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Abstract: We present a theoretical analysis of the refractometric sensitivity of a spherical microres-
onator coated with a porous sensing layer performed for different whispering gallery modes. The
effective refractive index of the modes is also calculated. The calculations are also made for a system
which has an additional high-refractive index layer sandwiched between the microsphere and the
porous sensing layer. The results of the calculation are discussed in regards to the applicability of the
studied systems for gas sensor construction.
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1. Introduction

Whispering gallery mode (WGM) resonators are very high Q-factor, low modal volume
optical resonators which have recently attracted a lot of interest in the scientific community.
Their high quality makes them very interesting for a number of applications [1] such as
lasing [2], frequency comb generation [3,4] and sensing. Sensing, in particular, has been a
particularly fruitful application of WGM resonators since 2002, when the first bio-sensor
based on whispering gallery modes was fabricated [5]. Since then, a number of papers on
bio-sensing using WGM resonators have been reported [6-8]. The principle of bio-sensing
using WGMs of a spherical resonator is to track the shift of the eigenfrequency of a particu-
lar resonator induced by the binding of an analyte molecule onto the sphere surface. The
basic sensing principle is refractometric: the analyte induces a change of the refractive index
of the resonator leading to the change of the optical path of the photon circulating in the
microresonator which in turn induces a change of the mode eigenfrequency. The drawback
of this method is that, when the analyte bonds to the surface, it can only interact with a very
small portion of the electric field of the WGM. The WGM is confined inside the resonator by
total internal reflection, making the electric field outside of the resonator an exponentially
decaying evanescent tail. This severely limits the refractometric sensitivity, although this
is somewhat offset by the fact that the high quality of the resonators makes possible the
tracking of very small shifts of the WGM frequency. Recently, a new approach to sensing
using WGM microresonators has been proposed which is particularly suitable for gas
sensing [9-14]. When a microresonator is coated with a thick porous layer, the electric field
of the WGM can be engineered to be confined inside the coating. The porosity of the coating
enables the molecules of the analyte to penetrate inside the coating where they can interact
with the WGM electric field, which is much stronger inside the coating than on the surface
of the sphere. This can greatly increase the refractometric sensitivity. In 2017, Mallik et al.
successfully used an agarose-coated microsphere to detect water vapors [9]. The same group
also managed to detect ammonia vapors using a porous silica-coated microsphere [10-12].
More recently, Zhivotkov et al. [13,14] managed to increase the refractometric sensitiv-
ity of the porous silica sol-gel-coated microsphere to more than 1000 nm/RIU, leading
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to ammonia detection sensitivity of more than 100 nm/ppm while retaining very high
Q-factor (between Q = 10°-10°). This value of 1000 nm/RIU is among the highest available
in literature so far for resonator-based refractometric sensors. If a microsphere without
any coating is used for sensing using the evanescent tail of the WGM at the surface of
the sphere, the refractometric sensitivity depends on the sphere diameter and is between
13 and 2 nm/RIU for sphere diameters between 60 and 300 um. Microbubble resonators
with very thin walls have been recently used to achieve refractometric sensitivities between
18.8 nm/RIU with Q = 2.9 x 10° [15] and 256.2 nm/RIU with Q = 4.67 x 10* [16]. Microring
resonators have been produced achieving sensitivities of 70 nm/RIU with Q =2 x 10° [17]
and 212 nm/RIU with Q = 1.8 x 10° [18]. The results reported in Zhivotkov et al. [13,14]
show higher sensitivity than microbubble, microring and uncoated microspheres while
still retaining high Q-factors. However, a detailed theoretical study on the refractometric
sensitivity of a microsphere coated with a porous material is still lacking in literature. The
theory of eigenfrequencies of a coated microsphere has already been studied for use in
modal dispersion compensation [19,20], thermo-optic coefficient tailoring [21] and refracto-
metric sensing using the evanescent field of the surface of the microresonator [22-24]. In
this paper we present the theoretical analysis of the refractometric sensitivity of a system
which consists of a microsphere coated with a porous layer and of a microsphere coated
with two layers: one high refractive index layer that is used for electric field profile tailoring,
and a porous layer that serves as the sensing medium.

2. Materials and Methods
The overall sensitivity of any refractometric sensor can be separated into two parts:

oA _onam "
dc  Jndc

where c is the concentration of the analyte, # is the refractive index of the sensing medium
and A is the wavelength of a resonator mode. In Equation (1), dn/dc is a property of
the chemical interaction between the analyte and the material the resonator is made of,
and in general cannot be tailored short of changing the chemistry of the materials in
question. On the other hand, dA/9dn is a property of the resonator geometry and can be
tailored by changing the geometrical parameters of the resonator. To calculate dA/9dn for
a microresonator coated with a porous layer we consider the following two cases. The
first system that we study is a microsphere with refractive index ns and radius R coated
with a porous layer with refractive index n. and thickness d. The second system is a
double-coated microsphere, which has an additional high-refractive index (1) layer of
thickness dj, sandwiched between the sphere and the porous coating. In both cases the
coated sphere is imbedded in a surrounding medium with refractive index #y. The two
systems are sketched in Figure 1.
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Figure 1. The sketch of a microsphere coated with a single layer (a) and with two layers (b).

Spherical microresonators have mostly been used to detect analyte molecules which
bond to the surface of the sphere [5-8]. When a molecule bonds to the surface, this can be
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viewed as a change of the surrounding medium the sphere is embedded in (11p). In that case,
the corresponding refractometric sensitivity is equal to dA/dng [22-24]. In this paper, we
are considering such a case when the analyte molecules can diffuse into the interior of the
coating and change its refractive index (1.) so the corresponding refractometric sensitivity
is dA/dn,. For this, we first need to calculate the mode eigenfrequencies of the two systems

5
presented in Figure 1. The electric field E in our system has to satisfy the vector Helmholtz
equation which can be solved using the Hansen method [25]. There exist two independent
physical solution corresponding to two possible light polarizations:
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where ¢ is the solution to the scalar Helmholtz equation and is therefore equal to the
product of a spherical Harmonic Y}, (6, ¢) and of a linear combination of spherical Bessel
ji and Neumann y; functions ¢, = Ajj(nkr) + By;(nkr), where k is the wave propagation
vector in vacuum and 7 is the refractive index of the material. Therefore, the two solutions
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M and N can be written in spherical coordinates as:
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The electric and magnetic fields that satisfy the vector Helmholtz equation have to be

— —
constructed from vectors M and N. The usual way is to define the TE (TM) modes as the
modes for which the electric (magnetic) field is purely tangential to 7 [26]:
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where c is the velocity of light. The components of E and B perpendicular to # have
to be continuous across all the boundaries between different materials. By looking at
Equations (3) and (4) it can be seen that this condition is satisfied if nyp; and Pa(ri;)/dr are
continuous across the boundaries where P = n for the TE and P = 1/n for the TM mode.
Since 1) must not diverge anywhere in space, its general form in our particular case will be
the Bessel function in the sphere core, a general linear combination of Bessel and Neumann
function in the coatings, and the Neumann function in the surrounding medium. With two
boundary conditions per each boundary, we will have in total four boundary conditions in
the case of a single layer and six in the case of two layers. To find the eigenfrequencies we
need to find the zeros of the determinants of the two boundary condition systems:

Sl (kﬂsR) _Sl (k?’lCR> —Cl(kl’lcR) 0
PS8/ (knsR) —P.S/(kncR) —P.C//(knR) 0 0
0 Sl(ki’lcRc) Cl(kncRc) —Cl(ki’loRc) B
0 PCSZ/(kI’lCRC) PcCl/(kncRc) _POCl/(knORc)
—Sl(knhR) —Cl(knhR) 0 0 0 (5)
—PhSl’(knhR) —PhC,’(knhR) 0 0 0
Sl(knth) Cl(knth) —Sl(knth) —Cl(knth) 0 -0
PhSl’(knth) PhCl’(knth) —Pcsl/(ki’lth) —Pccll(knth) 0 -
0 0 Si(kncRp) Cy(kneRpc) —C(knoRy)
0 0 PCS/(knCRhC) Pcsll(knthc) *P()Cll(knoRh)

where Rp = R +d, R, =R +dj, and Ry, = R + dj, + d, S; and C; are the Ricatti—Bessel
functions defined as: S;(x) = xj;(x), C;(x) = xy;(x). In general, Equation (5) will have
multiple solutions which we number using an integer index p. This makes each mode
defined by three integers p, [ and m. The three quantities p, [-m and m correspond to the
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number of nodes in the radial, azimuthal and polar directions, respectively. The modes
themselves are frequency-degenerate in m. In all our calculations, for a given p we chose
the value of I to correspond to the mode whose wavelength is the closest to 1550 nm, this
being the widely used telecom wavelength. Once the eigen-wavelengths A are obtained,
it is fairly straightforward to obtain the sensing sensitivity by calculating the quantity
dA/0n.. For any sensor, the highest possible sensitivity is desired. However, in the case of
sensors that include porous coatings, the thickness of the coating needs to be also taken
into consideration. The thicker the porous coating is, the more likely it is for the porous
layer to deform, crack or even to collapse onto itself, which makes obtaining very thick
porous coating very challenging. Therefore, the aim of our calculations will be to obtain
the optimum parameters that achieve the highest sensitivity for lowest possible thickness
of the porous coating. The parameters which we vary are 7., R and d for the single layers
system, and are 1, R, d, dj, and ny, for the two-layer system. Since d is the parameter which
is the easiest to vary experimentally, in the graphs we will always plot dA /dn, in respect
to d for select values of other parameters. Without loss of generality, the results for the
TE modes are presented throughout the paper, while the TM modes are discussed only in
chapter 3.3. In addition to dA/dn,, the effective refractive index Nefr 1S also calculated for
each mode. The 1,4 of a WGM mode is defined as [27]:

mA

"eff T (R +d +dy) ©)

where |m| < I.

3. Results and Discussion
3.1. Microsphere Coated with a Single Layer

In Figure 2, the dependence of dA/dn. on d is shown for n, = 1.4 which would
correspond to a porous silica layer with a porosity of 9%, a reasonable value for sol-gel
porous silica [13,14]. It is important to note that in this case 1. < 15 since in the opposite
case very different behavior is observed, as will be discussed later. It is clearly visible that
for a given sphere size, the modes with different values of p show different behavior. The
sensitivity of the p = 0 mode increases with increasing d until reaching a maximum value
of about 1100 nm/RIU. The thickness d for which the sensitivity reaches this maximum
value is higher for larger spheres. For example, for a sphere 60 um in diameter (D = 60 um),
90% of the maximum value is reached for d = 2.1 um, while for D = 400 pum it is reached for
d = 6.9 pm. The reason for this effect is because the electric field of the WGMs for larger
spheres extends further into the interior of the sphere than in the case of smaller spheres.
This is a consequence of simple scaling: bigger spheres lead to a larger radial width of the
modes. Therefore a larger d is needed to confine the whole electric field of the mode inside
the coating. This is illustrated in Figure 3a, where the radial electric field profiles for the
p = 0 mode are shown for different sphere diameters for uncoated spheres.

This effect has to be taken into account when designing a WGM gas sensor. When
using a smaller sphere for gas sensor manufacturing, the applied coating does not need
to be very thick to reach high sensitivities. This would greatly ease the manufacturing
process, since thinner layers are less likely to crack and/or collapse during the coating
process. Any cracking of the layer can decrease the Q-factor of the sphere. Although
this would not decrease the sensitivity, it would decrease the smallest detectable shift of
the mode frequency, which would in turn reduce the detection limit. On the other hand,
the drawback of using smaller spheres is that they can be more difficult to produce. If
the standard method for WGM microspheres production based on melting the tip of a
telecom fiber is used, the production of spheres smaller than the diameter of the fiber
(usually 125 pm) would have to include an additional tapering step. For the p = 1 modes,
increasing d leads to an initial increase of dA/dn. until d reaches a local maximum, upon
which dA/dn, tends to decrease before reaching a local minimum, after which it increases
again until reaching the maximum value, which is about 1100 nm/RIU, the same as for
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the p = 0 mode. For the p = 2 modes the behavior is similar; the only difference is that the
sensitivity passes through two local maxima before reaching its maximum value which
is, again, 1100 nm/RIU. The reason the modes with different values of p show different
behavior is because of the different spreading of the modes into the interior of the sphere.
This is illustrated in Figure 3b for the particular case of D = 150 um, d = 4 um. The modes
with different p have different electric fields profiles, the modes with higher p spreading
deeper into the sphere. This means that in general, the modes with lower p will have
higher sensitivities. This is generally the case; the modes with lower p always reach their
maximum sensitivity for lower values of d. However, for particular values of 4 it is not
always the case that lower p means higher sensitivity. It is the confinement of the WGM
electric field in the coating that is the crucial parameter for determining sensitivity, and
sometimes even if one WGM is spread deeper into the sphere than another WG, it can
have more of its electric field inside the coating. For example, in Figure 3b, the p =2 mode
reaches deeper into the sphere than the p = 1 mode, however two out of three of its lobes are
entirely confined inside the coating, while regarding the two lobes of the p = 1 mode, the
lobe inside the coating has much smaller intensity than the lobe outside the coating making
dA/dn, of the p = 2 mode higher than for the p = 1 mode, as can be seen from Figure 2. To
further explain this effect we can take a look at Figure 3c, where the electric field profiles for
the particular case of the p = 1 mode are shown for particular values of d that correspond
to the local minima and maxima of dA/9dn.. For d =1 um, the thickness is very low, so
most of the electric field is located outside of the coating. For d = 2.5 um we reach the first
local maximum, where one lobe is located entirely inside the coating (exterior lobe) and
one in the sphere core (interior lobe). Upon further increase of d, more of the interior lobe
starts entering the coating, thus increasing the sensitivity, while simultaneously the peak
intensity of the exterior lobe decreases in respect to the peak intensity of the interior lobe,
thus decreasing the sensitivity. This results in the sensitivity first reaching a local minimum
for d = 3.7 ym and then reaching its global maximum for d = 5.8 um when the entire electric
field of both lobes is confined inside the coating. It is interesting to note that the value of
the first local maximum of dA/9dn. increases with increasing sphere diameter: while for a
60 um sphere the first maximum is only 38% of the global maximum, for a 400 pm sphere
it is as high as 97% of the global maximum. This means that for larger spheres, in practical
applications, it is the p = 1 mode that is more suitable for sensing application instead of the
p =0 mode.

From Figure 2 we can also see that, at fixed d, the dA/9dn. can be very different for
different values of p. This means that to construct sensors which would operate at maximum
dA/dng, selective coupling to modes with a particular p is required. This can be achieved
by selectively coupling to modes with select values of 1,4 using an experimental coupling
method which is selective to ngg (for example prism coupling). In general, according to
Equation (6), the WGMs with the same / and p but with different m can have very different
values of 1,4 ranging from the maximum for I = m to 0 for m = 0. In practice, however, the
m = 0 modes are never observed, since their electric field extends significantly across the
polar regions of the sphere, to one of which the stem that the sphere is attached to is located.
The stem, which is used for manipulating the sphere, introduces significant losses to the
WGM which degrades the Q-factor of the WGM enough to make it non-distinguishable in
the experimental setup used for sensing. However, modes with m < [ where m is not too
low will be located mostly in the equatorial plane of the sphere, although they are slightly
more delocalized than in the m = [ case. In general, it will be very difficult to distinguish
experimentally between, for example, the m =l and the m = — 1 modes. In all subsequent
Figures we always plot 1,4 for the m = I mode for a given p, although we have to always
take into account that 7,5 can also be slightly smaller than for the [ = m case. In Figure 2
(right), the calculated values of n.q are shown for the same system for which dA/dn, is
shown in Figure 2 (left). We can see that in general the modes with higher p have lower
1o This means that the p = 0 mode can always be selectively coupled to if we were to
couple using a 1, that is smaller than n, for p = 0, = m but larger than p =1, I = m. This
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is fortunate, since for most spheres the p = 0 mode is the one that is the most useful for
real-life sensing application. However, as already mentioned, it is the p = 1 mode that is
better-suited for bigger spheres. For example, for D = 400 um and d = 5.4 pum, the dA/9dn. is
1060 nm/RIU for the p = 1 mode and only 104 nm/RIU for the p = 0 mode. Unfortunately,
for the same system according to Equation (6) the p = 1, [ = m mode should have the same
Ny as the p = 0 for [ = 1156, m= 1148 which means that when targeting the p = 1 mode
we could also couple to the p = 0 mode. In Figure 2 it is also noticeable that for smaller
spheres the overall difference between 1.4 of modes with different p is much larger than
for bigger spheres. For example, for D = 60 pm the 7.4 for the p = 0 and p = 1 modes can
differ in magnitude up to 0.06 RIU while in the case of D = 400 um this difference is less
than 0.01 RIU. The higher this difference between 1,4 is, the smaller is the accuracy of the
experimental setup’s selective part (such as angle of incidence onto the prism in the case of
prism coupling) needed to distinguish the two modes. From all that was said above, we
conclude that in the case of a single coated sphere with 7, = 1.4, the smaller the diameter of
the sphere is, the better suited the sphere is for sensing applications.
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Figure 2. The dependence of 0A/dn, (left) and Nef for I = m (right) on d for n, = 1.4 calculated for
select values of p and D.
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Figure 3. The normalized radial electric field profiles in respect to the distance from the center of the
sphere r for: (a) d =0,p =0; (b) D =150 um, d = 4 pum; (c) D =150 um; p = 1; (d) D = 400 um; d = 3 um;
p=0;(e) D=150 um, d =3 um, p = 1, n;, = 1.9. The vertical lies correspond to the interfaces between
the ng, ny, nc and ng layer.
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In Figure 4 the results of calculations of dA/9n, for n. = 1.5 are shown. Note that in
this case, n. > ns. We see that the results are vastly different than in the case of n. < ns.
While for #n, = 1.4 the spheres with different diameters showed very different behavior, for
ne = 1.5 the dA /9n. dependence on 4 is almost identical for different sphere diameters. The
value of d needed to reach the maximum sensitivity is still increasing with D, however this
increase is much smaller than in the 1, = 1.4 case. The maximum value of the sensitivity is
1000 nm/RIU which is a bit smaller than in the n. = 1.4 case. Additionally, the values of
the local maxima for p > 0 modes are much smaller than in the case of 1. = 1.4. This means
that, for all practical purposes, for n. > 1 it is the p = 0 mode that should be targeted for
sensor production. Additionally, the n.4 difference between the p = 0 and p = 1 modes is
much larger than in the n. = 1.4 case, ranging from 0.08 RIU for D = 60 um to 0.05 RIU for
D =200 pm. We can conclude that in the n. = 1.5 case, the coating thickness required to
produce an efficient sensor is much smaller than in the . = 1.4 case. Additionally, while
the sphere diameter is a very important parameter for sensor design in the 1, = 1.4 case, in
the n; = 1.5 case different sphere diameters all produce similar results, which significantly
simplifies the sensor design since the sphere diameter used can vary in a wide range. The
reason behind the vastly different behavior in the two presented cases is the fact that in
the n; >n; case the coating can serve as a wave-guiding structure, while in the n. < 5 case
the coating serves as a cladding for the mode confined in the sphere interior. If n. > ns,
the coating is sandwiched between two lower refractive index layers, meaning that it can
serve as a waveguide if d is thick enough to support a wave-guiding mode. The thickness d
required to support a particular mode depends only on the refractive indices #, 1; and ng
and not on the sphere diameter. Because of this, the graphs in Figure 3 all show similar
behavior, regardless of sphere diameter. In the 1. < 1, case, the coating layer serves as
a cladding for the mode located in the sphere interior meaning that the mode cannot be
confined inside the coating. The radial spread of the mode will therefore be primarily
determined by the spread of the mode in the sphere interior which is, as was already shown
in Figure 3a, strongly dependent on the sphere diameter. This is illustrated in Figure 3d,
where the electric field profiles are presented for the particular case D = 150 um, d = 3 pm.
While for the n, = 1.5 case the mode is completely confined inside the coating, in the
1 = 1.4 case the mode spreads far into the interior in the sphere in a similar manner, as if
the sphere was not coated at all.
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Figure 4. The dependence of 0A/dn, (left) and Nef for I = m (right) on d for n, = 1.5 calculated for
select values of p and D.
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It is interesting to compare the dA/dn, dependence on d for p = 0 and fixed D for
different values of 7. as is shown in Figure 5 for D = 150 pm. We can see that with
increasing 1, the maximum sensitivity decreases, although the value of d needed to reach the
maximum is smaller. For example, for n; = 1.4, the maximum of dA/9n. is 1100 nm /RIU for
d >4 um, while for n, = 1.9 it is 800 nm/RIU for d = 1 um. For practical applications, this four-
fold decrease in the operating thickness might be more important than the 20% decrease of
sensitivity. Producing sensors with slightly smaller sensitivity but with coating thicknesses
which are much easier to produce experimentally can be a reasonable compromise.

1200 |

1000 y4

800

600

di/dn_(nm/RIU)

IS

o

=]
L

200

d/um
Figure 5. The dependence of 0A/dn, on d for the p = 0 mode for selected values of 1. for D = 150 um.

3.2. Microsphere Coated with Two Layers

In the previous section, it was shown that coating the microsphere with a low
refractive index layer can result in very high sensitivities while at the same time requiring
very thick coatings, especially for spheres with large diameters. To tailor the electric
field of a confined mode, a thin high refractive index layer can be introduced next to the
guiding layer. Even a very thin layer can be used to push out the electric field of a given
mode outside the structure in which the mode is confined, depending on the geometrical
parameters of the system in question. In our case, we can introduce a high refractive
index layer (1) between the sphere and the sensing layer, as shown in Figure 1b. In
Figure 6, the calculated 0A/dn. in dependence on d for ng = 1.44, n. = 1.4, ny, = 1.9 are
shown for different values of dj, and D.

We can see that, for the p = 0 mode, dA/dn, increases due to the additional layer
only for very small values of d. For example, for d = 1 um and D = 150 um an additional
layer as thin as dj, = 100 nm increases dA/dn, from 143 to 321 nm/RIU. However, in the
range in which this increase happens, dA/dn, is always below the maximum value that is
1100 nm/RIU. On the other hand, the additional layer causes a significant increase of the
value of d needed to reach the maximum of dA/d#n,. For p > 0 modes, the overall effect of
the added layer is more complicated. The most important conclusion that can be seen from
Figure 6 for the p > 0 modes is that the additional layer can greatly increase the 0A/dn,
at its local maxima. For example, when using a thin additional layer of d, = 100 nm the
dA/9n, for the p = 1 mode of a D = 150 um sphere can reach 1000 nm/RIU for d = 3 um,
even though without the additional layer its first local maximum would only reach 644nm
/RIU. For p > 1 modes this effect is also present, as summarized in Table 1. We can see that
the additional high refractive index layer can be used to decrease the thickness d needed to
achieve high values of dA/dn,, provided that we manage to selectively couple to higher
order modes.
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Figure 6. The dependence of dA/dn. on d for n. = 1.4 and ny, = 1.9 calculated for select values of p,
dj and D.

D=60 um
d,=200 nm

Table 1. Calculated oA /0n, for n. = 1.4, n;, = 1.9, D = 150 um at d corresponding to the first local
maximum for a given p for dj, = 0 and for the optimum dj, that maximizes dA/dn, at d.

p 0 1 2 3 4
d (um) 41 3 2 1.56 1.31
d), (nm) 0 0 100 0 200 0 220 0 220
9 /an. (nm/RIU) 1100 644 1000 312 864 186 640 134 460

The reason that the high refractive layer has such a large influence on dA/dn, is
illustrated in Figure 3e for the particular case of D = 150 um, d = 3 um, p = 1. In this case
the p = 1 mode has two lobes: the exterior lobe located in the coating and the interior
lobe in the sphere core. The relative intensity of these two lobes is primarily dependent
on the refractive indices on the interface between the coating and the sphere which are
greatly modified by the addition of the thin high refractive layer between the sphere and
the coating. This is evident in Figure 3e where the increase of dj, leads to a significant
increase of the intensity of the exterior lobe in respect to the interior lobe.

The ngy calculated for the same parameters for which dA/dn. were presented in
Figure 6 are shown in Figure 7. We can see that the main effect of the additional high
refractive index layer is to greatly increase the difference in n.4 between the p = 0 and
p >0 modes. For example, while for D = 400 pm the difference between the 1, for the p = 0
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1.45
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1.35
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1.256
1.20

and p = 1 modes is only about 0.01 RIU, with the addition of a 200 nm high refractive index
layer this difference can be as high as 0.11 RIU. This would mean that the p =1, [ = 1156,
m = 1156 and the p = 0, [ = 1239, m = 1156 modes have the same ey In this case the I-m
difference for the p = 0 mode is 83, which means that the mode is significantly delocalized
towards the polar regions of the sphere. This is illustrated in Figure 8 where we can see
that while the p =1, [ = 1156, m = 1156 mode is located at the equatorial plane of the sphere
(within 10 um of the equator), the p =0, = 1239, m = 1156 mode is distributed across the
sphere up to 70 um away from the equator. By choosing the correct design of the sphere
and of the stem, the very delocalized p = 0 mode can be made to be so lossy as to effectively
cease to exist. In this manner, the p = 1 mode can be selectively coupled to by choosing
the 1,4 of the coupler to correspond to the ngg of the p = 11 =m mode. By coupling to the
p =1 mode we can obtain maximum dA/9dn. using dj, = 200 nm and 4 = 6 um, while for the
p =0 we would need d =7.25 um to reach the maximum 9dA /dn.. Unfortunately, Figure 7
also shows that the n.4 of all the p > 0 modes in the dj, = 0-200 nm range tend to have very
similar magnitudes which would make it very difficult to selectively couple to the p > 1
modes. While the p =2,3 ... modes could offer a further decrease of the thickness needed
to reach high dA /dn,, it could prove very challenging to selectively couple to them.

D=60 um \ k_\ \

% U

d,=0 nm '\—_ e ——— \W\'v

o ] -
s =2 3'_1050 Hm | D=300 um D=400 um
——p=3 e o d,=0 nm d,=0 nm
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h ———— —
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\/\/\/\___________ d,=100 nm d,=100 nm d,=100 nm
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8 0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
d(um)

Figure 7. The dependence of np5on d for nc = 1.4 and 1y, = 1.9 calculated for select values of p, 4, and D.

As expected, if we were to engineer a particular system with a pair of values of dj,
and 1y, we can obtain a similar system which has a smaller 4, and a larger n;, or vice
versa. Changing n;, has the effect of changing both the optical path length inside the layer
and the Fresnel coefficients of refraction at the ns- > nj, and ny,- > n, boundaries, but the
predominant effect is the optical path length change. This is illustrated in Figure 9 where
dA/9n, is found to be almost the same when calculated for three different pairs of dy, ny,



Sensors 2022, 22,9155

110f13

for a particular mode. Therefore, a sensor whose response is tailored to operate at certain
values of dj,, nj, can be easily designed with the same sensitivity using a material with a
different nj, by simply modifying dj,.

Electric field (a.u.) Electric field (a.u.)
1.205 £0 4.320

1.054 3.780

0.9037 0 249

0.7531 2700

0.6025 2160

z (um)
-
3

04519 1820

1.080

0.3012 20
01506 D:5900,

0.000 0.000

180 210

190
X (um) X (um)

Figure 8. The electric field profiles for a 400 um sphere with d, =200 nm and d = 6 ym for thep =1,
I = m = 1156 mode (left) and the p = 0, [ = 1239, m = 1156 mode (right). The origin x = z = 0 is in the
center of the sphere. The z = 0 plane is the equatorial plane. The full lines represent boundaries between
different layers.
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Figure 9. The dependence of 0A/dn. on d for the p = 2 mode for n; = 1.4 and D = 150 um calculated
for select values of dj, and ny,.

3.3. Comparison of the TE and TM Modes

The same calculations that were made for the TE modes have also been carried out
for the TM modes. In the case of the sphere coated with one layer, the calculated dA/dn,
for the TE and TM modes are almost identical, as shown in Figure 10. In the case of the
sphere coated with two layers, the TM modes show qualitatively the same dependence of
dA/on. ond as the TE modes; the only difference is in the value of dj, needed to achieve the
same behavior. For example, from Figure 10 it is visible that for d;, = 100 nm, the TE and
TM modes have very different dA /dn.. However, the calculated 0A/9dn. for the TE mode
at d;, = 100 nm is almost identical as for the TM mode and d;, = 170 nm. This means that for
practical applications, the TE modes are the ones that should be targeted, since they can be
engineered to have the same dA /9, as the TM modes but for smaller values of dj,.
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Figure 10. The dependence of dA/dn. on d for n. = 1.4, n;; = 1.9 and D = 150 um for the TE and TM
modes calculated for select values of p and dj,.

4. Conclusions

We have presented a theoretical analysis of a sensing system based on a microsphere
coated with a porous sensing layer. We have found that the fact whether the refractive index
of the sphere 7, is greater or smaller than the refractive index of the coating n. greatly affects
the sensing sensitivity. If n, < 1, the thickness needed to reach the optimum sensitivity
depends significantly on sphere diameter, making smaller spheres the preferred option
for sensor construction. On the other hand, for #n. > n;, the diameter of the sphere is not
important, since it does not influence the overall sensitivity. We have found that, in general,
the p = 0 mode is the most suitable one for practical sensing application, although for larger
spheres (D > 400 um) with 7, < 5, the p = 1 mode is the more suitable one. In this case,
however, the problem of selectively coupling to the p = 1 modes needs to be solved. By
introducing an additional high-refractive index layer (as thin as 200 nm for 1, = 1.9) thep = 1
mode can be engineered to have both an increased sensing sensitivity and an increased 71,
mismatch with the p = 0 mode, which could facilitate selective coupling to the p = 1 mode.

Author Contributions: Conceptualization, D.R.; methodology, D.R.; software, D.R.; validation, D.R.;
formal analysis, D.R.; investigation, D.R., D.Z. and S.T.T.; resources, D.R. and M.L; data curation,
D.R.; writing—original draft preparation, D.R.; writing—review and editing, M.I,, ER. and S.T.T;
visualization, D.R.; supervision, D.R., M.I. and E.R; project administration, D.R. and M.IL; funding
acquisition, D.R. and MLI. All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the Croatian Science Foundation (IP-2019-04-3045) and the
Croatian Government and the European Union through the European Regional Development Fund
-the Competitiveness and Cohesion Operational Programme (KK.01.1.1.01.0001).

Conflicts of Interest: The authors declare no conflict of interest.



Sensors 2022, 22, 9155 13 of 13

References

1. Ilchenko, V.S.; Matsko, A.B. Optical resonators with whispering-gallery modes-part II: Applications. IEEE ]. Sel. Top. Quantum
Electron. 2006, 12, 15-32. [CrossRef]

2. Sandoghdar, V.; Treussart, F.; Hare, |.; Lefevre-Seguin, V.; Raimond, ].M.; Haroche, S. Very low threshold whispering-gallery-mode
microsphere laser. Phys. Rev. A 1996, 54, R1777. [CrossRef] [PubMed]

3. Del'Haye, P.;; Schliesser, A.; Arcizet, O.; Wilken, T.; Holzwarth, R.; Kippenberg, T.J. Optical frequency comb generation from a
monolithic microresonator. Nature 2007, 450, 1214-1217. [CrossRef]

4. Kippenberg, T.].; Gaeta, A.L.; Lipson, M.; Gorodetsky, M.L. Dissipative Kerr solitons in optical microresonators. Science
2018, 361, eaan8083. [CrossRef] [PubMed]

5. Vollmer, E; Braun, D.; Libchaber, A.; Khoshsima, M.; Teraoka, L; Arnold, S. Protein detection by optical shift of a resonant
microcavity. Appl. Phys. Lett. 2002, 80, 4057-4059. [CrossRef]

6.  Vollmer, E; Arnold, S. Whispering-gallery-mode biosensing: Label-free detection down to single molecules. Nat. Methods 2008, 5,
591-596. [CrossRef] [PubMed]

7.  Soria, S.; Berneschi, S.; Brenci, M.; Cosi, F; Nunzi Conti, G.; Pelli, S.; Righini, G.C. Optical microspherical resonators for biomedical
sensing. Sensors 2011, 11, 785-805. [CrossRef]

8.  Toropov, N.; Cabello, G.; Serrano, M.P.; Gutha, R.R.; Rafti, M.; Vollmer, F. Review of biosensing with whispering-gallery mode
lasers. Light Sci. Appl. 2021, 10, 42. [CrossRef]

9.  Mallik, AK;; Farrell, G.; Wu, Q.; Semenova, Y. Study of the influence of the agarose hydrogel layer thickness on sensitivity of the
coated silica microsphere resonator to humidity. Appl. Opt. 2017, 56, 4065-4069. [CrossRef]

10. Mallik, A.K; Farrell, G.; Liu, D.; Kavungal, V.; Wu, Q.; Semenova, Y. Silica Gel Coated Spherical Microresonator for Ultra-High
Sensitivity Detection of Ammonia Gas Concentration in Air. Sci. Rep. 2018, 8, 1620. [CrossRef]

11. Mallik, A K,; Farrell, G.; Ramakrishnan, M.; Kavungal, V.; Liu, D.; Wu, Q.; Semenova, Y. Whispering gallery mode micro
resonators for multi-parameter sensing applications. Opt. Express 2018, 26, 31829-31838. [CrossRef]

12.  Ramakrishnan, M.; Mallik, A K.; Farrell, G.; Semenova, Y. Study of the influence of the sol-gel silica layer thickness on sensitivity
of the coated silica microsphere resonator to ammonia in air. In Proceedings of the 26th International Conference on Optical Fiber
Sensors, Lausanne, Switzerland, 24-28 September 2018.

13.  Zhivotkov, D.; Risti¢, D.; Romanova, E.; Ivanda, M. Refractometric gas sensing using a whispering gallery mode microresonator
coated with a supra-micron sol-gel layer. Opt. Mat. 2021, 118, 111286. [CrossRef]

14. Zhivotkov, D.; Risti¢, D.; Snigdha, T.T.; Gaspari¢, V.; Romanova, E.; Ivanda, M. Radial order dependence of the gas sensing
sensitivity of whispering gallery mode microspheres. Opt. Mat. 2022, 129, 112544. [CrossRef]

15. Tang, T.; Wu, X,; Liu, L.; Xu, L. Packaged optofluidic microbubble resonators for optical sensing. Appl. Opt. 2016, 55, 395-399.
[CrossRef]

16. Fu, L.; Lu, Q.; Liu, X,; Chen, X.; Wu, X,; Xie, S. Combining whispering gallery mode optofluidic microbubble resonator sensor
with GR-5 DNAzyme for ultra-sensitive lead ion detection. Talanta 2020, 213, 120815. [CrossRef]

17.  De Vos, K.; Bartolozzi, I.; Schacht, E.; Bienstman, P,; Baets, R. Silicon-on-Insulator microring resonator for sensitive and label-free
biosensing. Opt. Express 2007, 15, 7610-7615. [CrossRef] [PubMed]

18. Barrios, C.A.; Gylfason, K.B.; Sanchez, B.; Griol, A.; Sohlstréom, H.; Holgado, M.; Casquel, R. Slot-waveguide biochemical sensor.
Opt. Lett. 2007, 32, 3080-3082. [CrossRef] [PubMed]

19. Ilchenko, V.S.; Savchenkov, A.A.; Matsko, A.B.; Maleki, L. Dispersion compensation in whispering-gallery modes. J. Opt. Soc. Am. A
2003, 20, 157-162. [CrossRef]

20. Risti¢, D.; Mazzola, M.; Chiappini, A.; Rasoloniaina, A.; Féron, P.; Ramponi, R.; Righini, G.C.; Cibiel, G.; Ivanda, M.; Ferrari, M.
Tailoring of the free spectral range and geometrical cavity dispersion of a microsphere by a coating layer. Opt. Lett. 2014, 39,
5173-5176. [CrossRef]

21. Han, M.; Wang, A. Temperature compensation of optical microresonators using a surface layer with negative thermo-optic
coefficient. Opt. Lett. 2007, 32, 1800-1802. [CrossRef] [PubMed]

22. Teraoka, I.; Arnold, S. Enhancing the sensitivity of a whispering-gallery mode microsphere sensor by a high-refractive-index
surface layer. J. Opt. Soc. Am. B 2006, 23, 1434-1441. [CrossRef]

23.  Gaathon, O.; Culic-Viskota, J.; Mihnev, M.; Teraoka, I.; Arnold, S. Enhancing sensitivity of a whispering gallery mode biosensor
by subwavelength confinement. Appl. Phys. Lett. 2006, 89, 223901. [CrossRef]

24. Risti¢, D.; Chiappini, A.; Mazzola, M.; Farnesi, D.; Nunzi-Conti, G.; Righini, G.C.; Feron, P; Cibiel, G.; Ferrari, M.; Ivanda, M.
Whispering gallery mode profiles in a coated microsphere. Eur. Phys. ]. Spec. Top. 2014, 223, 1959-1969. [CrossRef]

25. Stratton, J.A. Electromagnetic Theory, 1st ed.; McGraw-Hill Book Company, Inc.: New York, NY, USA; London, UK, 1941;
pp- 414-416.

26. Gorodetsky, M.L. Ocuoser Teopun Onrmuaeckux Mukpopesonaropos, 1st ed.; Moscow State University ‘M. V. Lomonosov’:
Moscow, Russia, 2010; pp. 84-88.

27. Little, B.E.; Laine, ].P.; Haus, H.A. Analytic theory of coupling from tapered fibers and half-blocks into microsphere resonators.

J. Light. Technol. 1999, 17, 704-715. [CrossRef]


http://doi.org/10.1109/JSTQE.2005.862943
http://doi.org/10.1103/PhysRevA.54.R1777
http://www.ncbi.nlm.nih.gov/pubmed/9913762
http://doi.org/10.1038/nature06401
http://doi.org/10.1126/science.aan8083
http://www.ncbi.nlm.nih.gov/pubmed/30093576
http://doi.org/10.1063/1.1482797
http://doi.org/10.1038/nmeth.1221
http://www.ncbi.nlm.nih.gov/pubmed/18587317
http://doi.org/10.3390/s110100785
http://doi.org/10.1038/s41377-021-00471-3
http://doi.org/10.1364/AO.56.004065
http://doi.org/10.1038/s41598-018-20025-9
http://doi.org/10.1364/OE.26.031829
http://doi.org/10.1016/j.optmat.2021.111286
http://doi.org/10.1016/j.optmat.2022.112544
http://doi.org/10.1364/AO.55.000395
http://doi.org/10.1016/j.talanta.2020.120815
http://doi.org/10.1364/OE.15.007610
http://www.ncbi.nlm.nih.gov/pubmed/19547087
http://doi.org/10.1364/OL.32.003080
http://www.ncbi.nlm.nih.gov/pubmed/17975603
http://doi.org/10.1364/JOSAA.20.000157
http://doi.org/10.1364/OL.39.005173
http://doi.org/10.1364/OL.32.001800
http://www.ncbi.nlm.nih.gov/pubmed/17603574
http://doi.org/10.1364/JOSAB.23.001434
http://doi.org/10.1063/1.2397017
http://doi.org/10.1140/epjst/e2014-02239-2
http://doi.org/10.1109/50.754802

	Introduction 
	Materials and Methods 
	Results and Discussion 
	Microsphere Coated with a Single Layer 
	Microsphere Coated with Two Layers 
	Comparison of the TE and TM Modes 

	Conclusions 
	References

