
Journal of Colloid and Interface Science 628 (2022) 205–214
Contents lists available at ScienceDirect

Journal of Colloid and Interface Science

journal homepage: www.elsevier .com/locate / jc is
Statistical thermodynamics in reversible clustering of gold
nanoparticles. A first step towards nanocluster heat engines
https://doi.org/10.1016/j.jcis.2022.07.037
0021-9797/� 2022 The Author(s). Published by Elsevier Inc.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

⇑ Corresponding author.
E-mail addresses: stefano.mezzasalma@irb.hr (S.A. Mezzasalma), marek.g@csic.es (M. Grzelczak).
Stefano A. Mezzasalma a,b,⇑, Joscha Kruse c, Amaia Iturrospe Ibarra d, Arantxa Arbe d, Marek Grzelczak c,⇑
aMaterials Physics Division, Optics Laboratory, Ruder Bošković Institute, Bijenička cesta 54, 10000 Zagreb, Croatia
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A statistical thermodynamics variational criterion is propounded to study thermal hysteresis in reversible
clustering of gold (Au) nanoparticles. Experimentally, a transient equilibrium mapping analysis is
employed to characterize it thermodynamically, further measurements being performed at the nanos-
tructural and electrochemical levels (UV-Vis-NIR spectra, SLS/SAXS, zeta potential). Theoretically, it is
successfully interpreted as a thermodynamic cycle, prompting that nanoclusters has potential to produce
useful work from heat and paving the way to nanoclustering heat engines. By taking into account the vir-
ial expansion of hysteretic pressure, an entropy measure is deduced for a dilute system with given virial
coefficients. This allows us to figure out the role of relevant interparticle potential parameters (i.e. surface
potential, nanoparticle size, Debye’s length, Hamaker energy) in both isothermal and isochoric variations
at the onset of hysteresis. Application to spherical Au nanoparticles in watery salt solution (NaCl) is
developed when an ad-hoc (DLVO) pairwise potential governs the second virial coefficient at the nanos-
cale. In particular, the variational criterion predicts a pressure drop between heating and cooling paths
which is likely at the base of some energy redistribution (e.g. ordering/restructuring of electric double

http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcis.2022.07.037&domain=pdf
https://doi.org/10.1016/j.jcis.2022.07.037
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:stefano.mezzasalma@irb.hr
mailto:marek.g@csic.es
https://doi.org/10.1016/j.jcis.2022.07.037
http://www.sciencedirect.com/science/journal/00219797
http://www.elsevier.com/locate/jcis


S.A. Mezzasalma, J. Kruse, A.I. Ibarra et al. Journal of Colloid and Interface Science 628 (2022) 205–214
layers). We found an integrating factor that is able to numerically predict the existence of a critical value
for the initial salt concentration maximizing the hysteretic area, and the effect of nanoparticle size on the
cycle extent.
� 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Fig. 1. Temperature-driven reversible aggregation of spherical Au nanoparticles. (a)
UV-Vis-NIR spectra of dispersed (40 �C) and aggregated (10 �C) colloidal Au solution
showing recovery of initial optical properties. (b) Temperature-dependent evolu-
tion of scattering intensity (combined SLS and SAXS results) versus the modulus of
the scattering vector Q, showing colloidally dispersed (40 �C) clustered (20 �C) and
aggregated (10 �C) nanoparticles. (c) Schematic description of aggregation process.
Colloidally stable nanoparticles above 40 �C form cluster of � 240 nm below 35 �C.
A further temperature drop below 25 �C causes aggregation. Temperature reversal
brings the particles back to initial state.
1. Introduction

Hysteresis phenomena are ubiquitous in all of natural and engi-
neering sciences – ranging from ferromagnetism [1] to ferroelec-
tricity [2], from elastic [3] to plastic [4] and piezoelectric
materials [5], from semiconductors [6] to superconductivity [7],
from electron transport [8] to optical [9] processes – covering a
phenomenology that spans from electron to geological scales. They
are found in relevant applications in solid-state memory-storage
devices and to support biological functions, as cell division, by
means of noise resilience [10,11]. More specifically to colloid and
interface science, hysteresis phenomena were and are intensively
studied in subject matters of both traditional and nowadays inter-
ests, i.e. gas-solid adsorption [12,13], wetting and contact angle
hysteresis with applications [14–17], capacitive current-voltage
behaviors in bio-devices [18] and reversible aggregation of colloid
particles [19], whose understanding is also noticeable for various
molecular recognition processes in life sciences (e.g. cell adhesion
and motility versus clustering of peptide motifs at the nanoscale)
[20,21].

The unambiguous definition of a hysteretic phenomenon
mostly rests on control theory and functional analysis (e.g. scalar
or vector Preisach & Krasnoselskii approaches) [22], but it is the
specific mechanism that often inspires or dictates the formalism
to be worked out. This is definitely reasonable, as the response
specificity to a given stimulus is essential for tailoring a smart
nanosystem (e.g. as actuators, catalysts, sensors and biosensors).
On the other hand, formulating a physical theory which is capable
to interpret a wide class of hysteresis phenomena in the largest
possible generality actually remains a non-trivial task. Enriching
the matter then is the obvious classifications into irreversible
and reversible mechanisms, into rate-dependent and rate-
independent responses. In the first, where the hysteresis concept
finds a more widespread definition, loop areas reflect the extent
of dissipation events, while it is maybe more appropriate in the
second to speak about multistability of states or thermodynamic
cycles. Alongside, rate-dependent mechanisms are often source
of nonlinearity, as in piezoelectric actuators [23], and were
detected in pH-driven clustering of gold (Au) nanoparticles stabi-
lized with carboxylated alkanethiols, poly-L-lysine and thermore-
sponsive polymers [24–26]. Rate-independent behaviors are
more typical instead of homeostatic materials, memory storage,
autonomous chemical reactions and DNA-coated nanoparticles
undergoing melting/freezing transitions [27–29]. In most of these
situations, however, an analysis of entropy and free energy func-
tions is expected to be crucial for a deep inquiry, and specially in
a nanoscopic system, where physical or chemical variables may
mutually interact in large numbers to raise an extraordinarily rich
phenomenological picture [30].

About one decade ago, a hysteresis loop in the variable pH was
brought into light from experiments on liquid solutions of
nanoparticles functionalized with ionizable ligands [31]. At a fixed
pH, one may find nanoparticles in two different colloid states (say,
dispersed and aggregated). Nanoparticles in a given state may con-
versely display two different pH values. The cycle was reported to
be reversible and interpreted by an ingenious asymmetric trend for
the radial interparticle force (F), crudely summing up as follows:
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F rð Þ < 0 8r aggregationð Þ
F rð Þ > 0 r ! 0þ dispersionð Þ ð1Þ

While no potential barrier establishes upon decreasing pH, disper-
sion of aggregated nanoparticles would be settled by a purely repul-
sive potential at the origin. As clustering depends on F, and the
latter on pH, the asymmetry in Eq. (1) resulted into distinct ascend-
ing/descending curves.

Here, statistical thermodynamics is invoked in a hysteretic
model of the thermal type for reversible clustering of Au nanopar-
ticles. A variational condition will be inferred to readdress this
matter with an ample generality, ultimately framing nanocluster-
ing in the context of thermodynamic cycles (i.e. heat engines)
and the consequent search of their maximum efficiency. Au
nanoparticles are selected as a suitable experimental system,
because of the chemical robustness they can bear upon harsh con-
ditions, and their optical sensitivity to colloidal phase changes [32].
Finally, this research could be insightful to get a comparison
between the nanocluster and single particle levels, where micro-
scopic motors rely on random energy transfers and transient
entropy decreases, requiring a reinterpretation of the usual ther-
modynamic bounds [33,34].

2. Hysteresis Experiments and Discussion

Gold nanoparticles (13:4 nm in diameter) stabilized with bis(p-
sulfonato- phenyl)-phenylphosphine (BSPP) undergo reversible
clustering when the solution is brought to low temperature
(Fig. 1a) [35]. Although tracking the change of optical properties
suffices to study the responsiveness of the system and thus its hys-
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teresis (vide infra), we measured static light scattering (SLS) to get
an insight into the structure of aggregates at given temperature
(Fig. 1b). Below 35 �C, nanoparticles formed stable clusters of 240
nm in diameter (Fig. 1b middle), resembling a scenario published
recently in which the cluster growth was explained by the attach-
ment of individual nanoparticles, monomers [36]. Further temper-
ature drops below 20 �C led to the formation of open-structure
aggregates that grew through the attachment of preformed clus-
ters (Fig. 1b bottom). Small Angle X-ray Scattering (SAXS) analysis
showed that the distance between the nanoparticles is below 1 nm.
Heating of the sample reverses the process. To gain a more quanti-
tative insight into the hysteretic response we performed the so-
called transient equilibrium mapping [37], a spectroscopic method
that comprises the rising and lowering of the sample temperature
to allow the system to pass through the transient equilibrium on
each up- and down- scan (Fig. 2a). By knowing the number of par-
ticles in the system (monomer concentration) and extracting the
extrema of each cycle, we determined the value of DH and DS
through Van’t Hoff analysis (Fig. 2b). The analysis shows the aggre-
gation of nanoparticles, under the present conditions, is a sponta-
neous process. The hysteretic response of the system depends on
the salt concentration. The transient equilibrium mapping in
Fig. 2a was accomplished at 100 mM of NaCl. The value of f-
potential at this salt concentration received slightly negative val-
ues at low temperature range (Fig. 2b). On contrary, at lower salt
concentration (e.g., 25 mM), there is a steep change of the f-
potential toward negative values when temperature is decreased.
No significant reversible aggregation at this concentration value
was however observed (Supporting Information Fig. 2). Best fit
analysis of these behaviors and other remarks are reported through
Supporting Information F2-3. We may argue that during the
decrease of temperature (no salt) free BSPP molecules can arrange
on the nanoparticles surface leading to the increase of surface cov-
erage and thus to a more negative f-potential. On contrary, the
presence of salt screens the surface charge leading to more neutral
potential over the entire temperature range, favoring clustering
and aggregation.

The data hereby illustrated provide with further indications
about this complex nanoclustering phenomenon, and will be
employed to verify the forthcoming theoretical predictions. We
will see how the transient equilibrium mapping analysis conforms
to the thermodynamic interpretation of hysteresis. Evaluations of
the average nanocluster size then will agree with SLS and SAXS
results, while the quantitative behavior of f- potentials will be suc-
cessfully exploited to model the areas of hysteresis loops. Other
thermodynamic quantities could be obtained from appropriate
Fig. 2. Hysteretic aggregation of Au nanoparticles. (a) Transient equilibrium
mapping with marked maxima (blue) and minima (red) of each cooling (blue
arrows) and heating (red arrows) cycle. (b) Van’t Hoff analysis of dispersion data in
a) giving DH0 ¼ 188 kJ/mol and DS0 ¼ 461 J/(mol K). c) Change of f-potential versus
temperature for salt concentrations with values 25;60 and 100 mM. From a
quantitative point of view, behaviors in (a) do not identify any of the typical
textbook thermodynamic cycles. Wishing to make a qualitative choice, an inspec-
tion in the T; Sð Þ plane shows the least different cyclic transformation here seems to
be Rankine’s.
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combinations of entropy and enthalpy functions with thermody-
namic variables or parameters.
3. Hysteresis Theory

3.1. Thermodynamic Hysteresis Condition

A first point to be discussed, where absolute temperature (T)
takes the role of the experimentally independent variable, is hys-
teresis versus spontaneity. To fix the ideas, consider a mean num-
ber of (N) nanoparticles joint into a representative nanocluster,
which organizes into a given ensemble of dispersion/aggregation
states at different temperature and volume coordinates (V ; T).
The entropy function (S) of clustering will augment with tempera-
ture as, to a good approximation, the partition function may be fac-
tored into translational, rotational and vibrational parts, each
increasing with increasing T, i.e. with higher dispersion degree
[38]. With regard to enthalpy (H), for stabilized nanoparticles to
aggregate upon salt addition to a liquid solution, the total process
should be endothermic (DHt > 0) and comprise three main heat
contributions, DHt ¼ DH þ DHd þ DH�. Either nanoparticle or salt
dilutions are also endothermic (DHd; DH� > 0), the latter providing
with the dominant term, thence aggregation should be exothermic
(DH < 0) [39]. This was also confirmed by the transient equilib-
rium mapping analysis presented in the experimental section,
returning positive dispersion enthalpy and entropy, i.e.
DH0 ¼ 75:4 kBTr ;DS0 ¼ 55:4 kB (Tr � 300 K).

We now posit the thermal behavior of the absorbance to reflect
a transformation in the T; Sð Þ plane, and check the consistency of
this assumption via the conditions on the Gibbs free energy
(G ¼ H � TS) for the spontaneity of a thermodynamic process. A
useful diagram to refer to can be found in Fig. (3).

The aim is to verify if the loop, called hysteresis, met in reversi-
ble [35,31] nanoparticle assembly/disassembly may approach or be
framed as a thermodynamic cycle, S being a state function e.g. of
T;Vð Þ. The clockwise direction in which the cycle progresses
(Fig. 3) then is guaranteed by the fact that, at equal values of T,
the aggregation state (or assembly degree [35]) of nanoclusters is
greater along heating curves, thus with lower S. Obviously, this
can be an idealized picture, which can be useful however to argue
whether nanoclustering has the potential to act as a heat engine
and produce some useful work. We will see, after inquiring all
Fig. 3. Thermodynamic prototype of nanoclustering phenomena in T; Sð Þ plane.
Note the clockwise direction of the cycle, due to higher aggregation states (at equal
T) along the heating curve (in red), assigning the system a character of heat engine.
According to previously adopted experimental conventions, the initial state (i) is
taken at higher temperatures and brought to lower values (f) upon cooling (in blue).
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the model predictions against experiments, that the answer is
positive.

Based on the previous arguments on S and H, in a descending
(or aggregation) cooling path (i ! f ) one should jointly have
DS < 0 and DH < 0, both provisions needing to be reverted in the
opposite direction of an ascending (or dispersion) heating path
(f ! i), i.e. DS > 0 and DH > 0. In either case the principle DG < 0
is non-trivially fulfilled, leading to:

T < DH=DSj j aggregationð Þ
T > DH=DSj j dispersionð Þ ð2Þ

and taking the place of former Eqs. (1). Such inequalities can prove
that the area of a back and forth cycle is not zero, connecting the
amount of work energy exchanged by the nanoparticle system with
the environment:I

TdS ¼ �
Z f

i
TjdSj þ

Z i

f
TjdSj > �

Z f

i
jdHj þ

Z i

f
jdHj ð3Þ

or:I
TdS P

I
dH ð4Þ

where the equality sign holds with no hysteresis. For a reversible
process, as it was supposed for clustering of nanocolloids with
specific interparticle linkages [31,19] (via e.g. surface ligands or
polymer brushes) one has dH ¼ TdSþ Vdp and the former relation
rewrites:I

Vdp 6 0 ð5Þ

p being pressure. Interestingly, absence of hysteresis here corre-
sponds to an unperturbed (or stationary) condition resembling
Maxwell’s equal area rule in p;Vð Þ representation, typically applied
to van der Waals’ state equations. This implies that descending/as-
cending paths in a hysteretic loop differ thermodynamically, and a
criterion underlying this phenomenon may be looked for.

3.2. Cluster Expansion and Virial Coefficients

To work out Eq. (5), consider the differential:

dP ¼ @p
@T

� �
V
dT þ @p

@V

� �
T
dV ð6Þ

and the state equation [40]:

bp V ; Tð Þ ¼ q 1 þ Nð Þ ð7Þ
where b ¼ 1= kBTð Þ (kB = Boltzmann’s constant), q ¼ N=V is the
nanoparticle number density, evaluated in the cluster volume, and:

N q; T;uð Þ ¼ �
X1
n¼1

ncn
1þ n

qn ð8Þ

is the pressure correction that follows from the concentration activ-
ity coefficients in nanoparticle clusters of increasingly higher densi-
ties. The term cn ¼ cn T;uð Þ is a functional of the interparticle
potential, u ¼ u rð Þ, and is indexed by the nþ 1ð Þ-particle collisions
it accounts for, pointing out a succession of virial coefficients at
increasing order. To go ahead note that unlike Eq. (6), which is an
exact differential, the integrand in Eq. (5) may be not, thus one
needs to carry out the cyclic integration explicitly. This may be done
by parameterizing the integral with T, and canceling every contribu-
tion that is zero upon any (integer) number of loops. Some differen-
tial algebra in the end returns:

�
I

VdP ¼
I

R dT P 0 ð9Þ
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where R stands for a measure of entropy in the solution given by:

R q; T;uð Þ ¼ NkB lnq þ TaVNð Þ ð10Þ
and aV is the thermal expansion coefficient. We can see that, in the
T;Rð Þ plane, the condition equivalent to Eq. (5) is:

Ri!f 6 Rf!i ð11Þ
with the aggregation path getting ascending and staying below the
dispersion’s.

The last two relations denote the statistical thermodynamics
result for the occurrence of a hysteresis cycle, which can be useful
to inquiry the effects of interparticle forces and get a criterion for
the onset of an incipient cycle. Generally, it will depend on the rate
at which N converges (i.e. on the nanoparticle cluster density) as,
for any system, there will be a minimum order to take into account
for this condition to hold (n 6 n). In our case, disperse systems are
definitely dilute (volume fraction u � 1:7 � 10�5) and inspecting
the second virial coefficient of the nanoparticle phase in the liquid
should suffice to catch at least the main physical traits of our
experiments. It is also worthwhile to remind that the successful
employment of second virial coefficients in colloid and interface
science has a long history (see e.g. [41]), going from adhesive
hard-sphere fluids [42] to more complex mean-force interaction
potentials, as protein-protein and protein-salt [43,44], where
applicability of virial corrections and (modified) DLVO theories still
hold [45,46].

3.3. Virtual Work Principle for Incipient Hysteresis

3.3.1. Isothermal Variation
We specialize Eq. (11) to central pairwise forces with second

virial coefficient [40]:

B2 � � 1
2
c1 ¼ �1

2

Z
f rð Þ d3r ð12Þ

and Mayer’s function f rð Þ ¼ e�bu rð Þ � 1. For an isothermal transform,
Eq. (11) is translated into:

1
aVh iT ln

qf!i

qi!f

 !
P qB2ð Þi!f � qB2ð Þf!i ð13Þ

where aVh i is the mean thermal expansion coefficient of a cluster
over a loop. Eq. (13) is linking, for any temperature value of ascend-
ing/descending paths, the cluster density to nanoparticle forces and
it is well posed, as the inequality changes sign consistently upon
reverting the path order. The second virial coefficient now can be
well approximated to the sum of a constant covolume (Vc) and
one more interaction term outside the nanoparticle hard core space
[40]:

B2 uð Þ ¼ b
2

Z
u rð Þd3r þ Vc ð14Þ

We are seeking a criterion which is as general as possible, indepen-
dent of the hysteresis region it is applied to. Thence, as long as [47]
T aVh i � 10�2 � 10�1 and dilution is so high, volume fraction correc-
tions brought by Vc may be neglected in the first place. Eq. (13) now
can be perturbed by a small hysteresis cycle, pointing out a sort of
virtual work principle [48] for clustering at the onset of hysteresis
formation, and it is interesting to note the conceptual matching
between our theoretical approach (Fig. 4) and and the transient
equilibrium mapping described in the experimental section
(Fig. 2a). Let V be the volume of an unperturbed cluster, we need
to perturb both sides in Eq. (13) by a small volume (that is,
dv � V). By retaining terms at first order, calculations performed
in Supporting Information B yield a couple of conditions.



Fig. 4. Variational scheme at the hysteretic onset for a 2-nanoparticle cluster, with
the used notations for both isothermal and isochoric patterns.
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The first is a mean energy bound at the unperturbed state that
may be finally expressed as:

uiS ¼ uV

� � þ E0h i� ð15Þ

where uiS
�

is a mean surface potential, E0h i ¼ 2kB= N aVh ið Þ and
. . . Vh i is a volume averaging, generally defined over a domain C as:

g Ch i ¼: 1
C

Z
C
g d3r C > Vcð Þ ð16Þ

for any test function g that is continuous in space (outside Vc). Ther-
mal fluctuations get negligible in thermodynamic limit
(N ! 1;V ! 1;q = const.), reducing Eq. (15) to an identity relation
for surface and volume averages. Otherwise, an effective tempera-
ture scale appears in Boltzmann’s E0h i via the thermal expansion
coefficient and, for a representative cluster of N � 5� 102 units
[49] taking the former range of aVh i values, one obtains
E0h i ¼ mkBT with m � 0:1� 20. This energy excess identifies the acti-
vation barrier for cluster formation in unperturbed states. In Fig. 5,
aggregation and dispersion states are disposed to respect the nan-
oclustering trends along a hysteresis loop, heating cycles being
linked overall to a larger aggregation extent, and intervals on the
Fig. 5. Scheme of energy/thermodynamic states in a clustering system near/at
unperturbed states. Eq. (15) is illustrated for a nanoparticle cluster (N ¼ 8, left side).
On the right activation and Gibbs free energies are depicted, being
jDG0j ¼ jDH0 � TDS0j � 20 kBT (T � Tr) and E0h i � 0:1� 20ð Þ kBT (N � 5� 102).
Relative disposition of dispersion and aggregation states was chosen according to
the positions of cooling and heating cycles in the thermodynamic plane. Diagram is
not on scale.
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abscissa generally represent distances in thermodynamic plane.
The second condition is variational and regards an incipient cycle.
Let ui � ui!f � uf!i, calculations return:

Dvuih i < 0 ð17Þ
where, for notational simplicity, Dx � d=dx and subindex V is omit-
ted from volume averages. Eq. (17) is to be basically conducted
upon parameter changes (e.g. in the interparticle potential) of two
close hysteretic paths and, along with Eq. (15), determines a mini-
mal criterion to expect hysteresis in isothermal clustering of colloid
nanoparticles. Consistently, the condition ui ! 0þ is representative
of particle clusters in unperturbed states. The applied work pertur-
bations are meant in fact to be ’virtual’ (time being not explicitly
introduced). To illustrate the criterion, Fig. (6) reports a qualitative
diagram that is reminiscent of Eyring’s model for momentum trans-
port [50]. In that view, the energy profile decreases in the motion
direction while here it is predicted to lower on going from heating
to cooling paths, i.e. in the directions of virtual work (dV > 0), heat
flux (dT < 0) and pressure drop (dp < 0) (Fig. 6). When a cooling/
heating rate is introduced, the activation barrier at the unperturbed
state gets distorted by the perturbation in Eq. (17).

To close this subsection, we believe that the prerequisites
beneath Eqs. (15, 17) should be inquired as well in the dynamical
picture underlying possible clustering oscillations, i.e. a multiplic-
ity of separate energy states laying between descending and
ascending paths. Other authors had formerly come to an alike con-
clusion, although on a different ground (e.g. nonlinearity) and in
chemically reacting systems, whose formal description differs from
colloid assembly to some extent [51].

3.3.2. Isochoric and Isothermal Variations
To describe the onset of a most general hysteretic loop, the vari-

ation from isochoric patterns should be also regarded in R. As
interparticle potentials in colloids are temperature dependent,
such a contribution basically stems from varying TN between
states T � dt (i�f ) with dv ¼ 0. Expanding the function u in the
neighbourhood of T and operating as in the former subsection
imply that:

Dt aVTqB2ð Þ ¼ Dtuih i � @Ui

@T

� �
� 2kB

Vc

V
ð18Þ

is the energy functional derivative to be accounted for in Eq. (13),
with Ui � ui!f þ uf!i. On this basis, Eq. (15) and Eq. (17) for an arbi-
trary cluster of volume V and surface S get refined respectively by:
Fig. 6. Eyring-like scheme, where the unperturbed profile (blue magenta) depicts
for simplicity an energy excess barrier (� E0h i) between two states at equal
dispersion degree. Duih i may both follow from temperature and volume variations
in Eq. (20). Diagram is not on scale.
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uiS ¼ uVh i þ 1
aVh i

@ uVh i
@T

þ Eh i
�

ð19Þ

Dvuih i þ 1
aVh iV Dtuih i < 0 ð20Þ

where, for a dilute solution, it is still:

Eh i � E0h i ð21Þ
with E0h i still keeping the meaning of a thermal barrier (see the
conclusive part of Supporting Information B).

4. Theoretical Results and Discussion

Hysteretic nanoclustering in solution is explained here by
means of entropy and enthalpy functions interplaying via the
interparticle potential. As confirmed by the present and other
observational studies [31,35], both isothermal and thermal hys-
teresis turn out to be feasible phenomenologies, the high temper-
ature sensitivity displayed by colloid forces (especially of repulsive
terms) being crucial to trigger the thermal response. We observe
that this picture would come to support as well a dual hysteretic
behavior of T in the variable V, which is likely harder to be
detected.

We now go ahead with examining the two deduced relations,
Eq. (19) and Eq. (20), in light of the available experimental and the-
oretical information. The latter is the most important, as it intro-
duces an asymmetry component for the hysteretic pressure.
Interestingly, this also conforms to a latest work on the slow
assembly/disassembly kinetics in supramolecular reactions, the
sharp line dividing the two processes in T;qð Þ plane being con-
ceived as an uncountable set of equilibrium positions (i.e. the locus
point upon dv ! 0þ) [37]. A ’transient equilibrium mapping’ model
was thereby derived to justify hysteresis of cooling/heating paths
and to determine thermodynamic data of slowly (non-covalent)
monomer dis/assembling. This hypothesis was tested by numerical
simulations and, for any T value, the trend of free monomer frac-
tions detected therein is in line with the pressure drop foreseen
by Eq. (20) across a minimal loop. Furthermore, we were able to
consistently reproduce the results of this mapping analysis within
our experimental context as well.

4.1. Energy Bound

First note that either the thermodynamic or infinite dilution
limit of a purely isochoric transform would lead to uiS; uiV

��
and

E0h i ! 0 (Eq. 15), therefore to a potential function independent
of T, which is not the case of colloid particles. Variations of the
isothermal type thus are expected to always contribute to hystere-
sis. Secondly, as it was already pointed out, uiS

�
arises as a matter

of modelling and mathematical necessity for defining a cluster. The
real observable in Eq. (15) is uVh i, as it may be experimentally
linked to pairwise potentials (or correlation functions). In order
to evaluate it, we may adopt the usual DLVO sum u ¼ ur þ ua of
repulsive electrostatic (ur) and attractive van der Waals (ua) energy
functions, in a form that better suits applications to spherical par-
ticles at the nanoscale [52]:

ur qð Þ ¼ p�rw2 ln 1þ exp � rj q� 1ð Þ½ 	f g ð22Þ

ua qð Þ ¼ � 1
12

Ah q�2 þ q2 � 1
� 	�1 þ 2 ln 1� q�2� 	h i

ð23Þ

in which q ¼ r=r > 1 denotes the radial distance between neigh-
bouring particle centers in unit of hard-sphere diameter

r ¼ 3Vc=2pð Þ1=3; w is the nanoparticle surface potential, 1=j is
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Debye’s length, Ah is Hamaker’s constant and � is the absolute static
permittivity of the solvent. Since short-range repulsions were
regarded by the hard-core’s, other terms won’t be accounted for.
This is also consistent to a distance of closest approach reaching
q � 1, as it was determined in experiments on high aggregation
states.

Volume average of the total pairwise potential turns out to be
negative definite inside a cluster and increasing to zero with
increasing radius (Rc). Supporting Information C reports a quantita-
tive analysis in terms of colloid properties, aimed at an estimation
of the cluster size at the unperturbed state from the decay length of
uVh i, here defining a sort of extended 1=j for a large enough clus-
ter. Best fits j uVh ij � exp �qc=nð Þ were first conducted in qc ¼ jRc

to obtain a phenomenological correlation length per cluster (n),
from which at a fixed T a mean radius in physical units follows
(Rc � n=j). For given values of the initial salt (NaCl) concentration,
c� ¼ 0:08;0:1;0:2 M, we get respectively 150� 540ð Þ; 100� 340ð Þ;
80� 280ð Þ, i.e. orders of magnitude that are in accord with the
experiments [35] and DLVO studies [53,49], reporting Rc to lower
with increasing attraction. Best-fitted ranges were stable, as they
were mostly influenced by c� via Debye’s length, i.e.
j2 ¼ 2q2

ebI�=� � 10:82 c� [nm-2], I� � c� being the ionic strength
for a 1 : 1 electrolyte and qe denoting the electron charge [41].
Hamaker’s constant was set to Ah � 2:5 � 10�19 J [54]. he volume
of nanoclusters which stems from the characteristic decay length
of their bulk energy here may translate the concept of accessible
volume found in other models [33]. It should however be remem-
bered that their values hereby calculated descend from a volume
average and are not supposed to have a dynamic significance.

We then tested the influence of a finite collision length added to
the integration domain (q > 1þ 2s=r, with s � 0:5 nm) [52] to
mimic the steric effect from the thickness of ligand layer molecules
(BSPP), but in our dilution regime it negligibly affected the extrap-
olated Rc values. This, evidently, does not mean BSPP molecules are
unimportant, as they prevent particles from irreversibly accommo-
dating in the deep primary minima of pairwise potentials, an even-
tuality which would impair the present approach. Note then that
surfactant molecules were not used here. However, CTAB layer
contribution to Hamaker’s forces is known [54] as well to establish
at very short separation distances (< 1 nm). By dealing in fact with
a 3-fold medium, with each layered domain (CTAB-H2O-CTAB, Au-
CTAB-Au, Au-CTAB-H2O) being assigned an own Hamaker con-
stant, the structure of the attractive interaction within � n would
be still well approximated by a single Ah (for Au-H2O-Au, see Sup-
porting Information C).

Supporting Information D discusses the thermal variation of the
volume average by working in powers of 1=R � r=Rc , a geometric
control parameter taking here on the order of magnitude � 10�1

(r ¼ 13:4 nm). Starting from dominant dependencies in repulsive
and attractive contributions as a function of qc , it turns out a series
expansion of @ uVh i=@T in R�m (m P �1). By gathering every order
up to the second and comparing the temperature derivatives of
Ah;w

2;j and �s (relative permittivity) in Eq. (22) prove to be suffi-
cient to deduce that, for a large enough cluster (1=R 6 10�2), the
prevailing behavior in our parameter range is Debye’s @j=@T , i.e.:

@ uVh i
@T

/ � �w2Rc jrþ 1
jr

� �
@ ln T�sð Þ

@T
> 0 ð24Þ

which is positive because the partial derivative on the right, for a
NaCl solution in our measurement conditions, is negative [55].
According to Eq. (24) there will exist a minimum value Tm (and cor-
respondingly a minimum cluster radius) below which hysteresis
should not be defined, @ uVh i=@T 6 0 (T 6 Tm). Thermal variations
of Hamaker’s constant act here at second order, @Ah=@T ¼ 0 implies
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@ uVh i=@T > 0 8R 2 0;1½ 	. Since minimum clusters with R � 1 are
found to assemble at low T, one may conclude that in our experi-
ments Ah can be regarded as it were independent of temperature,
an approximation which is often used in colloid science.[41]

4.2. Onset of Hysteretic Variations

While use of ligand molecules (BSPP) down to the scale of con-
tacting nanoparticles preserves reversibility of the aggregation
process, we have seen in the present view that thermal modulation
of clustering should mostly be ascribed to repulsive interactions.
Details on the calculus of variations describing nanoparticles
assembling upon the dominance of electrostatic forces are col-
lected in Supporting Information E, at the end of which Eq. (20)
turns out to be equivalent to:

dc�
dV

� �
>

1
aVh iV R c�; Tð Þ ð25Þ

with:

R c�; Tð Þ ¼ hk@ ln �s=@T þ @ ln w2=T
� 	

=@T

hk@ ln �s=c�ð Þ=@c� þ @ ln c�w
2� 	
=@c�

> 0 ð26Þ

hk � h
 þ 1
2p2 jrð Þ2 h
 ¼ const:ð Þ ð27Þ

Positiveness of Eq. (26) is both supported by the established trend
of �s ¼ �s c�; Tð Þ for a watery NaCl solution [55], and our data for
the zeta potential f ¼ f c�; Tð Þ. In fact, even though w values differ
from f’s (normally [56] jwj > jfj), the analysis in Supporting Infor-
mation F in terms of �s; f; z (solid surface distance to the slipping
plane) and rs (hydrodynamic radius) is proving that both the
numerator and denominator in Eq. (26) carry a negative sign, at
least in our domain. A more crucial point on our f data instead is
about their fluctuations and sensitivity upon aggregation, prevent-
ing us from figuring out to which extent they may exactly refer to
single particles or particle clusters. At any rate, from Eq. (25), for
the cluster volume change between cooling and heating cycles to
be dV > 0 (as it is found experimentally), an increment dc� > 0
should take place. Such a prediction is drawn in Fig. (7), either dis-
playing the expected profiles of an effective concentration of bulk
free ions (c�eff ) or w. Another hint from Eq. (26) is that an hysteresis
measure may be settled to be proportional to 1=R, and consistently
increases with � @V=@Th i i.e. with increasing (the mean) thermal
expansivity of nanoparticle clusters.

The molecular origin of hysteresis seems to be reflected into a
joint behavior of dc�;w;j, rather than into a single effect. A surface
potential whose modulus increases with decreasing T (as it is here)
Fig. 7. Prediction for the salt concentration perturbation and surface potential
during hysteresis according to Eqs. (25, 26)the general phenomenology in Fig. (8).
Note that they compensate each other as their trends are reverted (w < 0). The
quantity c�eff denotes an effective free ion concentration in solution. In the insert on
the left is a perturbation example dc�=dT , ideally annulling at the extremes and
reaching a maximum at some intermediate temperature. Diagrams are not meant to
be on scale, perturbations could be slight.
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thus gets compatible with higher aggregation states and the estab-
lishment of hysteresis. A synoptic sketch of the phenomenology is
reported in Fig. (8). Upon cooling, c�eff lowers and jwj increases, it is
surely unsurprising that (exothermic) adsorption or complexation
phenomena may be enhanced by decreasing T. Alongside, the pre-
vailing effect of shrinking 1=j (versus T) paves van der Waals
forces a way to higher and higher aggregation states. On heating
the samples, such mechanisms are reverted, the expansion of
1=j driving a gradual cluster redispersion. Here, smaller surface
potentials allow for stronger aggregation states than in cooling
paths. This discharging condition, jwjf!i Tð Þ < jwji!f Tð Þ, along with
a slower ion release, c�eff f!i Tð Þ < c�eff i!f Tð Þ (Eq. 25), is a feature
of this hysteresis process.

To better grasp the implications of the present model, further
studies at nanoscopic or mesoscopic scales will be necessary. What
does seem reasonable to state for now is that cooling and heating
paths may promote the redistribution of energy states, as it simi-
larly takes place in other thermal processes (e.g. annealing). Clus-
ters may be conceived as similar to heat engines, with a net
expansion work per cycle by exchanging heat to their environ-
ment. When they pass from releasing to absorbing heat, the
amount of work associated with R dT (see Eq. 9) is expected to
be proportional to the hysteresis area element subtended by dT.
As a microscopic interpretation, it may be reasonable to suppose
that the molecular order gained in the cooling path transforms into
work upon heating, with entropy exchange between nanoclusters
and solution. In this view electrochemistry plays a basic role, with
Debye’s length driving the path evolution and electric double lay-
ers being subjected to a (likely) restructuring process. Further
nanoparticle contributions, however, were seen to emerge at suc-
cessive numerical orders. Particularly, it will be interesting to clar-
ify how BSPP molecules may participate in the process envisaged
here, as they could interplay not only with Au nanoparticles but
also with the electrolyte solution, and affect the solid/liquid inter-
facial states (by a temperature sensitive surface coverage, to make
a meaningful example).

We conclude this section by a couple of remarks on the concept
of control parameter for this process. The present nanoclustering
phenomenon differs from and is much more complicated than a
single particle subjected to some standard thermodynamic cycle,
one of the reason lying in a more complex interaction picture
establishing in the disperse nanosystem. Along a hysteresis loop,
Fig. 8. Pictorial representation of the main electrochemical quantities along a
hysteresis loop, where color gradation is proportional to their absolute value: c�eff

(blue), j (yellow), w (red). To highlight the dominance of j ¼ j Tð Þ, a further
thickness effect (yellow) is introduced to depict the electrostatic screening strength.
Areas of nanoparticle clusters (N ¼ 10) are meant to be proportional to their volume
and thus to the dispersion degree. We remark that the above representation
illustrates a general mechanism propagating homogeneously along an ideal
thermodynamic cycle. It is clearly unintended to furnish a point-by-point
description.
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nanoparticles experience variations in their potential energies, cer-
tainly affecting the effective volume accessible to them. This gives
us the possibility of tuning the process by means of a number of
control parameters that can be regulated from the outset (e.g. salt
molar fraction, dielectric constant, chemical composition of
nanoparticles, etc.). In the next section, we will test how two of
these control parameters can modulate the hysteresis extent, and
thence the net nanoclustering work.
Fig. 10. Behavior of ln(Area) vs r for two temperature scan rates, 5 K/min. (squares)
and 0:2 K/min (circles) (derived from Figs. 5a-b of the former work).[35] Red points
indicate the predictions of Eq. (28) for a Gaussian perturbation,
dc�=dT ¼ ae=

ffiffiffiffiffiffiffi
2p

p
s

 �
exp� T � Trð Þ2=2s2

h i
, where ae is a perturbation parameter

and s ¼ 1
8 jTf � Tij is the root mean square, selecting the hysteresis temperature

width around Tr (Ti � 320 K, Tf � 280KÞ. In the end, it turns out
�3
4.3. Influence of Salt Concentration and Nanoparticle Size

We conclude this analysis with an application of Eq. (25).
Absorbance measurements are in arbitrary units and their quanti-
tative link to our model is unfortunately very tough. However, a
proper inspection of the integrating factor may be shown to give
an account of the effect of two independent parameters, the initial
salt concentration in solution and the nanoparticle size. For the
sake of simplicity, the experimental values of both parameters
were extracted from our previous work [35].

The former investigation brought to light that the extent of hys-
teresis is maximized at a given value c� � c
 2 75� 85ð Þ mM (see
Fig. 9) [35]. We should thus expect 1=R to display an extremal
point in the salt concentration, since:Z

d lnV ¼ aVh i
Z

dc�
R

ð28Þ

will be proportional to the hysteretic area, for some profile
dc� ¼ dc� Tð Þ that is shaped as in Fig. (7). To prove this assumption,
the derivative @R=@c� was numerically carried out by developing
each term in Eq. (26). All numerical formulas are recalled in Sup-
porting Information G1 and come from the experimental and theo-
retical results made available so far. As the exact trend of the
surface potential is unknown, extrapolated behaviors based on f
were adopted in its place. In the end the critical concentration,
which obeys:

@R

@c�

� �
c

¼ 0;

@2R�1

@c2�

 !
c


< 0 R–0ð Þ ð29Þ

turns out for r ¼ 13:4 nm to be c
 � 58 mM. This prediction, rea-
sonable on the one hand, may suffer however from the approxima-
tions made, especially on surface potential. We clearly expect that
being able to make a direct use of w will yield a better outcome.
In fact it sufficed to slightly augment @ ln f2=@T

� 	
vs c� in the com-

putation (say, a more responsive force field) to improve the agree-
ment with the experiments (e.g. an enhancement factor � 1:3� 1:5
restores c
 2 75� 85 mM).
Fig. 9. Hysteresis area versus the initial salt concentration in solution (T ¼ Tr). Data
derived from Fig. (3b) of previous work.[35].
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About the influence of nanoparticle size, the previous work
pointed out that the loop area increases with increasing r. The
inquired range was r ¼ 10� 40ð Þ nm although, for not exceedingly
large diameters, it looks reasonable to expect a monotonic trend.
Still in line to the former analysis, Eq. (28) has been numerically
integrated in T 2 Tf ; Ti


 �
to build up the behavior of hysteretic area

vs r (Supporting Information G2). A number of forms were
adopted as a profile for dc�, going from Gaussian functions with
variable selectivity (i.e. variance) to cosine’s. Reproduction of
results only depended upon a perturbation constant and displayed
an excellent stability with respect to dc�=dT , supporting the well-
posedness of the integrating factor in Eq. (28). This agreement is
finally described in Fig. (10), where the hysteresis area is ascer-
tained to scale just as / r2.

5. Conclusive Remarks and Future Prospects

A statistical mechanics variational description of thermal hys-
teresis in reversible clustering of Au nanoparticles has been given
as a thermodynamic cycle. This leads to the conceptual scheme
in Fig. 11, framing nanoclustering as a heat engine process with
potential to produce (useful) work from heat according to the
implied state equation and interaction forces at play.

Its behavior can be characterized by a transient equilibrium
mapping analysis, here successfully reproduced. The final criterion
is elaborated in electrochemistry terms, and mostly depends on a
complex interplay of thermal and salt concentration effects, espe-
cially via Debye’s length j (e.g. the solvent dielectric constant �s)
ae aVh i ¼ 2:82 � 10 . Note that the trend originating from the integral model (grey
dashed line) is fairly well interpreted by lnA � 2 lnr� 1 (black dashed line, R-
squared = 0:9712).

Fig. 11. Illustration of hysteresis in Au nanocolloid clustering as a heat engine
process in the p;Vð Þ plane (Q = heat, W = net work).



S.A. Mezzasalma, J. Kruse, A.I. Ibarra et al. Journal of Colloid and Interface Science 628 (2022) 205–214
and surface/zeta potentials (w=f) of nanoparticles. Our theory well
agrees with experimental observations at thermodynamic, nanos-
tructural and electrochemical levels, putting forward a prediction
for the hysteretic trend of w=f (at single particle scales) and for
the amount of (free) salt electrolytes in the bulk, here contributing
to cycles with higher extents. We finally obtained an integrating
factor (1=R) for the cyclic area, which depends on jr and is
expressible as the ratio of a differential function of w and �s with
respect to c� and T. It was solved numerically to prove that effi-
ciency is maximized for (i) the initial salt concentration taking
on a critical value (c� ¼ c
) and (ii) increasing particle diameter
(� r2). An analogy with Eyring’s theory for momentum flux in a
fluid is useful to interpret correctly (the virtual) work and heat
transports across heating and cooling paths, giving rise to a net
pressure drop.

Further efforts now are in order to study the role of interfaces,
their electrostatic and elastic features, the adsorption/bound of
surface ligands. Also, to determine thermodynamic variables (pres-
sure or volume in addition to temperature) one could study the
system at a more local level, detecting nanoclustering fluctuations.
At that point, a stochastic Hamiltonian description can be intro-
duced to replace the statistical thermodynamic formalism, but
not before having understood the most suitable thermodynamic
boundaries of the system and which (free) energy form is to be pre-
served. Experimentally, description of the system on a single-
cluster level is certainly a challenging task, which may benefit by
confining nanoclusters within permeable mesoporous shell [57]
and tracking the nanoparticle position and velocity in native envi-
ronment through advanced imaging techniques such as liquid-cell
electron microscopy [58].

To close, from a broader perspective, use of plasmonic
nanoparticles-based heat engine is a promising approach to extract
useful work by means of thermoplasmonic. The remote usage of
light energy (and as a work reservoir), one can generate heat
locally (within nanocluster volumes) and exploit a fraction of the
work for the nanoclustering expansion to elicit e.g. a chemical
reaction [59]. Thus, extraction of useful work from nanoparticle-
based engine can, in principle, be stored in the form of chemical
bonding.
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