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Abstract We show that there are one-loop IR singularities
arising from UV/IR mixing in noncommutative SU(N) Yang–
Mills theory defined by means of the θ -exact Seiberg–Witten
map. This is in spite of the fact that there are no ordinary
U(1) gauge fields in the theory and this is at variance with
the noncommutative U(N) case, where the two-point part of
the effective action involving the ordinary SU(N) fields do
not suffer from those one-loop IR singularities.

1 Introduction

Underlying mathematical structures [1–7] in the noncommu-
tative (NC) quantum field theories (NCQFT) lead to observ-
able consequences for the low energy physics, realised first
by the perturbative loop computation proposed by Filk [8].
Second is famous example of running of the coupling con-
stant in the U(1) NCGFT in the star(�)-product formalism
[9].

Since commutative gauge symmetry and its deformed
noncommutative gauge symmetry suppose describe the same
physical system – open strings ending on a stack of Dp-branes
with a constant magnetic field on it –, therefore they are
expected to be equivalent. However due to the NC spacetime
there are number of principal problems: Commutative local
gauge transformations for the D-brane effective action do not
commute with �-products. Also it is important to note that
the introduction of �-products induces field operator order-
ing ambiguities and breaks ordinary gauge invariance in the
naive sense, as well as there is also a question of the charge
quantisation.
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The problems above were solved by celebrated Seiberg–
Witten (SW) maps [10] between ordinary and the noncom-
mutative quantities/fields. SW map promote not only the non-
commutative fields and composite nonlocal operators of the
commutative fields, but also the NC gauge transformations as
the composite operators of the commutative gauge fields and
gauge transformations [11–19]. This method, referred as SW
map or enveloping algebra approach avoids both the gauge
group and the charge quantization problem issues [18]. Thus
the NC deformed QFT’s can be defined for arbitrary gauge
group representations [17], and building semi-realistic NC
deformed particle physics models are made easier.

One of the particularly intriguing quantum effect of the
spacetime noncommutativity is the exhibition of fascinating
dynamics due to the ultraviolet/infrared phenomenon, named
as the UV/IR mixing, an interrelation between short and long
distance scales absent in ordinary quantum field theory, in
which the ultraviolet and infrared degrees of freedom are
mixed in a way similar to what is expected to happen in a
theory of Quantum Gravity. In NC theory without SW maps
[20–31] it was shown for the first time how UV short distance
effects, could alter the IR dynamics, thus becoming known
as the celebrated UV/IR mixing. With the SW map included
[32–37] we have found the same UV/IR property. Note here
that UV/IR mixing shows up also in the NC deformation
parameter exact Scalar φ4 theories, and on the κ-Minkowski
and Snyder manifolds, respectively [38–41].

UV/IR mixing as an important quantum effect, connects
the noncommutative field theories with holography in a
model-independent way [42,43].

Using the weak gravity conjecture (WGC) [44,45] and
scalar fields results from [46], the very notion of UV/IR mix-
ing was implemented into the idea of scalar fields WGC in the
recent Lüst and Palti article [47]; it manifests itself as a form
of hierarchical UV/IR mixing and is tied to the interaction
between the weak gravity conjecture and nonlocal (possi-
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bly noncommutative) gauge operators. Namely in the scalar
field theory, the mass of the scalar is far from ultra-violet
scale. Thus the form of hierarchical UV/IR mixing restricts
the mass of the scalar field to a IR scale deep below the UV
scale which is associated to quantum gravity. Additionally
one can think about naturalness of the scalar mass in a way
that the UV physics knows nothing about the theory in the
deep IR. So instead of introducing the higher dimensions and
new symmetries one might hope that connecting the deep-
low IR and far-high UV could solve the naturalness problem
[48,49].

In the literature, all above notions with UV/IR mixing
connections are considered as possible windows to Quantum
Gravity.

A chief characteristic of noncommutative U(N) theory is
that only the U(1) part of the two-point function for the gauge
field exhibits UV/IR mixing at the one-loop level. Indeed, the
SU(N) part of that two-point function does not get any con-
tribution from one-loop nonplanar diagrams. This raises the
question of whether noncommutative SU(N) gauge theories
experience this UV/IR mixing, for there is by construction no
fundamental U(1) degrees of freedom in them. The purpose
of this paper is to answer this question, which as we shall see
demands to carry out lengthy computations. Let us recall that
to formulate Yang–Mills theories on noncommutative space-
time for arbitrary gauge groups in arbitrary representations
one has to use the noncommutative framework put forward
in Refs. [2,4,50,51]. In this formalism the noncommutative
gauge fields and noncommutative gauge transformations are
defined solely in terms of the ordinary counterparts by using
the Seiberg–Witten map, which in this case take values in the
universal enveloping algebra of the Lie algebra of the gauge
group. Thus, any – unitary – representation of the Lie algebra
is admissible; but, then, one needs to address the problem of
too many degrees of freedom, since all coefficient functions
of the monomials in the generators could a priori be physical
fields. The solution furnished in [2,4,15] is that those coeffi-
cient fields are not all independent: they are functions of the
correct number of ordinary gauge fields via SW maps. Thus,
for semisimple Lie algebras, no fundamental U(1) degrees
of freedom occur in the noncommutative gauge theory. That
the Seiberg–Witten map in question exists for any compact
gauge group – for SU(N), in particular – in any representa-
tion has been shown in Ref. [15] by using BRST techniques,
thus proving that the Seiberg–Witten exists not only for the
U(N) group in the fundamental, antifundamental or bifun-
damental representations. The noncommutative Yang–Mills
action for arbitrary compact gauge groups has been intro-
duced in Refs. [2,4,50,51] and fully studied in Ref. [15]. It
is by using so-called enveloping algebra formalism that we
have just mentioned that the noncommutative Yang–Mills
theory for SU(N) in the fundamental representation is for-
mulated – see Ref. [50] – without the need of introducing

the interacting U(1) fundamental degrees of freedom which
occur in the noncommutative U(N) case.

Using the enveloping algebra formalism we have just
made discussed, the background-field and path integral meth-
ods, from the classical Yang–Mills (YM) action we shall first
construct the BRST exact noncommutative effective action
SBRST exact , with the NC fields spanned on the Moyal mani-
fold and being expressed in terms of ordinary YM fields by
means of θ -exact SW maps. Let stress that the quantization of
the theory will be carried out by integrating in the path inte-
gral over the ordinary SU(N) gauge fields and ghosts – this
is the SU(N) analogue of quantization method successfully
used in [35,36,52] for the U(1) case. Then, we investigate
the UV/IR mixing phenomena in the gauge sector and for a
Dirac fermions in the fundamental representation of SU(N).
Finally we have to state clearly that this theory is not really
the pure Moyal NCYM, but a class of Moyal deformed gauge
theory which is different, and not yet completely understood.

This article is on the line of our previous works [52–55],
and it is organized as follows. In the next section we introduce
classical and the background-field effective actions. We com-
pute one-loop two-point functions by using DeWitt method
[56–59] and in Sect. 3 prove existence of the gauge indepen-
dent UV/IR mixing phenomena. Section 4 is devoted to the
fundamental Dirac fermions in the framework of the non-
commutative QCD. Conclusion is given in Sect. 5, while
details of θ -exact SW maps for all relevant fields and details
of divergent integral solutions are given in Appendices A and
B, respectively.

2 The classical action and the background-field
effective action

Let aμ = aaμ T a , in terms of component fields aaμ, be
an ordinary gauge field, with T a being the generators of
SU(N) in the fundamental representation, normalized so that
Tr(T aT b) = δab. The symbol Aμ will denote the noncom-
mutative gauge field defined in terms of the previous SU(N)
ordinary gauge field aμ by means of the Seiberg–Witten map
[10].

The classical action, Scl [A], of our noncommutative
SU(N) YM theory reads

Scl [A(aλ)] = −1

4

∫
d4x Tr Fμν[A(aλ)] � Fμν[A(aλ)], (1)

where Fμν[A(aλ)] = ∂μAν(aλ) − ∂ν Aμ(aλ) − ig[Aμ(aλ),

Aν(aλ)]�,1 with star(�)-product being the Moyal–Weyl one,

1 We stress here that Fμν [A(aλ)] in (1) takes values in the univer-
sal enveloping algebra of the SU(N) Lie algebra in the fundamental
representation, thus demands the use of the formalism put forward in
Refs. [2,4,15,50,51].
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and self-evident notations for �-commutator. Important to
note is that the dynamical field variable in Scl [A(aλ)] is aλ.
For details of SW maps see Appendix A.

To quantize the classical theory whose action is, Scl [A(aλ)],
in (1), we shall use the background field method [29] and,
thus, we shall split aμ as follows

aμ = bμ + qμ, (2)

where bμ = baμ T a denotes the background field and qμ =
qaμ T a stands for the quantum field – the field to be integrated
over in the path integral.

Since the noncommutative gauge field, Aμ, is a function
of aμ – Aμ = Aμ(aλ) –, the splitting in (2) gives rise to the
following splitting of Aμ

Aμ(b + q) = Bμ(b) + Qμ(b, q). (3)

Notice that Aμ(b+q) is obtained from Aμ(aλ) by replacing
aμ with bμ + qμ in it. Obviously, Bμ(b) is given by the
Seiberg–Witten map applied to the ordinary SU(N) gauge
field bμ. Mark that Qμ(b, q) is a function of both bμ and qμ.

The background field effective action Γ [b] is given by the
following equation

eiΓ [b] =
∫

DqaμDFaDcaDC̄a e
iS−i

∫
d4x qaμ(x) δΓ [b]

δbaμ(x) , (4)

with

S = Scl [A(b + q)] + SBRST exact . (5)

Classical action, Scl [A(b + q)], is defined in (1) and
SBRST exact stands for the gauge-fixing terms including the
ghost’s contributions. To render the sum Scl [A(b + q)] +
Sg f +gh as simple as possible we shall choose the following
Feynman type of gauge fixing (Sg f ) and ghost (Sgh) actions
sum Sg f +gh

SBRST exact =s
∫

d4x Tr

(
C̄ �

(
1

2
F + Dμ[B]Qμ(b, q)

))

(6)

where s denotes de ordinary BRST operator, and C̄ = C̄a T a

is the antighost, while F = Fa T a Lautrup–Nakanishi aux-
iliary field. As noted the SBRST exact is BRST-exact.

The BRST operator s acts on the ordinary and noncom-
mutative fields, respectively,

sbμ = 0, sqμ = ∂μc − ig[bμ + qμ, c],
sc = igcc, sC̄ = F, sF = 0, (7)

with c = ca T a denoting ordinary ghost field. The notion
of Seiberg–Witten map implies the action of s on the non-
commutative fields Bμ(b), Qμ(b, q) and C(b + q, c) is the
following

sBμ(b) = 0, sQμ(b, q) = sNC Qμ(b, q),

sC(b + q, c) = sNCC(b + q, c), (8)

where sNC is the noncommutative BRST operator whose
action on the noncommutative field thus runs as follows

sNC Bμ(b) = 0,

sNC Qμ(b, q) = Dμ[B + Q]C(b + q, c)

= ∂μC(b + q, c) − ig[Bμ + Qμ,C]�,
sNCC(b + q, c) = igC(b + q, c) � C(b + q, c). (9)

By construction, we also have sNCC̄ = sC̄ = F and
sNC F = sF = 0.

Using the definitions above, one gets

SBRST exact =
∫

d4x Tr

(
1

2
F � F + F � Dμ[B]Qμ(b, q)

−C̄ � Dμ[B]Dμ[B + Q]C(b + q, c)

)
. (10)

3 The two-point contribution to the effective action at
one-loop

The final purpose of this section is the computation of one-
loop contribution to the effective action Γ [b], which has been
defined in (4). We shall begin by expanding in powers of qμ

and bμ the action, S , in (5) and, then, dropping the terms
with more than two bμ’s and more than two g’s – g being the
coupling constant.

3.1 Removing O(g3) terms from the path integral

Let us first integrate out the field Fa in the path integral in
(4) by taking advantage of (10). Thus, one obtains

eiΓ [b] =
∫

DqaμDcaDC̄a e
i S−i
∫
d4x qaμ(x) δΓ [b]

δbaμ(x) , (11)

where S is the sum

S = Scl [A(b + q)] + Sg f + Sgh; (12)

while actions Sg f and Sgh being given by

Sg f = −1

2

∫
d4x Tr (Dμ[B]Qμ(b, q) � Dν [B]Qν(b, q))

+ 1

2N

∫
d4x (TrDμ[B]Qμ(b, q)) � (TrDν [B]Qν(b, q)),
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Sgh = −
∫

d4x Tr (C̄ � Dμ[B]Dμ[B + Q]C(b + q, c)). (13)

To obtain above Sg f we have to use the following SU(N)
generators identity

∑
a

(T a)
i1
j̄1
(T a)

i2
j̄2

= δ
i1
j̄2
δ
i2
j̄1

− 1

N
δ
i1
j̄1
δ
i2
j̄2
. (14)

We start with definitions

q̃aμ = Tr (T aQμ(b, q)), and c̃a = Tr (T aC(b, q)), (15)

where the Seiberg–Witten maps Qμ(b, q) and C(b, q) are
fully discussed in Appendix A – see (A.4) and (A.6). Next,
in the path integral (11), we shall make the following variable
change

qaμ → q̃aμ, ca → c̃a, (16)

for thus we shall remove from the path integral the lengthy
interaction terms due to contributions to the classical action
coming from the SU(N) part – see (A.7) – of the Seiberg–
Witten maps Qμ(b, q) and C(b, q) when expressed as func-
tions of qμ. This is a much welcome simplification since, as
we shall see below, we will still have to deal with the interac-
tion terms the U(1) part of the former Seiberg–Witten maps
introduce. Notice that the Jacobian of this transformation is
trivial in Dimensional Regularization, since all the momen-
tum integrals it involves vanish – for details see [54].

Now, let Γ2[b] be the two-point contribution to Γ [b] in
(11). The change of variables (16) and the use of (A.13) and
(A.15) from Appendix A, after some laborious algebra, leads
to

iΓ2[b] = Ln
∫

D q̃aμD c̃aDC̄a

×ei(S0+S1+S2+S1eom+S2eom+S0gh+S1gh+S2gh) + O(g3),

(17)

where

S0 = −1

2

∫
d4x Tr ∂μq̃ν∂

μq̃ν ,

S1 = +ig
∫

d4x Tr bμ[q̃ν , ∂
μq̃ν ]�

+2ig
∫

d4x Tr ∂μbν [q̃μ, q̃ν ]�,

S2 = +1

2
g2
∫

d4x Tr [bμ, q̃ν ]�[bμ, q̃ν ]�

− N

2
g2
∫

d4x ∂μ Â
(2) 0
ν (b, q̃)∂μ Â(2) 0 ν(b, q̃)

+ig2
∫

d4x Tr Â(2)
μ (b, b)[q̃ν, ∂

μq̃ν ]�

+ig2
∫

d4x Tr Â(2) 0
ν (b, q̃)[∂μq̃

ν , bμ]�

+ig2
∫

d4x Tr ∂μ Â
(2) 0
ν (b, q̃)[bμ, q̃ν ]�

+g2
∫

d4x Tr
{
∂2 − ∂ν∂

ρ Â(2)
ρ (b, b)

}
Â(2) 0 ν(q̃, q̃)

+g2
∫

d4x Tr [bμ, bν ]�[q̃μ, q̃ν ]�

+2ig2
∫

d4x Tr ∂μ Â
(2)
ν (b, b)[q̃μ, q̃ν ]�

+2ig2
∫

d4x Tr ∂μ Â
(2) 0
ν (b, q̂)[bν , q̃

μ]�

+ N

2
g2
∫

d4x ∂μ Â
(2) 0 μ(b, q̃)∂ν Â

(2) 0 ν(b, q̃)

− 1

2N
g2
∫

d4x Tr [bμ, q̃μ]�[bν , q̃ν ]�

−ig2
∫

d4x Tr ∂μ Â
(2) 0 μ(b, q̃)[bν , q̃

ν ]�, (18)

S1eom = g
∫

d4x Tr {(∂2bν − ∂ν∂ρb
ρ
)
Â(2)

ν (q̃, q̃)},

S2eom = +g2
∫

d4x Tr {(∂2bν − ∂ν∂ρb
ρ
)
Â(3)

ν (q̃, q̃, b)}

−2g2
∫

d4x Tr {(∂2bν − ∂ν∂ρb
ρ
)
Â(2)

ν ( Â(2) a(q̃, b)T a, q̃)}

−g2
∫

d4x Tr
(
Eν(b, b) Â

(2)
ν (q̃, q̃)

)

+ g2

N

∫
d4x Tr

(
Eν(b, b)

)
Tr
(
Â(2)

ν (q̃, q̃)
)

Eν(b, b) = ∂2 Â(2)
ν (b, b) − ∂ν∂

ρ Â(2)
ρ (b, b)

−i∂μ[bμ, bν ]� − i[bμ, ∂μbν − ∂νbμ]�, (19)

and

S0gh = −
∫

d4x Tr C̄∂2c̃,

S1gh = ig
∫

d4x Tr bμ{c̃, ∂μC̄}

−ig
∫

d4x Tr bμ{∂μc̃, C̄},

S2gh = −g2
∫

d4x Tr [bμ, c̃]�[bμ, C̄]�

+ig2
∫

d4x Tr C̄[bμ, ∂μĈ
(2) 0(c̃, b)]�

+ig2
∫

d4x Tr Â(2)
μ (b, b){c̃, ∂μC̄}�

−ig2
∫

d4x Tr Â(2)
μ (b, b){∂μc̃, C̄}�

−ig2
∫

d4x Tr Ĉ (2) 0(c̃, b)[∂μC̄, bμ]�, (20)

with self-evident notations for equations of motions (eom),
and �-anticommutator. Notice that S2 and S2gh only involve
the U(1) part of the Seiberg–Witten maps Qμ(b, q) and
C(b, c) as defined in (A.4) and (A.6): the SU(N) parts of
those maps have been disposed of by introducing the SU(N)
fields q̃ and c̃ – see (A.13) and (A.15) in Appendix A.
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Now, let pμ and qμ be two arbitrary vectors. We shall use
the following notation

p ∧ q = θμν pμqν ≡ pμθμνqν ≡ pθq = pq̃ q̃μ = θμνqν,

( f �t g)(x) =, ei(p1+p2)x e−i t2 p1∧p2 f (p1)g(p2). (21)

Then, Â(2) 0
ν (b, q̃), Â(2)

ν (b, b), Â(2)
μ (q̃, q̃), Â(3)

μ (q̃, q̃, b), Â(2)
ν

( Â(2) a(q̃, b)T a, q̃) and C (2) 0(c̃, b), are given by the follow-
ing expressions:

Â(2) 0
μ (b, q̃) = 1

2N
ei(p1+p2)x

(
e− i

2 p1∧p2 − e
i
2 p1∧p2

p1 ∧ p2

)

×[2 p̃μ1
2 δμ2

μ + 2 p̃μ2
1 δμ1

μ − (p2 − p1)μθμ1μ2 ]baμ1
(p1)q̃

a
μ2

(p2),

Â(2)
ν (b, b) = 1

2
ei(p1+p2)x

(
e− i

2 p1∧p2 − 1

p1 ∧ p2

)

×[2 p̃μ1
2 δμ2

μ + 2 p̃μ2
1 δμ1

μ − (p2 − p1)μθμ1μ2 ]bμ1(p1)bμ2 (p2),

Â(2)
μ (q̃, q̃; t) = − i

4
ei(p1+p2)x

∫ t

0
ds e−i s2 p1∧p2

×[2 p̃μ1
2 δμ2

μ + 2 p̃μ2
1 δμ1

μ − (p2 − p1)μθμ1μ2 ]q̃μ1(p1)q̃μ2 (p2),

Â(2)
μ (q̃, q̃) = Â(2)

μ (q̃, q̃; t = 1),

Â(2)
μ (q̃, b; t) = − i

4
ei(p1+p2)x [2 p̃μ1

2 δμ2
μ + 2 p̃μ2

1 δμ1
μ

−(p2 − p1)μθμ1μ2 ] ×
∫ t

0
ds [e−i s2 p1∧p2bμ1(p1)q̃μ2 (p2)

+ei
s
2 p1∧p2 q̃μ2 (p2)bμ1(p1)],

Â(3)
μ (q̃, q̃, b) = −1

4
θ i j
∫ 1

0
dt

×
[

+ {q̃i , 2∂ j Â
(2)
μ (q̃, b; t) − ∂μ Â

(2)
j (q̃, b; t)}�t

+{ Â(2)
i (q̃, b; t), 2∂ j q̃μ − ∂μq̃ j }�t

+{bi , 2∂ j Â
(2)
μ (q̃, q̃; t) − ∂μ Â

(2)
j (q̃, q̃; t)}�t

+{ Â(2)
i (q̃, q̃; t), 2∂ j bμ − ∂μb j }�t − i{q̃i , [q̃ j , bμ]�t }�t

−i{q̃i , [b j , q̃μ]�t }�t − i{bi , [q̃ j , q̃μ]�t }�t
]
,

Â(2)
ν ( Â(2) a(q̃, b)T a, q̃) = − 1

16

∫
d4p2

(2π)4

d4p3

(2π)4

d4p4

(2π)4

×ei(p2+p3+p4)x × [2 p̃μ1
2 δμ2

ν

+2( p̃3 + p̃4)
μ2δμ1

ν + (p3 + p4 − p2)νθ
μ1μ2 ][2 p̃μ3

4 δμ4
μ1

+2 p̃μ4
3 δμ3

μ1
+ (p3 − p4)μ1θ

μ3μ4 ]

×
{∫ 1

0
dt
∫ 1

0
ds e−i t2 (p3+p4)∧p2e−i s2 p3∧p4

×[Tr (bμ3(p3)q̃μ4(p4)T
b)]T bq̃μ2 (p2)

+
∫ 1

0
dt
∫ 1

0
ds e−i t2 (p3+p4)∧p2e+i s2 p3∧p4

×[Tr (q̃μ4(p4)bμ3(p3)T
b)]T bq̃μ2 (p2)

+
∫ 1

0
dt
∫ 1

0
ds e+i t2 (p3+p4)∧p2e−i s2 p3∧p4 q̃μ2 (p2)

×[Tr (bμ3(p3)q̃μ4(p4)T
b)]T b

+
∫ 1

0
dt
∫ 1

0
ds e+i t2 (p3+p4)∧p2e+i s2 p3∧p4 q̃μ2 (p2)

×[Tr (q̃μ4(p4)bμ3(p3)T
b)]T b
}
,

C (2) 0(c̃, b) = − 1

2N
θ i j ei(p1+p2)x p1i

×
(
e− i

2 p1∧p2 − e
i
2 p1∧p2

p1 ∧ p2

)
c̃a(p1)b j (p2). (22)

3.2 The one-loop contribution to the two-point function

By evaluating the order g2 contribution to the right hand
side of Eq. (17), we shall obtain the one-loop contribution to
Γ2[b], the two-point bit of the effective action. The result that
we obtained, with help of integral basis given in Appendix B
and [52,60], runs thus

Γ2[b] = g2

N

∫
d4 p

(2π)4 Tr
[
bμ(p)bν(−p)

]

×
{

1

16π2

1

( p̃2)3

[
16

3
p2θμi p̃iθ

ν j p̃ j

−8

3
p̃2(θμi p̃i p

ν + θν j p̃ j p
μ) − 32

3
( p̃2)2ημν + 32

3
p̃2 p̃μ p̃ν

]

− 1

π2

p̃μ p̃ν

( p̃2)2

∫ 1

0
dx
[
x(1 − x)p2 p̃2K2(

√
x(1 − x)p2 p̃2)

]}

+ g2

16π2

∫
d4 p

(2π)4 Tr
[
bμ(p)
(
p2ημν − pμ pν

)
bν(−p)

]

×
{

− 11

3

(
N − 2

N

)(
1

ε
+ Ln

p2

4πμ2 + γ − 1

)

+ 4

N

∫ 1

0
dx (3 + 2x) K0

(√
x(1 − x)p2 p̃2

)}

+ Γ2[b](eom0) + (2-loop order), (23)

where Γ2[b](eom0), which obviously vanishes upon imposing
the equations of motion, contains all the contributions on
which integral

∫
d4x qaμ(x)

δΓ [b]
δbaμ(x)

, (24)

in (4), is involved. That is, Γ2[b](eom0) is the sum of all the
contributions which involve either S1eom or S2oem from (17),
and it is given by the following long expression

Γ2[b](eom0) = + g2

16π2

∫
d4 p

(2π)4 Tr [bμ(p)(p2ημν

−pμ pν)bν(−p)] ×
{
N

[
15

ε
+ 15Ln

(
p2

4πμ2

)

+ 1

15
Ln(p2 p̃2) + 60Ln 2 − 15γ − 30

]
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− 1

N

g2

16π2

∫
d4 p

(2π)4 Tr [bμ(p)(p2δμ
ρ − pμ pρ)bν(−p)]

×
{[

4

(
− 1

ε
− Ln

p2

4πμ2 − γ + 2

)

+8
∫ 1

0
dx K0

(√
x(1 − x)p2 p̃2

)]
p̃ρ p̃ν

p̃2

+ 1

( p̃2)3

(
28

3
p̃2θρσ θν

σ + 84

3
p̃ρθνiθλ

i p̃λ

)}

+ g2N

16π2

∫
d4 p

(2π)4 Tr [bμ(p)(p2δμ
ρ − pμ pρ)(p2δnσ

−pσ p
ν)bν(−p)] ×

{
ηρσ

p̃2

[
3

2
(θ i jθ j i )C1 − p̃2

p2 C2

−θλi p̃iθ
j
λ p̃ j

p̃2 C4 − 1

2
B1( p̃

2)2

]
+ p̃ρ p̃σ

p̃2

×
[
B1 p̃

2 + 1

p2 C2 + 1

2
θ i jθ j iC4

]

−3
θρ i θσ

i

p̃2 C1 + θρ i p̃i θσ j p̃ j

( p̃2)2 C4

−θρλθ iλ p̃i p̃σ + θσλθ iλ p̃i p̃ρ

( p̃2)2 C4

}

−g2

N

∫
d4 p

(2π)4 Tr [bμ(p)(p2δμ
ρ − pμ pρ)(p2δν

σ

−pσ p
ν)bν(−p)] ×

{
ηρσ

p̃2

[
3(θ i jθ j i )(C1

+1

2
C̃1) − p̃2

p2 (2C2 + C̃2) − θλi p̃iθ
j
λ p̃ j

p̃2 (2C4 + C̃4)

−
(
B1 + B̃1 + 1

2
˜A

)
( p̃2)2
]

+ p̃ρ p̃σ

p̃2

[
2B1 p̃

2 + B̃1 p̃
2

+ 1

p2 (C2 + C̃2) + 1

2
θ i jθ j i

(
C4 + 1

2
C̃4

)]

−3
θρ i θσ

i

p̃2 (2C1 + C̃1) + θρ i p̃i θ
j
σ p̃ j

( p̃2)2 (2C4 + C̃4)

−θρλθ iλ p̃i p̃σ + θσλθ iλ p̃i p̃ρ

( p̃2)2

(
C4 + 1

2
C̃4

)}

− i

2

g2N

16π2

∫
d4 p

(2π)4 Tr [bσ (p)(p2δσ
ρ − pσ pρ) fμν(−p)]

×
(

4
θμ i p̃iηρν

p̃2 + 2θμν p̃ρ

p̃2

)

×
[

2

(
− 1

ε
− Ln

p2

4πμ2 − γ + 2

)
− 4
∫ 1

0
dx K0

×
(√

x(1 − x)p2 p̃2

2

)]

+ i

N

g2

16π2

∫
d4 p

(2π)4 Tr [bσ (p)(p2δσ
ρ − pσ pρ) fμν(−p)]

×
(

4
θμ i p̃iηρν

p̃2 + 2θμν p̃ρ

p̃2

)

×
[

2

(
− 1

ε
− Ln

p2

4πμ2 − γ + 2

)

−4
∫ 1

0
dx

(
K0

(√
x(1 − x)p2 p̃2

)

−2K0

(√
x(1 − x)p2 p̃2

2

))]
. (25)

Note that fμν(−p) = i(pμbν(−p) − pνbμ(−p)). B1, C1,
C2, C4, ˜A , B̃1, C̃1, C̃2 and C̃4 in (25) read thus:

B1 = −
∫ 1

0
dx x−1/2

∫ 1

0
dy
[
xy(1 − y)p2 p̃2]−1

×
[√

xy(1 − y)p2 p̃2

2
K1

(√
x(1 − x)p2 p̃2

2

)
− 1

]
,

C1 = +1

ε
+ Ln

p2

4πμ2 + γ + 2Ln(p2 p̃2) − 8Ln2

+2γ + 3 −
∫ 1

0
dx K0

(√
x(1 − x)p2 p̃2

2

)

+p2 p̃2
∫ 1

0
dx x−1/2

∫ 1

0
dy
[
xy(1 − y)p2 p̃2]−1

×
[√

xy(1 − y)p2 p̃2

2
K1

(√
x(1 − x)p2 p̃2

2

)
− 1

]
,

C2 = −9

ε
− 9Ln

p2

4πμ2 − 7γ + 1 − Ln(p2 p̃2)

+8Ln2 + 2
∫ 1

0
dx K0

(√
x(1 − x)p2 p̃2

2

))

−3

4
p2 p̃2
∫ 1

0
dx x−1/2

∫ 1

0
dy
[
xy(1 − y)p2 p̃2]−1

×
[√

xy(1 − y)p2 p̃2

2
K1

(√
x(1 − x)p2 p̃2

2

)
− 1

]
,

C4 = −1

ε
− Ln

p2

4πμ2 − γ − 7 − 2Ln(p2 p̃2) + 8Ln2

+6
∫ 1

0
dx K0

(√
x(1 − x)p2 p̃2

2

))

−1

4
p2 p̃2
∫ 1

0
dx x−1/2

∫ 1

0
dy
[
xy(1 − y)p2 p̃2]−1

×
[√

xy(1 − y)p2 p̃2

2
K1

(√
x(1 − x)p2 p̃2

2

)
− 1

]
,

˜A = 2
∫ 1

0
dx x−1/2

∫ 1

0
dy
[
xy(1 − y)p2 p̃2]−1

×
{√

xy(1 − y)p2 p̃2

[
K1

(√
x(1 − x)p2 p̃2

)

−K1

(√
x(1 − x)p2 p̃2

2

)]
+ 1

}
,
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B̃1 = −
∫ 1

0
dx x−1/2

∫ 1

0
dy
[
xy(1 − y)p2 p̃2]−1

×
{√

xy(1 − y)p2 p̃2

[
K1

(√
x(1 − x)p2 p̃2

)

−1

2
K1

(√
x(1 − x)p2 p̃2

2

)]}
,

C̃1 = −1

ε
− Ln

p2

4πμ2 − 2Ln(p2 p̃2)

+4Ln2 − 3γ − 3 +
∫ 1

0
dx K0

(√
x(1 − x)p2 p̃2

2

)

+ p2 p̃2

4

∫ 1

0
dx x−1/2

∫ 1

0
dy
[
xy(1 − y)p2 p̃2]−1

×
{√

xy(1 − y)p2 p̃2

[
K1

(√
x(1 − x)p2 p̃2

)

−1

2
K1

(√
x(1 − x)p2 p̃2

2

)]}
,

C̃2 = +9

ε
+ 9Ln

p2

4πμ2 + 7γ − 1 + 2Ln(p2 p̃2)

−4Ln2 + 2
∫ 1

0
dx

[
K0

(√
x(1 − x)p2 p̃2

)

−K0

(√
x(1 − x)p2 p̃2

2

)]

−3

4
p2 p̃2
∫ 1

0
dx x−1/2

∫ 1

0
dy
[
xy(1 − y)p2 p̃2]−1

×
{√

xy(1 − y)p2 p̃2

[
K1

(√
x(1 − x)p2 p̃2

)

−K1

(√
x(1 − x)p2 p̃2

2

)]
+ 1

}
,

C̃4 = −1

ε
− Ln

p2

4πμ2 + γ + 7 + 2Ln(p2 p̃2) − 12Ln2

+6
∫ 1

0
dx

[
K0

(√
x(1 − x)p2 p̃2

)

−K0

(√
x(1 − x)p2 p̃2

2

)]

−1

4
p2 p̃2
∫ 1

0
dx x−1/2

∫ 1

0
dy
[
xy(1 − y)p2 p̃2]−1

×
{√

xy(1 − y)p2 p̃2

[
K1

(√
x(1 − x)p2 p̃2

)

−K1

(√
x(1 − x)p2 p̃2

2

)]
+ 1

}
. (26)

3.3 Gauge independent UV/IR mixing

It is plane that Γ2[b] in (23) develops, as a result of UV/IR
mixing, IR divergences in the region where p̃μ = 0 and that

these divergences do not survive the large N limit. And yet,
Γ2[b] is a gauge-fixing dependent quantity so one may ask
whether all these IR singularities are gauge-fixing artifacts.
We shall answer this question by putting the background field
bμ on shell so that our Γ2[b] will boil down to the 2-point on-
shell DeWitt effective action [56–59], for we are computing
radiative corrections at order g2. It is known that on-shell
DeWitt effective action is a gauge-fixing independent object.

Since we are working at order g2, we only demand the bμ

be a solution, b(0)
μ , to the free equation of motion to put bμ

on-shell:

∂2b(0)
μ (x) − ∂μ∂νb(0)

ν (x) = 0. (27)

Now, any solution to (27) is of the form

b(0)
μ (x) = b⊥

μ (x) + ∂μα(x), (28)

where α(x) is an arbitrary function taking values in the Lie
algebra of SU(N) and b⊥

μ (x) is such that

∂2b⊥
μ (x) = 0, ∂μb⊥

μ (x) = 0. (29)

Let us replace bμ in (23) with b(0)
μ (x) in (28) to obtain the

2-point on-shell effective action [56–59]:

Γ2[b(0)] = g2

N

∫
d4 p

(2π)4 Tr
(
b⊥
μ (p)b⊥

ν (−p)
){− 2

3π2

ημν

p̃2

+ 2

3π2

p̃μ p̃ν

( p̃2)2 − 1

π2

p̃μ p̃ν

( p̃2)2

∫ 1

0
dx [x(1 − x)p2 p̃2

×K2(

√
x(1 − x)p2 p̃2)]

}
+ O(g3). (30)

Notice that b⊥
μ (p) above is the Fourier transform of the b⊥

μ (x)

satisfying the conditions in (29) and that is related to b⊥
μ (p)

by a gauge transformation. Notice that the right-hand side of
Eq. (30) is invariant under arbitrary on-shell gauge transfor-
mations. The latter as defined thus

b⊥
μ (p) → b⊥

μ (p) + pμβ(p), p2β(p) = 0. (31)

Finally, Γ2[b(0)] above develops quadratic IR singularity,
in the limit p̃μ → 0, that is given by

g2

N

−2

3π2 p̃2

{
ημν + 2

p̃μ p̃ν

p̃2

}
Tr
[
b⊥
μ (p)b⊥

ν (−p)
]
, (32)

which goes away in the large N limit.
Note that obtained (32) has completely different Lie alge-

bra structure with respect to the famous IR singularity in the
one-loop two-point function of the ordinary gauge field of
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noncommutative U(N) case [26],

2g2

π2

p̃μ p̃ν

( p̃2)2

[
Tr b⊥

μ (p)
][

Tr b⊥
ν (−p)

]
. (33)

3.4 The UV/IR mixing phenomenon

Let us show now that the IR singularity in (32) which occur
when p̃μ = 0 is a consequence of the UV/IR mixing phe-
nomenon and not the result of the Seiberg–Witten maps in
(22) having denominators which vanish for specific values
of the momenta. We shall display below each and everyone
of the contributions to the path integral in (17) which yield
(30).

Let us begin with the following definition

〈
O(q̃aμ, c̃a, C̄a)

〉
0 =
∫

D q̃aμD c̃aDC̄a ei(S0+S0gh ) O(q̃aμ, c̃a, C̄a),

(34)

where S0 and S0gh are given in (18) and (20), respectively.
Then,

−ig2 N

2

〈
∂μ Â(2) 0

μ (b(0), q̃)(x)∂ν Â(2) 0
ν (b(0), q̃)(x)

〉
0
, (35)

gives rise to the following contribution

− g2

2N
Tr
(
b(0)

μ (p)b(0)
ν (−p)

)
p̃2
∫

d4k

(2π)4

kμkν

k2(k p̃)2

×(eik p̃ + e−ik p̃ − 2) = i
g2

N

1

16π2 Tr
(
b(0)

μ (p)b(0)
ν (−p)

)

×
{

4

3

(
ημν

p̃2 − 4
p̃ν p̃ν

( p̃2)2

)}
+ O(ε), (36)

with D = 4 + 2ε. Now the factor

(eik p̃ + e−ik p̃ − 2)

(k p̃)2 , (37)

tends to a constant as k p̃ goes to zero. Hence, the singularity
at p̃2 = 0 of the right hand side of (36) is a consequence
of the fact that, when p̃μ �= 0 in the integral over k expo-
nentials e±ik p̃ kills the UV divergent behaviour of the rest of
the integrand, rendering a finite result. Of course, these UV
divergent behaviour resurfaces in the form of a IR divergence
as p̃2 → 0. This is precisely celebrated UV/IR mixing of the
U(N) noncommutative gauge field theories, discovered first
in [21–25,27].

The contribution to (30) coming from

−ig2 N

2

〈
∂μ Â(2) 0 ν(b(0), q̃)(x)∂μ Â

(2) 0
ν (b(0), q̃)(x)

〉
0
, (38)

reads

3g2

2N
Tr
(
b(0)

μ (p)b(0)
ν (−p)

)
(θμj1θν j2 + θμj2θν j1)pλ p j2

×
∫

d4k

(2π)4

kλk j1
k2(k p̃)2 (eik p̃ + e−ik p̃ − 2)

= i
g2

N

1

16π2 Tr
(
b(0)

μ (p)b(0)
ν (−p)

){− 8
p̃ν p̃ν

( p̃2)2

}
+ O(ε).

(39)

In the above Eq. (39) we meet the very same type of loop
integral – the integral over k –, so the IR divergent behaviour
as p̃μ goes to zero that occurs on the right hand side of (39)
has the UV/IR mixing origin that we discuss in the paragraph
below (36).

Let us now deal with

−g2
〈

Tr Â(2) 0
ν (b(0), q̃)(x)[∂μq̃

ν, b(0) μ]�(x)
〉
0
. (40)

It can be shown that the previous expression is equal to

g2

2N
3Tr
(
b(0)

μ (p)b(0)
ν (−p)

)
p̃μ

∫
d4k

(2π)4

kν

k2(k p̃)

×(eik p̃ + e−ik p̃ − 2) = i
g2

N

1

16π2 Tr
(
b(0)

μ (p)b(0)
ν (−p)

)

×
{

12
p̃μ p̃ν

( p̃2)2

}
+ O(ε). (41)

Notice that

(eik p̃ + e−ik p̃ − 2)

k p̃
, (42)

approaches zero as p̃μ goes to zero. Hence, the vanishing,
when p̃μ → 0, of the denominator of the integral over k
in (41) has no bearing on the IR divergence at p̃μ = 0 that
occurs on the right hand side of (41). Indeed, again, this IR
divergence at p̃μ = 0 occurs as a consequence of the fact
that e±ik p̃ cuts-off the UV divergent behaviour of the integral
over k we have just mentioned: clearly here p̃ acts as a cut-off
giving rise to the UV/IR mixing phenomenon.

The loop integral – the integral over k – which occurs
in (41) is also the only responsible for the IR singularity at
p̃μ = 0 of the following contributions to Γ2[b(0)] in (30):

−g2〈Tr ∂μ Â
(2) 0
ν (b(0), q̃)(x)[b(0) μ, q̃ν]�(x)

〉
0

= i
g2

N

1

16π2 Tr
(
b(0)

μ (p)b(0)
ν (−p)

){
12

p̃ν p̃ν

( p̃2)2

}

+ additional terms,

−2g2〈Tr Â(2) 0
ν (b(0), q̃)(x)[∂μb

(0) ν, q̃μ]�(x)
〉
0

= i
g2

N

1

16π2 Tr
(
b(0)

μ (p)b(0)
ν (−p)

){
8
p̃ν p̃ν

( p̃2)2

}

+ additional terms,
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+ g2〈Tr ∂μ Â
(2) 0
μ (b(0), q̃)(x)[b(0)

ν , q̃ν]�(x)
〉
0

= i
g2

N

1

16π2 Tr
(
b(0)

μ (p)b(0)
ν (−p)

){− 8
p̃ν p̃ν

( p̃2)2

}

+ additional terms. (43)

There remains to discuss the origin of the singularity at
p̃μ = 0 of the following contributions to Γ2[b(0)] in (30):

−i
g2

2N

〈
Tr [b(0)

μ , q̃ν ]�(x)[b(0) μ, q̃ν ]�(x)
〉
0

= ig2

16π2N
Tr
(
b(0)

μ (p)b(0)
ν (−p)

){− 4
ημν

p̃2

}
,

−i
g2

2

〈
Tr [b(0)

μ , q̃μ]�(x)[b(0)
ν , q̃ν ]�(x)

〉
0

= ig2

16π2N
Tr
(
b(0) μ(p)b(0)

ν (−p)
){− 16

ημν

p̃2

}
,

−i
g2

2

〈(
Tr b(0)

μ [q̃ν, ∂
μq̃ν ]�
)2〉

0

− 2ig2
〈(

Tr ∂μb
(0)
ν [q̃μ, q̃ν ]�

)2〉
0

−i
g2

2

〈(
Tr b(0)

μ {∂μc̃, C̄}� − Tr b(0)
μ {c̃, ∂μC̄}�

)2〉
0

= ig2

16π2N
Tr
(
b(0)

μ (p)b(0)
ν (−p)

)
16

×
{

ημν

p̃2 − p̃μ p̃ν

( p̃2)2

∫ 1

0
dx

[
x(1 − x)p2 p̃2

×K2

(√
x(1 − x)p2 p̃2

)]}
,

−ig2〈Tr [b(0)
μ , c̃]�(x)[b(0) μ, C̄]�

〉
0

= − ig2

16π2N
Tr
(
b(0)

μ (p)b(0)
ν (−p)

){
8
ημν

p̃2

}
. (44)

The singular behaviour at p̃μ = 0 in the expression above
comes uniquely from various types of integrals over k, all
being given in Appendix B:

1

k2 eik p̃,
(2k + p)μ(2k + p)ν

k2(k + p)2 eik p̃, . . . (45)

The UV/IR mixing phenomenon that the latter integrals bring
about has been amply discussed in the literature already [21,
22]. Notice that one obtains (30) by adding the right hand
sides of (36), (39), (41), (43) and (44).

Some final comments are in order. The U(1) part of
the Seiberg–Witten map Qμ(b, q) as defined in (A.7), con-
tributes to the singularity at p̃μ = 0 due to UV/IR mixing
– see (36–43). The UV/IR mixing effect the SU(N) bit of
Qμ(b, q) which is involved in, is obtained by using the field
q̃μ, – see (44).

4 Adding Dirac fermions in the fundamental:
noncommutative QCD

We shall show in this section that the inclusion of a Dirac
fermion transforming under the fundamental representation
of SU(N) does not change the one-loop IR singular behaviour
of the two point function of bμ(x), Γ2[b], that we have
unveiled in the previous section.

Let ψ(x) = ψ j (x), j = 1, . . . , N – the SU(N) index,
be an ordinary Dirac fermion transforming under the funda-
mental representation of SU(N). Let Ψ (x) = Ψ (a, ψ) j (x),
with aμ(x) = bμ(x) + qμ(x), be the noncommutative
fermion field obtained from ordinary fields ψ j (x) by using
the Seiberg–Witten map. Then the classical action SDirac,
of Ψ (a, ψ) j (x) coupled to the noncommutative gauge field
Aμ(x) = Bμ(b)(x) + Qμ(b, q)(x), reads

SDirac = Ψ̄ (a, ψ)
(
i /D [A] − m

)
Ψ (a, ψ), (46)

where Ψ̄ (a, ψ) is the Dirac conjugate of Ψ (x), and /D [A] =
i(/∂ − g /A�).

The one-loop contribution, ΓDirac[b], to the background
field effective action Γ [b] due to the noncommutative Dirac
field Ψ (a, ψ) is given by the path integral with respect to the
ordinary fields ψ, ψ̄

eiΓDirac[b] =
∫

DψDψ̄ ei Ψ̄ (b,ψ)
(
i /D [B]−m

)
Ψ (b,ψ)

. (47)

Now, since Ψ (a, ψ) j is a four component spinor, one can
make the following change of variables

ψ → Ψ = Ψ (b, ψ). (48)

in the path integral (47) and obtain:

eiΓDirac[b] =
∫

DΨDΨ̄ JF (b) J̄F (b) ei Ψ̄ (b,ψ)
(
i /D [B]−m

)
Ψ (b,ψ)

(49)

where JF (b) and J̄F (b) are the appropriate Jacobians:

JF [b] = Det
δΨ (b, ψ)i (x)

δψ j (y)
and J̄F [b] = Det

δΨ̄ (b, ψ)i (x)

δψ̄ j (y)
.

(50)

As with the Seiberg–Witten map for the gauge field, a
SW map defining the noncommutative field Ψ (b, ψ) can be
obtained by solving the following “evolution” problem:

d

dt
Ψ (b, ψ; t) = −g

2
θμνBμ(b; t) �t ∂νΨ (b, ψ; t)

+ i

4
g2Bμ(b; t) �t Bμ(b; t) �t Ψ (b, ψ; t),
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Ψμ(b; t = 0) = ψ, (51)

where Bμ(b, t) is given by the “evolution” equation dis-
cussed in Appendix A.

The “evolution” problem in (51) can be solved by expand-
ing in powers of g – see Ref. [17] for details – so that one
may show that

δΨ (b, ψ)(x)

δψ(y)
= Iδ(x − y) +

∞∑
n=2

gn−1
∫ n∏

i=1

ei
∑n−1

i=1 pi x eipn(x−y)

×Fμ1μ2·μn−1(p1, p2, . . . , pn−1; pn; θ)

×bμ1(p1)bμ2 (p2) · · · bμn−1(pn−1). (52)

It can be seen that Fμ1μ2·μn−1(p1, p2, . . . , pn−1; pn; θ)

in (52) is a linear combination of functions of the type

P(p1, . . . , pn)Q(pi ∧ p j ), (53)

where P(p1, . . . , pn) is a polynomial of the momenta pi ’s
and Q(pi ∧ p j ) only depends on pi ∧ p j = pμ iθ

μν pν j ,
i, j = 1, . . . , n. This fact leads to the conclusion that all the
loop integrals involved in the evaluation of

Det
δΨ (b, ψ)i (x)

δψ j (y)
(54)

vanish in dimensional regularization, and, hence,

JF [b] = Det
δΨ (b, ψ)i (x)

δψ j (y)
= 1. (55)

The detailed derivation of (55) is analogous to the one carried
out in Appendices B and C of Ref. [54].

Clearly, in dimensional regularization we also have

J̄F [b] = Det
δΨ̄ (b, ψ)i (x)

δψ̄ j (y)
= 1. (56)

Let us introduce the following notation:

〈· · · 〉 f 0 =
∫

DΨDΨ̄ · · · ei Ψ̄ (i /∂−m)Ψ. (57)

Substituting (55) and (56) in (49), one readily obtains, in
dimensional regularization, the following one-loop result

iΓDirac(b) = Ln
∞∑
n=0

(−ig)n

n! 〈( Ψ̄ γ μBμ(b) � Ψ
)n〉 f 0

= −
∞∑
n=2

gn

n

n∏
i=1

tr
(
Bμ1(b)(x1) · · · Bμn (b)(xn)

)

×Γ μ1···μn (x1, . . . xn), (58)

where

Γ μ1···μn (x1, . . . xn) =
n∏

i=1

(2π)Dδ(

n∑
i=1

pi ) e
−i

n∑
i=1

pi xi
e
− i

2

∑
1≤i< j<n

pi∧p j

× Tr[(/k + /p1 − m)γ μ1(/k − m)γ μ2(/k − /p2 − m)γ μ3 · · · γ μn−1(/k −∑n−1
i=2 /pi − m)γ μn ]

((k + p1)2 + m2)k2((k − p2)2 + m2) · · · ((k −∑n−1
i=2 pi )2 + m2)

. (59)

From (59) we draw the conclusion that the full one-loop
ΓDirac[b] in (47) lacks any singular behaviour when any of
the momenta p̃μ

i = θμν p̃ν i vanishes ∀i .
Finally, it is plain that (58) and (59) hold whatever the

gauge group and representation provided the noncommuta-
tive Dirac field transforms as follows

ψ(b, ψ) → iΩ(b, ω) � ψ(b, ψ) (60)

under infinitesimal noncommutative gauge transformations
defined by Ω(b, ω), while ω(x) defines the infinitesimal
ordinary gauge transformations.

5 Conclusions and outlook

The main conclusion of this paper is that noncommutative
SU(N) defined by means of the θ -exact Seiberg–Witten map
has a two-point function for the gauge field that exhibits
UV/IR mixing at the one-loop, in spite of the fact that there
are no fundamental U(1) degrees of freedom. This is at odds
with the noncommutative U(N) case where it is only the U(1)
part of the one-loop two-point function for the ordinary gauge
field the one which is affected by the famous UV/IR mixing.
Indeed, in the noncommutative U(N) case the famous non-
commutative IR singularity in the one-loop two-point func-
tion of the ordinary gauge field reads [26]

2g2

π2

p̃μ p̃ν

( p̃2)2

[
Tr b⊥

μ (p)
][

Tr b⊥
ν (−p)

]
. (61)

In Appendix C, we re-derive the above formula using the
enveloping algebra approach together with the background
field and the path integral methods employed in our recent
works [52–55], as well as in the previous sections of this
paper, confirming Eq. (61), and showing this way implicitly
the correctness of our computations.
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The noncommutative IR singularity of the noncommuta-
tive SU(N) theory reads

g2

N

−2

3π2 p̃2

{
ημν + 2

p̃μ p̃ν

p̃2

}
Tr
[
b⊥
μ (p)b⊥

ν (−p)
]
, (62)

– see (32) – which has a novel, as yet unknown, UV/IR
mixing tensor and Lie algebra structure with respect to that
in (61). Indeed, in (61), we have the product of two traces
over the generators of the Lie algebra so that only the U(1)
part of the contribution gets affected by the noncommuta-
tive IR divergence. However, in (62), we have only one trace
over the product of two SU(N) generator and, hence, the full
SU(N) part of the contribution receives the noncommutative
IR divergence. No ημν occurs in (61).

In Sect. 3.4 – see (36), (39), (41), etc. – we have shown that
the noncommutative IR divergence in (62) occurs because
the noncommutative phase eiθ

μνkμ pν – k being the loop
momenta and p the external momenta – regularizes, provided
θμν pν �= 0, otherwise UV divergent integrals. Thus, the UV
divergence is turned into an IR divergence at θμν pν = 0.
This the UV/IR mixing phenomenon and its origin has noth-
ing to do with the use of the Seiberg–Witten map and its
vanishing denominators at θμνkμ pν = 0.

We have also shown that this conclusion also holds in
noncommutative QCD, since the addition of Dirac fermions
in the fundamental representation to the noncommutative
SU(N) theory does not modify the UV/IR mixing behaviour
of the two-point function at hand.

The phenomenological implications of the UV/IR mixing
unveiled in this paper are worth studying. Notice that this
UV/IR mixing affects the noncommutative Standard Model
of [50] and the noncommutative GUTs models of [51,61]
when defined by means of the θ -exact Seiberg–Witten map.

In the spirit of the Scattering amplitudes approach [62–66]
such a model has been recently successfully applied to esti-
mate a lower bound on the scale of noncommutativity [66,67]
by comparison with ATLAS-LHC collaboration measure-
ments of total cross sections for PbPb(γ γ ) → Pb∗Pb∗γ γ

and PbPb(γ γ ) → Pb∗Pb∗�+�− reactions in the lead 208Pb
ion-ion collision experiments [68,69].
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Appendix A: Seiberg–Witten maps

Let aμ and c be, respectively, an ordinary gauge field and
the corresponding ghost field taking values in a Lie algebra
in a given irreducible representation. A Seiberg–Witten map
which defines a noncommutative gauge field Aμ(a) and the
corresponding noncommutative ghost field C(a, c) in terms
of ordinary aμ and c is obtained [13–15] by solving, between
t = 0 and t = 1, the following “evolution” problem

d

dt
Aμ(a; t) = −g

4
θ i j {Ai (a, t), ∂ j Aμ(a, t) + Fjμ(a, t)}�t ,

Aμ(a; t = 0) = aμ,

d

dt
C(a, c; t) = g

4
θ i j {∂iC(a, c; t), A j (a, t)}�t ,

C(a, c; t = 0) = c. (A.1)

The product �t has been defined in (21) and Fμν(a; t) =
∂μAν(a; t) − ∂ν Aμ(a; t) − ig[Aμ(a; t), Aν(a; t)]�t .

The “evolution” problem in (A.1) can be solved [17] by
expanding in power of the coupling constant g as befits the
definition a field theory in perturbation theory:

Aμ(a) = aμ + g A(2)
μ (a, a; t = 1)

+ g2 A(3)
μ (a, a, a; t = 1) + O(g3),

C(a, c) = c + g C (2)(a, c; t = 1)

+g2 C (3)(a, c, a; t = 1) + O(g3), (A.2)

with

A(2)
μ (a, a; t) = −1

4
θ i j
∫ t

0
ds {ai , 2∂ j aμ − ∂μa j }�s ,

A(3)
μ (a, a, a; t) = −1

4
θ i j
∫ t

0
ds
[
{ai , 2∂ j A

(2)
μ (a, a; s)

−2∂μA
(2)
j (a, a; s)}�s + {A(2)

i (a, a; s), 2∂ j aμ − ∂μa j }�s
−i{ai , [a j , aμ]�s }�s

]
,

C (2)(a, c; t) = 1

4
θ i j
∫ t

0
ds {∂i c, ∂i a j }�s ,

C (3)(a, c, a; t) = 1

4
θ i j
∫ t

0
ds
[
{∂iC (2)(a, c; s), a j }�s
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+{∂i c, A(2)
j (a, a; s)}�s

]
. (A.3)

To obtain Bμ(b) and Qμ(b, q) in (3), we replace aμ with
bμ + qμ in (A.2) and (A.3), and then, expand in powers of
aμ and bμ the resulting expressions:

Aμ(b + q) = Bμ(b) + Qμ(b, q),

Bμ(b) = bμ + g Â(2)
μ (b, b) + g2 Â(3)

μ (b, b, b) + O(g3),

Â(2)
μ (b, b) = A(2)

μ (a = b, a = b; t = 1),

Â(3)
μ (b, b, b) = A(3)

μ (a = b, a = b, a = b; t = 1),

Qμ(b, q) = qμ + g
(
Â(2)

μ (b, q) + Â(2)
μ (q, q)

)
+g2 ( Â(3)

μ (b, b, q) + Â(3)
μ (q, q, b)

+ Â(3)
μ (q, q, q)

)+ O(g3),

Â(2)
μ (b, q) = −1

4
θ i j
∫ 1

0
dt
[
{bi , 2∂ j qμ − ∂μq j }�t

+{qi , 2∂ j bμ − ∂μb j }�t
]
,

Â(2)
μ (q, q) = A(2)

μ (a = q, a = q; t = 1),

Â(3)
μ (q, q, b) = −1

4
θ i j
∫ 1

0
dt

×
[
{qi , 2∂ j Â

(2)
μ (b, q; t) − 2∂μ Â

(2)
j (b, q; t)}�t

+{ Â(2)
i (b, q; t), 2∂ j qμ − ∂μq j }�t

+{bi , 2∂ j Â
(2)
μ (q, q; t) − 2∂μ Â

(2)
j (b, q; t)}�t

+{ Â(2)
i (q, q; t), 2∂ j bμ − ∂μq j }�t

−i{qi , [q j , bμ]�t }�t − i{qi , [b j , qμ]�t }�t
−i{bi , [q j , qμ]�t }�t

]
,

Â(3)
μ (b, b, q) = Â(3)

μ (q → b, q → b, b → q),

Â(3)
μ (a, a, a) = A(3)

μ (a = q, a = q, a = q; t = 1). (A.4)

Analogously, C(b + q, c) is obtained by setting aμ =
bμ + qμ in C(a, c) in (A.2):

C(b + q, c) = c + g
(
Ĉ (2)(c, b) + Ĉ (2)(q, c)

)
+g2 (Ĉ (2)(c, q, q) + Ĉ (2)(c, b, q) + Ĉ (3)(c, b, b)

)+ O(g3),

Ĉ (2)(b, c; t) = 1

4
θ i j
∫ t

0
ds {∂i c, b j }�s ,

Ĉ (3)(c, b, b; t) = 1

4
θ i j
∫ t

0
ds
[
{∂i Ĉ (2)(b, c; s), b j }�s

+{∂i c, Â(2)
j (b, b; s)}�s

]
. (A.5)

Since our purpose is to compute Γ2[b] at one-loop, we shall
not need the q-dependent bits of C(b + q, c):

C(b, c) = c+g Ĉ (2)(c, b)+g2 Ĉ (3)(c, b, b)+O(g3), (A.6)

Assume that qμ and bμ take values in the SU(N) Lie
algebra in the fundamental representation. Then Qμ(b, q) in
(A.4) can be expressed as the following linear combination:

Qμ(b, q) = Q(0)
μ (b, q)IN + Qa

μ(b, q)T a, (A.7)

where IN is the N × N identity matrix and T a are the SU(N)
generators. We shall call Q(0)

μ (b, q) and Qa
μ(b, q) the U(1)

component and SU(N) components of the noncommutative
field Qμ(b, q).

Let us introduce the following definitions:

Â(2) 0
μ (b, q) = 1

N
Tr Â(2)

μ (b, q), Â(2) 0
μ (q, q)

= 1

N
Tr Â(2)

μ (q, q),

Â(3) 0
μ (q, q, b) = 1

N
Tr Â(3)

μ (q, q, b), Â(3) 0
μ (b, q, q)

= 1

N
Tr Â(2)

μ (b, q, q),

Â(3) 0
μ (q, q, q) = 1

N
Tr Â(2)

μ (q, q, q),

Â(2) a
μ (b, q) = Tr (T a Â(2)

μ (b, q)), Â(2) a
μ (q, q)

= Tr (T a Â(2)
μ (q, q)),

Â(3) a
μ (q, q, b) = Tr (T a Â(3)

μ (q, q, b)), Â(3) a
μ (b, q, q)

= Tr (T a Â(2)
μ (b, q, q)),

Â(3) a
μ (q, q, q) = Tr (T a Â(2)

μ (q, q, q)). (A.8)

The reader should bear in mind the results in (A.4). Then,
taking into account (A.7), one conclude that

Q(0)
μ (b, q) = g

(
Â(2) 0

μ (b, q) + Â(2) 0
μ (q, q)

)
+g2 ( Â(3) 0

μ (b, b, q) + Â(3)
μ (q, q, b)

+ Â(3) 0
μ (q, q, q)

)+ O(g3),

Qa
μ(b, q) = qaμ + g

(
Â(2) a

μ (b, q) + Â(2) a
μ (q, q)

)
+g2 ( Â(3) a

μ (b, b, q) + Â(3) a
μ (q, q, b)

+ Â(3) a
μ (q, q, q)

)+ O(g3). (A.9)

Let us introduce the field q̃μ = q̃aμT
a , where

q̃aμ =Tr(T aQμ(b, q)) = Qa
μ(b, q) = qaμ + g

(
Â(2) a

μ (b, q)

+ Â(2) a
μ (q, q)

)+ g2 ( Â(3) a
μ (b, b, q) + Â(3) a

μ (q, q, b)

+ Â(3) a
μ (q, q, q)

)+ O(g3). (A.10)

The previous expression can be inverted by expanding in
powers of g:

qaμ = q̃aμ − g
(
Â(2) a

μ (b, q̃) + Â(2) a
μ (q̃, q̃)

)+ O(g2), (A.11)
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where

Â(2) a
μ (b, q̃) = Â(2) a

μ (b, q = q̃), Â(2) a
μ (q = q̃, q = q̃).

(A.12)

Substituting (A.11) in (A.7) and then expanding in powers
of g, one gets

Qμ(b, q) = q̃μ + IN

{
g
[
Â(2) 0

μ (b, q̃) + Â(2) 0
μ (q̃, q̃)

]

+g2 [ Â(3) 0
μ (b, b, q̃) + Â(3) a

μ (q̃, q̃, b) + Â(3) a
μ (q̃, q̃, q̃)

− Â(2) 0
μ (b, Â(2) a

σ (b, q̃)T a) − Â(2) 0
μ (b, Â(2) a

σ (q̃, q̃)T a)

− Â(2) 0
μ (q̃, Â(2) a

σ (b, q̃)T a) − Â(2) 0
μ ( Â(2) a

σ (b, q̃)T a, q̃)
]}

,

(A.13)

where

Â(2) 0
μ (b, q̃) = Â(2) 0

μ (b, q → q̃),

Â(2) 0
μ (q̃, q̃) = Â(2) 0

μ (q = q̃, q → q̃),

Â(3) 0
μ (b, b, q̃) = Â(3) 0

μ (b, b, q → q̃),

Â(3) a
μ (q̃, q̃, b) = Â(3) a

μ (q → q̃, q → q̃, b),

Â(3) 0
μ (q̃, q̃, q̃) = Â(3) 0

μ (q → q̃, q → q̃, q → q̃),

Â(2) 0
μ (b, Â(2) a

σ (b, q̃)T a) = Â(2) 0
μ (b, qσ → Â(2) a

σ (b, q̃)T a),

Â(2) 0
μ (b, Â(2) a

σ (q̃, q̃)T a) = Â(2) 0
μ (b, qσ → Â(2) a

σ (q̃, q̃)T a),

Â(2) 0
μ (q̂, Â(2) a

σ (b, q̃)T a) = − 1

4N
θ i j
∫ 1

0
dt Tr

×({q̃i , 2∂ j Â
(2) a
μ (b, q̃)T a − ∂μ Â

(2) a
j (b, q̃)T a}�t

)
,

Â(2) 0
μ (q̂, Â(2) a

σ (b, q̃)T a)

= − 1

4N
θ i j
∫ 1

0
dt Tr
({ Â(2) a

i (b, q̃)T a, 2∂ j q̃μ − ∂μq̃ j }�t
)
.

(A.14)

The notationqμ → object points out thatqμ is to be replaced
with object in the corresponding expression in (A.8) and
(A.4).

Proceeding in an analogous way, one shows that

C(b, c) = c̃ + IN
[
g Ĉ (2) 0(c̃, b) + g2 (Ĉ (3) 0(c̃, b, b)

+Ĉ (2) 0(Ĉ (2) a(c̃, b)T a, b)
)]+ O(g3, b3), (A.15)

where

c̃ = c̃aT a, c̃a = Tr
(
T aC(b, c)

)
,

Ĉ (2) 0(c̃, b) = 1

4N
θ i j
∫ 1

0
dt Tr
({∂i c̃, b j }�t

)
,

C (3) 0(c̃, b, b) = 1

4N
θ i j
∫ 1

0
dt Tr
[
{∂i Ĉ (2)(c̃, b; s), b j }�s

+{∂i c̃, Â(2)
j (b, b; s)}�s

]
,

Ĉ (2) 0(Ĉ (2) a(c̃, b)T a, b)

= 1

4N
θ i j
∫ 1

0
dt Tr
({∂i Ĉ (2) a(c̃, b)T a, b j }�t

)
,

Ĉ (2) a(c̃, b) = 1

4
θ i j
∫ 1

0
dt Tr
(
T a{∂i c̃, b j }�t

)
. (A.16)

Let us finally recall that (A.13) and (A.15) are needed to go
from (11) to (17).

Appendix B: Computing relevant integrals in D dimen-
sions for Euclidean signature

Here for normalised D dimensional integral we shall use the

following shorthand notations
∫ dDk

(2π)D
≡ ∫ . Now we cate-

gorise integrals by the power of (k p̃) factor in the denomi-
nator. First we have four integrals with power zero:

I1 =
∫

e±ik p̃

k2 , I2 =
∫

eik p̃

k2(k + p)2 ,

I3 =
∫

(2k + p)μ(2k + p)ν

k2(k + p)2 eik p̃,

I4 =
∫

(2k + p)μ(2k + p)ν

k2(k + p)2 . (B.17)

Then we have six with power one:

I5 =
∫

1

k2(k p̃)
, I6 =

∫
kμ

k2(k p̃)
, I7 =

∫
kμkν

k2(k p̃)
,

(B.18)

I8 =
∫

eik p̃ + e−ik p̃

k2(k p̃)
,

I9 =
∫

kμ
(
eik p̃ + e−ik p̃

)
k2(k p̃)

,

I10 =
∫

kμkν
(
eik p̃ + e−ik p̃

)
k2(k p̃)

, (B.19)

and finally comes seven with power two:

I11 =
∫

1

k2(k p̃)2 , I12 =
∫

kμ

k2(k p̃)2 ,

I13 =
∫

kμkν

k2(k p̃)2 , (B.20)

I14 =
∫

1

k2(k p̃)2

(
eik p̃ + e−ik p̃),

I15 =
∫

kμ

k2(k p̃)2

(
eik p̃ + e−ik p̃), (B.21)

I16 =
∫

kμkν

k2(k p̃)2

(
eik p̃ + e−ik p̃),

I17 =
∫

kμkνkρ

k2(k p̃)2

(
eik p̃ + e−ik p̃). (B.22)
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Using k → −k trick we can find immediately that: I5 =
I7 = I10 = I12 = I15 = I17 = 0. We can also transform
k → −k − p and show that

I3 =
∫

2kμkν + kμ pν

k2(k + p)2 (eik p̃ + e−ik p̃),

I4 = 2
∫

2kμkν + kμ pν

k2(k + p)2 . (B.23)

From history we know the I1,2 integrals:

I1 = 1

(4π)
D
2

(
p̃2

4

)1− D
2

Γ

(
D

2
− 1

)
, (B.24)

I2 = 2

(4π)
D
2

1∫

0

dx
(
x(1 − x)p2) D4 −1

(
p̃2

4

)1− D
4

×K D
2 −2

[√
x(1 − x)p2 p̃2

]
. (B.25)

Integral I3 is a standard nonplanar integral, on which we
apply the decomposition

I3 = ημν p2 · I31 +(pμ pν −ημν p2)· I32 + p̃μ p̃ν · I33, (B.26)

and after integration over parameter α obtain

I31 = 2

p̃2 I1,

I32 = 2

(4π)
D
2

1∫

0

dx(1 − 2x)2(x(1 − x)p2) D4 −1
(
p̃2

4

)1− D
4

×K D
2 −2

[√
x(1 − x)p2 p̃2

]
,

I33 = − 2

(4π)
D
2

1∫

0

dx
(
x(1 − x)p2) D4

×
(
p̃2

4

)− D
4

K D
2

[√
x(1 − x)p2 p̃2

]
. (B.27)

Here I33 can be re-expressed via I31 and K D
2 −2[√

x(1 − x)p2 p̃2
]

as follows

I33 = (2 − D)I31 + 2

(4π)
D
2

p2

p̃2

1∫

0

dx
(
4(D − 1)x2 − D

)

×(x(1 − x)p2) D4 −1
(
p̃2

4

)1− D
4

×K D
2 −2

[√
x(1 − x)p2 p̃2

]
. (B.28)

Integral I4 is a standard planar integral and we have the stan-
dard tensor reduction result:

I4 = 1

(4π)
D
2

(
ημν p2 − pμ pν

)
(p2)

D
2 −2

×B

(
D

2
− 1,

D

2
− 1

)
Γ
(
2 − D

2

)
1 − D

. (B.29)

Trivially one can see that I6 = I13 p̃ν, I9 = I16 p̃ν , and
integrals I13 and I16 can be solved by an NC tensor reduction.
Since the only relevant momentum in these two integrals is
p̃μ, we can prescribe the following simple tensor structures:

I13 = ημν p̃2A13 + p̃μ p̃νB13,

I16 = ημν p̃2A16 + p̃μ p̃νB16, (B.30)

which after contraction with ημν and p̃μ p̃ν gives:

I13 = 0 = I6, I16 = 2

p̃4

ημν p̃2 − p̃μ p̃ν · D
1 − D

I1. (B.31)

We are now left with I11 and I14, and they are not as easy
as they seem to be. Priorly we evaluated them in [52] as the
following sum denoted as T−2:

T−2 = 2I11 − I14. (B.32)

Two methods were used to calculate T−2 explicitly, one is
based on Grozin parametrization [60] and the other contour
integral parametrization. We encounter immediately problem
with the second method because the poles at x = 0 are second
order in I11 and I14 while first order in T−2, which means
that we can not define the principle value around this pole
for I11 or I14. This leaves only the Grozin parametrization
producing:

I11 = −
∞∫

0

dy y

∞∫

0

dα α2e−α(k2+iyk p̃)

= −1

(4π)
D
2

(
p̃2

4

) D
2 −3

Γ

(
3 − D

2

)
B (D − 4, 4 − D) = 0,

(B.33)

I14 = −2

∞∫

0

dy y

∞∫

0

dα α2
∫

e−α(k2+iyk p̃)+ik p̃

= 1

(4π)
D
2

(
p̃2

4

)1− D
2 Γ
( D

2 − 2
)

3 − D
. (B.34)

Appendix B.1: Discussing the UV divergent tadpole
integral I14

In our recent computation a new type of tadpole integral,
which is UV divergent at the D → 4 − ε limit occurred
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repeatedly. Here we provide an account of its evaluation.
This new tadpole I14, in [52] denoted as T−2, bears a very
simple form

I14 ≡ −T−2 =
∫

dD�

(2π)D

f�2(�, p)
2

�2 . (B.35)

On the other hand, it turns out that T−2 is not quite easy
to evaluate. Two usual regularization methods used before,
turning tadpole to bubble or using the n-nested zero regulator
respectively, did not function here. The first one produces
divergent special function integrals while the second contains
unfavourable powers of the regulator. The parametrization
discussed in the Sect. 1 of this note offers us an alternative
way to handle this problem, using this parametrization we
can express T−2 as

T−2 =
∫

dD−1�

(2π)D−1

+∞∫

−∞

dx

2π

1

�2 + x2

4 sin2 | p̃|
2 x

x2 p̃2

= 1

p̃2

∫
dD−1�

(2π)D−1

(
− 1

|�|3 + 2| p̃|
|�|2 + e−|�|| p̃|

|�|3
)

.

(B.36)

Here we can only neglect the second term in the last paren-
thesis because the first and last exceed the minimal power of
|�| for massless tadpole to vanish in the dimensional regular-
ization prescription. One can introduce one more integrand
y to make he first plus the last terms into one:

T−2 = 1

p̃2

∫
dD−1�

(2π)D−1

(
− 1

|�|3 + e−|�|| p̃|

|�|3
)

= 1

(4π)
D
2

(
p̃2

4

)1− D
2 Γ
( D

2 − 2
)

D − 3
. (B.37)

A familiar pattern emerges once we compute the D → 4+2ε

limit

T−2 = −4

(4π)2 p̃2

(
−1

ε
+ Ln p̃2 + Ln(πμ2) + ΓE + 2

)
+ O(ε).

(B.38)

Here we see the logarithmic UV/IR mixing taking place via
a single integral.

Appendix B.2: The D → 4 + 2ε limit of all evaluated
integrals

I1 = 1

4π2

1

p̃2 + O(ε), (B.39)

I2 = 1

8π2

1∫

0

dx K0

[√
x(1 − x)p2 p̃2

]
+ O(ε), (B.40)

I3 = 1

8π2

(
ημν 4

p̃2 + (pμ pν − ημν p2)

×
1∫

0

dx(1 − 2x)2K0

[√
x(1 − x)p2 p̃2

])

− 1

π2

p̃μ p̃ν

p̃4 + 1

2π2

p̃μ p̃ν

p̃2

1∫

0

dx(3x2 − 1)p2

×K0

[√
x(1 − x)p2 p̃2

]
+ O(ε), (B.41)

I4 = 1

48π2

(
ημν p2 − pμ pν

) (1

ε
+ ΓE + Ln

p2

4πμ2 − 8

3

)

+O(ε), (B.42)

I5 = I6 = I7 = I8 = I10 = I11 = I12 = I13

= I15 = I17 = 0, (B.43)

I9 = 1

2π2

p̃μ

p̃4 + O(ε), (B.44)

I14 = −T−2 = 1

(2π)2

1

p̃2

(
− 1

ε
+ Ln p̃2 + Ln(πμ2)

+ΓE + 2

)
+ O(ε), (B.45)

I16 = − 1

6π2

1

p̃6

(
ημν p̃2 − 4 p̃μ p̃ν

)+ O(ε). (B.46)

Appendix C: Rederiving the noncommutative IR diver-
gence for the two-point function of U(N) in the funda-
mental representation

In this Appendix we shall apply the techniques displayed in
Sects. 2 and 3 to the U(N) case in the fundamental represen-
tation and thus rederive the result in Eq. (61). Actually, the
techniques in Sects. 2 and 3 have been previously applied in
Ref. [54] to show perturbatively the duality of noncommuta-
tive U(N) gauge theory under the Seiberg–Witten map.

Let us assume that aμ, bμ and qμ in Sect. 2 – see Eq. (2),
in particular – take values in the Lie algebra of U(N) in the
fundamental representation. Then, Aμ(b + q), Bμ(b) and
Qμ(b, q) – see Eq. (3) – as defined by the Seiberg–Witten
map in Appendix A also take values in the Lie algebra of U(N)
in the fundamental representation – notice that this not so for
SU(N). Analogously, let us assume that c, C̄ , F in Sect. 2 –
see Eq. (8), in particular – are elements of the Lie algebra of
U(N) in the fundamental representation. Then, C(b + q, c)
as defined by the Seiberg–Witten map in Appendix A is an
element of U(N) in the fundamental representation. It is not
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difficult to convince oneself one can proceed as in Sects. 2
and 3 – by adapting the formulae in those sections to the
U(N) case at hand and with the help of the results in ref.
[54] – and compute the off-shell two-point contribution to
effective action – let us call it Γ

U(N)
2 [b] – of the DeWitt

effective action. The Γ
U(N)

2 [b] reads

Γ
U(N)

2 [b] = g2
∫

d4 p

(2π)4 [Tr bμ(p)][Tr bν(−p)] 2

π2

p̃μ p̃ν

( p̃2)2

+ g2

16π2

∫
d4 p

(2π)4 [Tr bμ(p)][Tr bν(−p)]

×[(p2ημν − pμ pν)
11

3
Ln(p2 p̃2) + Σμν(p, p̃)

]

+ g2

16π2 N
∫

d4 p

(2π)4 Tr
[
bμ(p)
(
p2ημν − pμ pν

)
bν(−p)

]

×
{

− 11

3

(1

ε
+ Ln

p2

4πμ2

)
+ 67

144π2 + O(D − 4)
}

+ Γ
U(N)

2 [b](eom0) + (2-loop order), (C.47)

whereΓ
U(N)

2 [b](eom0), which obviously vanishes upon impos-
ing the equation of motion, contains all the contributions on
which integral

∫
d4x qaμ(x)

δΓ U(N)[b]
δbaμ(x)

,

in (4), is involved. The Γ
U(N)

2 [b](eom0) is not physically rel-
evant for it vanishes on-shell, while Σμν(p, p̃) is a function
such that it remains finite as p̃ goes to zero.

It is apparent that if, in Γ
U(N)

2 [b] above, we replace bμ

with b⊥
μ taking values in the Lie algebra of U(N) in the fun-

damental representation and satisfying the equations in (29),
we will obtain Eq. (61) as expected. Hence, in the U(N) in the
fundamental representation the colour structure of the non-
commutative IR divergence of the one-loop two-point func-
tion is [Tr b⊥

μ (p)][Tr b⊥
μ (−p)], i.e, it is purely U(1), whereas

in the SU(N) case is quite different: Tr [b⊥
μ (p)b⊥

μ (−p)], i.e.
there is only one Tr.

The Γ
U(N)

2 [b] in Eq. (C.47) is the counterpart of Γ2[b] in
Eq. (23). The fact that the result in Eq. (23) has a notably dif-
ferent tensor structure from that in Eq. (C.47) has to do with
the fact in the U(N) case the change of integration variables
in Eq. (15) removes from the classical action and the gauge-
fixing terms all the θ -dependence coming from the Seiberg–
Witten map for Qμ(b, q) and C(b, q). This is not so in the
SU(N) case, for in this case neither Qμ(b, q) nor C(b, q)

belong to the Lie algebra of SU(N). On the other hand, both
Qμ(b, q) and C(b, q) belong to the Lie algebra of U(N) in
the fundamental representation if bμ, qμ and c take values in
the Lie algebra of U(N) in the fundamental representation.
The gauge dependent contributions inΓ

U(N)
2 [b] andΓ2[b] are

removed by going on-shell as required by DeWitt’s effective

action formalism. This procedure yields Eqs. (61) and (62)
for U(N) and SU(N), respectively, with tensor structures –
and color structures – quite different.
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