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Abstract

CP phase determination for the near future long baseline experiments, T2HK and DUNE, will require 
precise measurements of the oscillation probabilities. However, the uncertainty in the Earth’s density must 
be considered in determining these oscillation probabilities. Therefore, in this study, we update the indi-
vidual sensitivities of these experiments for determining the current unknowns in the standard three flavor 
scenario considering the latest configuration and also the complementarity between them while considering 
the uncertainty in the density. Our study showed that this uncertainty has a non-negligible impact on the 
precision of the CP phase determination particularly for DUNE.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.

1. Introduction

Many neutrino experiments over the last twenty years have successfully determined the prop-
erties of neutrino – such as mixing angles and mass squared differences – [1]. However, the 
quantities yet to be determined include the mass ordering of the three neutrinos, the octant to 
which θ23 belongs, and the leptonic CP phase. These unknown quantities are expected to be de-
termined by the near future long baseline experiments, which are T2HK [2] and DUNE [3]. The 
standard representation of leptonic mixing is given by a 3 × 3 unitary matrix
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where cjk ≡ cos θjk , sjk ≡ sin θjk , θ12, θ23, θ13 are three mixing angles, and δCP is a CP phase. 
The oscillation probability is expressed based on the elements Uαj (α = e, μ, τ ; j = 1, 2, 3) of 
this mixing matrix and the density of the matter through which the neutrino beam is traveling. 
Eq. (1.1) shows that δCP appearance is always accompanied by sinθ13, which is small; therefore 
determining δCP requires precise measurements of the neutrino oscillation probabilities.

In such precision measurements, we must further investigate the effect of the uncertainty in 
the Earth’s density. Refs. [4–9] studied the effect of uncertainty in the density on the oscillation 
probability measurement, although mainly in the context of a neutrino factory. In this paper, we 
discuss the effect of the uncertainty in the density on the measurements of oscillation parameters 
at T2HK and DUNE and their combination. At these two experiments, where the peak neutrino 
energy is less than 4 GeV, the matter effect is smaller than that of the mass squared difference 
term, and therefore the uncertainty in the density is not expected to be as severe as it is at a 
neutrino factory where the neutrino energy can reach 12 GeV for which causes the matter effect 
to attain the same magnitude as that of the mass squared difference term. Since the precision 
of the measured oscillation parameters has improved recently, it is crucial to study the effect 
of uncertainty in the density. Ref. [10] previously discussed the sensitivity to the oscillation 
parameters of T2HK and DUNE and their combination.1 Our motivation for updating the findings 
of Ref. [10] is two fold as follows: (i) After Ref. [10] was published, the setup of the T2HK and 
DUNE experiments were updated. Regarding T2HK, only one talk at the far detector site is 
assumed in the first phase; (ii) The uncertainty in the Earth’s density was not considered in the 
analysis Ref. [10].2 As we will observe in subsequent sections, the uncertainty in the density 
gives a non-negligible contribution to the precision of the CP phase.

Unlike in Ref. [10], we did not include the atmospheric neutrino measurement at Hyper-
kamiokande, because a treatment of the uncertainty in the density is quite complicated for the 
analysis of atmospheric neutrinos. For simplicity, we assume that the true mass ordering is nor-
mal ordering.

This paper is organized as follows. In sect. 2, we briefly introduce the parameter degeneracy. 
In sect. 3, we describe basic parameters of the T2HK and DUNE experiments, and compre-
hensively discuss our simulation details, and in sect. 4, we present the results of our analysis. 
Furthermore, we summarize our conclusions in sect. 5. Moreover, in the appendix A, we also 
provide a discussion on the octant degeneracy which appears at DUNE.

1 For other phenomenological studies in the context of T2HK and DUNE in the standard three flavor scenario, we refer 
to Refs. [11–20].

2 The effect of the uncertainty in the Earth’s density on the oscillation probabilities at T2HK and DUNE was studied 
in Refs. [21–23]. But they do not study the effect of the Earth’s density on the measurement of the unknown neutrino 
oscillation parameters.
2
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2. Parameter degeneracy

In research of neutrino oscillation with the standard three flavor scenario, determination of 
the CP phase δCP is regarded as the important goal. It has been known that so-called parameter 
degeneracy makes it difficult for us to determine δCP uniquely, even if we are given the values of 
the appearance oscillation probabilities P(νμ → νe) and P(ν̄μ → ν̄e) at a fixed neutrino energy 
and at a fixed baseline length.

Before θ13 was precisely measured by the reactor neutrino experiments [1], three kinds of 
parameter degeneracy existed. The first was the intrinsic degeneracy [5], which occurs since the 
appearance oscillation probabilities are approximately quadratic in sin2θ13 for small θ13; thus 
it yields the two solutions (θ13, δCP) and (θ ′

13, δ
′
CP). The second is the sign degeneracy [24]. 

The value of δCP depends on whether the true mass ordering is normal or inverted; therefore, 
determining mass hierarchy is crucial. The third one is the octant degeneracy [25]. The pri-
mary contribution to the probabilities 1 − P(νμ → νμ) and 1 − P(ν̄μ → ν̄μ) is proportional to 
sin2 2θ23, and we can only determine sin2 2θ23 from the disappearance channel; subsequently, if 
θ23 is not maximal, then we have two solutions (θ23, δCP) and (90◦ − θ23, δ′

CP).
These three types of degeneracies together created an eight fold degeneracy [26] when the 

precise value of θ13 was unknown. After the precise value of θ13 was determined by the reactor 
neutrino experiments [1], some of the eight fold degeneracy is resolved. However, in a practi-
cal experimental situation, the formal discussions in Ref. [5,24,25] − in which the probabilities 
P(νμ → νe) and P(ν̄μ → ν̄e) are assumed to be determined precisely − may not necessarily 
apply to the T2HK or DUNE experiments because of experimental errors. Since the cross sec-
tions for neutrinos and antineutrinos vary, the number of events (and therefore the statistical 
errors) for neutrinos and antineutrinos can differ. Previously, some authors discussed parameter 
degeneracy by investigating only the neutrino mode, and degeneracy which occurs in the neu-
trino oscillation probability is known as the “generalized hierarchy-octant-δCP degeneracy” [27]. 
This generalized degeneracy comprises hierarchy-δCP degeneracy [28] and octant-δCP degen-
eracy [29]. When the number of events for antineutrinos is not sufficiently large, “generalized 
hierarchy-octant-δCP degeneracy” becomes relevant. Note that when T2HK and DUNE will be 
running, the medium baseline reactor experiment JUNO [30] may provide a clear answer of the 
neutrino mass ordering. In that case the degeneracy associated with the mass ordering will be 
resolved.

3. Analysis

3.1. T2HK and DUNE

T2HK is the long baseline experiment which is planned in Japan, and its baseline length and 
peak energy is L = 295 km, E ∼ 0.6 GeV, respectively. In the simulation of T2HK, we follow the 
configuration as given in Ref. [2]. We consider one water-Cerenkov detector tank having fiducial 
volume of 187 kt located at Kamioka which is 295 km from the neutrino source at J-PARC having 
a beam power of 1.3 MW with a total exposure of 27 × 1021 protons on target, corresponding 
to 10 years of running. We have divided the total run-time into 5 years in neutrino mode and 5 
years in anti-neutrino mode. This assumption differs from the original setup in Ref. [2] where a 
3
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3:1 ratio of antineutrino mode to neutrino mode operation is assumed.3 The reference value for 
the Earth’s density is 2.70 g/cm3, as given in Ref. [2].

DUNE is another long baseline experiment which is planned in USA, and its baseline length 
and peak energy is L = 1300 km, E ∼ 3 GeV, respectively. In the case of DUNE, we have used 
the official GLoBES files of the DUNE technical design report [3] which reproduces the results 
presented in Ref. [32]. A 40 kt liquid argon time-projection chamber detector is placed 1300 km 
from the source having a power of 1.2 MW delivering 1.1 × 1021 protons on target per year with 
a running time of 7 years. We have divided the run-time into 3.5 years in neutrino mode and 
3.5 years in antineutrino mode. The 1:1 ratio of antineutrino mode to neutrino mode is the same 
setup as that assumed in Ref. [3]. The neutrino source will be located at Fermilab, USA and the 
detector will be located at South Dakota, USA. The reference value for the Earth’s density is 
2.848 g/cm3, as given in Ref. [3].

This work is an update of the previous work [10] and adopted here the latest configuration of 
each experiment, including the detector volume, beam power, event selection, among others. In 
this study, we employ the configuration of T2HK from Ref. [2] and that of DUNE from Ref. [32], 
whereas in the previous work [10] we took the T2HK configuration from Ref. [33] and that of 
DUNE from Ref. [34]. Some preliminary results from this work were presented by an author at 
Neutrino 2022 [35]. After then, we made an additional effort to match our event spectrum with 
the one in Ref. [2] by tweaking the systematics a little to reproduce the results in Ref. [2] more 
accurately.

3.2. Simulation details

The experiments T2HK and DUNE are simulated using the software GLoBES [36,37]. We 
perform our analysis with the Poisson log-likelihood function χ2, which depends on the two 
sets of the oscillation parameters and the Earth’s density ρ �pex = (	m2

21, 	m2
31, θ12, θ13, θ23,

δCP, ρ)true for the “true” parameters and �pth = (	m2
21, 	m2

31, θ12, θ13, θ23, δCP, ρ)test for the 
“test” ones:

χ2( �pex, �pth) = min
{ξ (α)

j }

[
χ2( �pex, �pth; {ξ (α)

j }) +
∑

α=e,μ

4∑
j=1

(
ξ

(α)
j

π
(α)
j

)2 ]
, (3.1)

where {ξ (α)
j } are the pull variables, π(α)

j are the (1σ ) systematic errors for the pull variable ξ (α)
j ,

χ2 ( �pex, �pth; {ξ (α)
j }) = 2

∑
α=e,μ

∑
i

[
M

(α)
i ( �pth) − N

(α)
i ( �pex)

+ N
(α)
i ( �pex) ln

(
N

(α)
i ( �pex)

M
(α)
i ( �pth)

)]
(3.2)

is a χ2 function defined from the Poisson statistics, the “experimental” α-like data N(α)
i ( �pex) (α =

e, μ) for the ith energy bin are defined as the sum of the numbers of events for signals (S(α)
i ) and 

for backgrounds (B(α)
i )

3 The reason why we work with 1:1 ratio rather than 3:1 is because it is more advantageous for T2K to run in the 
dominant neutrino mode than to run with the ratio of 3:1, where the antineutrino mode is required only in resolving the 
octant degeneracy, as was described by an author in Ref. [31].
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Table 1
The values of systematic errors that we considered in our analysis. “norm” denotes the 
normalization error, “Sg” represents the signal and “Bg” signifies the background. The 
numbers without (with) parenthesis are for neutrinos (antineutrinos). For T2HK, the sys-
tematics are the same for signal and background whereas for DUNE the systematics errors 
are the same for neutrinos and antineutrinos.

Systematics T2HK DUNE

Sg-norm νe 4.71% (4.47%) 2% (2%)
Sg-norm νμ 4.13% (4.15%) 5% (5%)
Bg-norm νe 4.71% (4.47%) 5% to 20% (5% to 20%)
Bg-norm νμ 4.13% (4.15%) 5% to 20% (5% to 20%)

N
(α)
i ( �pex) = S

(α)
i ( �pex) + B

(α)
i ( �pex) ,

the “theoretical” α-like events M(α)
i ( �pth) are defined as

M
(α)
i ( �pth) =

(
1 + ξ

(α)
1 + ξ

(α)
3

Ei − Eav

Emax − Emin

)
S

(α)
i ( �pth)

+
(

1 + ξ
(α)
2 + ξ

(α)
4

Ei − Eav

Emax − Emin

)
B

(α)
i ( �pth) (3.3)

using the “test” oscillation parameters �pth together with the systematic uncertainty ξ (α)
j . In 

Eq. (3.2) the subscript i runs over all the energy bins in both the appearance (e-like) and dis-
appearance (μ-like) channels. Table 1 presents the systematic errors used in our calculations for 
the two experiments. π(α)

j (j = 1, 2) (π(α)
j (j = 3, 4)) corresponds to the relevant normalization 

(tilt) systematic errors for a given experimental observable. For our simulation we have fixed the 
tilt error π(α)

j (j = 3, 4) to a constant value which is 10% for T2HK4 and 2.5% for DUNE cor-

responding to all the channels. In Eq. (3.3) Ei is the mean energy of the ith energy bin, Emin and 
Emax are the limits of the full energy range, and Eav is their average. The normalization errors 
affect the scaling of events and the tilt errors influence the energy dependence of the events. All 
the pull variables {ξ (α)

j } take values in the range (−3π
(α)
j , 3π

(α)
j ), so that the errors can vary from 

−3σ to +3σ . χ2( �pex, �pth) is then calculated by minimizing over all combinations of ξ (α)
j .

To obtain sensitivity to an oscillation parameter including δCP, we marginalize χ2( �pex, �pth)

in Eq. (3.1), i.e., we minimize it with respect to the test parameters �pth including the Earth’s 
density. The true values of the oscillation parameters and the range of the test ones are taken 
from Nufit v5.1 [38] and they are presented together with the values of the density in Table 2. 
As for the uncertainty in the Earth’s density, the reasonable reference value for the uncertainty 
in the density is 5% based on Ref. [39]. However, we also analyzed a more conservative case for 
which the uncertainty is 10%. In our analysis, we do not introduce priors for the test oscillation 
parameters or for the test variable for the Earth’s density, over which we marginalize.

4 The values for the tilt variables ξ (α)
j

(j = 3, 4) are chosen such that our simulation results for T2HK match with the 
sensitivities reported in the collaboration study.
5
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Table 2
The true values of the oscillation parameters and the Earth’s density and the range of the test variables that we considered 
in our analysis. The label “NO” represents the normal ordering of the neutrino masses.

Parameters True values Test value Range

sin2 θ12 33.45◦ Fixed
sin2 θ13 8.62◦ Fixed
sin2 θ23 42◦/48◦ 39◦ - 51◦
δCP −90◦/0◦ −180◦ - 180◦
	m2

12 7.42 × 10−5 eV2 Fixed
	m2

31 2.510 × 10−3 eV2 (NO) 2.43 × 10−3 eV2 - 2.60 × 10−3 eV2

density (T2HK) ρ0 = 2.70 g/cm3 |ρ/ρ0 − 1| ≤ 0.05 , |ρ/ρ0 − 1| ≤ 0.1
density (DUNE) ρ0 = 2.848 g/cm3 |ρ/ρ0 − 1| ≤ 0.05 , |ρ/ρ0 − 1| ≤ 0.1

Fig. 1. Mass ordering sensitivity as a function of δCP (true). θ23 = 42◦ .

4. Results

4.1. Sensitivity to mass ordering

Sensitivity to mass ordering can be expressed by χ2 as a function of true δCP for each experi-
ment, where χ2 is defined by

χ2
T2K ≡ min

param.
min

ρ
χ2

T2K( �pex(NO), �pth(IO)) (4.1)

χ2
DUNE ≡ min

param.
min

ρ
χ2

DUNE( �pex(NO), �pth(IO)) (4.2)

χ2
combined ≡ min

param.

[
min

ρ
χ2

T2K( �pex(NO), �pth(IO))

+min
ρ

χ2
DUNE( �pex(NO), �pth(IO))

]
(4.3)

where χ2( �pex(NO), �pth(IO)) is defined in Eq. (3.1), “param.” represents the test oscillation 
parameters (θ23, δCP, |	m2

31|, sign(	m2
31)) over which we are marginalizing, NO (IO) represents 

normal (inverted) ordering, respectively, and ρ is the test density variable of the Earth. Since 
measurements of the density for the T2HK and DUNE sites are presumed to be independent, we 
marginalize over each test density separately.
6
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The square root of χ2, which stands for significance to reject wrong mass ordering, is plotted 
as a function of the true value of δCP in Fig. 1 for three different reference values (0%, 5%, and 
10%) for the uncertainty in the test density variable ρ. The left panel is for T2HK, the middle 
panel is for DUNE and the right panel is for the combination of T2HK and DUNE, denoted by 
T2HK+DUNE. The true value of θ23 is 42◦. From Fig. 1, we conclude that, irrespective of the 
value of true δCP, significance to reject wrong mass ordering is 1, 8 and 11 for T2HK, DUNE and 
their combination, respectively. As we can see from Fig. 1, the significance is small for T2HK 
whereas it is quite large for DUNE and combination of the two. Therefore, the uncertainty in the 
density affects the result of DUNE more than it does that of T2HK, as is naively expected from 
the length of their baselines.

We note in passing that significance for mass ordering in the combination of T2HK and DUNE 
for δCP ∼ 90◦ is enhanced because of synergy. From mass order degeneracy, in principle we 
expect two possible values for δCP at each experiment. For DUNE, this ambiguity is removed 
because of its long baseline; thus the DUNE data provide us a unique choice for δCP, as far as the 
mass order degeneracy is concerned. If we apply this information to T2HK, then the ambiguity 
at T2HK is removed and the contribution of T2HK to significance is enhanced.

4.2. Sensitivity to octant degeneracy

The sensitivity to the octant is defined by

χ2
T2K ≡ min

param.
min

ρ
χ2

T2K( �pex(RO), �pth(WO)) (4.4)

χ2
DUNE ≡ min

param.
min

ρ
χ2

DUNE( �pex(RO), �pth(WO)) (4.5)

χ2
combined ≡ min

param.

[
min

ρ
χ2

T2K( �pex(RO), �pth(WO))

+min
ρ

χ2
DUNE( �pex(RO), �pth(WO))

]
(4.6)

where “RO” represents the right octant, “WO” represents the wrong octant and “param.” repre-
sents the test variables (δCP, |	m2

31|, sign(	m2
31)) which we are marginalizing over.

In the top (middle) panel of Fig. 2, significance is depicted as a function of true value of 
δCP for the true value θ23 = 42◦ (θ23 = 48◦) for three different reference values (0%, 5%, and 
10%) for the uncertainty in the test density variable ρ. In each row, the left panel is for T2HK, 
the middle panel is for DUNE and the right panel is for the combination of T2HK and DUNE. 
From these panels we see that significance to establish the correct octant for LO (HO) is 5.5 (3), 
5 (2.5) and 7 (4.5) for T2HK, DUNE and their combination, respectively. Note that the octant 
sensitivity in the LO is in general higher as compared to HO because of the higher number in 
denominator of the χ2 distribution formula. In the bottom panel of Fig. 2, significance is shown 
as a function of true value of θ23, where the true value of δCP is assumed to be −90◦. From this 
we observe that octant degeneracy can be resolved at 5σ C.L unless 42.3◦ < θ23 < 48.7◦ for 
T2HK, 42.2◦ < θ23 < 49.1◦ for DUNE, or 42.9◦ < θ23 < 48.0◦ for their combination. In all the 
plots in Fig. 2, the uncertainty in the density is not important.
7
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Fig. 2. Octant sensitivity as a function of δCP (true) (top and middle panel) and θ23 true (bottom panel). Hierarchy 
unknown.

4.3. Sensitivity to δCP

Sensitivity to CP violation is evaluated by

χ2
T2K ≡ min

param.
min

δ′
CP=0,180◦

min
ρ

χ2
T2K( �pex, �pth) (4.7)

χ2
DUNE ≡ min

param.
min

δ′
CP=0,180◦

min
ρ

χ2
DUNE( �pex, �pth) (4.8)

χ2
combined ≡ min

param.
min

δ′ =0,180◦

[
min

ρ
χ2

T2K( �pex, �pth) + min
ρ

χ2
DUNE( �pex, �pth)

]
(4.9)
CP

8



M. Ghosh and O. Yasuda Nuclear Physics B 989 (2023) 116142
Fig. 3. CP violation discovery sensitivity as a function of δCP (true). Hierarchy unknown. θ23 = 42◦ is assumed.

where “param.” represents the test oscillation parameters over which we are marginalizing (θ23, 
|	m2

31|, sign(	m2
31)), and we are also marginalizing over the test CP phase δ′

CP = 0◦ or 180◦, 
i.e., choosing the smaller value from the two cases δ′

CP = 0◦ or 180◦, as well as over the test 
density variable ρ.

The significance of rejecting CP invariance is plotted as a function of the true value of δCP in 
Fig. 3 in the case of θ23 = 42◦ for three different reference values (0%, 5%, and 10%) for the 
uncertainty in the test density variable ρ. The top left panel is for T2HK, the top right panel is for 
DUNE and the bottom right panel is for T2HK+DUNE. For T2HK, sensitivity is good if the true 
value of δCP is close to −90◦, but for sin δCP ≥ 0 sensitivity is poor because T2HK alone cannot 
resolve sign degeneracy. However, for DUNE − which can resolve sign degeneracy − sensitivity 
is good unless | sin δCP| is close to 0. Since the matter effect is more important for DUNE, the 
uncertainty in the density has some effect of sensitivity. The fraction of true δCP values for which 
CP violation can be discovered at a 5σ is approximately 20%, 35% and 50% for T2HK, DUNE 
and their combination, respectively.

We also observed that there are some strange behaviors for the DUNE plot for δCP ∼ −90◦
(top right panel of Fig. 3). The difference between the two cases − one with a known octant 
and the other with an unknown octant, shown in the bottom left panel of Fig. 3 − turns out to 
be the effect of some kind of octant degeneracy, where by “octant degeneracy” we mean the 
approximate equality

P(νμ → νe; θ23 = 42◦, δCP = −90◦) � P(νμ → νe; θ23 = 49◦, δCP = 180◦) (4.10)
9
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Fig. 4. Probability plots to explain CP violation. The appearance probabilities are defined as Pμe ≡ P(νμ → μe) and 
P̄μe ≡ P(ν̄μ → μ̄e). At δCP = −90◦ , there is octant degeneracy in the neutrino mode; however, the addition of antineu-
trinos solves the degeneracy. Flux is also shown in a dotted line. The antineutrino component of DUNE is insufficient to 
solve the degeneracy.

which can be observed in Fig. 4, where we have plotted the appearance channel probabilities as 
a function of energy E in GeV. The top row is for T2HK and the bottom row is for DUNE. In 
each row, the left panel corresponds to neutrinos and the right panel corresponds to antineutrinos. 
The energy region covered by the flux shows the values of the energies which is relevant for a 
particular experiment. Note that the approximate equality given by Eq. (4.10) does not hold for 
the antineutrino sector, as can be observed also from Fig. 4. This is a phenomenon different from 
the original octant degeneracy because in the latter case, the appearance probabilities satisfy the 
equality for both neutrinos and antineutrinos. We believe that T2HK does not suffer from this 
octant degeneracy because the contribution from antineutrinos is large compared with the one at 
DUNE; thus, CP invariance is rejected.

The value of θ23 in the wrong octant can be approximately estimated analytically, and it is 
described in the appendix A.

In Fig. 5, we show the CP precision sensitivity of the experiments that are under consideration. 
In each row, the left panel is for T2HK, the middle panel is for DUNE and the right panel is for 
T2HK+DUNE. In the top panel of Fig. 5, we plot the 1σ error of the measured value of δCP. 
Although the error depends on the true value of δCP, the error of δCP lies between 7◦ and 20◦
for both T2HK and DUNE, and is between 5◦ and 15◦ for the combined case. Since DUNE 
has a longer baseline length, the effect of the uncertainty in the density is larger than that for 
10
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Fig. 5. 1σ CP precision as a function of δCP (true). Hierarchy unknown. θ23 = 42◦ .

T2HK, as is naively expected. From the figures we observe that the uncertainty in the density 
gives non-negligible contribution to the precision of δCP, particularly for DUNE.

On the other hand, the correlation of the true and test CP phases is shown in the bottom panel 
of Fig. 5. Although this figure naively offers the impression that parameter degeneracy (mainly 
sign degeneracy) is significantly less serious even for T2HK than Fig. 8 in Ref. [10], in which 
the analysis was performed with the old design of T2HK with two 0.19 Mton tanks in Japan, 
sign degeneracy in the bottom panel of Fig. 5 is more serious than that in Ref. [10] because 
significance in Fig. 5 is only 1σ whereas it is 3σ in Fig. 8 in Ref. [10].

Fig. 6 shows the appearance probabilities Pμe ≡ P(νμ → μe) and P̄μe ≡ P(ν̄μ → μ̄e) are 
plotted as a function of E in GeV for a few case cases of δCP and density scaling ‘DS’ to illustrate 
how the uncertainty in the Earth’s density can cause an incorrect value for the CP phase. The 
density scaling refers to a factor by which the density ρ is multiplied. The top row is for T2HK 
and the bottom row is for DUNE. In each row, the left panel corresponds to neutrinos and the 
right panel corresponds to antineutrinos. From the panels we understand that:

P(νμ → νe;1.0ρ, δCP = −72◦) � P(νμ → νe;1.1ρ, δCP = −70◦) for T2HK (4.11)

P(νμ → νe;1.0ρ, δCP = −74◦) � P(νμ → νe;1.1ρ, δCP = −69◦) for DUNE (4.12)

The above condition is true for both neutrinos and antineutrinos. For this reason, in the case 
of T2HK, for a true value of δCP = −90◦ and true density ρ, δCP (test) = −72◦ is allowed at 
1σ when the test density is ρ. However, the test value of δCP = −70◦ becomes also allowed at 
1σ when the test density is 1.1ρ, thus deteriorating the CP precision by 2◦. For DUNE, the CP 
precision deteriorates by 5◦, when the test density becomes 1.1ρ. Therefore we understand that 
11
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Fig. 6. Probability plots to explain CP precision. ‘DS’ corresponds to Density Scaling, which refers to a factor by which 
density is multiplied. For T2HK, δCP = −72◦ with density ρ is degenerate with (−70◦ , 1.1ρ). For δCP(true) = −90◦
and true density ρ, δCP(test) = −70◦ is excluded at 1σ when the test density is ρ however, it becomes allowed when test 
density is 1.1ρ. Therefore, the precision deteriorates by 2◦ . Alternatively, the precision deteriorates by 5◦ for DUNE. 
Evidently, the amount of degeneracy is minimal; however, it significantly influences the CP precision.

a small error in the density can result in an incorrect value of δCP when we consider both Pμe

and P̄μe.
In Fig. 7, we show the dependence of the test density variable on the 1σ allowed region for 

the oscillation parameters θ23 (top row), δCP (middle row) and 	m2
31 (bottom row). For θ23 we 

have considered two true values of 42◦ (top left panel) and 48◦ (top right panel), for δCP we have 
considered two true vales of −90◦ (middle left panel) and 0◦ (middle right panel) and for 	m2

31
we have considered the true value as 2.510 × 10−3 eV2. The density scaling is 1.0 in the true 
spectrum for all these panels. In calculation of this region, the test density variable is not varied 
but fixed and plotted in the y axis. Since both T2HK and DUNE experiments have a baseline 
length shorter than 4000 km for which the contribution of the matter effect to the oscillation 
probability would be of order 1, dependence of the allowed region on the density scaling factor 
is small. From the panels we see that for θ23 and 	m2

31 the curves are almost parallel to the y
axis. This implies the fact that the measurement of these parameters is not much affected due 
to the uncertainty in the density. This we will further see in Fig. 8. However, for δCP, we notice 
that the curves are slightly tilted, implying the fact that uncertainty in the density can alter the 
precision measurement of δCP which we have seen in Fig. 5.
12
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Fig. 7. Precision of δCP - density (θ23 = 42◦), θ23 - density (δCP = −90◦) and 	m2
31 - density (δCP = −90◦ , θ23 = 42◦). 

Hierarchy known.

4.4. Precision in measurements of 	m2
31 and θ23

In Fig. 8, we plot the 1σ allowed region in the (θ23, 	m2
31)-plane, where normal mass ordering 

and δCP = −90◦ is assumed. The true values of (θ23, 	m2
31) are marked by a star. The left panel 

is for T2HK, the middle panel is for DUNE and the right panel is for T2HK+DUNE. From 
Fig. 8, we obtain the 1σ allowed region around the true values of θ23 and 	m2

31 and they are 
given in Table. 3. The precision of T2HK, DUNE and their combination in measurements of 
	m2

31 and θ23 is better than the present one which is obtained of the global fits. [40–42] The 
oscillation parameters θ23 and 	m2 are determined primarily from the disappearance channel 
31

13
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Fig. 8. 1σ precision of θ23 and 	m2
31. Mass ordering is assumed to be known, and δCP = −90◦ is assumed.

Table 3
1σ allowed region for θ23 and 	m2

31. LO (HO) represents the case in which the true value for θ23 is 42◦ (48◦). Normal 
mass ordering is assumed as the true mass ordering.

Parameter T2HK DUNE T2HK+DUNE

θ23 (LO) 41.5◦ - 42.5◦ 41.5◦ - 42.5◦ 41.7◦ - 42.4◦
θ23 (HO) 47.2◦ - 48.6◦ 46.9◦ - 48.8◦ 47.4◦ - 48.5◦
	m2

31 [10−3eV2] 2.496 - 2.523 2.496 - 2.525 2.500 - 2.520

whose oscillation probability has small dependence on δCP. Therefore the uncertainty in the 
density has little effect on the allowed region in the (θ23, 	m2

31)-plane at 1σ .

5. Conclusion

Here, we studied the sensitivity of T2HK, DUNE and their combination to mass ordering, 
octant to which θ23 belongs, and δCP and precision measurement of (θ23, 	m2

31) by considering 
the uncertainty in the Earth’s density. The main results of our analysis are presented in Table 4.

Notably, the T2HK experiment does not have good sensitivity to mass ordering; i.e., the sig-
nificance ranges between 1σ and 5σ . However, it can resolve octant degeneracy at 5σ if θ23
lies outside the region 42.3◦ � θ23 � 48.7◦. Since T2HK does not have good sensitivity to mass 
ordering, the fraction of the δCP region for which CPV can be discovered at 5σ is limited. Con-
versely, DUNE has good sensitivity to mass ordering − with a significance ranging between 8σ

and 18σ − and it can resolve the octant degeneracy at the 5σ level if θ23 lies outside the region 
42.2◦ � θ23 � 49.1◦. The fraction of the δCP region for which DUNE can discover CPV at 5σ

level is larger than that for T2HK because DUNE has good sensitivity to mass ordering. Regard-
ing the CP precision, the 1σ error corresponding to a measurement of δCP ranges from 7◦ to 20◦
for both T2HK and DUNE. Because of the longer baseline DUNE suffers from the uncertainty 
in the Earth’s density more than T2HK does, and the sensitivity of DUNE depends more on the 
uncertainty in the density. Furthermore, when T2HK and DUNE are combined, we obtain the 
best sensitivity for mass ordering, the θ23 octant, a large fraction of the δCP region for which 
we can discover CPV at 5σ , and also the CP precision. The combination of T2HK and DUNE 
will provide a better precision for the oscillation parameters θ23 and 	m2

31 than what is currently 
provided by the global fits.

Moreover, the effects of the uncertainty in the Earth’s density on the measurements of the 
oscillation parameters for T2HK and DUNE are small compared with that expected at a neutrino 
14
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Table 4
The sensitivity for mass ordering, the θ23 octant and CP for conservative values of the true parameter for different choices 
of the uncertainty in the density. For the mass ordering, we provide the values of 

√
χ2. Additionally, for the octant −

assuming that the true value for (θ23, δCP) is (45◦ , −90◦) − we provide the region for which θ23 is permitted at 5σ . For 
CP violation (CPV), the fraction of the δCP region for which CPV can be discovered at χ2 = 25 is given for θ23 = 42◦ . 
For the CP precision, the 1σ error for δCP = −90◦ is given.

Sensitivity Max |	ρ/ρ| T2HK DUNE T2HK+DUNE

Mass ordering 0% 1.03 7.8 11.7
significance 5% 1.00 7.5 11.4
[σ ] 10% 0.96 7.2 11.1

Octant 0% 42.343◦ − 48.674◦ 42.21◦ − 49.03◦ 42.96◦ − 48.00◦
at 5% 42.340◦ − 48.676◦ 42.16◦ − 49.11◦ 42.93◦ − 48.03◦
5σ 10% 42.338◦ − 48.678◦ 42.12◦ − 49.18◦ 42.93◦ − 48.06◦

CP violation 0% 21.4 37.4 54.9
fraction 5% 20.8 34.2 52.7
[%] 10% 19.8 32.0 50.2

CP Precision 0% 18◦ 16◦ 12◦
at 5% 19◦ 19◦ 13◦
1σ 10% 20◦ 21◦ 13◦

factory. However, with an uncertainty of 5% we observed that the CP precision of DUNE has a 
non-negligible impact. Therefore, when the precision of the CP phase δCP becomes important in 
the future, the effect of the uncertainty in the density should be considered properly.

In this study, we did not include the atmospheric neutrino measurement at Hyper-kamiokande. 
If information of the atmospheric neutrino of Hyper-kamiokande is included, then the sensitivity 
of the whole Hyper-kamiokande project, which includes the T2HK experiment and the atmo-
spheric neutrino measurement, to mass ordering will be improved, as shown in Refs. [2,10,33]. 
A treatment of the uncertainty in the density for the analysis of atmospheric neutrinos is compli-
cated and it is a subject in the future work.
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Appendix A. Octant degeneracy

A.1. Appearance probability

Propagation of neutrinos in the matter is described by

i
d

dt

⎛
⎝ νe(t)

νμ(t)

ντ (t)

⎞
⎠= M

⎛
⎝ νe(t)

νμ(t)

ντ (t)

⎞
⎠ , (A.1)

where the Hamiltonian M can be diagonalized by a unitary matrix Ũ as

M = UEU−1 +A = Ũ ẼŨ−1 ,

E = diag(0,	E21,	E31) ,

	Ejk ≡ 	m2
jk

2E
,

A = diag(A,0,0) ,

A ≡ √
2GF Ne ,

Ẽ = diag(Ẽ1, Ẽ2, Ẽ3) .

GF and Ne represent the Fermi coupling constant and the density of electrons, respectively, and 
Ẽj (j = 1, 2, 3) is the energy eigenvalue of the Hamiltonian M . If Ne is constant, then Eq. (A.1)
can be solved as

νβ(t) =
∑
α

[
Ũ exp

(
−iẼ t

)
Ũ−1

]
βα

να(0) .

Therefore, starting with the initial flavor eigenstate να, the probability amplitude to obtain the 
flavor eigenstate νβ after running for a distance of L is given by

A(να → νβ) =
[
Ũ exp

(
−iẼL

)
Ũ−1

]
βα

=
3∑

j=1

(
Ũ
)

βj
exp

(
−iẼjL

)(
Ũ−1

)
jα

=
3∑

j=1

Ũβj Ũ
∗
αj exp

(
−iẼjL

)
.

As in vacuum, the appearance probability Pμe ≡ P(νμ → νe) is given by the absolute square of 
the probability amplitude A(νμ → νe) and it can be calculated as follows:
16
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Pμe =
∣∣∣∣∣∣

3∑
j=1

Ũej Ũ
∗
μj e

−iẼj L

∣∣∣∣∣∣
2

=
∣∣∣∣∣∣e−iẼ1L

3∑
j=1

Ũej Ũ
∗
μj e

−i	Ẽj1L

∣∣∣∣∣∣
2

=
∣∣∣∣∣∣

3∑
j=1

Ũej Ũ
∗
μj

(
e−i	Ẽj1L − 1

)∣∣∣∣∣∣
2

(unitarity identity
3∑

j=1

Ũμj Ũ
∗
ej = 0 was subtracted)

=
∣∣∣∣∣∣(−2i)

3∑
j=1

e−i	Ẽj1L/2Ũe3Ũ
∗
μ3 sin

(
	Ẽj1L

2

)∣∣∣∣∣∣
2

= 4

∣∣∣∣∣e−i	Ẽ31L/2Ũe3Ũ
∗
μ3 sin

(
	Ẽ31L

2

)
+ 2ie−i	Ẽ21L/2Ũe2Ũ

∗
μ2 sin

(
	Ẽ21L

2

)∣∣∣∣∣
2

= 4

∣∣∣∣∣Ũe3Ũ
∗
μ3 sin

(
	Ẽ31L

2

)
+ ei	Ẽ32L/2Ũe2Ũ

∗
μ2 sin

(
	Ẽ21L

2

)∣∣∣∣∣
2

,

where

	Ẽjk ≡ Ẽj − Ẽk

and the result so far is exact if A is constant.
In the case of atmospheric ν or accelerator ν, we have |	E31| � A  |	E21|, so we keep 

	E31 and A and treat 	E21 as perturbation, keeping only the first order terms in 	E21.
If |	E31|  A, then to zero-th order in 	E21/	E31, we have

Ẽ
(0)
1 = �− ≡ 1

2

(
	E31 + A − 	Ẽ31

)
(A.2)

Ẽ
(0)
2 = 0

Ẽ
(0)
3 = �+ ≡ 1

2

(
	E31 + A + 	Ẽ31

)
(A.3)

	Ẽ
(0)
31 =

√
(	E31 cos 2θ13 − A)2 + (	E31 sin 2θ13)2 (A.4)

	Ẽ
(0)
32 = Ẽ

(0)
3 = �+

	Ẽ
(0)
21 = −Ẽ

(0)
1 = −�− .

From the method by Kimura, Takamura and Yokomakura [43], we have
17
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⎛
⎜⎜⎜⎜⎜⎝

Ũe1Ũ
∗
μ1

Ũe2Ũ
∗
μ2

Ũe3Ũ
∗
μ3

⎞
⎟⎟⎟⎟⎟⎠=

⎛
⎜⎜⎜⎜⎜⎜⎝

1

	Ẽ21	Ẽ31
(Ẽ2Ẽ3, −(Ẽ2 + Ẽ3), 1)

−1

	Ẽ21	Ẽ32
(Ẽ3Ẽ1, −(Ẽ3 + Ẽ1), 1)

1

	Ẽ31	Ẽ32
(Ẽ1Ẽ2, −(Ẽ1 + Ẽ2), 1)

⎞
⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

δeμ[
UEU−1 +A

]
eμ[(

UEU−1 +A
)2]

eμ

⎞
⎟⎟⎟⎟⎟⎠ ,

and Ũe2Ũ
∗
μ2 and Ũe3Ũ

∗
μ3 can be approximated to zero-th order in 	E21/	E31 as

2Ũe3Ũ
∗
μ3 � 2

	E31

	Ẽ31
Ue3U

∗
μ3 = 2

	E31

	Ẽ31
e−iδCPs13c13s23 = 	E31

	Ẽ31
e−iδCPs23 sin 2θ13

2Ũe2Ũ
∗
μ2 � −2

	E21

Ac2
13

Ue2U
∗
μ2 � −2

	E21

Ac2
13

c13s12c12c23 � −	E21

A
c23 sin 2θ12 , (A.5)

where |s13| � 1 was assumed to derive 2Ũe2Ũ
∗
μ2 in Eq. (A.5). Thus we obtain

Pμe =
∣∣∣∣∣2Ũe3Ũ

∗
μ3 sin

(
	Ẽ31L

2

)
+ ei	Ẽ32L/22Ũe2Ũ

∗
μ2 sin

(
	Ẽ21L

2

)∣∣∣∣∣
2

�
∣∣∣∣∣	E31

	Ẽ
(0)
31

e−iδCPs23 sin 2θ13 sin

(
	Ẽ

(0)
31 L

2

)

+ei	�+L/2 	E21

A
c23 sin 2θ12 sin

(
�−L

2

)∣∣∣∣
2

�
∣∣∣∣∣	E31

	Ẽ
(0)
31

s23 sin 2θ13 sin

(
	Ẽ

(0)
31 L

2

)

+ei(δCP+�+L/2) 	E21

A
c23 sin 2θ12 sin

(
�−L

2

)∣∣∣∣
2

, (A.6)

where �−, �+ and 	Ẽ
(0)
31 are given by Eqs. (A.2), (A.3) and (A.4), respectively. This is basically 

the result obtained by Cervera et al. [44]. Introducing the notations

F ≡ 	E31

	Ẽ
(0)
31

sin 2θ13 sin

(
	Ẽ

(0)
31 L

2

)
, (A.7)

G ≡ 	E21

A
sin 2θ12 sin

(
�−L

2

)
, (A.8)

Eq. (A.6) can be rewritten as

Pμe �
∣∣∣s23F + ei(δCP+�+L/2) c23G

∣∣∣2
= F 2 + G2

2
− F 2 − G2

2
cos 2θ23 + FG cos

(
δCP + �+L

2

)
sin 2θ23

= F 2 + G2

2
−
√(

F 2 − G2

2

)2

+
{
FG cos

(
δCP + �+L

2

)}2

× cos

[
2θ23 + tan−1

{
2FG cos (δCP + �+L/2)

2 2

}]
. (A.9)
F − G
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A.2. Octant degeneracy

Now let us consider the case in which octant degeneracy occurs in the neutrino mode:

Pμe

(
δCP = −π

2
, θ23 = π

4
− ε

)
= Pμe

(
δ′

CP = π, θ ′
23 = π

4
+ ε′) (A.10)

where all other parameters are similar, and ε = 3◦ = π/60 � 1. In this case, since ε and ε′ are 
small, from Eq. (A.9) we have approximately

Pμe

(
δCP = −π

2
, θ23 = π

4
− ε

)

= F 2 + G2

2
−
√(

F 2 − G2

2

)2

+ {FG cos (−π/2 + �+L/2)}2

× sin

[
2ε − tan−1

{
2FG cos (−π/2 + �+L/2)

F 2 − G2

}]

= F 2 + G2

2
+
∣∣∣∣F 2 − G2

2

∣∣∣∣
√

1 +
{

2FG sin (�+L/2)

F 2 − G2

}2

× sin

[
tan−1

{
2FG sin (�+L/2)

F 2 − G2

}
− 2ε

]

� F 2 + G2

2
+
∣∣∣∣F 2 − G2

2

∣∣∣∣ ·
{

2FG sin (�+L/2)

F 2 − G2 − 2ε

}
, (A.11)

Pμe

(
δ′

CP = π, θ ′
23 = π

4
+ ε′)

= F 2 + G2

2
+
√(

F 2 − G2

2

)2

+ {
FG cos

(
δ′

CP + �+L/2
)}2

× sin

[
2ε′ + tan−1

{
2FG cos

(
δ′

CP + �+L/2
)

F 2 − G2

}]

= F 2 + G2

2
−
∣∣∣∣F 2 − G2

2

∣∣∣∣ ·
√

1 +
{

2FG cos (�+L/2)

F 2 − G2

}2

× sin

[
tan−1

{
2FG cos (�+L/2)

F 2 − G2

}
− 2ε′

]

� F 2 + G2

2
−
∣∣∣∣F 2 − G2

2

∣∣∣∣
{

2FG cos (�+L/2)

F 2 − G2 − 2ε′
}

(A.12)

Thus from Eqs. (A.11), (A.12) and (A.12) we have

ε′ � −ε + FG

F 2 − G2

{
sin

(
�+L

2

)
+ cos

(
�+L

2

)}
.

Let us assume the oscillation maximum at T2HK. For ε = π/60 = 3◦, we obtain

ε′ = 0.0828 = 4.7o .

However, for DUNE, again assuming the oscillation maximum, we get
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ε′ = 0.0453 = 2.6o .

These analytical discussions for octant degeneracy do not quantitatively agree with the numerical 
result; however, they are useful for helping us to understand that the fake value ε′ does not vanish 
even in the limit ε → 0.
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