectra: Pss, Psg and
Pyy. In particular, we display the EdS solutions and the corresponding ACDM correction to the EdS result, i.e.
0Pss = Pg}fdm — (%ds (and equivalently for the other two spectra). As one can see from the figure, the one-loop
ACDM corrections are from one to two orders of magnitude smaller than the one-loop EdS contributions. However,
the relevant regime lies in the higher k range (k = 0.1h/Mpc), given that is where the one-loop contributions start to
be comparable in amplitude to the linear result. Moving towards higher redshift the corrections relative to the EdS
result decrease further (see Appendix G).
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In Figure 5 we show the ratio of the three different total power spectra in ACDM relative to the EdS results. The left
panels display the one-loop results, where the upper left panel shows the one-loop spectra without adding counterterms
to either EAS or ACDM solutions. We see that, at z = 0, the largest corrections range from a half (for 6Pss) to
a few percent (for Pyy) at scales k ~ 0.4h/Mpc (scales where higher loop results are also relevant). These results
are consistent with the earlier findings shown in [42, 43, 45]). In the bottom panel of the same figure we plot the
effects of the EFT counterterms on the total deviations from ACDM. First, we note that for the typical values of the
counterterms, shown as the central lines within the grey bands, the relative difference in the power spectra is lowered.
This is expected since the counterterms contributions to the total power spectrum is of the same size as the loop
contributions at the relevant scales and by construction are equivalent in both the ACDM and EdS case.

Grey bands around each of the three power spectrum lines show the effects of variations (of order 5%) in the values
of the ACDM counterterms. As one can see, assuming the ~ 1% accuracy thresholds, the presence of a counterterm
can make up for the deviation between the EdS and the ACDM result for the density-density power spectrum. This
is not the case for the density-velocity and velocity-velocity power spectra, which exhibit a noticeably steeper scale
dependence.

As the last comment on Figure 5, we note that, in addition to the results obtained by numerical evaluation of the
An and &, coefficients (shown as black lines), we also show in the upper left panel the perturbative results given in
Egs. (19) and (D12). The profiles corresponding to the O(¢!) perturbative order are shown explicitly (red lines), and
we see that they exhibit up to 0.5% agreement with the full numerical solutions. The perturbative solutions accounting
up to O(¢?) order expansion are not shown as they would be indistinguishable from the full numerical solutions already
present in these plots.

B. Two-loop results

In the rest of this section we turn our attention to the the two-loop results. Writing the perturbative contributions
in the separable form, we have

PHP(k) = (N3 - I3z - A3) +2 (A2 Toa - Aa) +2(A1 - Ii5 - As) (35)
PHP(k) = (N3 - Inz - k3) + (Ao - Toa - ks +2 43 4) + (A - Iis - k5 + 1 ¢ 5)
Py (k) = (k3 - Iny - k3) + 2 (K - Iog - ka) + 2 (k1 - I15 - K3) |

where the two-loop integral functions are

I3 = 3/ <2H3(k —q—p,q,p) @ H3(k —q—p,q,p)Pin(k —q —p) (36)
q,p

)

+ 3H3(k7 —-q, q) by HS(kv _pap)Hln(k)> -Phn(q)Plln(p) )

Iy = 12/ Hjy(k —q,q9) ® Hy(k — q,q,p, —p)Piin(k — @) Piin(q) Pin(P) ,
q,p

)

s = 15 / H, (k) © Hs (k. q. —q, p, —) Pin (k) Pin () Pin (D) -
q.p

and one may verify that IX = I33, Ioy = I, and I5(k) = I (k).

In the two-loop calculation, there are two integration variables ¢ and p. UV and IR divergences may result from
integrating in both these variables. After having identified such divergent contributions, our goal is to subtract them
from the integrands and implement the cancellation explicitly, in full analogy with the one-loop case above. The
procedure in the two-loop case is somewhat more involved: besides the leading divergencies (when specific limits of
both g and p produce a divergent contribution), one can have sub-leading terms associated with a specific limit of
only one of the two variables, while the contribution from the other stays finite. We provide more details on the UV
and IR properties of the two-loop result in Appendix F, and we briefly summarise some of the key properties below.

Similarly to the one-loop case, the IR contribution extracted from the individual two-loop terms ought to cancel as
a consequence of the equivalence principle and consistency relations (see [60] e.g. for a recent explicit treatment).

Hence one may verify the following cancellation

As - (Iss 1w + Uss,)r) - Az + 22 - [Taa]ir - A+ 2A1 - [Ti5)r - As =0, (37)
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and similarly for the cross- and auto- correlations including k,, coefficients. Plugging the expressions derived in
Appendix F, we have

(A3 hES - Az + 2Xg - hiJ - Ag + 2A1 - hS - Xs)WRE? P (k) =0, (38)
(A3 hE3 1 A3+ 22 - Al - ) WRE? =0,

where we used that VV331 = Wik 2011 = = Wik = WIR and VV33 = W241 = W{R. The fact that the cancellation occurs
independently in two different terms was also pointed out in [47]. More explicitly, we can write

Az - fl’:(S?,I,IR “Az+2Az ’3524),11,112, “Ag+2A; - ’;’E?,IR A5 =0, (39)
As - ﬁg?,n,m “Az+2Az - i”éi{l,lR Ay =0.

In addition, IR and UV cancellations take place as a consequence of the mass and momentum conservation. Thus,
in addition to the condition As - [Hs, 1]%\), = K3 - [Hs, I}EJO\), = 0, one may also verify how the contributions from hg%)
vanish after contractions with the A5 and k5 coefficients.

Using such properties in the IR and UV regimes as well as the appropriately defined window functions WIR and
WUV, one may introduce the regularised integrals I33 I, I33 11, Io4 and I;5, which are shown explicitly in Appendix
F. These steps mirror the procedure we employed in the one-loop case and motivate our introducing the regularised

two-loop expressions,
PHOP(k) = (A3 - Tz - A3) +2 (X2 Toa - M) +2(A1 - Ti5 - As) (40)

and similarly for PfélooP and sz(;loop_ The regularised integral functions Z,

that are isolated and subsequently computed, read

ij, including the sub-leading UV contributions

Ty3=Iss1+ I+ (h33 Was ) k* Pin (k) + ( 33, 211 Wss II) ) (41)
Toy = Doy + (R W3,Y) k*,
Ti5 =I5+ (R WEY) k2 Pin

where all the terms are written explicitly in Appendix F.

In the right panels of Figure 4, we show the two-loop contributions for the three power spectra Pss, Psg and Ppyg.
The two-loop ACDM corrections are typically one to two orders of magnitude smaller than the EAS contributions.
However, they can in fact dominate in the regimes where EdS contributions have zero crossing.

Figure 5 shows the ratio of the three total power spectra in ACDM relative to the EdS results. In the right panels,
we plot our two-loop results. The upper right panel displays the two-loop spectra without the effect of counterterms
either in the EdS or ACDM case. The deviations range from a few percent (for §Pss) to a dozen percents (for e.g. Psg)
at scales k > 0.4h/Mpc.? In the bottom panel of the same figure we include the EFT counterterms for both Pggs and
Phrcam- For two-loops, this is done so that the additional counterterms only cancel the k2P, contributions, and so we
effectively only have counterterms that are already present at one-loop order.

These are shown as the central lines within the grey bands, while the bands themselves represent the effects of
variations of the ACDM counterterms by 5%. One can see how the addition of counterterms can significantly change
the relative differences between the ACDM and EdS results, reducing it to below ten percent on most of the scales of
interest. We stress the high sensitivity of these lines on the values of the counterterms. This is especially so for Pyg, in
which case the values of the counterterms affect the zero crossing of the total two-loop power spectrum prediction.

As in the case of one-loop results, we also compare our two-loop numerical results (i.e. those obtained using the
numerical values for A, and k,,) to their perturbative counterpart. These are shown both in Figure 4 and in Figure 5
as orange lines. We see that adding the linear corrections in the ¢ parameter reaches roughly a few percent agreements
with the full numerical results, while adding corrections up to ¢3 renders the results essentially indistinguishable from
the numerical findings.

Before closing this section, a few comments on computational methods are in order. Our proposed method for
dealing with the cancellation of these divergences differs from the one suggested in [47] in that it explicitly subtracts
the contributions that are cancelled at the level of the integrand(s). In the case of EdS, the difference between the two

4These results also agree with the numerical results obtained in the reference [67].
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Figure 5: The ratio of the ACDM and the EdS density-density (solid lines), density-velocity (dot-dashed lines), velocity-velocity
(dashed lines) power spectrum at the redshift z = 0.0. Upper panels show the ratios of these spectra without any counterterms.
Black lines denote spectra computed by numerically evaluating the A, and k, coefficients, while the orange lines show the
perturbatively evaluated coefficients up to the linear corrections in ¢. Adding the corrections up to order ¢ would superimpose
the perturbative results onto the numerical ones (black lines). Lower panels show the ratio of the power spectra when including
the leading EFT counterterms (~ k?Pin), the latter having been chosen to roughly match the realistic values (cis ~ 3.0,
c3p =~ —1.0, c3y ~ —1.5). Grey hashed bands centred on each of the lines indicate the 5% variation in the values for the
counterterms.

recipes is not particularly noteworthy: the cancellations, encoded in the analytic coefficients in the F;, and G,, kernels,
can be implemented with machine-level accuracy since they amount to subtractions of simple fractions. In ACDM the
time coefficients, when obtained numerically, are computed with finite accuracy which can generate some spurious
remainders in the cancellations. These can spoil the accuracy when evaluating the various integrals. For this reason, it
is quite useful to implement subtraction and cancellation of the key contributions analytically. We also note that in
our perturbative treatment of the coefficients \,, and k,, given in Egs. (19) and in Appendix D these cancellations
are enforced at each ¢ order. Since the corresponding pre-factors of { powers are also given as fractions, the implicit
method proposed in [47] may also be applied at each ¢ order. We are able to confirm that the power spectra with the
perturbative coefficients computed in this manner reproduce the same results as our proposed method, thus providing
yet another consistency check for our treatment of the regularised integral functions.

V. DISCUSSION AND CONCLUSIONS

Perturbative approaches to structure formation allow us to develop controlled analytical predictions on the physics of
mildly non-linear scales. Although limited in its reach to large scales, the perturbative scheme provides a clean and
systematic treatment of LSS dynamics. In particular, it is the ideal framework to highlight the role of symmetries
and related properties, such as the equivalence principle, mass and momentum conservation (see [59, 60]), in the
construction of cosmological correlations, the key observables in large scale structure.

In this work, we develop exact, separable solutions for PT kernels of density and velocity fields in ACDM cosmology.
So far, such explicit solutions have been obtained only within the EdS approximation, with the extensions to ACDM
worked out analytically only to lower orders. In this work, we presented a recursive solution valid up to arbitrary order
in perturbation theory, providing in particular an algorithm to obtain separable solutions for the F;, and G,, kernels at
each perturbative order n.

The solutions building blocks are elements of the basis of the momentum dependent operators H,,. The (upper limit
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on the) dimension of the basis depends on the perturbative order n and is given by the number N(n), for which we
also provide the explicit recursive expression. To obtain the full kernels F;, and G,,, this momentum operator basis
has to be appropriately “contracted” with the time-dependent coefficients for matter and velocity fields, respectively
dubbed A,, and k,,.

We arrive at the solutions for the time coefficients following two different paths. First, starting from the implicit
integral solutions obtained in [45], we obtain the recursive integral solution for A, and k,,. We show that these can be
recast as the solutions to a set of coupled differential equations, which we find quite suitable for numerical treatment.
We are then able to compute our numerical benchmark solutions, which we use in the remainder of our analysis. The
analysis of the differential equations makes it clear that the “clock”, i.e. the time evolution, is set by the combination
of growth rates f_/ f_%, whose time dependence in ACDM cosmology is completely determined by the new variable
¢ = QA ,0/Qm,0D4+. This implies that using ¢ as the time variable in solving for the A, and k,, coefficients one obtains
solutions valid universally in ACDM, that is irrespective of the choice of cosmological parameters. This significantly
simplifies the computational task involved in the cosmological parameter search.

As an alternative path to the solution, equipped with the differential equations we develop an analytic perturbative
solution for the A,, and k,, coefficients. The starting point of this perturbative solution lies in the observation that
the EdS approximation, a static solution to the set of our differential equations, is an excellent (yet insufficient)
approximation to the full set of the A, and k,, coefficients, especially at lower orders. This suggests that we organise
the perturbative treatment around the parameter §f = 3/2 + f_/ f_%. We have obtained the general perturbative
solution, laying the basis for an iterative path to the time coefficients. We then applied our algorithm to derive
solutions up to the leading correction in J f, and implemented our procedure all the way to the A5 and ks coefficients
needed for the two-loop power spectrum calculations.

The final form of these perturbative solutions is given in terms of the variable ( so as to fully capture the dependence
on cosmological parameters. We investigated the agreement of our perturbative solutions with the full numerical
evaluation and found a perfect agreement for all coefficients up to n = 5 if terms up to third order in ¢ are included.
We also note that the perturbative solutions exhibit, at each order in (, similar behaviour as the EdS solutions
when it comes to IR cancellations and properties that stem from mass and momentum conservation. This makes
them particularly well suited for use in the numerical evaluation of higher loop power spectra that rely on accurate
cancellations in their integrands. Let us also mention that these findings may be generalised to beyond-ACDM
scenarios, something we will address in future work.

As an application of our results, we compute one- and two-loop matter and velocity auto- and cross-power spectra. We
compare our solutions and explore the differences between the EdS and ACDM solutions. The results are summarized
in Figures 4 and 5. We find that some care has to be exerted in quantifying these differences since a fraction of the
effect in the one- and two-loop contributions can be re-absorbed in the EFT counterterms, which can be treated as free
coefficients of the perturbative loop expansion. Specifically, in the one-loop case, the difference in the density-density
power spectrum between ACDM and EdS can be fully reabsorbed by the counterterms at the scales and accuracy of
interest. For the velocity statistics, the deviation is instead more pronounced, at the level of a few percent, even when
fully engaging counterterms. At two-loop the ACDM deviation from the EdS result increases to a couple of percent,
which, to a large extent, can again be covered by counterterms. In terms of the velocity related statistics, the results
depend rather heavily on the numerical values of the required counterterms, with the latter requiring calibration
against N-body simulations, something that goes beyond the scope of our analysis. Nevertheless, our work clearly
shows how the deviation could reach ten percent at the scales of interest, as demonstrated in Figure 5.

Beyond their use in higher loop calculations, our results are also readily applicable in tackling higher n-point
functions, such as the bispectrum, the trispectrum, etc. Remarkably, these observables are sensitive to the ACDM
deviations from the EdS approximation already at tree-level (see [61] and also [44, 68] for the recent investigations).

Lastly, we ought to comment on the fact that the dark matter density and velocity are not directly observable but
act as the building components within the more general framework of the biased tracers of large scale structure (see,
e.g. [26]). Given the additional dynamics (and degeneracies) associated with the presence of the bias coefficients, one
ought to take into account what survives of the discrepancies such as the one between the EAS and ACDM solutions at
the level of the observables. This has been recently explored in [43] at one loop order. It would be quite interesting to
do the corresponding analysis at two loops. This will be possible upon deriving the two-loop results for biased tracers
in redshift space. This is yet another line of investigation we plan to pursue in the near future. It is possible that
deviations like the ones studied here might well bias our parameter inference and would thus need to be included in
the budget of possible theoretical systematic errors. It is important to keep this budget to a minimum given that
parameter tensions of several sigmas are nowadays a familiar occurrence in data-driven cosmology.
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Appendix A: Linear growth and decay factors and rates

In this appendix, we summarise the linear growth solutions and derive some of the results in a form useful for
our subsequent computation. In particular, we derive a specific form in which we can expand the linear growth rate
combination f_/ fﬁ around the EdS value.

We start from the well-known solutions for D, these are

5 ¢ da H(a)
D, = “HZQuoH —_— D_ =
+ 7 0 mo (a)/o aH3(@) Hy

(A1)

where Q0 and Qg are the current energy fractions of dark matter and the cosmological constant, respectively. The
Hubble parameter is given by H(a) = Hov/Qmoa=3 + Qap, where the radiation component can be ignored. Changing
the time variable into ¢ = a3Qx0/Qn0 and performing the integral in D, we find

1
R Quo \ ¥ . 111
D,=(=—) Dy= Fill,=,—,— A2

+ (QmO) + qs 2 1< 733 63 Q>a ( )

where we introduced ﬁ+, which depends only on ¢, and 2 F} (a, b, ¢, z) is the hypergeometric function. Using the above
equations, we can compute 6 f = f_/f2 +3/2 = (dln H/dIna)(D; /a)*(dD4 /da)~? + 3/2 obtaining

3 ° )
3= l1_4(1+q) <2F1(1,1/3,11/6,—Q) _3) 1 ' v

This expression is useful for the purpose of numerical treatments. However, we choose to further reduce 15+ and 0f to
obtain simplified expressions. Expanding D, around ¢ = 0, one finds

N 1 2
D+~q3[1—eq—|—eq —€——q —|—...], (A4)

where we inserted a bookkeeping parameter €. Inverting the above expression by plugging an ansatz, ¢ = Qg + Q1 +
€2Qq + Q3 + - - -, and solving for @Q,, at each order in €, we obtain

. 6 ~ 492 . 50216 -
~ D3 7D6 27D9 3 D12 A5
4= Pr e T s T na0aa1 (A5)
We can also expand 6 f around ¢ = 0 to obtain
3 15 21585 . . 74212575
5 ~_ Y22 3 3 4 A6
F==509% 57~ o082t 5644436166 (A6)

By substituting Eq. (A5) into this equation, one finds an analytic expression for 0 f in powers of D,

Qp0 \ 13 Q0 6 Q0 o Qa0 \* -1
5f261 () D++CQ <) D++63 () D++C4 () D+ +..., (A7)
QmO QWLO QmO QmO
with ¢1, o, c3 given below Eq. (18) and ¢y = —%. Here we omit the higher order correction O(D}?) and set
e = 1. We find that ¢4 and the higher order terms obtained in this manner do not significantly improve the fit to ¢ f,
as can also be deduced from Figure 1. In this work it will therefore suffice to truncate the expansion so as to include
the c¢1, co and c3 coefficients. Nevertheless, we note that the extension to higher orders is straightforward within the
formalism developed in this work.
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Appendix B: Direct integral solutions of the dark matter kernels

In Section IT we have presented the integral solutions for the dark matter kernels. Here we return to these findings
providing further details for each component of the solution. We start from the EoMs and briefly review the solutions
obtained in [45]. With the symmetrized kernels F,(q1,..,qn,n) and G,(q1,-.,qn,n) in Eq. (4), the EoMs given in
Eq. (1) read

Fn+nFn_Gn:h(an)(q17~-aQn77])a (Bl)
Gt (0= 1) G — L5 (G = Fu) = 1S (q1s - @)

i3

where we used the shorthand notation "= 9/9n (remember that 7 = InD,). The functions f; _ are defined as
f+— =dInDy _/dIna. The source terms are given by:

h(an) (q17 -y Qqn, 77) = Z Z a(pmapn—m)Gm(qla -y dm, n)Fn—m(qm+1a -y Qqn, 77) (Bz)
m—all m=1
= m!(n —m)!
= Z T Z a(pmapn—m)Gan—m
m=1 T—Cross
K (n/21)?
=08 (g D lPay2Pu2)GupaFup

T—Cross
[(n—1)/2]
m!(n —m)!
+ Z ¥ Z [a(pmapn—m)Gan—m + a(pn—7mpm)Gn—mFm:| 5

n!
m=1 T —Cross

h,(fj’n)(qlv "7qn777) = Z Z ﬁ(pmapm*n)am(qla -y dm;, W)anm(Qerla 0y Qnﬂ?) )

m—all m=1

(n/ 2'

Z 6(pn/27pn/2) Gn/QGn/Q
[(n—1)/2]
m!(n —m)!
+2 Z g Z ﬂ(pmapn—m) GnGr_m -

n!
m=1 T—Cross

5n LnJ

where the subscript “r—all” stands for symmetrization over all momenta {q ...q,} while 7 — cross indicates permu-
tations that exchange the momenta in the {1...m} set with those in the {m 4+ 1...n} set. In the last line of Eq. (B2)
the double counting for the case when n is even has been removed. The following definitions have also been employed:
Pm =Gq1+ .-+ Qm; Pnom = @m+1 + .- + . Combining the two expressions in Eq. (B1) one readily obtains the EoM
for the first kernel F,:

Fn+Fn< 1—jz+>+(n—l)Fn<n i) h(” (-1—§+>h§y>+h§j>, (B3)

whose solution reads:

n—1)(7 f+ ~<n>_f—~<n>> i D) (5) _ 3w
/ dij el i—n) 7. f [(hﬂ f+h0‘ +e D_() (ha hy ) , (B4)

where in deriving the above we have used Eq. (3) for the growing and decaying solutions for the linear growth factor
D (n). Using again the first expression in Eq. (B1) one arrives at the solution for the G kernels:

Gali) = [ agetrnian f+f+f_ [(ﬁgﬂ ;;hw) rends D-Eg; (ﬁgm_;agm)l, (B5)

where again a function with tilde depends not on the variable a but the variable @ (e.g. D4 = D, (@)). Note that the
time-dependent coefficients of A and ﬁgl) in the integrands of Eqs. (B4) and (B5), also require integration, thus
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implying recursive time integrals, something that is far from ideal for a fast evaluation. Eqs. (B4) and (B5) are the
integral solutions, to all orders, as first derived in [45]. Changing the time variable in favour of the scaling factor a, we
can express these solutions in the form

da , O 5
Fo(dus s @n,a) = / = (0l (@ @RS (g1, g, @) + 0l (@ @RS (@140 ) ) (B6)
0

Cdas o, n n _
Gn(qla"vqnva) :/ E(u((x)(ava')hgx)(qlﬁ"?qn’ )+U'( )( a, )h( )(lh,- 7qnaa)) )
0

as was presented in the Eq. (5). The Green’s function components are given by
w™ (a,a) = w™ (a,a) (1 — §(a)d(a, a)) . 0w (e,a) = —w™(a,a) (1 — d(a, a)) : (B7)
u{(a,8) = ™ (0,8) (8(a) — 6(@)d(a, ), wi(0,d) = —w™(a,) (5(a) — d(a,a)),

where we introduced the quantities

D\" f2 D_ D_D _
w'™ (a,a) = (*) R , d(a,a) = ===, 6(a) = ey (BS)
DY) Ji-J-D- DD It
Moreover, we find that wg% and u((ln/)j satisfy a simple relation,
D n—1
w0, + 0 (00) = o0 ) + ol (00 =0~ 5 = () Fe (B9)

Eq. (B9) indicates that not all of the Green’s functions are independent: there are relations between them that can be
obtained at each order n. We see how these come to play when computing the one- and two- loop power spectra in
Section III.

Appendix C: Derivation of the separable kernels

In Appendix B we have shown the explicit integral form of the solutions for the F}, and G,, kernels. In this appendix,
we recast such solutions into separable form F,, = A, - H, and G,, = k,, - H,, as indicated in Section II. Plugging
Egs. (B2) and (6) into the right hand side of Eq. (5), and separately re-organizing the momentum-dependent and
time-dependent terms, one finds

) N(n/2)

N(n/2) N(n/2) (n/2 ) )
Z { } le/zn/z[hﬂ]n;zn/z (C1)

/2

_ K (i) (i) K
Fo(@)=0% 1a) > D Waanpelhalylane + 0% (2] D
=1

i=1 j=1
[(n—=1)/2] N(m) N(n—m) B 3 B
+ Z Z Z ( g m n— m[ha]fvz@j,zz—m Wé]:z) m m[h’a}glji)m,m + 2W(ZQ n— m[h’ﬂ]fvz@j,zz—m> ?

N(n/2) N(n/2) ’ ) N(n/2) N(n/2) N i)
— 7/] ) ©j 1]
Gn(a) = 0% |5 Z Z Unimzmsalhalnjanse T 0% 12 Z Z [ } oSN LT

[(n—1)/2] N(m) N(n—m) B . . s
+ Z Z Z (UIEAZ;JTV)L,n—m[ha]SLj,ZL—m + Uc(x];) m m[hoé]ggi)m,m Ug?")l n— m[hﬁ}gﬂ,;—m) ’

m=1 =1 j=1
with the momentum basis source terms [hq] and [hg] defined as
(i5) m!(n —m)! ) )
[h }'m n— m(qla . 7Qn) =0 Z a(Qma ‘In—m)H (ql» . 7Qm)Hn 7n(qm+17 . 7qn) ) (02)

n!
TT—Cross

[hﬁ}if;?@_m(qh-qu): Z B(@ms Gnem) H (@1, s @) HY o (i1, -, @) -

T—Cross
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We have also introduced the time-dependent coeflicients

, da s i n N [~
Wi, (a) = / —ul (@, a)s @A) @), Wi (a) / wg(a,)n) @sP,@),  (C3)
n,(z da n i) (= 1) [~ ? “ da n i) /[~ A
U@ = [ T @ @AL@ . U0 = [ Tl @ @@,

which are constructed from to the Green’s functions introduced in Eq. (B7), as well as from the lower order coefficients
A, and K.
Note that Eqs. (C1) are already in the form required in Eq. (6). However, there remains to be chosen a counting

algorithm that systematically maps (bijectively) the [ha](ij ) and [hﬁ](ij ) operators to the HY operators. The

m,n—m m,n—m
running of the various indices in the h operators will correspond to the running of the index £ in HT(LZ) according
tof =1,2,...,N(n) at any given order n. We shall employ the algorithm based on the following five “counting”
functions:

o3(n,m,i,75) —5KL Jl N(2)(3N(2)+1)+ - N(kK)N(n—k)+ (i—1)N(n—m) + j,
k=1
[(n—1)/2] [(n—1)/2]
¢)4(n’m7i7j): Z N(k)N(n_k)+¢)3(n7m7i7j)v ¢5(n7mai’j):2 Z N(k)N(n_k)+¢3(namvlv.7)
k=1 k=1

5 counters run through all the relevant Values of the indices {m,,j}, eventually covering® all

operators to Hff)

For a given n, the ¢y,
the N(n) entries and mapping all of the [h,, ](” and [hg) "7

m,n—m
using this mapping, we obtain a closed expression

operators. As shown in Eq. (9),

mnm

N(n/2) [ N(n/2) ( . N(n/2)
H(a(ql,_,qn)_én 12 Z [ Z [ho i{n5€¢1+ Z [ ] ]n ndwzl (C5)
i=1 j=1
L(n—=1)/2] N(m) N(n—m) )
+ Z Z ([h@]7‘r217n—m5l{(¢3 + [h ]n mm(sf ,ba +2[h5]mn mdf ¢5)

m=1 =1 j=1

with the initial terms Hél) = a and H2(2) = (3, and one can systematically compute the higher momentum operators
using definition of the sourcing terms [h,] and [hg] given in Eq. (C2).

Once this mapping is chosen for the Hff) operators, it immediately fixes the mapping between the A, (k,) and W
(U) time coefficients. Explicitly we have

N(n/2) [ N(n/2) g N(n/2)
14 K %,
Agz)( ) 62,|_ ] Z [ Z WazL/27L/25@¢1+ Z Wﬁ» ,26€¢2] (06)
=1 Jj=1 j=t

+ Z Z Z (Wozlinn 7n5€,¢3 Wa]:L mm5€,¢4 Wﬁzgnn m5€,¢5)7

m=1
N(n/2) T N(n/2) N(n/2)
‘ _ i (i) <K
() = 0% 1) D [ > UlipnSton+ 2 Uﬁ;]’%v’%(se’d”]
i=1 i=1 j=i
[(n—1)/2] N(m) N(n—m) i) ( ’
+ Z (Uozlzn n— m6€,¢3 + Uaj:z m, m(sZ Roy) +U Zin n— m(SE ¢5) ’

Py

3
I
N
<
I
~
<

50ne may choose, for example, to first fix a value for m starting with the lowest possible, m = 1, then do the same for the index 4, and
run through the index j, again running from the lowest to the highest value allowed etc. So long as this is done consistently, no ambiguity
arises in the process.
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with W and U coefficients given in Eq. (C3). We have thus achieved the separation of the F;, and G,, kernels in the
purely momentum dependent operators H,, and time dependent coefficients A, and k,,. However, the time coefficients
are still determined by the recursive time integrals given in Eq. (C3). In order to facilitate the evaluation of these
coefficients we can recast these integral expressions into differential equations. After some manipulation of our integral
solutions, we obtain

Wl - paw ) —un D= kA (C7)
i (i) n (i5) n(ij)  _
Wﬁ;ml,ﬂm + nW@mhmz o Uﬂﬂnhmz =0,

a;mi,Mma a;mi,Mma a;my,Mma aimi,ma

076D 4 (= 1)U, ) 71‘;;{Un<ij> _ ) }:0’
1z

076D Ly )y D) ff[Unuj) R ) }:H(i)ﬁ(j)

Bim1,mao Bimi,ma f_%_ Bsmi,ma Bimi,ma mytma

which we have also presented in Eq. (13). This form is convenient for the recursive numerical treatment using the

)\gl) = mgl) = 1 initial conditions. These expressions are used in Section III to compare the results with the analytic
perturbative treatment derived in Appendix D.

Before we close this appendix and turn our attention towards obtaining the analytic solutions for these time
coefficients, we note that it is useful to count the number of coefficients at each perturbative order n. As we have
indicated when postulating the ansatz in Eq. (6), we expect the the number of the basis elements N(n) to be a function
of the perturbative order. Thus, counting the terms given either in the Eq. (9), or equivalently in Eq. (11) gives

L(n=1)/2]
N(n) =05 ) %N (3) BN (3)+1)+3 > N(m)N(n—m), (C8)

m=1

which, up to the fifth order, yields the numbers given in Eq. (7). As noted in Section II, not all of these time coefficients
are independent, there are indeed several constraints that effectively reduce the dimension of the operators basis down
from the upper bound N (n).

Appendix D: Perturbative solution of the time-dependence

In Section III we have summarised the perturbative solution for the time-dependent coefficients )\,(f) and /{%). Here
we present the derivation. In this appendix, we show how we can analytically invert the differential equations given in
Egs. (13) (and Egs. (C7)) and thus represent the solution as a power expansion in ¢ f parameter.

We start by eliminating Uy 5 from the equations given in Eqgs. (13), to find the EoMs for Wa 5 As expected, we
end up with the second order differential equations that read

T 1 I n—3 i 1 i '
Wit (2” g0t ) Woiilma + <n2 t—g (- 1)5f> Wil = (&7 +tntg -0 f) kOAD) L (D1)
< n(ij 1 o (id n—3 i . ,
Wbt s + (2n t3- 5f> Wb+ (n2 5 (- 1)6f> WD = k@ k)

Further on we suppress the indices, n,m1, my and (i5), that are not relevant for the following calculation, given that

they stay the same on the right and the left side of the equations. We can reorganise the above equations perturbatively
w.r.t. df, recasting them as

. 1)\ .. 1 .
W+ <2n + 2) W+ <n2 + g — ;’) W= (6,7 +n+ 2) KA+ (W + (n— )W, —kA) (D2)
¥ 1 1 n 3 n Trn n

We note that the structure of the left hand side in both these equations is exactly the same. It is straightforward to
solve this type of equation,

W)+ (205 )W+ (245 = 3 ) W) = 5700, (D3)

2 (N , 3.,
= an(n) = In[Sn] = 5/ dn/ [em—n(n —n) _ g(nt3) (' =n) Syn(fll),
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where v = «, 8 and S denotes the source term, including the one proportional to § f. Note that, in the process above,
we have also defined the functional integral Z,,. Although one initially includes other terms with integration constants
cre~(H3/2n ey e(1=7)1 in the general solution, these ought to be set to zero in our case in order to reproduce the
known EdS results. This is, of course, equivalent to setting the initial conditions to the EAS values. In particular, for a
constant source term, the time integration is performed as follows

2 Yo' ) _ p(nt3) (' =m) 2C
C/ { T = e e (D4)

We seek to obtain the perturbative solution using this integral representation. As noted in Section III we expand our
solutions in § f as

wn = wnlol Loyl oyl , (D5)

where the superscript [n] denotes the order in powers of d f, with [0] representing the solution in the EdS limit. We
obtain the recursive relations

woll — 7, [(&7 bt ) (o) 61 (Wan[lfl] +(n— 1wl (,i/\)[zfl])} : (D6)
ng ' [( ) +5f( vy i1 +(n 1)Wﬁn[l71])} 7

where (zy)l = 2yl ¢ p0yl=1] 1 2RIy =21 oo 2yl and (kA)[=1 = 0. To further reduce the expressions, it is
useful to define the second functional expression

~ 1 n ; ’

Zo[X]1= 0y +n— 1)L, [0f X] = . / dn/ "2 ITDs F( ) X () (D7)
Repeatedly using the above recursive relation, one finds
. N U
Wil (- ywyt =1, {(*‘;} + W (- ywt ”} (D8)
- [we)l o [(ee) g n[l—2]
~ KK [l_k""l] n ~
=Sz [P - w2,

where Wﬁn[o] = 0 and ZF[X] means the recursive operations of Z,, by k times, for instance, Z3[X] = Z,,[Z,[Z,[X]]]. In

the case of W2l (kk)W in Eq. (DS) is replaced by (0 +n+ 3) (kM —5f(kA) 7Y, Plugging these expressions back
into Eq. (D6), and restoring the suppressed indices, we obtain the general solutions

g m—2 & .
ot = (1- 225 oy 2] W e
+§:In {(&7+n+§)( %LA%)Z) } ZI [5f( %A%l) 1]}
=1
00 -1 [1—k]
A [ (0, +n+ ) (5A0) ]—6f

=2 k=1

[M]8

Bimy,ma Biymi,mae

S w[ @ () “‘”H
EPML L) ]

where we manipulated the terms with (k)1 The results in the EdS limit can be found from (D6) for I = 0,

w9 :<1+(n—1) In[éfi;—1[1]]>wn<””°1

~

1

Yy {( 0 ) ] +l§;z

=1

9401 0]

2n+3)(n—-1)"

(2n + 1)x0IN0]

Wl =2, [0+ ) (V] = Gy

Wi =1, [(m)[‘ﬂ] - (D10)
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where we used the fact that the zero-th order quantities are constant, %, [0 = const.

In order to utilise these general solutions and employ the explicit form of the Z,, and Z,, integrals we use the expanded
form of 0 f that we put forward in Eq. (18) and derived in Appendix A. Plugging this approximated expression into
(D9) and then using (13), at leading order in ¢ f we obtain for n = 2

5 402 263 (2) 2 Cl 402 263
)\(1):7_7 _ A€ 3 A S ey 202 3 D11
2 CT o3t T and A TR RN T (D11)
(1) _ § _ 5& _ 3202 2 2263 3 (2) _ % E 3262 2 2203 3
T T R TR TR
shown also in Eq. (19). In the same way, we compute the n = 3 time-dependent coefficients
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and the result for n =4
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One can continue this exercise up to an arbitrary n. For the purposes of this work, it suffices to run this procedure
up to n = 5: F5 and G5 are the highest order kernels necessary for the calculation of the two-loop power spectra, and

therefore we may stop at the A\;”, kg

(@ @)

the Mathematica notebook, provided in the arXiv source file of this paper).

Appendix E: IR and UV limits of kernels

set of time coefficients (all coefficients and corresponding kernels are given in

In this appendix, we consider the IR and UV limits of the H,, kernels in the momenta configurations contributing
to the one- and two-loop calculations. For IR limits, we have the following expansions

as p — 0. We can write explicitly the first few coefficients as [Hg}(l) =51,

—(1,1,0,0,1,1), [Hs ) =

[Hall = IR =

HB(k7 q,

Hs(p,k —p)
Hj(k,p,—p)
Hs(k—q—p,q,p)
Hi(k—q.9,p,—p) ~

H,(k—p,p,q,—q) ~

—-q,p, —

p) ~ [H5);

N .
~mm%@?+mw$m+aw,

~ [H3uly (p )];
HR0)5

[Hynly (b )];

k2

(P) 5 +

+ [H3, H]

+ [Hy, H]

wm@uﬁﬂmrm+m>
)(5) + O

'(9) +Op

Y,

+ [Ha 0 (9) + 0p"),

Y,

+ [Hs)( (0) + 0pY),

1,1) and [Ha)\y =
—7(,u p2op? —2,—p2,2 — 6p? +4u470),whereu:l;:'ﬁ. We shall not

(E1)

5 (1,24% = 1), and

give the explicit form here for the remaining coefﬁments These are obtained in a similar manner and can be arrived at
by expanding the full kernels.
In computing the loop contribution, it is crucial to isolate the leading product divergencies of the kernel products.
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Focusing on the IR limit at one-loop we have

2
2 1 1 o 11
h‘é2),IR = [H2]§R) ® [H2]§R) = <1 1) ) (E2)

1 1 0 0 n_ k(1 u?
hi i = [HL)E @ [HR)(Y + [HL)R @ [Ha)fy = 2 (u2 22 — 1) ,
2
h’%),IR =H,(k)® [HS,I]g{) = —% (110011),

while at two-loops one finds

R n = Hs(k.q,—q) © [Hs ]I, (E3)
hz(’,?,n,m = [Hsnl{y ® [Hsnlly ,
hygm = Hanlty © [Hanli + [Hanliy © Hanliy
hé4)1 r=Ha(k—q,q)® [H471]§§{) )
héi),II,IR = [H2]1R [H4,II]%)v
Ry = Ealiy © (Hanliy + HR)f © (Hanly
R = Hi(k) © H]ig .
Similarly, one can derive the UV limit of the various terms, which are given by

k3

Hy(p,k —p) ~ [Ho] (k) ~5 + [H2) & (k )5+ O, (E4)

H3(kap7 _p) ~ [H3,I]S)\)/(l%
Hs(k —q —p,q,p) ~ [HsulGy (k)
Hy(k —q,q,p,—p) ~ [Hi (k) + [H X (k)= + O(k)
H:(k,q, —q.p, —p) ~ [Hs|9 (k) + [Hs|2 (k

5( ,q,—q4,D, p) [ 5]UV( )+[ 5]UV()

as k — 0. Again, the first few coefficients can be written as [Hg]g\)/ =1 (1-2u2-1), [Hg]g\)/ = 4L (3—4u?, 1),

[H %), = £ (~1,-1,1,1,0,0) and [Hz %), = =1 (42, u2,2(1 — p2)(2p2 — 1),0,2 — pi2, 4i2). The kernel products

relevant for the UV divergencies in the power spectra are, at one-loop power,

s 1 (p2—1)? 2u2 -1

2
hg(:)S)UV = H, ® [H3|(\, = —% (-1 -11100),

1

hi oy = Hi ® [Hy (% = =5 (12 02 20— p?) (20 1) 0 2—p? p?)

Wi
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and, at two-loop,

0 0 0
Ry oy = [Hs 1% © [Hs 03 (E6)
h%{LUV = [H(;,I]EJO\), ® [Hg’l]g\),, not symmetric in ¢ and p,
4 2 2
h:(BB)I,UV [HSI]EJ\)/ ® [HS,I]%\)N
2 1 1
hgd)II uv = [H3,H]EJ\)/ ® [H3,H]EJ\)/7
3 1 2 2 1
th)H Uy = [H&H}%\)/ ® [Hg,n]%\), + [Hs,n]%\)/ ® [Hs,n]%;\)/ ;
4 2 2 1 3 3 1
hSy oy = [Hs ]Gy © [Hsul (3 + [Hsnl (v © [Hs )by + [Hanlty © [Hs iy
4 2 2
h’é4)UV = [HQ]EJ\)/ ® [H4]%I\)/7
RO = H, (k) ® [H5
15,0V 1 51UV s
R\? . = Hi (k) ® [H5?
15,0V 1 s5luv

Appendix F: Two-loop basis power spectra, IR and UV properties

In this appendix, we look into the IR and UV properties of the integrands given in Eq. (36). We first look at the I3z
term, which has two distinct contributions. It is convenient to remap the contributions (see [47]) as

I33,I - 9P11n(k) / H3(k7 —-q, q) & H3(k7 —D, p)Phn(q)Phn(p) (Fl)
q,p

= 9P (k) / [Ha(k, —q,q) @ H3(k,—p,p)O(q¢ —p) + q < p} Piin(q) Pin(p).

)

The IR and UV limits can be expressed as

2
hg?,l,m (k,q,p) %2 +00°), as p— 0,

H3(k,—q,q) ® H3(k,—p,p) ~ hé%),I,Uv(/%,q,p) + (h% vk, g, p)L . +q e P) as k—0 (¥2)
+ hgé),l,uv(ka q,p)ﬁ + O(K®)

and we can thus write the regularized integral as

~ . k‘Z
I33,I - 18Plln(k:)/ [H3(k7 —q, q) 02y H3(ka _p7p) - hi(),23)}I)IR(k’ q7p)p W?{ilil (FS)
q,p
2) - k?

0 - 4 ~ k*
- (hi(’:3),I,UV(k7 q,p) + (hi(’;S,I,UV(k7 q7p)q7 +q < P) + héS),LUV(kvqap)quQ>W331 O(q — p)Piin(q) Piin (P)-

Given that As - [Hg)l](UO\), = k3 - [Hs, ﬂg)\), =0, both in EdS and ACDM case, the terms hg%)’I’UV and hé?LUV are zero.
We thus have 133’1(]{) = f33’1(k‘) + [133,1]11:{ + [ISS,I]UV; where

N
[L35.1]im = 18Py (k) / hg‘f;,il,m(k,qm)fzw;&l@(q—pmm(qmm( ) = (h53W3E) k? Pin (), (F4)
q,p
k4
I3 1]uv :9P1in(k)/ hé‘é,)l ov(k a4, p)—— 2

q,p

7 Wizt Pin(@) Pin(p) = (h331Waz) &' Pin (k).
In the last integral we have reverted back to the symmetric form of the integrand. We used the fact that

A 2
Rl = / AS) r (k. @)03(0) Pin(a), and A3 =2 (hYY @ hYY) (02)” (F5)
q
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where we have introduced the coefficients h§3)1 r(k,q) =54 [ a2y hi(’,?l = (K, q,p), integrating the h%{LIR over p. We
have also introduced the variance due to the p modes smaller than q as
1 1 /9 dp
=3 / ©(q — p)Pin(p)/p° = g/ G Pin(p) - (F6)
P 0o 4T
Note that the final IR term hg‘,l(k) is k dependent.
Next we consider the Is3 11 integral
I3z n = 6/ H;(k —q—p,q.p) ® H3(k — q —p,q,p)Pin(k — ¢ — P) Pin (@) Piin(P) , (F7)
a.p

which has leading divergencies when q and p go to zero, and when one of these momenta goes to zero while the other
approaches k. The sub-leading divergencies arise when q or p go to zero, while the other is finite, and when q+p — k.
Since the integral can be symmetrized by introducing the delta function (see e.g. [47]), we can remap some of these
divergencies into others by writing

I3z =36/ H3(k—q—p,q,p)® Hy(k—q—p,q,p)O(q—p)O(|k — q—p| — q) Pin(k — g — p) Pin(q) Pin(p), (F8)

where the leading divergencies appear only when q and p go to zero and the subleading ones appear when g goes to
zero for finite p. The product of the kernels can be written as

h:(a3 1 IR(k q, p) +h§,3)11 (K, g, p) ‘|' O@®°), as p—0,
H3;k—q—p,q,p) @ H3(k—q—p,q,p) ~ héB),II,UV(k7p> ) 7 + hz(as)n UV(k p, Q) s ko0 (F9)
+ h33 11, UV(k p, q) T+ O(k°)

We can thus write the regularized integral as

Iz :36/ le(kqp,q,p)@@Hg(kqp,q7p)@(|kqp| —q)Pin(k —q—p) (F10)
q,p

s

N Lk
- (h:(z?’,),n,m(ka q,p)p7 + h’i%),H,IR(k’ q,p)p> W?{?lin@“k —q| = q)Pin(k —q)

A k2 k3 N k*
2 4
- <h:(33),II,UV(k7p’ q)— + h(z)n Uv(k p, )p3 + hg?;),II,UV(kvpv )p )W33 1O(lg + pl — ¢) Pin(q + p)

x ©(q — p)Piin(q)Pin(p) -

After integrating over the p we see that the hgs),n,IR term does not contribute. Similarly, the contribution of hé?,n,UV and
h:())?H’UV vanish once contracted with A3 and 3. This is so since Az - [Hg,H]S\)/ = Kg3- [Hg,H]S\)/ = 0. Note also that only

the first term in hg;),n,Uv actually contributes. To compute the full I33 11 we have I3z 11(k) = I~33’H+ [I33 11)ir + [ L33 11UV
where

k2
[I3311)ir = 36/ h:(sg)ll (k. g, p) Wss 1Ok — gl = ¢)O(q — p) Pin(k — @) Pin(q) Pin (P) = (hls IIW55 II) k2,
q,p
(F11)
(4) 7 K uv
[I33,1luv = 6 h’33,H,UV(k7p7 Q>ij33,IIBin(q + P) Piin(@) Pin (p) = (h33 IIW33 II) k.
q,p
The leading IR contribution gives
331 / 33,11, (k. q 02( )OIk — gl — q) Pin(k — @) Pin(q) , (F12)
q

/ ) 1 ov (P @) Pin(q + P) Pin(0) Pin () (F13)
q,

p
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where we have introduced the coefficients hgg)n s (k,q) =108 f Xy h:(ss)n r(k,q,p). We also have the variance due

to the p modes smaller than ¢, defined in Eq (F6). We have deﬁned the short scale noise th;/H contribution, which is

scale independent given that hz(),s)n vv(p, @) = 6f 33 1, Uv/p
Next we look first at the Isy terms. The mtegrals are of the form

I24 = 12/ HQ(k —-q, q) o2 H4(k7 —q,49,Dp, 7p)Plin(k - q)Plin(q)IDlin(p)a (F14)

and the leading divergencies arise when p — 0 & ¢ — 0, and p — 0 and ¢ — k. The latter divergence can be re-mapped
again into p — 0 & ¢ — 0 in the same way as was done for the Is term. We have

Ly — / + / _ / Ho(k — q,q) © Hi(k — 44,9, —p)O(k — q| — ¢)Pin(k — ) Pin (@) Pun (p).
q<|k—q| q>|k—q| D,q

The remaining divergencies are now in p — 0 and ¢ — 0. Since the integral is not symmetric in these variables the two
divergencies are distinct. However, we can symmetrise the integral first to get

Iy = 12/ [Hz(k —q,q9) ® Hy(k — q,9,p,—p)Pin(k — q)O(|k —q| —q) + ¢ & p} Piin (@) Piin (p)- (F15)
p.q

)

We can remap the integral as
Ly = 24/ [Hz(k ~q,9) ® Hy(k — q.q,p, —p)Pin(k — q)O(|k —g| —q) + g & p} ©(q — p)Pin(q) Pin(p), (F16)
P.q

where the ¢ — 0 divergencies have been remapped into p — 0 ones. The two terms obviously give equal contributions
to the leading divergence while in the sub-leading case they are different. In the IR limit, we thus have

héﬁl)IIR(k q, p) ; + O(p°), as p—0,
Hz(k:fq,q)®H4(qu,q,p, *p) ~ (4) (F17)
24 UV(k q, P) :+ O(k®), as k — 0,

h
hézx)n r(k,q, p) ‘*‘hézx)n w(kq, p) +0(p%), as p—0,
h

Hy(k —p,p) © Hy(k — p,p,q,—q) ~
24Uv(k p,q ) o +O(k5), as k— 0.

We thus have

_ k2
Iy = 24/ {(Hg(k—q,q)®H4(k—q,q,p, _P) héi)l IR(k )p W241)Phn(k ‘I) (‘k_‘ﬂ _Q) (FlS)
pP.q
+ Hy(k — p,p) ® Hy(k — p,p,q,—q)Pin(k — p)O(|k — p| — p)

k2 k

2 . 1 .

- (hgz;),n,m(kv q,p)? + héﬁ,n,m(kv q,p)p) Wyttt Pin ()
4

- (h§4)uv(k q P) T Pin(q) +q < p) W%iv] Pin(q) Pin(p)©(q — p).

To Compute the full I, we have 124 = f24(k/’) + [I24,I]IR + [I24,H]IR + [124]UVa where

. k2
[L24,1)R = 24/ hgi),I,IR(kv (17}7) 24 19(|k q| — 9)0(q — p) Pin(k — q) Piin(q) Piin(p) = (h24 IW24 1) k? , (F19)

p.q

k2
[124,II]IR = 24Plin(k)/ hé4)n IR(k q, p) W24 19(¢ — ) Piin(q) Pin (P) = (hgl{,HWQIZH) k2Plin(k7)7

pb.q

where

2) ~ (2 dQl;
hé4IIR k,q)05(q)0(k — gl — ¢) Pin(k — @) Pin(q), where hézl),I,IR =172 pp —2 hé4)IIR(k q,p), (F20)

241 /
q
. P here A2 =72 [ B8 p® kg p
241 24 T IR ,@)05(q)Pin(q) , where 24ILIR = 1 dr 24,11,1R( ,q,D) -
q
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The UV components give
]{14

Loy = 12 /,, . Bty (b0 p) WY Pin(@)* Pin(p) = (R W) (F21)
where |
hyy = / Folov(@.P)Pin(@)* Pia(p). where Byl (a.p) =12 T By (ha.p). (F22)
At last, let us look at’ the I 5 term. The integrals are of the form
Ly = 15P(k) | () ® Hi (k. g, ~0.5, ) Pin(@) P ). (F23)
q.p

The leading divergencies arise when p — 0 & ¢ — 0. We can re-map this so that we have
115 = Sophn(k) / Hl (k) X H5<ka q,—q,p, _p)a(q - p)Bin(q)IJ]in (p) (F24)

The IR and UV limits are
h? (k, qp) +(’)( ), as p%O
Hl(k>®H5(k7qa_qap7 _p) ~ 15 R
h15UV(k q, p)—l—h15 Y p) S+ 0(p Y) as k— 0.
The regularised integrals are thus

Fus (k) = 30P (k) /

q.p

k2 R

~ ~ k2
(Ao, + B (o) ) WEY 000 = )P P ().

The contributions from hg%) vanish after contractions with the A5 and ks coefficients. To compute the full integral we
have I5(k) = I5(k) + [L15)r + [{15]uv, with

k2
[T15)1r = 30 Piin (K) / hﬁi’,qu,p) WiE0(q — p) Piin(q) Pin(p) = (RIS WIE) k2 Piin(K) | (F26)
q,p
N k2
[I15]uv = 15Pyn (k) / h%{Uv(k,q,p)pﬁwl%vﬂm(q)ﬂm() (WY W) k2P (k) -
q,p
We have also introduced
R = / A\ (k. @)02(q) Pin(g) and ALY = / A2 v (a.p) 2Pnn<q>le<p>, (F27)
q

where hgs)m(k q) =90 [ = h125)IR(k q,p), and hg{))UV(q p) = 15f hg?m(k a,p)/p*.

Appendix G: One- and two-loop results at redshift z = 1.0.

In this appendix, we present the results of one- and two-loop contributions to the density-density, density-velocity
and velocity-velocity power spectrum at redshift z = 1.0, similar to what was presented in Sec.IV for the z = 0.0 case.
In analogy to the Figure 4, the left panels of Figure 6 show the one-loop contributions for power spectra of density and
velocity fields at z = 1.0: Pss, Psgp and Pyg. We again show the EdS results and the corresponding ACDM correction.
We see that the one-loop ACDM corrections at z = 1.0 are approximately two orders of magnitude smaller than the
one-loop EdS contributions. Note that in the wavelength range where the EdS results exhibit the zero crossing the
relative importance of ACDM correction is larger and similar in magnitude to the two-loop EdS results.

Analogous results hold for the two-loop order, shown on the right-hand side of Figure 6. One can observe that the
corresponding ACDM corrections are approximately two orders of magnitude smaller than the EdS results (except in
the Pyg case for k < 0.1h/Mpc, where the corrections can reach up to 5%). Here too, the exception is the wavenumber
interval in the proximity of the k-value corresponding to the zero crossing of the EdS result. The correction due to
such contributions can be partially mitigated once the UV counterterms are added, as was shown for the z = 0.0
case in Figure 5. In general, we see that these beyond-EdS corrections are overall smaller and less relevant at higher
redshifts than is the case at z = 0.0, as one would expect.
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Figure 6: Plotted above are the same quantities shown in Figure 4, but this time at z = 1.0. Upper panels show the absolute
contributions of EdS results (blue lines) compared to the ACDM corrections (red lines). We again see that the three different
spectra Pss (dashed lines), Pso (dot-dashed lines) and Pyg (solid lines) receive corrections of different size, whose relative
importance is also a function of the scale dependence of the EdS terms. Lower panels display the ACDM corrections d Pss, d Pso
and d Pyp computed using the numerical evaluations of the A\, and k, coeflicients (show in dots). We also show the perturbative
time dependence computation as described in Sec. III up to the third order (solid lines).
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