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We present a theory of neutrino oscillations in a dense medium which goes beyond the effective matter 
potential used in the description of the MSW effect. We show how the purity of the neutrino state is 
degraded by neutrino interactions with the environment and how neutrino–matter interactions can be a 
source of decoherence. We present new oscillation formulae for neutrinos interacting with leptons and 
carry out a numerical analysis which exhibits deviations from the MSW formulae for propagation through 
the Earth of ultra-high energy neutrinos. In particular, we show that at high density and/or high neutrino 
energy, the vanishing transition probabilities derived for MSW effect, are non zero when the scattering is 
taken into account.

© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
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1. Introduction

Neutrinos are notoriously elusive particles with an extremely low interaction rate [1], which oscillate among three different fla-
vors [2–9]. They only participate in weak and gravitational interactions, but the latter can be neglected, for all practical purposes, in 
virtue of their small mass [7] (except for very peculiar situations [10]). Indeed, the primary modification induced by matter on neutrino 
oscillations, known as the MSW effect [11,12] is entirely due to the weak interactions of neutrinos with the electrons and nucleons of the 
environment. The MSW effect is, in essence, an effective theory, since all the interactions are comprised in an effective position–dependent 
potential acting differently on the individual neutrino flavors and hence affecting the oscillation probabilities. However, there is one major 
shortcoming in adopting such an effective field approach to neutrino–matter interactions, and it is the complete loss of insight on the 
dissipative aspects of these interactions. Indeed, the unitary evolution driven by the effective potentials Vα(xxx) always preserves the purity 
of neutrino states. While this is reasonable for neutrino oscillations in a low-density medium, for the interactions in a denser one, a loss 
of coherence due to collisions with the particles in the medium is to be expected.

Decoherence effects in neutrino oscillations have been thoroughly studied from both a phenomenological and a theoretical standpoint. 
To include such effects, the neutrino is usually modeled as an open system in which the action of a dissipative dynamics is discussed on 
quite general grounds [13–15]. Exploiting this approach it has been shown that the decoherence leads to modified oscillation formulae [14]
that can shed some light on the fundamental nature of neutrinos [16]. The main problem is that the dissipative dynamics of neutrinos 
depends on several external parameters, that are not determined within the theory, hence making the comparison with the experiments 
extremely hard.

Here, we present a novel approach to neutrino oscillations in matter, in which the loss of coherence due to the collisions with the 
particles in the medium is explicitly taken into account. We consider oscillations in a dense medium, i.e. in a medium where the electronic 
density strongly suppresses the flavor oscillations and we provide a theory which goes beyond the effective matter potential, giving a 
quantitative account of the quantum decoherence induced by the interactions with the environment. To this end, one needs to resolve the 
details of the single scattering events and estimate the loss of coherence due to the latter. Therefore, our considerations are in principle 
valid for the propagation of neutrinos in any environment, regardless of the frequency of collisions. This includes also the regimes in 
which, actually, the neutrino evolution is analyzed in terms of effective damping of the oscillations [17], by means of a Boltzmann–like 
collision integral [18] and through a kinetic equation for neutrinos [19–21].
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We show how the purity of the neutrino state is degraded as an effect of its interactions with the environment that can be interpreted 
as the quantum decoherence arising from a dissipative Markovian evolution. This provides a microscopic qualitative and quantitative expla-
nation to the phenomenology of decoherent neutrino oscillations as analyzed in previous works. Such a phenomenon can be of particular 
interest, not only for a deeper understanding of neutrino oscillations in the matter but also for its phenomenological implications. In this 
picture, we obtain new oscillation formulae with respect to the MSW formulae that show corrections at high neutrino energies and/or 
high medium density and which reduce to the latter when the scattering probability is negligible. In the end we present a numerical 
analysis for ultra high energy neutrinos propagating through the Earth and we analyze the related C P and C P T violations.

The paper is structured as follows: in Section 2, we consider the neutrino-lepton interactions within the hypothesis that the number 
of neutrinos is preserved. In Section 3, we discuss the general aspects of the neutrino propagation in the matter when collisions are 
considered and, in Section 4 we introduce the Hamiltonian and the evolution operator for neutrino-lepton scattering. Section 5 is devoted 
to the analysis of the results. First (Sub Sec. 5.1) we present and discuss new oscillation formulae that are valid in the region of high 
neutrino energy/high electron density. Soon after, in Sub Sec. 5.2, we discuss the decoherence effects induced on neutrinos by the processes 
and, at the end, in Sub Sec. 5.3 we present some numerical prediction that could be tested in future experiments. Section 6 is devoted to 
conclusions.

2. Neutrino-lepton interactions

To begin with, let us discuss the salient assumptions of our analysis. At first, for the sake of simplicity, we focus on the case of a 
neutrino with two possible flavor states νe, νμ propagating in matter. This assumption is not crucial, and the approach that we use can be 
easily generalized to the more realistic three flavors case. Yet this would render the calculations more involved and would add no relevant 
physical insights to the discussion. For this reason we prefer to limit ourselves, in the present work, to the two–flavor mixing. The second 
assumption is that the number of neutrinos remains unchanged in time. This means that we are neglecting all processes involving the 
emission or absorption of neutrinos, as muon decay μ− → e− + ν̄e + νμ so that it still makes sense to speak about the oscillations of 
a single neutrino. Moreover, we consider that the interaction with the nucleons of the medium can be neglected, and retain the purely 
leptonic interactions with electrons e− and muons μ− only. Neutrino–nucleon and neutrino–nuclei interactions would indeed lead to 
more involved calculations, obscuring the essential physical insights that can already be grasped in our simpler setting. In addition, as far 
as processes involving the emission or absorption of neutrinos can be neglected, the interaction of nucleons and nuclei with neutrinos is 
the same for all flavors, so that the oscillations are unaffected. Finally, we assume that collisions always involve a single neutrino and a 
single charged lepton so that n–body interactions with n > 2, whose cross-section is usually much smaller than those with n = 2, can be 
neglected.

Summarizing, all the reactions we consider must then have the form

να + l ↔ νβ + l′ ν̄α + l ↔ ν̄β + l′ (1)

where α, β, l, l′ = e, μ and the bar denotes antineutrinos. The form of Eq. (1) includes all the scatterings (να, ̄να) + l ↔ (να, ̄να) + l, and 
two additional reactions, one for neutrinos and one for antineutrinos. These are

νe + μ− ↔ νμ + e− ν̄e + e− ↔ ν̄μ + μ− (2)

and they are, apart from scatterings, the only processes of the form (1) which respect lepton number conservation. In the mediums we 
shall be treating, the interactions of neutrinos with muons can usually be neglected, both due to the muon instability and a negligible 
muon density (compared to the electron density).

Depending on the neutrino energy Eν , and to a lesser extent on the medium density, we can distinguish two different regimes. When 
low energy neutrinos are considered, a large number of constituents of the medium participates in the weak interaction, and the forward 
scattering amplitudes due to them add up coherently [12,22]. Their collective action amounts to a (flavor–dependent) neutrino refractive 
index nα(xxx), which can also be understood in terms of an average potential term in the neutrino hamiltonian [23]

Vα(xxx, t) = ±δαe

√
2G F Ne(xxx, t) . (3)

Here δae is the Kronecker delta, G F is the Fermi constant and Ne(xxx, t) is the electron number density of the medium. In Eq. (3) the (minus) 
plus sign is reserved for (anti–) neutrinos. The coherent phenomenon described by Eq. (3) is the source of the MSW effect [11,12]. This 
pure neutrino picture breaks down as the neutrino energy Eν or the medium density Ne are increased. Indeed, since the total cross-section 
for neutrino–lepton scattering grows linearly with the energy [1]1 σνl ∝ Eν , the number of scattering events grows, and the evolution is 
no longer coherent. In most of the cases of interest, even at comparably high neutrino energies Eν ∼ 1 TeV, the cross-section remains 
so small that only a few scattering events can take place during the neutrino propagation. This can be seen immediately by evaluating 
the neutrino mean free path l = (Neσ)−1 for the density profiles Ne of interest. On this basis, one usually discards the second-order 
effects altogether, and only retains the matter potential of Eq. (3). The major drawback in doing so is that the neutrino evolution remains 
unitary, just as in the vacuum, so that no dissipative effects occur. In order to encompass the dissipative effects due to neutrino–matter 
interactions, we shall analyze the effect of collisions on the neutrino propagation.

3. Neutrino propagation with collisions: general scheme

In our computation we neglect all the processes implying the emission or absorption of neutrinos and therefore we consider a constant 
total number of neutrinos. We neglect the interaction with nucleons and we consider only the leptonic interactions with electrons and 

1 Actually the proportionality σνl ∝ Eν does not hold in all the reference frames. However, the total cross section is proportional to the Lorentz invariant quantity s =
(pν + pl)

2, so that it is always a monotonically increasing function of the neutrino energy.
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muons. We consider the system made by the neutrino and the charged lepton that take part in the scattering process as an isolated 
system. This leads a unitary global evolution of the two particle system, due to the scattering. We note that the total system evolves 
unitarily, while the neutrino evolution is dissipative.

The neutrino propagation in matter can be characterized by two evolution operators, U0(t) and U W . The first, associated to the mixing 
Hamiltonian and the matter potential of Eq. (3), acts on the neutrino degrees of freedom alone, and corresponds to the unitary evolution 
before and after the collisions. The second describes the collision processes, and couples the neutrino with a charged lepton of the 
medium. The crucial point is that the collisions occur in a narrow spacetime region, in which the effect of U0(t) can be neglected, so 
that we can schematize the neutrino propagation as a sequence of (nearly) instantaneous collisions spaced out by intervals of coherent 
evolution.

In principle, neutrinos may take part in an arbitrary number of collisions. Then, once that the initial neutrino state is specified ρν(t0), 
we define the initial state ρ(t0) of the system (neutrino + medium) as2

ρ(t0) = ρν(t0) ⊗
( ∞⊗

k=1

ρk(t0)

)
(4)

where each ρk(t0) denotes the initial state of a single lepton in the medium. We limit our analysis to the interactions of neutrinos with 
leptons, and we neglect the probability for a neutrino to interact with a free muon in the medium (since the muons are unstable and 
the muon density is usually negligible with respect to the electron density) with respect to the one with an electron. Therefore, all ρk(t0)

describe electronic states.
Having defined the initial state, as a first step, one simply evolves the density matrix according to the evolution operator U0(t) up to 

a time right before the first scattering t I1 , to obtain ρ(t I1 ). From this, the density matrix of the system right after the scattering ρ(tF1 ) is 
related to the density matrix right before the scattering ρ(t I1 ) via

ρ(tF1) = U W1ρ(tI1)U †
W1

, (5)

where U Wk couple the degrees of freedom of the neutrino and the k-th lepton of the medium. After the scattering event, the density 
matrix evolves again under the action of U0(t). These steps are repeated as many times as the number of collisions that occur, each time 
coupling the neutrino with a different charged lepton. At each time t the neutrino state can be recovered by tracing out the charged 
lepton degrees of freedom ρν(t) = T rl(ρ(t)). It is worth to note that, while the evolution of the complete density matrix (neutrino plus 
charged leptonic states) is unitary, the evolution of the reduced density matrix associated to the sole neutrino is not. This implies that 
differentiating ρν(t) with respect to time, one obtains, along with the Hamiltonian, further dissipative terms that induce decoherence 
effects.

At the end of the process, the neutrino density matrix can generally be written as

ρν(t) =
∞∑

n=0

Pn(t)ρ
(n)
ν (t) , (6)

where Pn(t) is the probability that after a time t , n scattering events, involving the same neutrino, have taken place, and ρ(n)
ν (t) is the 

associated density matrix. If the medium is homogeneous, the probability of having a scattering, at any time, is independent of t and n, so 
that Pn(t) is a Poisson distribution Pn(t) = 1

n! (�t)ne−�t .3 Since the instants {t1, ..., tn}, 0 ≤ ti ≤ t at which the collisions occur are randomly 
distributed in the interval [0, t], the density matrix ρ(n)

ν (t) for n collisions involves a statistical average

ρ
(n)
ν (t) =

t∫
t1=0

t∫
tn>tn−1...>t2>t1

dt1...dtn Rn(t1, ..., tn)ην(t; t1, ..., tn). (7)

In equation (7), ην(t; t1, ..., tn) is the neutrino density matrix at time t , after n collisions occurring exactly at the times {t1, ..., tn} while 
Rn(t1, ..., tn) stands for the joint probability distribution of the n collisions occurring at the times {t1, ..., tn}, with normalization

t∫
t1=0

t∫
tn>tn−1...>t2>t1

dt1...dtn Rn(t1, ..., tn) = 1 (8)

corresponding to the certainty that n collisions occur in the interval [0, t].
As it can be seen from the above discussion, the determination of the neutrino density matrix with growing n becomes soon intractable 

analytically, and, in the general case, for a large number of collisions some approximation must be invoked. Nevertheless, for a very large 
set of physical situations of interest the probability of having 2 or more collisions is extremely small and can be neglected. To give an idea, 

2 We remark that this is not the most general form for the state of the medium ρMedium , which is a generic many–particle state. Nevertheless the knowledge of the exact 
state of the medium is irrelevant to the purpose of determining the neutrino propagation and the associated decoherence. The only quantity related to ρMedium which is 
relevant at this level is represented by the electron density Ne(x). Complications related with the exact form of ρMedium (for instance as a Fermi-Dirac distribution) are 
deferred to later works.

3 A homogeneous medium has a uniform electron density Ne , independent of the position xxx within the medium. The collision rate � = NeσT depends only on the electron 
density Ne and on the neutrino energy E , and since the latter do not change during the propagation, the former is a constant. Also, the collisions occur independently from 
each other, so that the probability of having a collision at a given time t does not depend on the previous scattering events. These properties are compatible with a Poisson 
distribution.
3
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for electronic densities of the order of Ne = N Acm−3, with N A the Avogadro’s number, and neutrino energies E ∼ 1 GeV, the interaction 
rate � = NeσT , where σT is the total cross section, is as low as � ∼ 10−7s−1. In this case eq. (6) simplifies to

ρν(t) = (1 − P1(t))ρ
(0)
ν (t) + P1(t)ρ

(1)
ν (t) (9)

4. Neutrino–lepton scattering: Hamiltonian and evolution operator

In this section we derive the evolution operator describing the scattering. We first establish the general form of the scattering Hamilto-
nian on the basis of the possible reactions. We compare the scattering matrix obtained via quantum field theoretical calculations with the 
scattering matrix that would be produced by a quantum mechanical interaction Hamiltonian. Computing the scattering amplitudes allows 
us to derive the components of the scattering Hamiltonian. For the computation of the evolution operator, we observe that it has the same 
symmetries as the Hamiltonian, and then use both its expression in terms of the Hamiltonian and its probabilistic interpretation in order 
to find its precise form. In the following we consider only the forward scattering of the neutrinos, and we assume that the 4-momentum 
transfer, in all the reactions considered, is negligible with respect to the mass of the weak bosons mW , mZ .

Due to the assumptions made, both the neutrino and the charged lepton taking part in the reactions of Eq. (1) can be thought of 
as two–level systems. The neutrino (antineutrino) can be either in the electronic |νe〉 (|ν̄e〉) or in the muonic |νμ〉 (|ν̄μ〉) state, while, 
similarly, we can regard the electron |e〉 and the muon |μ〉 respectively as the ground and excited state of the charged lepton |l〉. Since all 
the processes of Eq. (1) involve a neutrino (or an antineutrino) and a charged lepton in both the initial and final state, a useful basis in 
which the processes can be described is given by

|νl, l′〉 .= |νl〉 ⊗ |l′〉 , (10)

with l, l′ = e, μ. The lepton states |l′〉 are obviously referred to the particular charged lepton of the medium that takes part in the 
interaction. A couple of comments are in order. For our purposes the exact spacetime dependence of the states of Eq. (10) is irrelevant, 
as long as they are sharply peaked around a given 4–momentum. The essential requirement is that they contain all the kinematical 
information needed to characterize the reactions of Eq. (1). Within our assumptions, this amounts to specifying the neutrino energy Eν

and the charged lepton spin projection (as the neutrino helicity is fixed4). The generic state is then written

|νl, l′〉(h)
Eν

, (11)

where Eν is the neutrino energy and h = ±1 is the charged lepton spin projection. In principle one might choose any reference frame to 
study the reactions, and then the states of Eq. (11) would be characterized by the neutrino and the charged lepton 4–momenta pμ

(ν), p
μ
(l) in 

this frame. One should then enforce the total 4–momentum conservation for each of the processes in Eq. (1) by suitably defining the inner 
products between the states. However, it is much more convenient to work in the rest frame of the medium, which simplifies extremely 
both the kinematics and the notation. Denoting by pμ

α , pμ
l (with α = νe, νμ and l = e, μ) respectively the 4-momentum of the incoming 

neutrino and of the target charged lepton, we have that the latter is at rest in the chosen frame, so that pμ
l ≡ (ml, 0, 0, 0), with ml its 

mass. The assumption that the target charged lepton is at rest in the medium rest frame requires that the temperature of the medium be 
negligible with respect to the neutrino energy.

Choosing the third spatial axis to coincide with the direction of motion of the incoming neutrino, its momentum reads pμ
α ≡

(Eα, 0, 0, pα), with pα � Eα . Among the reactions of Eq. (1) we can distinguish elastic scattering, where the initial and the final charged 
lepton are the same l = l′ , and quasi–elastic scattering, where the charged lepton is converted to another kind l �= l′ . For the elastic scat-
tering one can enforce the hypothesis of vanishing 4-momentum transfer, so that the neutrino preserves both its initial energy and its 
initial direction of motion. This hypothesis is in line with the derivation of the MSW effect, and corresponds to the requirement that the 
medium remains unaltered by the interaction with neutrinos. The condition is qμ = pμ

β − pμ
α � 0, where pμ

β is the 4-momentum of the 
outgoing neutrino and pμ

α is the 4-momentum of the incoming neutrino. This means that the outgoing neutrino is emitted within a small 
solid angle δ
 around the direction of the incoming neutrino. This also implies a vanishing change in the neutrino energy, so that the 
4-momentum of the outgoing neutrino is

pμ
β � pμ

α ≡ (Eα,0,0, pα) . (12)

In addition, since the 3-momentum is retained by the neutrino pppα = pppβ , by conservation of the total 3-momentum, the spatial momentum 
of the outgoing charged lepton is zero pppl′ � 0. This in turn implies that the 4-momentum of the outgoing charged lepton is

pμ
l′ � (ml′ ,0,0,0) . (13)

It is obvious that within these assumptions the neutrino energy and the charged lepton spin projection suffice to determine the kinematics 
of the reaction completely.

On the other hand, for the quasi–elastic reactions it is not kinematically possible to have both a vanishing 4-momentum transfer 
and forward scattering. The only requirement we can impose is that the neutrino is forward scattered, i.e. that it preserves its original 
direction of motion. The kinematics in the rest frame of the medium are worked out in detail in the appendix A. The crucial point is that 
the incoming neutrino necessarily transfers (or receives) a part of its energy to (from) the medium Eα �= Eβ . The states of equation (11)

are still sufficient to describe the reaction, but we need at least two sets |νl, l′〉(h)
Eα

, |νl, l′〉(h)
Eβ

corresponding to distinct neutrino energies.
If one relaxes the assumptions of vanishing 4-momentum transfer and small scattering angle, the parameters Eν , h no longer suffice to 

specify the states of Eq. (10), and the complete kinematics of the reaction must be encoded in the states. We defer these complications 

4 Only left–handed neutrinos and right–handed antineutrinos participate in the weak interaction processes [1].
4
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to later studies, and, from now on, we shall always work in the 8–dimensional Hilbert space H(h)
Eα

⊕ H(h)
Eβ

spanned by the vectors of 
Eq. (11) corresponding to the initial neutrino energy E(α) in the rest frame of the medium and the charged lepton spin projection h. The 
final neutrino energy is uniquely determined both for the elastic reactions (Eβ = Eα ) and the quasi-elastic reactions (Eβ �= Eα) (see the 
appendix A). The situation for the anti–neutrinos, whose states we denote |ν̄l, l′〉(h)

Eα
, is analogous.

Having established which states are relevant for our analysis, we can now determine the explicit forms of U0 and U Wk on the basis 
states of Eq. (11). The operator U0 determines the evolution of the neutrino states between two successive collisions and can be put in 
the following form

U0(t) = e−ı(H M+H M SW )t . (14)

The first Hamiltonian term is that of mixing, which is responsible for the neutrino oscillations. Dropping terms proportional to the identity, 
it can be written as [10]

H M = −ω0
(
cos 2θσ z

ν − sin 2θσ x
ν

) ⊗ 1l (15)

where ω0 = 
m2

4Eν
, θ is the two–flavor mixing angle and 
m2 = m2

2 − m2
1 is the squared neutrino mass difference. The subscripts ν and l

refer to the neutrino and the lepton subspaces, so that σ j
ν (σ j

l ) denotes the j-th Pauli operator on the neutrino (leptonic) subspace. The 
Hamiltonian (15) obviously depends on the neutrino energy Eν via ω0, so that we have two copies H M,Eα , H M,Eβ of H M , one for each 
energy subspace. The Hamiltonian in Eq. (15), assuming no CP violating phase, is valid for both neutrinos and antineutrinos. The second 
term is the MSW matter potential of Eq. (3), which can be written as

H M SW = ±
√

2

2
G F Neσ

z
ν ⊗ 1l . (16)

The factor 1
2 in Eq. (16) comes from the subtraction of a term proportional to the identity, namely ±

√
2

2 G F Ne1ν ⊗ 1l (compare with 
equation 9.14 in Ref. [23]) and the (minus) plus has to be chosen for (anti–)neutrinos. Since neither the mixing Hamiltonian H M , nor the
matter potential H M SW change the neutrino energy, the U0 operator can be written in the 8-dimensional basis as

U0(t) =
(

U0α(t) 0
0 U0β(t)

)
, (17)

where U0α(t), U0β(t) are the 4 × 4 matrices given by Eq. (14) corresponding respectively to the neutrino energies Eα, Eβ .
On the other hand, concerning the collisions, the operators U Wk can be written as

U Wk = e−ıHW τ (18)

where τ is the time scale of the scattering process and H W is the Hamiltonian governing the collision. Notice that Eq. (18) that describes 
contribution of the scattering processes (quadratic in the interaction Hamiltonian) has the form of a unitary evolution operator. As a 
consequence, the time-derivative of the density matrix contains a commutator of H W and the density matrix, instead of the standard 
anti-commutator, that appears in the kinetic approach to neutrino oscillations. We point out that this seeming contradiction arises because 
Eq. (18) refers to the evolution of the complete density matrix of the neutrino plus charged lepton state and not to the neutrino alone. 
This means that Eq. (18) describes the evolution of both the physical system (the neutrino) and the reservoir (the charged lepton). For 
this reason, at this level, the evolution of the total state is unitary. Moreover, equation (18) is meant to describe the single scattering 
event, meaning that no information on the collision rate, related to the cross section, is contained within it. The collision rate, which of 
course, depends quadratically on the interaction Hamiltonian, is instead encoded in the probabilities Pn(t) of Eq. (6). On the contrary, in 
the kinematic approach to neutrino oscillations, the evolution of the reduced density matrix, associated to neutrinos alone, is considered. 
This implies a non–unitary evolution which takes the form described in the refs. [19–21] and the presence of anti–commutators in place 
of the commutator deriving from Eq. (18). We remark that the comparison between our approach and the ones presented in [19–21] must 
be done at the level of the reduced density matrix and not for the evolution of the complete density matrix which is instead necessarily 
unitary. In terms of the reduced density matrix associated only to the neutrino, the two approaches are compatible. Taking into account 
all the possible processes involving a neutrino and a charged leptonic state in Eqs. (1) and (2), HW can be written as

H (h)
W =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

α
(h)
1 0 0 0 0 0 0 0

0 α
(h)
2 0 0 0 0 0 0

0 0 α
(h)
3 0 0 β(h) 0 0

0 0 0 α
(h)
4 0 0 0 0

0 0 0 0 α
(h)
5 0 0 0

0 0 β(h)∗ 0 0 α
(h)
6 0 0

0 0 0 0 0 0 α
(h)
7 0

0 0 0 0 0 0 0 α
(h)
8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, H̄ (h)
W =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ᾱ
(h)
1 0 0 0 0 0 0 γ (h)

0 ᾱ
(h)
2 0 0 0 0 0 0

0 0 ᾱ
(h)
3 0 0 0 0 0

0 0 0 ᾱ
(h)
4 0 0 0 0

0 0 0 0 ᾱ
(h)
5 0 0 0

0 0 0 0 0 ᾱ
(h)
6 0 0

0 0 0 0 0 0 ᾱ
(h)
7 0

γ (h)∗ 0 0 0 0 0 0 ᾱ
(h)
8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Here H̄W is the Hamiltonian for the antineutrinos, the quantities α, ᾱ, β, γ are parameters to be determined and the apex h refers to the 
charged lepton spin projection. The asterisk denotes complex conjugation. The following convention is adopted
5
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|νe, e〉(h)
Eα

→ eee1 , |νe,μ〉(h)
Eα

→ eee2

|νμ, e〉(h)
Eα

→ eee3 , |νμ,μ〉(h)
Eα

→ eee4

|νe, e〉(h)
Eβ

→ eee5 , |νe,μ〉(h)
Eβ

→ eee6

|νμ, e〉(h)
Eβ

→ eee7 , |νμ,μ〉(h)
Eβ

→ eee8

where eee j is the basis vector with a 1 in the j-th position and 0 elsewhere, and similarly for the antineutrinos.
In order to fix these quantities, we need to analyze the field theoretical amplitude for the reactions of Eq. (1). The Hamiltonian and the 

related evolution operators of Eq. (18) are intended with respect to the basis states of Eq. (11) formed by the neutrino and the specific 
charged lepton (the k − th) taking part in the collision. Assuming that the field theoretical 2-particle states |p1, p2〉 are normalized as 
〈p1, p2|p′

1, p′
2〉 = (2π)3δ3(p′

1p′
1p′
1 − p1p1p1)(2π)3(p′

2p′
2p′
2 − p2p2p2), the scattering amplitude reads [24]

〈p′
1, p′

2|S|p1, p2〉= I−ıδ4(p1 + p2 − p′
1 − p′

2)
(2π)4M(p, p′)√

16E1 E2 E ′
1 E ′

2

(19)

where I is the identity and M(p, p′) is the Lorentz-invariant amplitude for the process. The matrix elements of the interaction Hamiltonian 
can be deduced by comparing Eq. (19) with the scattering matrix that would be produced by an interaction potential (see for instance 
[25]), which to first order reads

〈 f | S |i〉 = I − 2π iδ(E f − Ei) 〈 f | H I |i〉 . (20)

Here |i〉 , | f 〉 denote the initial and final states, Ei, E f the total initial and final energy and H I is the interaction Hamiltonian. Comparing 
Eqs. (19) and (20) we find

〈 f |H I |i〉=(2π)3δ3(p′
1p′
1p′
1 + p′

2p′
2p′
2 − p1p1p1 − p2p2p2)

M(p, p′)√
16E1 E2 E ′

1 E ′
2

. (21)

The Eq. (21) yields the matrix elements of the interaction Hamiltonian on the field theoretical states |p1, p2〉. To go further we need 
the matrix elements of the interaction Hamiltonian on the states of Eq. (11) which are normalized to unity. This is fundamental if one 
wishes to obtain the transition probability to a definite final state and thus derive a well–defined quantum mechanical operator H I . To 
renormalize the two particle states, we follow Ref. [26] and enclose the system in a box with large volume V . As we only consider states 
which satisfy 4-momentum conservation, as the states of Eq. (11) automatically do, the Dirac delta in (21) is just δ3(0) = V

2π3 . In addition, 
the singular normalization of the 2-particle states becomes

〈p1, p2|p′
1, p′

2〉 = V 2δp1p1p1,p′
1p′
1p′
1
δp2p2p2,p′

2p′
2p′
2

(22)

where now δppp,qqq is a Kronecker delta. The two particle states are then normalized to unity if all of them are multiplied by 1
V . To find the 

normalized matrix elements we just divide Eq. (21) by V 2, so to obtain

〈 f | H (norm)
I |i〉 = M(p, p′)

V
√

16E1 E2 E ′
1 E ′

2

. (23)

The Lorentz-invariant amplitude M(p, p′) for the reactions of Eq. (1) can be computed employing the Feynman rules for the electroweak 
interaction. The calculation of the amplitudes is performed in the appendix A.

We show the derivation of α(+)
1 explicitly, but all the parameters of H W and H̄W can be computed in a similar fashion. To find α(+)

1

we take | f 〉 ≡ |i〉 = |νe, e〉(+)
Eν

where we have taken into account that this reaction does not change the neutrino energy Eα = Eβ = Eν . 
Inserting the amplitude from Eq. (A.7) in Eq. (23), we deduce

α
(+)
1 =

−8
√

2G F Eνme

(
sin2 θW + 1

2

)
4V

√
E2
νm2

e

= −2
√

2G F

V

(
sin2 θw + 1

2

)
.

By the same steps we can fix all the parameters appearing in the scattering Hamiltonian. We quote the result for the reader’s convenience.

α
(+)
1 = α

(+)
4 = α

(+)
5 = α

(+)
8 = −2

√
2G F

V

(
sin2 θW + 1

2

)

α
(+)
2 = α

(+)
2 = α

(+)
6 = α

(+)
7 = −2

√
2G F

V

(
sin2 θW − 1

2

)

β(+) = 4G F

V

me√
m2

e + m2
μ

α
(−)
j = −2

√
2G F sin2 θW ∀ j = 1, ...,8

V

6
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β(−) = 0

ᾱ
(+)
1 = ᾱ

(+)
4 = ᾱ

(+)
5 = ᾱ

(+)
8 = 2

√
2G F

V

(
3

2
− sin2 θW

)

ᾱ
(+)
2 = ᾱ

(+)
3 = ᾱ

(+)
6 = ᾱ

(+)
7 = 2

√
2G F

V

γ (+) = 4G F

V

me√
m2

e + m2
μ

ᾱ
(−)
1 = ᾱ

(−)
4 = ᾱ

(−)
5 = ᾱ

(−)
8 = −2

√
2G F

V
sin2 θW

ᾱ
(+)
2 = ᾱ

(+)
3 = ᾱ

(+)
6 = ᾱ

(+)
7 = 0

γ (−) = 0 . (24)

The scattering Hamiltonian shall be expedient in the determination of the corresponding evolution operator. Notice that, the former 
still contains the undetermined, and in principle arbitrary, normalization volume V while the latter is still characterized by the unknown 
time τ . To get rid of the interacting volume V and time τ it is convenient to work directly with the time evolution operator.

Naturally, U W is a unitary 8 × 8 matrix on the basis states of Eq. (11). Exactly as it happens for the Hamiltonians, because of 
the different weak processes occurring we have two distinct operators, one for neutrinos U W and one for antineutrinos Ū W . From 
Eq. (24), it is clear that the only non–zero elements are those on the main diagonal U W , j j, Ū W , j j with j = 1, ..., 8 and the elements 
U W ,36, U W ,63, Ū W ,18, Ū W ,81. In order to fix the evolution operator, we start by splitting the scattering Hamiltonian conveniently. Defining 

α
(+)
± = α

(+)
1 ±α

(+)
2

2 , we can write

HW = α
(+)
+ 1 + K (+)

W , K (+)
W =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

α
(+)
− 0 0 0 0 0 0 0
0 α

(+)
− 0 0 0 0 0 0

0 0 α
(+)
− 0 0 β(+) 0 0

0 0 0 α
(+)
− 0 0 0 0

0 0 0 0 α
(+)
− 0 0 0

0 0 β(+) 0 0 α
(+)
− 0 0

0 0 0 0 0 0 α
(+)
− 0

0 0 0 0 0 0 0 α
(+)
−

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (25)

By exponentiating U W = e−iHW τ , it follows that U (+)
W = e−iα(+)

+ τ V (+)
W , where

V (+)
W =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

e−iφ 0 0 0 0 0 0 0
0 e−iφ 0 0 0 0 0 0
0 0 eiφ cosβ(+)τ 0 0 −ieiφ sinβ(+)τ 0 0
0 0 0 e−iφ 0 0 0 0
0 0 0 0 e−iφ 0 0 0
0 0 −ieiφ sinβ(+)τ 0 0 eiφ cosβ(+)τ 0 0
0 0 0 0 0 0 e−iφ 0
0 0 0 0 0 0 0 e−iφ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (26)

and φ = α
(+)
− τ . The global phase factor e−iα(+)

+ τ does not affect any observable of interest and then it can be discarded. Evidently sin2 β(+)τ

is the probability, once the scattering occurs, that given the initial state |νμ, e〉(+)
Eα

, the final state is |νe,μ〉(+)
Eβ

. According to Fermi’s golden 
rule, the transition probability from state |i〉 to state f is proportional to the squared modulus of the matrix element | 〈 f | H I |i〉 |2 of the 
interaction Hamiltonian. Then the relative transition probability from the initial state |νμ, e〉(+)

Eα
to the final state |νe,μ〉(+)

Eβ
is given by

sin2 β(+)τ = |H (+)
W ,36|2

|H (+)
W ,33|2 + |H (+)

W ,36|2
= |β(+)|2

|α(+)
2 |2 + |β(+)|2

. (27)

Substituting the values derived in Eq. (24), we obtain

sinβ(+)τ =
√√√√√ 2m2

e

(m2
e + m2

μ)

[(
sin4 θW − sin2 θW + 1

4

)
+ 2m2

e

m2
e +m2

μ

]
and then

β(+)τ = arcsin

⎛
⎜⎝

√√√√ 2m2
e

(m2
e + m2

μ)
(

sin4 θW − sin2 θW + 1
4

)
+ 2m2

e

⎞
⎟⎠ . (28)
7
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The Eq. (28) also allows for an immediate determination of the phase factor φ. Indeed

φ = α
(+)
− τ = α

(+)
−

β(+)
β(+)τ = −

√
2

4

√
1 + m2

μ

m2
e

arcsin

⎛
⎜⎝

√√√√ 2m2
e

(m2
e + m2

μ)
(

sin4 θW − sin2 θW + 1
4

)
+ 2m2

e

⎞
⎟⎠ . (29)

The same analysis carried over for U (+)
W can also be performed for the opposite charged lepton spin projection and for the antineutrino. 

In particular, given the matrix elements of Eq. (24), U (−)
W is just a phase factor times the identity matrix. For Ū (+)

W one arrives at the form 
Ū (+)

W = e−iᾱ(+)
+ τ V̄ (+)

W with

V̄ (+)
W =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

e−iφ̄ cosγ (+)τ 0 0 0 0 0 0 −ieiφ̄ sinγ (+)τ

0 e−iφ̄ 0 0 0 0 0 0
0 0 e−iφ̄ 0 0 0 0 0
0 0 0 e−iφ̄ 0 0 0 0
0 0 0 0 e−iφ̄ 0 0 0
0 0 0 0 0 e−iφ̄ 0 0
0 0 0 0 0 0 e−iφ̄ 0

−ieiφ̄ sinγ (+)τ 0 0 0 0 0 0 e−iφ̄ cosγ (+)τ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (30)

where φ̄ = ᾱ
(+)
− . The relative transition probability is fixed, also in this case, by inspecting the ratio of the matrix elements of the 

Hamiltonian:

γ (+)τ = arcsin

⎛
⎜⎝

√√√√ 2m2
e

(m2
e + m2

μ)
(

sin4 θW − 3 sin2 θW + 9
4

)
+ 2m2

e

⎞
⎟⎠ . (31)

5. Results

The analysis carried over in the previous sections provides the tools necessary to determine the evolution of the neutrino state for 
the propagation in a dense medium, under the assumptions of a sufficiently high energy Eν > 1GeV and purely leptonic interactions. 
For an arbitrary medium, with a non–constant density profile, the evaluation of the density matrix and the related quantities of interest 
is an extremely complicated numerical task. However, when a constant density profile is assumed, some predictions can be provided 
analytically.

5.1. Oscillations for high electron density and/or high neutrino energy case

Accordingly with the MSW theory, the mixing angle in matter θm predicted from the effective potential of Eq. (3) satisfies the relation

sin 2θm = ω0 sin 2θ√
(ω0 cos 2θ ± G F Ne√

2
)2 + ω2

0 sin2 2θ
, (32)

where θ is the mixing angle in vacuum. When G F Ne � ω0 the equation above becomes, to the leading order

sin 2θm � ε sin 2θ (33)

where ε =
√

2ω0
G F Ne

. Then, at high density and/or high neutrino energy, the matter potential inhibits the oscillations, whose probability is 
proportional to sin 2θm , with the mixing angle falling down with growing energy and density (θm ∝ 1

Ne E ).
By contrast, when the scattering is taken into account, neutrinos still have a non–zero transition probability due to the reactions in 

Eq. (2). This point is exemplified in Fig. 1, where the transition probabilities Pνβ→να (t) = T r(ρνβ (t)ρνα (0)) for neutrinos and antineutrinos 
in a constant high density environment are shown. In this regime the neutrino density matrix attains a simple explicit form. Due to 
the absence of muons in the medium, and since the oscillations are inhibited by the matter potential, an electron neutrino cannot ever 
transform in a muon neutrino. Thus, the density matrix of an initial electron neutrino at time t is simply ρνe (t) = ρνe (0). If instead the 
neutrino starts off as a muon neutrino, it can transform into an electron neutrino due to the reactions of Eq. (2), but, for what we have 
just said, it can never go back to its initial state. We can exploit this fact to give an exact prediction of the oscillation probability in 
this regime. In fact, accordingly with the unitary evolution operators that we have discussed in Sec. 4, at each single scattering with an 
electron, the muon neutrino has a probability |U (+)

W ,33|2 of persisting in the muon state if the target electron has positive spin projection 
and a probability |U (−)

W ,33|2 = 1 if the electron has negative spin projection. For an unpolarized medium, we expect that about a half 
of the electrons shall have a positive spin projection and a half a negative spin projection. At each scattering, the probability that the 

neutrino remains in the muonic state is then, Pνμ↔νμ = |U (+)
W ,33|2+1

2 . Clearly the transition probability for a single scattering is given by 

Pνμ→νe = 1 − Pνμ↔νμ = |U (+)
W ,36|2

2 . Therefore, since after a transition into an electron neutrino, it cannot transform back to the muon state, 
the probability that at time t the neutrino is still in a muon state (Pνμ↔νμ(t)) is equal to
8
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Fig. 1. Upper Panel – Plot of the νμ → νe transition probability as a function of the neutrino energy E , for an initial muon neutrino. Lower Panel – Plot of the ν̄e → ν̄e survival 
probability as a function of the antineutrino energy E , for an initial electron antineutrino. In both the two plots we consider a travelling lenght equal to the diameter of the 
Earth. The blue solid line represents our results, while the red dashed line is obtained accordingly with the MSW Theory. For simplicity we have assumed a constant electron 
density Ne = 4.069N A cm−3 obtained as a weighted mean from the earth density profile of the preliminary reference earth model [30]. In the inset the same transition 
probabilities are plotted for a neutrino travelling through a diametral trajectory in the Sun’s Core, with average electron density Ne = 6.4 ×1026cm−3 and RCore = 348000 km
corresponding to a quarter of the Sun’s diameter.

Pνμ↔νμ(t) =
∞∑

k=0

Pk(t)

(
1 + |U W ,33|2

2

)k

(34)

Here Pk(t) is the probability that, after a time t , the neutrino had k scattering processes. Now Pk(t) can be derived from the Poisson 
distribution with expectation value λ, where λ is the average number of collisions occurring in a time t . Denoting by σT the total cross 
section for all the reactions of Eq. (1), the neutrino mean free path is lF = 1

NeσT
. The average number of collisions is simply the ratio 

between the distance covered by the neutrino z (that coincide with t assuming c = 1) and the neutrino mean free path λ = t
lF

= NeσT t . 
Thus Pk(t) = 1

k! (NeσT t)ke−NeσT t and the probability in Eq. (34) Pνμ↔νμ(t) becomes

Pνμ↔νμ(t) =
∞∑

k=0

1

k!

(
NeσT t

(
1 + |U W ,33|2

)
2

)k

e−NeσT t = e−(1−|U W ,33|2)
NeσT t

2 (35)

Where in the final expression of Eq. (35) we have recognized the Taylor expansion of the exponential. From Eq. (35) we immediately 
deduce the transition probability

Pνμ→νe (t) = 1 − e−(1−|U W ,33|2)
NeσT t

2 . (36)

In the same way it is possible to prove that, while a muon anti-neutrino with high energy/in high density medium does not oscillate, for 
an electron anti-neutrino the oscillation probability becomes

P ν̄μ→ν̄e (t) = 1 − e−(1−|Ū W ,11|2)
NeσT t

2 . (37)

Eq. (36) and Eq. (37) are new oscillation formulae for neutrinos and anti-neutrinos propagating through dense matter and represent the 
main analytical result of our paper.

We remark that in the high density/high energy limit, i.e. for G F Ne � ω0 and for the kind of reactions considered, our results are 
compatible with those obtained via the kinetic equation approach (see for example [18]). In order to show that, we consider Eq. (4.3) of 
the reference [18]. It can be schematically written as

∂tρppp = −i
√

2G F Ne
[
G,ρppp

] + C[ρppp] , (38)
9
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where C[ρppp] takes into account all the possible collisions with the particles in the medium and is given by

C[ρppp] = 1

2

∫
d3 p

[
W (p′, p)(1 − ρppp)Gρp′p′p′ G − W (p, p′)ρppp G(1 − ρp′p′p′ )G + W (−p′, p)(1 − ρppp)G(1 − ρ̄p′p′p′ )G − W (p,−p′)ρppp Gρ̄p′p′p′ G

]
.

Out of all the terms, the first and the second are respectively gain and loss term due to transitions from and to other states, while the 
third and the fourth describe neutrino pair production and annihilation processes. We neglect the latter in our tractation right from the 
outset, because we are interested in generalizing the MSW effect, and thus consider only reactions that preserve the number of neutrinos. 
In addition, the flavor preserving reactions, as per our assumptions, affect all the flavor states only for an irrelevant common phase factor 
(since there is no momentum change). In our setting, once the initial neutrino energy is fixed, only two momenta are involved pνα , pνβ , so 
that the collision term only connects the states ρpνα

and ρpνβ
. Moreover the only possible flavor changing transition is νμ +e− → νe +μ− , 

(because there are no free muons in the medium by assumption), so that the collision term actually can only connect the states ρpνμ
and 

ρpνe
, with the momenta related by momentum conservation. This implies that the time variation due to collisions is

∂tρpνμ
(t) = −W (pνμ, pνe )(1 − ρpνμ

(t))ρpνe
(39)

and similar, but with the opposite sign, for ρνe . Here W (pνμ, pνe ) is the transition rate for the reaction νμ + e− → νe + μ− , which for 
the kinematics considered is the same rate appearing in Eq. (35). Finally the refractive terms (the commutator term of Eq. (38)) and 
the free oscillation term have the only effect, when combined, to inhibit the oscillations in this regime. Then the time evolution of the 
muon neutrino state and the related oscillation probabilities resulting from Eq. (39) coincide with the ones found above with our method. 
Whereas this discussion proves that our method and the kinetic equation approach lead to comparable results for the approximation 
considered, it is worth noting that the two approaches do not necessarily agree in other circumstances.

5.2. Decoherence

The charged lepton that is involved in the scattering process with the neutrino actually belongs to a thermal bath and soon after 
the scattering event, it starts to interact with the other particles in the medium. Therefore, after the scattering, any information on the 
individual charged lepton state that emerges from the scattering is lost, whereas the neutrino state keeps evolving under the action of the 
mixing Hamiltonian. These considerations can be made into a quantitative statement about the neutrino state. For the sake of simplicity, 
let us take into account the case that we have considered in the previous subsection, i.e. when the high electronic density/high neutrino 
energy condition holds. In such a case, as we have seen, due to the lack of oscillations, the density matrix of an electron neutrino does 
not change in time and also its purity is unaffected.

A completely different scenario appears when we consider a muon neutrino. In such a case, due to the absence of oscillation between 
two successive scattering processes, the purity can be written as a function of the oscillation probabilities i.e.

Tr(ρ2
μ(t)) =

(
P 2

νμ↔νμ
(t) + P 2

νμ↔νe
(t)

)
= 1 − 2Pνμ↔νμ(t)Pνμ↔νe (t)

≤ 1 (40)

That is, in general, lesser than one and reaches its minimum (equivalently, the impurity 1 − Tr(ρ2
μ(t)) reaches its maximum) when 

Pνμ↔νμ(t) = Pνμ↔νe (t) = 1
2

The inequality (40) describes the loss of purity of the neutrino state due to weak-interaction scattering processes.
We conclude this subsection with an important remark. It could be argued that the charged lepton, being part of the thermal bath, 

was not in a pure state, to begin with. While this is true in general, the reasoning that leads to the inequality (40) is unaffected, because 
it specifically pertains to the quantum correlations between the neutrino and the charged lepton. It is the latter that gets destroyed by the 
interactions with the medium, leading to a loss of purity in the neutrino state, regardless of the initial charged lepton state.

5.3. Numerical results

Before illustrating some numerical results let us discuss a crucial point. The criterion for the breakdown of the matter potential 
approximation is represented by the high density/high energy condition G F Ne � ω0).

In main sequence stars, with electron densities comparable to that of the Sun N� , the matter potential approximation breaks down 
only at extremely high energies (E > 100 GeV). On the other hand, when much denser objects are considered, such as white dwarfs with 
NW D � 106N� , the deviation from the matter potential approximation can be already evident at energies as low as a few GeV. However, 
the neutrino spectrum for these objects extends from 100 keV to 10 MeV [27], and so it is highly improbable that neutrinos produced 
within these stars reach the required energy to see appreciable modifications with respect to the MSW.

Moreover, within the core of a supernova, due to the high electron densities, a discrepancy with respect to the bare MSW prediction is 
to be expected for high energy neutrinos E > 200 MeV. The implications of this effect on the mechanism of supernova explosions require 
a detailed and careful analysis, which is beyond the scope of this paper.

On the other hand, the high density/high energy condition is well verified for ultra high energy neutrinos (see for instance Ref. [28]) 
propagating through the Earth that have been recently detected in the IceCube experiment [29]. For this reason in our numerical analysis 
we will focus on them.

In Fig.1 we plot Pνμ→νe and P ν̄e→ν̄e for ultra high energy neutrinos propagating through the Earth as a function of the neutrino energy 
E . For sake of simplicity we consider neutrinos traveling on a diametral trajectory through the Earth and a constant electron density 
Ne = 4.069N A cm−3 obtained as a weighted mean from the earth density profile of the preliminary reference earth model [30]. In the 
10
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Fig. 2. Plot of the impurity 1 − T r(ρ2) as a function of the neutrino energy E , for a neutrino travelling on a diametral trajectory through the Earth. The black dashed line 
refers to the muon neutrino state, whereas the orange solid line refers to the electron antineutrino state. We have assumed the same parameters as in Fig. 1.

Fig. 3. Plot of the T asymmetries 
μ→e
T = Pνμ→νe − Pνe→νμ (black dashed line) and 
̄μ→e

T = P ν̄μ→ν̄e − P ν̄e→ν̄μ (orange solid line) as a function of the neutrino energy E , 
for a neutrino travelling on a diametral trajectory through the Earth. The same parameters as in Fig. 1 are assumed.

plots, the bare matter potential prediction (MSW effect and oscillations inhibited) (red dashed line) and the result obtained from Eq. (36)
and Eq. (37) are compared. We can see that while the MSW formula does not predict any relevant oscillation probability, our formulae 
provide a transition probability that is remarkably different from zero in the energy range 1 − 104 TeV. These predicted oscillations could 
be detected in future experiments. We recognize that in the energy range considered the transmission probability might be substantially 
lowered depending on the angle. Although this does not entirely rule out a possible observation of the phenomenon described, especially 
below 100 TeV where the transmission probability is fairly high, it constitutes an important limitation to the possible experimental test 
of our results [31]. Other limitations may be represented by backgrounds, detector systematic and the atmospheric flux that are not 
negligible in this energy range.

Also the impurity 1 − T r(ρ2) of the neutrino state ρ , which, as anticipated, is always zero in the matter potential approximation gain 
a non-trivial behavior due to the presence of the scattering processes. In Fig. 2 we plot the impurity for an initial electron antineutrino 
and an initial muon neutrino propagating through the Earth, as a function of energy. As can be seen from Fig. 2, the impurity of the 
neutrino state initially grows with the energy. At a specific value of the energy E∗ , depending on the electron density and on the distance 
R travelled in the medium, the neutrino state reaches the maximum impurity 1 − T r(ρ2

ν (R)) = 1
2 when Pνμ↔νμ(t) = Pνμ↔νe (t). Beyond E∗

the collisions become so frequent that the initial neutrino is almost certainly converted into a neutrino with opposite flavor, approaching 
the related pure state as the energy grows.

Furthermore, also the asymmetries 
α→β
T = Pνα→νβ (t) − Pνβ→να (t) and 
α→β

C P = Pνα→νβ (t) − P ν̄α→ν̄β
(t) are also considerably affected 

by the evolution in a dense environment (see Fig. 3) Indeed, in view of the possible reactions and due to the absence of muons in 
the medium, the νμ → νe transition probability acquires a non–zero value, while the probability for the opposite transition νe → νμ

vanishes. Similarly, the antineutrino transition ν̄e → ν̄μ is allowed, while the opposite transition ν̄μ → ν̄e is suppressed. Overall, since 



α→β
T �= 


α→β
C P , the C P T symmetry is violated. The C P T asymmetry is due to the additional scattering term and the related decoherence 

effect. This is in contrast with the matter potential approximation, for which, in the analyzed energy regime, C P , T and C P T violations 
would all vanish identically, since the oscillations are inhibited for the MSW effect. The C P T violation due to the matter effect discussed 
here may have played an important role during the first phases of the universe, where high densities and high neutrino energies are to 
be expected. It is worth mentioning that all the effects discussed in this section are in principle significantly enhanced when the medium 
electron density Ne is larger, as compared to the relatively small deviations that one has for the Earth electron density. An indication of 
the larger deviation is shown in the insets of Fig. 1, where the transitions for a high energy (anti-)neutrino travelling in the Sun’s core are 
shown. We stress that such high energy neutrinos are not produced within the Sun, and the plot serves merely as an indication of what 
one expects for high energy neutrinos in denser environments.
11
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6. Conclusions

In the MSW theory, the presence of the medium is described by an effective potential that modifies the Pontecorvo Hamiltonian and 
the oscillation frequencies. The term introduced in the MSW theory acts as an effective field and does not affect the property of unitarity 
of the evolution. Thus, MSW effect does not provide phenomena as decoherence.

In the present work we take into account the effects of the scattering processes of the neutrinos with the charged leptons in the 
medium. To describe this interaction we have introduced a Hamiltonian and a unitary operator that can model the different scattering 
processes. Then we have connected their elements with the cross-sections derived in the context of quantum field theory.

Our approach is rather general and can provide predictions for a very wide class of physical situations. Possible limitations of the 
present approach are due to the complexity of the mathematical equations. This implies that a detailed analysis is possible only in 
some particular cases. Among them, two different situations have attracted our interest: 1) the case in which the probability for a single 
neutrino to have two or more scattering processes can be neglected, and 2) the high-energy neutrino/high-density medium case in which 
G F Ne � ω0. We have shown that, in the first case the predicted results are very close to those of the MSW effect, while in the second 
appears a clear discrepancy between our results and the MSW ones. Indeed, in this second regime, the new oscillation formulae that 
we have developed for the muon neutrino and for the electronic antineutrino show an oscillation strongly dependent on the energy, in 
a region in which, for the MSW theory, no oscillation is allowed. Associated with this new oscillation formulae, we have predicted a 
violation of the T, CP, and CPT theory as well as a loss of purity in the neutrino state.

A possible experimental test of our results could be made in future experiments probing neutrinos travelling through Earth at energies 
of the order of the TeV, where there is a difference between our prediction and those of the MSW theory.

We remark that, having neglected all the processes involving the emission or absorption of neutrinos, the dissipative evolution we 
obtain for neutrinos in a medium cannot be precisely compared with the gain-term and the loss-term structure obtained in various 
papers, as for instance in [32] in a different context. A further analysis of the neutrino propagation in a dense medium, including creation 
and destruction processes, shall be treated in a forthcoming paper.

For the sake of simplicity, we have developed our results in the framework of quantum mechanics. Obviously, the inclusion of field–
theoretical effects can be of interest even if the QFT effects on particle mixing and oscillations [33,34] and the curvature effects on neutrino 
oscillations [35] are negligible.
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Appendix A. Scattering amplitudes

In this appendix we derive the scattering amplitudes for the various processes involved. We shall study the reactions in the rest frame 
of the initial charged lepton and assume that the 4-momentum exchange is small compared to the mass of the weak gauge bosons 
mW , mZ . The weak boson propagator in momentum space is given by

D j
μν(q) =

−i

(
gμν − qμqν

m2
j

)
q2 − m2

j + iε
(A.1)

with j = W , Z . When q2 � m2
j , we can neglect all the q terms in Eq. (A.1). Correspondingly the weak propagator becomes a constant, and 

the weak interaction is replaced by the effective Fermi current-current interaction. There are three kinds of reactions to consider: neutral 
current interactions like νe +μ ↔ νe +μ, charged current interactions like νe +μ ↔ νμ + e and reactions where both charged and neutral 
current contribute, like νe + e ↔ νe + e. We start by computing M(νe + e ↔ νe + e). We work in the rest frame of the initial electron, 
where pe ≡ (me, 000) and pν ≡ (Eν, pνpνpν). The hypothesis of vanishing 4-momentum exchange implies that p′

ν = pν and p′
e = pe . Without 

loss of generality, we align the z axis with the neutrino 3-momentum pνpνpν = p′
νp′
νp′
ν . It is convenient to work in the helicity basis. Here the 

Dirac matrices are

γ 0 =
(

0 −1
−1 0

)
γγγ =

(
0 σσσ

−σσσ 0

)
γ5 =

(
1 0
0 −1

)
(A.2)

with 1 the 2 × 2 identity matrix and σσσ the vector of Pauli matrices. In this basis the spinors with helicity h = ± are

u(h)(ppp) =
(−√

Eppp + h|ppp|χ(h)(ppp)√
Eppp − h|ppp|χ(h)(ppp)

)

v(h)(ppp) = −h

(−√
Eppp − h|ppp|χ(−h)(ppp)√

E + h|ppp|χ(−h)(ppp)

)

ppp

12
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respectively for the particle and the antiparticle. The two-spinors χ depend upon the orientation of ppp. When ppp is along the z axis or 

ppp = 0 (this is the only case relevant to us), we have χ(+) =
(

1
0

)
and χ(−) =

(
0
1

)
. The charged current contribution is given by [23]

MCC = − G F√
2

Jμ†
νee Jμνee = − G F√

2

(
ēγ μ(1 − γ5)νe

) (
ν̄eγμ(1 − γ5)e

)
.

Only left-handed neutrinos participate in the weak interaction, whereas both the spin orientations must be considered for the electron. 
We then have

Jμ†
νee(h)

= 2u(h)(p′
e)γ

μ P Lu(−)(pν)

Jμνee(h)
= 2u(−)(p′

ν)γ μ P Lu(h)(pe) (A.3)

where we have introduced the left-handed projector P L = (1 − γ5)/2 for convenience. The currents can be easily computed, giving

Jμ†
νee(+) = 2

√
(E ′

e − |p′
ep′
ep′
e|)(Eν + |pνpνpν |)χ(+)†(p′

ep′
ep′
e)σ̄

μχ(−)(pνpνpν)

Jμ†
νee(−) = 2

√
(E ′

e + |p′
ep′
ep′
e|)(Eν + |pνpνpν |)χ(−)†(p′

ep′
ep′
e)σ̄

μχ(−)(pνpνpν)

Jμνee(+) = 2
√

(Ee − |pepepe|)(E ′
ν + |p′

νp′
νp′
ν |)χ(−)†(p′

νp′
νp′
ν)σ̄ μχ(+)(pepepe)

Jμνee(−) = 2
√

(Ee + |pepepe|)(E ′
ν + |p′

νp′
νp′
ν |)χ(−)†(p′

νp′
νp′
ν)σ̄ μχ(−)(pepepe)

where σ̄ μ ≡ (1, −σσσ ). Considered that pνpνpν = p′
νp′
νp′
ν || z, |pppν | � Eν and that pepepe = p′

ep′
ep′
e = 000, we have

Jμ†
νee(+) ≡ −2

√
2Eνme(0,1,−i,0)

Jμ†
νee(−) ≡ 2

√
2Eνme(1,0,0,1)

Jμνee(+) ≡ −2
√

2Eνme(0,1, i,0)

Jμνee(−) ≡ 2
√

2Eνme(1,0,0,1) .

It follows immediately that the charged current contribution is zero for opposite initial and final electron spin projections. On the other 
hand we find

M++
CC = 8

√
2G F Eνme M−−

CC = 0 , (A.4)

Where Mhh′
denotes the amplitude associated to the charged lepton with initial helicity h and final helicity h′ . The neutral current 

contribution for the same process is [23]

MNC = − G F√
2

(
νeγ

μ(1 − γ5)νe
) (

ēγμ(ge
V − ge

Aγ5)
)

(A.5)

with ge
V = − 1

2 + sin2 θW and ge
A = − 1

2 . The calculation follows the same steps as before, yielding M+−
NC = 0 =M−+

NC and

M++
NC = −8

√
2G F Eνme

(
sin2 θW − 1

2

)

M−−
NC = −8

√
2G F Eνme sin2 θW . (A.6)

The total amplitude for the process is therefore

M++(νe + e− ↔ νe + e−) = −8
√

2G F Eνme

(
sin2 θW + 1

2

)

M−−(νe + e− ↔ νe + e−) = −8
√

2G F Eνme sin2 θW . (A.7)

The situation is similar for the other process in which both neutral and charged current contribute, i.e. νμ + μ ↔ νμ + μ:

M++(νμ + μ− ↔ νμ + μ−) = −8
√

2G F Eνmμ

(
sin2 θW + 1

2

)

M−−(νμ + μ− ↔ νμ + μ−) = −8
√

2G F Eνmμ sin2 θW . (A.8)

For the elastic scatterings νe + μ ↔ νe + μ and νμ + e ↔ νμ + e only the neutral current contributes. We have

M++(νe + μ− ↔ νe + μ−) = −8
√

2G F Eνmμ

(
sin2 θW − 1

2

)

M−−(νe + μ− ↔ νe + μ−) = −8
√

2G F Eνmμ sin2 θW (A.9)

and
13



A. Capolupo, S.M. Giampaolo and A. Quaranta Physics Letters B 820 (2021) 136489
M++(νμ + e− ↔ νμ + e−) = −8
√

2G F Eνme

(
sin2 θW − 1

2

)

M−−(νμ + e− ↔ νμ + e−) = −8
√

2G F Eνme sin2 θW (A.10)

respectively. The quasi-elastic scattering νμ +e ↔ νe +μ is the only process considered that has an energy threshold and cannot take place 
with vanishing 4-momentum exchange. Calling pν , pe the initial 4-momenta and p′

ν , pμ the final 4-momenta, momentum conservation 
implies

me + Eν = E ′
ν + Eμ

pνpνpν = p′
νp′
νp′
ν + pμpμpμ

as expressed in the rest frame of the initial electron. In order that the neutrino is forward scattered pνpνpν || p′
νp′
νp′
ν || z, all the three-momenta 

must lie on the z axis. Projecting the second equation on this axis and recalling that Eν � pν , E ′
ν � p′

ν , we obtain by subtraction

Eμ = pμ + me . (A.11)

Squaring equation (A.11) we find the muon 4-momentum

pμ = m2
μ − m2

e

2me
=⇒ Eμ = m2

e + m2
μ

2me
(A.12)

and the energy of the outcoming neutrino E ′
ν = Eν − m2

μ−m2
e

2me
. Evidently the energy threshold is set by m2

μ−m2
e

2me
� 10 GeV and the (lightlike) 

4-momentum exchange q = pν − p′
ν has components of the same order q0 = qz � 10 GeV. Since q is lightlike, the denominator in the 

propagator expression (A.1) is again a constant, but we make an error of order 
(

q0

mW

)2 � 1
64 in neglecting the q-term in the numerator. 

Nonetheless we stick to the current-current interaction, and find the amplitudes as

M++(νμ + e− → νe + μ−) = 8
√

2G F me
√

Eν E ′
ν M−−(νμ + e− → νe + μ−) = 0 . (A.13)

The calculation of the amplitudes for the antineutrinos follows the same steps, except that now only the right-handed antineutrino 
participates in the interaction and the quasi-elastic reactions are ν̄e + e ↔ νμ + μ. We have

M++(ν̄e + e− ↔ ν̄e + e−) = 8
√

2G F Eνme

(
3

2
− sin2 θW

)

M−−(ν̄e + e− ↔ ν̄e + e−) = −8
√

2G F Eνme sin2 θW , (A.14)

for the ν̄e + e ↔ ν̄e + e scattering and

M++(ν̄μ + μ− ↔ ν̄μ + μ−) = 8
√

2G F Eνmμ

(
3

2
− sin2 θW

)

M−−(ν̄μ + μ− ↔ ν̄μ + μ−) = −8
√

2G F Eνmμ sin2 θW , (A.15)

for the ν̄μ + μ ↔ ν̄μ + μ scattering. For the neutral current reactions one finds

M++(ν̄μ + e− ↔ ν̄μ + e−) = 8
√

2G F Eνme M−−(ν̄μ + e− ↔ ν̄μ + e−) = 0 (A.16)

for ν̄μ + e ↔ ν̄μ + e and

M++(ν̄e + μ− ↔ ν̄e + μ−) = 8
√

2G F Eνmμ M−−(ν̄e + μ− ↔ ν̄e + μ−) = 0 (A.17)

for ν̄e + μ ↔ ν̄e + μ. Finally, the quasi-elastic scattering is described by the same kinematics of equation (A.12) and its amplitude is

M++(ν̄e + e− → ν̄μ + μ−) = 8
√

2G F me
√

Eν E ′
ν M−−(ν̄e + e− → ν̄μ + μ−) = 0 . (A.18)
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