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Abstract: The Weak Gravity Conjecture has recently been re-formulated in terms of a
particle with non-negative self-binding energy. Because of the dual conformal field theory
(CFT) formulation in the anti-de Sitter space, the conformal dimension ∆(Q) of the lowest-
dimension operator with charge Q under some global U(1) symmetry must be a convex
function of Q. This property has been conjectured to hold for any (unitary) conformal
field theory and generalized to larger global symmetry groups. Here we refine and further
test the convex charge conjecture via semiclassical computations for fixed charge sectors
of different theories in various dimensions. We analyze the convexity properties of the
leading and next-to-leading order terms stemming from the semiclassical computation,
de facto, extending previous tests beyond the leading perturbative contributions and to
arbitrary charges. In particular, the leading contribution is sufficient to test convexity
in the semiclassical computations. We also consider intriguing cases in which the models
feature a transition from real to complex conformal dimensions either as a function of the
charge or number of matter fields. As a relevant example of the first kind, we investigate
the O(N) model in 4 + ε dimensions. As an example of the second type, we consider the
U(N)×U(M) model in 4− ε dimensions. Both models display a rich dynamics where, by
changing the number of matter fields and/or charge, one can achieve dramatically different
physical regimes. We discover that whenever a complex conformal dimension appears, the
real part satisfies the convexity property.
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1 Introduction

Although there is no consensus on the ultimate theory of quantum gravity there are efforts
in understanding the overall properties that a consistent theory of quantum gravity and
particle physics should respect. Inspired by string theory the Swampland program proposed
in [1] and nicely summarized in [2, 3] aims, indeed, at providing relevant constraints on
low energy effective theories from their consistent embedding in a well defined quantum
gravity theory.

It is fair to say that some conjectures are more general than others. Nevertheless
crispier definitions that can help prove the conjectures or provide wider tests, beyond
string theory are desirable.

Inspired by the weak gravity conjecture, originally formulated in [4], according to
which, at low energy, gravity is the weakest force, Aharony and Palti [5] introduced a
further conjecture relating it to possible convexity of the conformal dimensions of certain
fixed charge operators in conformal field theories (CFT)s. This convex charge conjecture
can be viewed as the holographic dual of the positive binding energy conjecture in AdS space
also proposed in [5]. This claims the existence of a charged particle with a non-negative
self-binding energy for a gauge theory coupled to gravity.1 Moreover, the convex charge

1The positive binding conjecture is motivated from a version of the weak gravity conjecture called the
repulsive force conjecture [4, 6], whose relation to the original weak gravity conjecture has been clarified
in [7]. For different versions of the weak gravity conjecture and relations between them, we refer the reader
to refs. [6–14].
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conjecture is suggested to hold for general CFTs and it has been extensively tested [5] via
perturbation theory, large N and semiclassical expansions. Intriguingly, the CFTs might
not even feature gravitational duals.

The overarching goal of our work is to refine and test the convex charge conjecture
via semiclassical computations for unitary and non-unitary CFTs in different space-time
dimensions within and beyond ordinary perturbation theory. This is possible thanks to ad-
vances in studying CFTs with continuous global symmetries in the presence of a conserved
charge Q. The large charge dynamics was first investigated in [15–19] where one can extract
the relevant conformal dimensions in inverse powers of the charge as reviewed [20]. One
can deform the CFT [21, 22] to acquire novel information about the spectrum and dynam-
ics of near conformal dynamics relevant for phenomenological applications [23, 24]. The
methodology employed to investigate all of the above is often referred to as semiclassical
in the sense that the path-integral is dominated by trajectories near the classical solution
of the equation of motions. Another relevant limit is the one in which the CFT is pertur-
bative and controlled by a small parameter ε. The latter can emerge because there is a
non-trivial interacting Banks-Zaks type [25] fixed point near the loss of asymptotic freedom
of either perturbatively safe [26] or infrared nature. The safe case was investigated first
in [27]. Another way to introduce a small parameter is to slightly modify the number of
space-time dimensions. This typically endows, for UV free theories, perturbative infrared
fixed points. Interestingly, the charge expansion captures higher orders in the ordinary
perturbative coupling corrections [28–32]. The reason being that the presence of a small
parameter allows studying the fixed-charge sectors of a CFT by defining a ’t Hooft-like
coupling A = εQ in which one can take the limit ε → 0 while maintaining A fixed. In
fact, one can resum the ordinary perturbation series by providing all-order results in the
A coupling. Below, we will introduce the models which will be used in this work. The
O(N) model was first investigated via semiclassical methods for any N in 4− ε dimensions
in [30]. The results were successfully tested against ordinary perturbation theory in [33] to
four loops. Later on the O(N) model was also investigated via the semiclassical approach
at large N in various dimensions in [34, 35]. The O(N) model in 3 − ε dimensions was
investigated [32, 36]. The study of the quite involved U(N)×U(M) model in 4− ε dimen-
sions appeared in [31, 37]. The equivalence between O(N) quartic and cubic model near
six dimensions was firstly studied in [35] and further investigated within the fixed charge
sector in [38].

For the models above we analyze the convexity properties of the leading and next-to-
leading order terms stemming from the semiclassical computation. The interesting feature
of the O(N) model in 4 + ε dimensions is that a complex conformal dimension develops
when increasing the charge. On the other hand for the U(N) × U(M) model in 4 − ε

dimensions the emergence of complex conformal dimensions is function of the number of
matter fields. Both models describe, depending on the parameters, dramatically different
physical regimes. We discover that whenever a complex conformal dimension arises, the
real part satisfies the convexity property.

We organize our paper as follows. In section 2, we clarify a few conceptual issues about
formulations of convex charge conjectures and emphasize the relevance of semiclassical
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methods for testing the conjecture. In section 3, we carry out various tests for the conjecture
by using the semiclassical method. We start with O(N) model in 4−ε, 4+ε, 3−ε dimensions
and 2 < d < 4 dimension. Then we move on to the U(N)×U(M) model in 4−ε dimensions.
We conclude the main results of our work in section 4.

2 Formulations of the conjecture: refinements and the use of semiclassics

2.1 Mathematical preparation

The convex charge conjecture proposed in ref. [5] involves functional inequalities of the form

f(x+ y) ≥ f(x) + f(y) (2.1)

for x, y ∈ R and a function f : R → R. Mathematically a function f satisfying eq. (2.1)
is called superadditive [39]. We note that this property of superadditivity is technically
different2 from the usual definition of functional convexity which in the one-variable case
is equivalent to requiring

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y) (2.2)

for a continuous function f and all x, y belonging to a convex subset in R, and all λ ∈ [0, 1].
The relation between superadditivity and convexity is embodied in the following theorem
due to M. Petrovic [39].

Theorem (Petrovic). Let [0, a) ⊂ R, 0 < a ≤ ∞, and let f : [0, a) → R be a continuous
and convex function. Then for every n ∈ N and every x1, x2, . . . , xn ∈ [0, a) such that
x1 + x2 + · · ·+ xn ∈ [0, a) we have

f(x1 + x2 + · · ·+ xn) ≥ f(x1) + · · ·+ f(xn)− (n− 1)f(0) . (2.3)

The proof of the theorem can be found in ref. [39]. To make contact with the convex
charge conjecture we may identify f(Q) as the scaling dimension as a function of charge
Q.3 It is then obvious that we always have

f(0) = 0 (2.4)

and in the n = 2 case eq. (2.3) becomes eq. (2.1). With the conditions of the theorem
in mind, the consequence of the theorem can be simply put as “convexity implies super-
additivity”. The converse need not be true. In this work mostly we will directly test the
convexity of the functions involved and use the convexity to infer the superadditivity.

One can test the convexity of a function using the following criterion: if a function
f(Q) is twice differentiable in an open interval J ⊂ R, then f(Q) is convex if and only

2This difference has been pointed out in footnote 4 of ref. [5]. Here we give more details.
3Note that the charge Q is originally only constrained to be integers. On the other hand, most known

computational methods deliver f(Q) as a function of a continuous variable Q, which is subject to tests of
convexity.
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if f ′′(Q) is nonnegative in J [39]. In using this criterion, one should note that f(Q) is
required to be twice differentiable in the whole open interval J . If this is not satisfied, for
example due to some kink, then this criterion is not applicable. When we examine the real
part of the scaling dimension of fixed-charge operators in certain non-unitary theories we
do expect such kinks at critical values of the charge. In such cases, one should resort to
definitions at a more basic level to determine whether the functions involved are convex.

2.2 Formulations of the convex charge conjecture

As a preparation for testing the convex charge conjecture in generic situations, we will
introduce several formulations of the convex charge conjecture. They are common in spirit
but different in technicalities.

We are not aware of arguments leading to proof of their equivalence or inequivalence.
Nevertheless, we find it instructive to state them clearly, show their distinctions, and keep
in mind which version is tested in each case of interest.

To this end let us first introduce some notations. Suppose we consider a conformal
field theory (CFT) with a continuous internal global symmetry group G.4 Consider the
charge space V of G, which is the real vector space spanned by all fundamental weights
of G. Any weight w of an irreducible representation of G is an element of V . For any
given weight w, there must be a multiplet (called M) of operators which transforms in an
irreducible representation ΓM of G such that ΓM contains w as its weight and which has the
lowest possible scaling dimensions among all such multiplets. We call ΓM the lowest-lying
representation of the given weight w, and denote it as

rL[w] ≡ ΓM . (2.5)

We then introduce the following notations.

1. The highest weight of some irreducible representation r will be denoted wh[r].

2. The irreducible representation corresponding to some highest weight w will be de-
noted rH [w].

3. The scaling dimension of the lowest dimension operator in the irreducible represen-
tation r will be denoted ∆(r).

Note that ∆(rL[w]) is just the scaling dimension of the multiplet M introduced above
in the definition of the lowest-lying representation for a given weight w.

Suppose rR is a reducible representation of G which has the decomposition

rR = ⊕
i
miri , (2.6)

where ri’s are irreducible representations with multiplicity mi. w is a given weight of rR.
Then we introduce the notation

∆̄(rR;w) ≡ min
{

∆(ri)|w belongs to ri
}
. (2.7)

4Generalization to the cases in which there are additional discrete internal symmetry group is straight-
forward.
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We will also need the notion of a rational direction. A rational direction in the charge
space V associated with the Lie group G is a ray from the origin which intersects another
lattice point (i.e. weight) [7]. Obviously each nonzero weight specifies a unique rational
direction and the set of rational directions is dense within the set of all directions. For any
rational direction R, suppose the distance from the origin to the nearest nonzero weight in
the rational direction is d0, then points along R at distance nd0 from the origin (n is any
nonnegative integer) are also weights. Conversely, any weight along R has a distance d to
the origin whose ratio to d0 is some nonnegative integer: d = nd0, n ∈ N. This integer n of
a given weight w will be called its distance index.

We are now in a place to state more precisely the convex charge conjecture of Aharony
and Palti [5].

Convex charge conjecture (Aharony & Palti). Consider any unitary CFT with a
continuous internal global symmetry group G, and any rational direction R of G, then there
exists a weight w0 in R such that if we define a real number ∆̃(Q) for any nonnegative
integer Q as follows

∆̃(Q) ≡ ∆(rH [Qwh[rL[w0]]]) . (2.8)

Then ∆̃(Q) satisfies the following superadditive property for all nonnegative integers Q1, Q2

∆̃(Q1 +Q2) ≥ ∆̃(Q1) + ∆̃(Q2) . (2.9)

Moreover, the distance index of w0 is of O(1).

In this version of the conjecture (called original version hereafter), the choice of the
irreducible representation rH is in accordance with the footnote 1 of ref. [5].

There is a second version of the conjecture which is motivated from an operator product
expansion (OPE) viewpoint (and has been alluded to in ref. [5]), which we now state as
follows (and called OPE version hereafter).

Convex charge conjecture (OPE). Consider any unitary CFT with a continuous in-
ternal global symmetry group G, and any rational direction R of G, then there exists a
weight w0 in R such that if we define a real number ∆̄(Q) for any nonnegative integer Q
as follows5

∆̄(Q) ≡ ∆̄(SymQ(rL[w0]);Qw0) . (2.10)

Then ∆̄(Q) satisfies the following superadditive property for all nonnegative integers Q1, Q2

∆̄(Q1 +Q2) ≥ ∆̄(Q1) + ∆̄(Q2) . (2.11)

Moreover, the distance index of w0 is of O(1).

A third version of the conjecture is motivated by certain applications of fixed-charge
semiclassical methods in which one maps the CFT to a cylinder using Weyl invariance.
In these applications weights play a more prominent role than irreducible representations.
Thus we will call this version the weight version hereafter and state it as follows.

5SymQ(r) denotes the symmetric product of Q copies of the representation r.
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Convex charge conjecture (weight). Consider any unitary CFT with a continuous
internal global symmetry group G, and any rational direction R of G, then there exists a
weight w0 in R such that if we define a real number ∆̂(Q) for any nonnegative integer Q
as follows

∆̂(Q) ≡ ∆(rL[Qw0]) . (2.12)

Then ∆̂(Q) satisfies the following superadditive property for all nonnegative integers Q1, Q2

∆̂(Q1 +Q2) ≥ ∆̂(Q1) + ∆̂(Q2) . (2.13)

Moreover, the distance index of w0 is of O(1).

A few remarks are in order regarding the relations between these three versions of the
conjecture. If G is Abelian (e.g. U(1)), then three versions of the conjecture are manifestly
equivalent. Complications may arise if G contains non-Abelian factor(s). The OPE version
is conceptually different from the original version because SymQ(rL) can be a reducible
representation while rH in eq. (2.8) is just one irreducible component in the decomposition
of SymQ(rL) which contains the weight Qw0. In the OPE version different irreducible
components in the decomposition of SymQ(rL) must compete to determine which one has
the lowest scaling dimension and thus is responsible for the evaluation of ∆̄(Q). However,
if for the given CFT a weight w0 in the rational direction R of its symmetry group lies
in the Weyl group orbit of wh[rL[w0]], then the OPE version and the original version of
the conjecture are equivalent in the rational direction R. This is because in such a case
the decomposition of SymQ(rL) contains a unique irreducible representation (which is rH
in eq. (2.8)) that contains Qw0. The uniqueness originates from the fact that Qw0 is
equivalent to the highest weight (up to Weyl group transformations).

For the weight version of the conjecture, all irreducible representations that contain
Qw0 as a weight must compete to determine which one has the lowest scaling dimension
and thus is responsible for the evaluation of ∆̂(Q). Only when all such irreducible repre-
sentations belong to the decomposition of SymQ(rL[w0]) can we conclude that the weight
version and the OPE version of the conjecture are equivalent. One possibility for this to oc-
cur is when for all nonnegative integer Q, Qw0 lies in the Weyl group orbit of wh[rL[Qw0]];
in such a case all three versions of the conjecture are equivalent.

The relations between three versions of the conjecture are illustrated in figure 1. In
this figure the three versions are distinguished by the set of irreducible representations
that participate in the competition for the lowest scaling dimension. Under certain cir-
cumstances it might occur that region B collapses to region A, or region A collapses to
the black dot, leading to the equivalence between corresponding version in those cases, as
discussed above.

The underlying reason behind this complication from three versions of the conjecture
is that generically it is a difficult task to determine the lowest-lying representation (with or
without further constraints) for a given weight, except for simple enough cases. Attempts
have been made in ref. [37] for operators in a variety of representations of the critical
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Figure 1. The relations between three versions of the convex charge conjecture as illustrated via the
set of irreducible representations of operator multiplets which participate in the competition for the
lowest scaling dimension. For the original version of the conjecture, only one irreducible represen-
tation is involved, which is rH [Qwh[rL[w0]]] and represented by the black dot. For the OPE version
of the conjecture, all irreducible representations that appear in the decomposition of SymQ(rL) and
contain Qw0 as a weight participate (corresponding to region A), including rH [Qwh[rL[w0]]]. For
the weight version of the conjecture, all irreducible representations that contain Qw0 as a weight
participate (corresponding to region A which contains region B as its subset).

U(N)×U(M) Higgs theory but it would be very complicated to generalize further. Lack-
ing a proof of their equivalence or inequivalence, what can be concluded currently is that
the conjecture that is being tested directly via semiclassical computation through a Weyl
map in section 3.1, 3.2, 3.3, 3.5 corresponds to the weight version. For the cases studied
in section 3.1, 3.2, 3.3 w0 can be taken to be the highest weight of the fundamental repre-
sentation of O(N) and one has wh[rL[w0]] = w0. If we further assume the no-level-crossing
condition rH [Qw0] = rL[Qw0] to hold in the O(N) models for every nonnegative integer Q,
then the three versions of the conjecture are also equivalent. On the other hand section 3.4
is based on semiclassical large N results obtained by operator insertion directly, without a
Weyl map. The version of the conjecture that is being tested for O(N) model corresponds
to the OPE version which is also equivalent to the original version in this case. Section 3.5
studies several charge configurations in the U(N) × U(M) models, leading to a situation
that is more obscured as to the relation between three versions of the conjecture, which we
leave for future work to explore.

Finally, all three versions of the conjectures above are about one rational direction.
Thus in the resulting superadditivity inequality the charge can be represented as a non-
negative integer. One natural generalization is to consider a superadditivity inequality in
which the charges are represented as vectors restricted to some regions. In the case of
a one-dimensional charge space the charges are restricted to be nonnegative. In multi-
dimensional cases the natural generalization would be to consider fixed-sign charge space,
that is the space spanned by Cartan generators which have fixed signs along diagonal en-
tries. For example, in the case of SU(3), Cartan generators can be represented as 3 × 3
traceless diagonal matrices and thus there are six fixed-sign charge spaces, corresponding to

(+,+,−), (+,−,+), (−,+,+), (−,−,+), (−,+,−), (+,−,−) . (2.14)

– 7 –
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A zero entry belongs to both signs. The traceless condition makes (+,+,+), (−,−,−)
charge spaces trivial.

It is thus natural to formulate a generalized convex charge conjecture as follows.

Convex charge conjecture (generalized, falsified). Consider any unitary CFT with
a continuous internal global symmetry group G, then for any two nonzero weights w1 and
w2 in a fixed-sign charge space of G, there exists an O(1) positive integer n0 such that for
any nonnegative integer Q we have

∆(rL[Qn0(w1 + w2)]) ≥ ∆(rL[Qn0w1]) + ∆(rL[Qn0w2]) . (2.15)

However we found examples that violate this generalized version of convex charge
conjecture, which we discuss in section 3.5.

2.3 The use of semiclassics

At small values of the charge, conventional perturbation theory is valid. The conventional
perturbation for the scaling dimensions ∆(Q) of fixed-charge operators is organized as a
multi-variable Taylor expansion in couplings, with coefficients being polynomials of the
charge. The degrees of the polynomials are bounded from above at each order in conven-
tional perturbation. Checks of superadditivity or convexity can be carried out by retaining
the terms that contribute to ∆′′(Q) at the lowest possible order. Unless there is accidental
cancellation or suppression at work at this order, there is no need to go to higher orders
since they cannot change the convexity when conventional perturbation theory is valid.

At large values of the charge, conventional perturbation theory breaks down [28], but
one may rely on large charge expansion from an effective field theory (EFT) point of view
to write the scaling dimension ∆(Q) of the lowest-lying charge Q operator as6 [15]

∆(Q) = AQd/(d−1) + higher order , (2.16)

where d is the spacetime dimension.7 A is independent of Q and higher order represents
terms suppressed by some positive powers of Q in the large charge limit. Neglecting the
higher order terms, the second derivative of ∆(Q) can be readily obtained

∆′′(Q) = Ad

(d− 1)2Q
(2−d)/(d−1) . (2.17)

For d > 0 and unitary theories one must have A > 0 and thus ∆′′(Q) > 0.8 Convexity and
superadditivity should thus hold for sufficiently large values of the charge. Now the reason
why in three versions of the convex charge conjecture we require the distance index of the
weight w0 to be of O(1) is clear, as in the large charge regime such convexity property

6Theories with moduli spaces have a different large-charge behaviour [40].
7In this work we restrict ourselves to d > 2 where large charge or semiclassical expansion is known to

be applicable. For the convex charge conjecture at d = 2 we refer the reader to ref. [5] for discussion.
8However, in ref. [5] and this work a number of non-unitary theories are tested whose non-unitarity

shows different sources of origin. In such cases one can resort to additional argument such as the one given
in appendix A of ref. [38] in order to determine the sign of A.
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is expected to hold and the nontrivial parts of the conjectures thus come from the small
charge and intermediate charge regimes.

The situation is a bit more obscured in the intermediate charge regime in which neither
conventional perturbation nor large charge EFT is under good control. It turns out that
semiclassical methods [28, 35] based on an expansion in powers of some small coupling at
fixed values of the ’t Hooft coupling (corresponding to coupling times charge) provide a valid
description from small to large charge regime, including the intermediate charge transition
range. The semiclassical (next-to-)leading-order computation resums to all orders the terms
in conventional perturbation that have (next-to-)leading powers of the charge. A generic
semiclassical expansion for ∆(Q) takes the form

∆(Q) = 1
λ∗

∆−1(λ∗Q) + ∆0(λ∗Q) + λ∗∆1(λ∗Q) + . . . , (2.18)

in which λ∗ denotes the fixed point coupling (or some other equivalent small parameter,
such as ε in the ε-expansion, and 1/N in the large N expansion). It is worth noting that in
the case of conventional perturbation theory, the leading-order contribution to ∆(Q), i.e.
the classical scaling dimension, is linear in Q which does not contribute to the convexity or
superadditivity analysis. Thus in conventional perturbation one must go to next-to-leading
order at least in order to pin down the convexity property of ∆(Q). The situation becomes
different for semiclassical computations. In general, at semiclassical leading order, the
knowledge of ∆−1 is sufficient to determine the convexity property of ∆(Q) for small values
of λ∗. This holds for generic functions ∆−1,∆0, . . . unless the contribution from ∆−1 is
accidentally suppressed. To see this more clearly, let us consider the scaling dimension ∆Q

of the Q-index traceless symmetric tensor in critical O(N) model in d = 4− ε dimensions.
In conventional perturbation theory and up to O(ε2), it reads [30]

∆Q = Q︸︷︷︸
SLO

+

−
(1

2 + 1
8 +N

)
Q︸ ︷︷ ︸

SNLO

+ Q2

8 +N︸ ︷︷ ︸
SLO

 ε

+

184 +N(14− 3N)
4(8 +N)3 Q︸ ︷︷ ︸

SNNLO

+ (N − 22)(N + 6)
2(8 +N)3 Q2

︸ ︷︷ ︸
SNLO

+ 2
(8 +N)2Q

3

︸ ︷︷ ︸
SLO

 ε2

+O(ε3) . (2.19)

Here the labels “SLO, SNLO, SNNLO” denote “semiclassical leading order, semiclassi-
cal next-to-leading order, semiclassical next-to-next-to-leading order” respectively.9 The
crucial observation is that for each order in semiclassical expansion, the term leading in

9ε and the appropriately normalized fixed point coupling differ by higher order terms and this leads to a
difference at higher orders in the semiclassical expansion expressed in terms of ε compared to semiclassical
expansion expressed in terms of the coupling. This subtlety however does not affect the argument made in
this section.

– 9 –



J
H
E
P
1
2
(
2
0
2
1
)
2
0
4

conventional perturbation is linear in Q and thus does not contribute to convexity analysis.
For example, at semiclassical leading order, the term leading in conventional perturbation
is Q, which does not contribute to convexity. When we go to semiclassical next-to-leading
order, the term leading in conventional perturbation is −

(
1
2 + 1

8+N

)
Q which is again lin-

ear in Q and thus does not contribute to convexity. After subtracting the terms linear in
Q, it is clear that in the remaining terms, the leading contribution to convexity still comes
from the semiclassical leading order result, while the semiclassical next-to-leading order
result is suppressed by an additional factor of ε.

In practice, one needs to specify the intermediate charge regime more clearly. This
can be achieved by considering the chemical potential-charge relation that is derived in
each semiclassical computation at leading order. For example, for the U(1)-symmetric
field theory of a complex scalar field φ

L = ∂φ∂φ̄+ λ0
4 (φ̄φ)2 (2.20)

in d = 4− ε dimensions, the chemical potential-charge relation at the Wilson-Fisher fixed
point reads [28]

Rµ∗ =
31/3 +

[
9 λ∗Q

(4π)2 −
√

81
[
λ∗Q
(4π)2

]2
− 3

]2/3

32/3

[
9 λ∗Q

(4π)2 −
√

81
[
λ∗Q
(4π)2

]2
− 3

]1/3 , (2.21)

in which Q is the fixed charge, λ∗ is the fixed point coupling, and R is the cylinder radius.
The right-hand-side can be Taylor expanded around λ∗ = 0, resulting in

Rµ∗ = 1 + λ∗Q

16π2 −
3λ2
∗Q

2

512π4 + · · · . (2.22)

We use as a criterion for the intermediate charge if on the right-hand-side of this expansion
the second term is comparable to the first term, that is

λt ≡
λ∗Q

16π2 ≈ 1 . (2.23)

The small charge, intermediate charge and large charge regimes are then characterized by
λt � 1, λt ∼ O(1), λt � 1, respectively. This method of determining the intermediate
charge regime can be adapted to other models in an obvious manner.

In section 3 when we perform tests of the convex charge conjectures, we mainly rely on
drawing plots of the scaling dimension (or its second derivative) computed via semiclassical
methods as a function of charge. Although all plots are necessarily restricted to a finite
range of charge (up to some maximal value), the generality of our analysis is in fact not
limited by the charge cutoff. The reason can be understood from our discussion above: at
large charge one may rely on expectation from large charge EFT to derive the convexity of
the scaling dimension, while at small values of charge conventional perturbation theory can
be used to reliably determine the convexity property. The genuine new information about
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charge convexity from semiclassical methods consists in knowledge of the scaling dimension
in the intermediate charge regime, when both conventional perturbation and large charge
EFT are not accurate enough. Semiclassical methods provide a way to reliably interpolate
between the small and large charge regimes, and plots that cover this crucial transition
regime with a full cover of small charge regime and a finite extension into the large charge
regime allows us to produce conclusive statements about the convexity property of the
scaling dimension for all charge values.

3 Tests of the conjectures: refinements and new results

3.1 Refining and extending the quartic O(N) model in 4 − ε dimensions

In the work of [5], the authors considered the O(N) model at small fixed charge amenable
to perturbation theory. The Lagrangian reads

L = 1
2∂

µφi∂µφi + (4π)2 λ

16 (φiφi)2 , (3.1)

with i = 1, · · · , N . In d = 4− ε dimensions the fixed point is at

λ∗ = 2ε
(N + 8) + 6 (3N + 14) ε2

(N + 8)3 +O
(
ε3
)
. (3.2)

We consider the class of operators ϕQ, where ϕ ≡ φ1 + iφ2, which live in the Q-index
traceless symmetric tensor representation of O(N). For small charge Q and based on
conventional perturbative results at one loop order, the authors of [5] have shown that the
inequality eq. (2.13) is satisfied.

Here we extend this result to fixed ’t Hooft coupling λ∗Q while expanding in λ∗ within
the semiclassical framework:

∆Q = 1
λ∗

∆−1 (λ∗Q) + ∆0 (λ∗Q) + λ∗∆1 (λ∗Q) + · · · . (3.3)

According to the current state-of-the-art we have the full knowledge of the ∆−1 (λ∗Q)
and ∆0 (λ∗Q) functions. These are given in [30]. It is therefore instructive to investigate
independently their structure and, in particular, whether they are independent convex
functions or only the sum is convex.

We start by reporting the analytical expression for ∆−1 that reads:

∆−1 (λ∗Q) = 1
32
(
3b4 − 2b2 − 1

)
, (3.4)

where

b ≡

(√
1296J2 − 3 + 36J

)2/3
+ 3√3

32/3 3
√√

1296J2 − 3 + 36J
, J = λ∗Q

4 . (3.5)

The convexity of this function is clear from the plots of the function itself given in the left
figure 2 and from the positivity of its second derivative d2∆−1/λ∗

dQ2 shown in right figure 2.
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Figure 2. In the left figure, we show the semiclassical leading order scaling dimension as a function
of charge Q while in the right one, we show d2∆−1/λ∗

dQ2 as a function of charge Q for O(N) model in
4− ε dimension. We have chosen λ∗ = 0.01.
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Figure 3. In the left figure, we show the semiclassical next-to-leading order scaling dimension as a
function of charge Q while in the right one, we show the d2(∆0)

dQ2 as a function of charge Q for O(N)
model in 4− ε dimension. We have chosen λ∗ = 0.01 and N = 10.

This result is interesting since one could argue towards a positive test of the [5] con-
vexity conjecture at intermediate charges. Nevertheless it is instructive to also analyze the
convexity properties of ∆0. Differently from ∆−1 we have a numerical result for ∆0 that
we report in figure 3. From it we observe that ∆0 is convex except for very small ’t Hooft
coupling where λ∗Q ≤ 0.1. Therefore, we expect the sum of leading and next-to-leading
order scaling dimension is also convex as shown in the right of figure 4 where we plot also
the second derivative of ∆−1

λ∗
+ ∆0 which is clearly positive.

In fact, the ∆−1 function is convex for any charge Q and variable N while we have
checked that ∆0 is convex up to Q ∼ 103 and N = 5–20 except for the region of very small
’t Hooft coupling (λQ ≤ 0.1) showing the concave behaviour. It is reasonable to expect
a similar feature to hold also for N > 20, and can be further numerically checked later.
For N = 2, 3, 4, however, ∆0 is convex up to Q ∼ 103 since the concave region actually
occurs at Q < 1. These features are reported in figure 5 where we show respectively ∆0
and d2∆0

dQ2 for N = 2–20 and Q = 0–1000. Note that because the N dependence of λ∗ can
be traded for a different value of ε we are entitled to keep it constant. Finally, in figure 6,
we show the convexity property of the sum of the leading and next-to-leading results i.e.
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Figure 4. In the left figure, we show the total scaling dimension of semiclassical leading plus

next-to-leading order as a function of charge Q while in the right one, we show the
d2
(∆−1

λ∗ +∆0
)

dQ2 as
a function of charge Q for O(N) model in 4− ε dimension. We have chosen λ∗ = 0.01 and N = 10.

Figure 5. In this figure, we show d2∆0
dQ2 (purple) as a function of charge Q and variable N for O(N)

model in 4 − ε dimension. We have chosen λ∗ = 0.01. The yellow sheet is chosen to be at 0 as a
reference.

d2(∆−1/λ∗+∆0)
dQ2 as a function of charge Q and variable N . For all the plots here we chose

λ∗ = 0.01. Changing the value of λ∗ corresponds to a modified range of Q which does not
affect the results. However, it should be noted that if we choose a bigger coupling value,
say λ∗ ∼ 0.1, then the small concave region in ∆0 disappears since it requires charge Q ≤ 1.
The U(1) case is trivially included in the analysis for N = 2.

We have therefore shown that the conjecture holds also in the intermediate charge
regime and for different intermediate values of N . Interestingly, we discover that the
leading and the sum of leading and subleading terms in the semiclassical framework abide
the conjecture. The subleading term is convex except for the region of very small ’t Hooft
coupling.
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Figure 6. In this figure, we show d2(∆−1/λ∗+∆0)
dQ2 as a function of charge Q and variable N for O(N)

model in 4− ε dimension. Without losing generality, we have chosen λ∗ = 0.01.

3.2 Refining and extending the quartic O(N) model in 4 + ε dimensions

In this section, we consider O(N) quartic model in 4 + ε dimensions which features an
ultraviolet fixed point at negative coupling values. We can directly apply the leading-order
semiclassical results eq. (3.4) and eq. (3.5) in the above section subsection 3.1. This case
is particularly interesting since in the small charge regime the scaling dimension is real
while in the large charge regime it becomes complex. In fact, as pointed out in [35, 38], the
model exhibits a critical value of the charge where ∆−1 develops a branch cut and above
which the scaling dimensions acquire a nonzero imaginary part. To the leading order in
the ε-expansion, the critical value of the charge reads [38]

Qc = N + 8
6
√

3ε
. (3.6)

In the case of complex scaling dimension it is the real part of the scaling dimension that
inherits the role of the energy of the corresponding state when we perform a Weyl map
to the cylinder, and thus it is well-motivated to examine the convexity property of the
real part of the scaling dimension. At small values of the charge, the scaling dimension
of ϕQ operator can be obtained by making the replacement ε → −ε in the corresponding
expression for the O(N) model in 4− ε dimensions, from which we may conclude that the
real part of the scaling dimension is concave with respect to the charge. For large values
of the charge, as long as the prefactor A in eq. (2.16) has a positive real part,10 we expect
the real part of the scaling dimension to be convex with respect to the charge. Therefore,
a transition from concave to convex behavior for the real part of the scaling dimension as
a function of the charge is expected, if the above picture is correct.

We present the real and imaginary part of the leading order scaling dimension ∆−1/λ∗
as a function of charge Q in 4 + ε dimension in figure 7. In each sub-figure, we also include
a reference line (shown as a red dashed line) which provides a reference ’t Hooft coupling
value λ∗Q = −0.2. Here, we have chosen λ∗ = −0.01. With the parameters we have chosen,
using eq. (3.6), we can determine Qc ∼ 20. It is clear from the left part of figure 7 that

10One can prove the positivity of the real part of A using the argument given in appendix A of ref. [38].
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Figure 7. We show the real and imaginary part of the semiclassical leading order scaling dimension
∆−1/λ∗ as a function of charge Q in 4 + ε dimension for O(N) quartic model in respectively the
left and right part of the figure. In each sub-figure, the left side of the red dashed line represents
the small charge regime with λ∗Q = −0.2. We have chosen λ∗ = −0.01.

Small Charge Regime
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Q
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d
2 Re[Δ-1 /λ*]

dQ2

Figure 8. In this figure, we show the convexity property of the real part of the semiclassical
leading-order scaling dimension d2∆−1/λ∗

dQ2 as a function of charge Q. The left side of the red dashed
line represents the small charge regime with λ∗Q = −0.2. Without losing generality, we have chosen
λ∗ = −0.01.

the real part of the scaling dimension is concave below QC while becomes convex above
it. This is further shown in figure 8. In the right part of figure 7, we observe that the
imaginary part of the scaling dimension is zero below QC and thus the scaling dimension
is indeed real in the small charge regime.

3.3 Refining and extending the sextic O(N) model in 3 − ε dimensions

For the sextic O(N) model in d = 3 − ε (where both the |φ|2 and the |φ|4 operators are
fine-tuned to zero), the Euclidean Lagrangian is given by

L = 1
2∂

µφi∂µφi +
(
λ2

48

)
(φiφi)3 . (3.7)
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Figure 9. In the left figure, we show the semiclassical leading order scaling dimension as a function
of charge Q while in the right one, we show the d2∆−1/λ∗

dQ2 as a function of charge Q. Both figures
are discussed within O(N) model in 3− ε dimesnions. We have chosen λ∗ = 0.01.

Similar to the discussions in subsection 3.1, here we again study the convexity conjec-
ture eq. (2.13) by using the semiclassical computations. Again, we have the knowledge of
∆−1 and ∆0 [32, 36]. Below we only report the convexity study using the leading-order
semiclassical results, which are already sufficient to prove the convexity property. The
semiclassical leading-order scaling dimension is given by:

∆−1
λ

= Q
1 +
√

1 + x+ x/3
√

2
(
1 +
√

1 + x
)3/2 , x = λ2Q2

2π2 . (3.8)

By using eq. (3.8), in figure 9, we present the semiclassical leading order scaling dimension
∆−1 and its convexity property d2∆−1

dQ2 as a function of charge Q. We have chosen λ∗ = 0.01.
It is clear from the figure that the convexity property holds in this model.

3.4 Refining and extending the quartic O(N) model in d dimensions at large
N test

In this section we study the scaling dimensions of the quartic O(N) theory by using the 1/N
expansion [35, 41] instead of the ε expansion procedure used in the previous section 3.1.
The 1/N expansion has the advantage that it applies to generic dimension d and thus is
able to provide a larger landscape to test the weak-gravity conjecture. Cases of d = 3,
d = 5 and d = 6− ε have been studied in [5] using the small Q/N expansion. In this work,
we directly apply the semiclassical large N results shown in [35] to test the weak gravity
conjecture and to go beyond the small charge regime.

Following [35], the scaling dimension at the leading order in the semiclassical 1/N
expansion can be written as:

∆−1 = N

f (cσ) + Q

N

√(
d

2 − 1
)2

+ cσ

 , f (cσ) ≡ − cσ
d− 2

∫ ∞
0

dt
J2
(√
cσt
)

t (2 cosh t− 2)
d
2−1

(3.9)
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Figure 10. In this figure, we show the O(N) model leading order scaling dimension ∆−1 at large
N as a function of charge Q and dimension 2 < d < 4. We have chosen N = 20.

Figure 11. In this figure, we show the convexity property of the O(N) model leading order scaling
dimension d2∆−1

dQ2 at large N as a function of charge Q and dimension 2 < d < 4. Without losing
generality, we have chosen N = 20.

where J2 is the conventional Bessel function and cσ is determined from:

d

dσ

f (cσ) + Q

N

√(
d

2 − 1
)2

+ cσ

 = 0 . (3.10)

By using eq. (3.9) and eq. (3.10), in figure 10 we present the O(N) model leading order
scaling dimension ∆−1 at large N as a function of charge Q and dimension 2 < d < 4.
Without losing generality, we have chosen N = 20. To prove the convexity conjecture,
in figure 11, we show the convexity property of the O(N) model leading order scaling
dimension d2∆−1

dQ2 at large N as a function of charge Q and dimension 2 < d < 4 with
N = 20. It is clear that the convexity property of the quartic O(N) model holds for any
dimension 2 < d < 4.

As pointed out in [5], in 4 < d < 6, the large N O(N) model violates the conjecture
at small Q/N where CFT data are real. In this range of dimensions the model features
a critical value of the charge Qc above which the scaling dimensions acquire a nonzero
imaginary part. Interestingly, as illustrated by the model in d = 4 + ε dimensions, at Qc
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the convexity properties of the spectrum change in such a way that if one considers the
real part of the scaling dimensions, the large-charge (large Q/N) regime is convex.

3.5 New tests: the U(N) × U(M) in 4 − ε dimensions

We consider the U(N)×U(M) linear sigma model in d = 4− ε

L = Tr(∂µH† ∂µH) + u0 Tr(H†H)2 + v0(TrH†H)2 . (3.11)

Here H is an N ×M complex matrix scalar field. Without loss of generality we consider
N ≤M . The global symmetry of the model is

G ≡ SU(N)L × SU(M)R ×U(1)A , (3.12)

where U(1)A is an universal phase rotation of H. The Noether charges are encoded in a
traceless matrix defined as

Q = i

2

∫
d3x

(
ḢH† −HḢ†

)
. (3.13)

At the 1-loop level the model features four FPs: a Gaussian FP (u∗ = v∗ = 0), an
O(2NM) FP (u∗ = 0) and other two FPs given by

u∗± = 4π2AMN ∓ 3
√
RMN

DMN
ε , v∗± = 4π2BMN ± (M +N)

√
RMN

2DMN
ε , (3.14)

with

AMN = NM2 +MN2 − 5N − 5M , BMN = 36− (M +N)2 ,

RMN = 24 +M2 +N2 − 10MN , DMN = (MN − 8)(M +N)2 + 108 .
(3.15)

This model displays an interesting phase structure since we can go from real to complex
conformal dimensions by changing the number of matter fields M, N . In particular, the
last two FP are complex when RMN < 0. In figure 12, we show the phase diagram of the
U(N)×U(M) model where the last two fixed points are either real or complex.

Below we consider two types of charge configurations. For the first charge configu-
ration, we first study the inequality eq. (2.13) by using the one-loop scaling dimensions.
Then, we apply the full semiclassical results (leading and next-to-leading order) to study
the convexity property. For the second charge configuration, due to its numerical com-
plications, we only study the inequality eq. (2.13) at small ε by considering the one-loop
scaling dimension. For more details of the semiclassical computations of U(N) × U(M)
model, we refer the readers to [31, 37].

Charge configuration one. Consider the following 2-parameters family of charge con-
figurations

QJ,s = diag
(
J, J, . . .︸ ︷︷ ︸

s

,−J,−J, . . .︸ ︷︷ ︸
s

, 0, 0, . . .︸ ︷︷ ︸
N−2s

)
. (3.16)
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Figure 12. In this figure, we show the phase diagram of the U(N)×U(M) model where the fixed
points are either real or complex.

The semiclassical expansion takes the following form

∆J =
∑
k=−1

1
Jk

∆k(A∗h,A∗v) . (3.17)

where we introduced ’t Hooft-like couplings as

Ah = J
uN

(4π)2 , Av = J
2svN
(4π)2 , (3.18)

The leading order of the semiclassical expansion reads

∆−1(A∗h,A∗v) = sN

144(A∗h +A∗V )
1
x∗

4
3

(
3√3x∗8/3 − 3x∗4/3 + 6 3√3x∗2/3 + 2 32/3x∗2 + 35/3

)
.

(3.19)
with

x = 72
N

(Ah +Av) +

√
−3 +

(72
N

(Ah +Av)
)2
, (3.20)

The NLO can be written in terms of a convergent sum as

∆0(A∗h,A∗v) = ρ(x∗,M,N, s,A∗h,A∗v)+

1
2

∞∑
`=0

[
R(1 + `)2

(∑
i

gi(M,N, s)ωi(`, x∗,A∗h,A∗v)
)
d=4

+ σ(`, x∗,M,N, s,A∗h,A∗v)
]
.

(3.21)

where the explicit form of the two functions ρ(x∗,M,N, s,A∗h,A∗v) and σ(`, x∗,M,N, s,

A∗h,A∗v) can be found in [37]. From the above results, one can extract the one-loop scaling
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dimension of the lowest-lying operators carrying this charge configuration, which reads

∆1−loop
Q=4sJ = Q

(
1− ε

2

)
+ 4
N

(
A∗h

(
Q− 2s2

)
+ (Q− 1)A∗v

)
= Q

(
1− ε

2

)
+ Q

(
Q− 2s2)
(4π)2s

u∗ + 2Q(Q− 1)
(4π)2 v∗ , (3.22)

where Q = 4sJ is, in the perturbative regime, the classical scaling dimension of the corre-
sponding fixed-charge operator. By defining γQ1,Q2 ≡ ∆Q1+Q2 −∆Q1 −∆Q2 , such that the
conjecture is satisfied when γQ1,Q2 > 0, it follows that

γQ1,Q2 = Q1Q2
8π2s

(u∗ + 2sv∗) +O
(
ε2
)
. (3.23)

The above quantity is positive when the couplings are positive. Plugging into γQ1,Q2

the expression for the FP couplings (3.14), we have

γQ1,Q2 = Q1Q2ε

2s ((MN − 8)(M +N)2 + 108)

((
s
(
−M2 − 2MN −N2 + 36

)

+
√
M2 − 10MN +N2 + 24(s(M +N)− 3) +M2N +MN2 − 5M − 5N

))
+O

(
ε2
)
.

(3.24)

It is easy to check that, when the FPs are real, we have γQ1,Q2 ≥ 0 and thus the convex
charge conjecture, as formulated in eq. (2.13) holds. Furthermore, when the FPs are
complex, the real part of γQ1,Q2 is still positive. As the next step, we apply the semiclassical
results (3.19) and (3.21) to study the convexity property. When getting into the regime
where the fixed points of the couplings become complex, we also check the convexity of the
real part of the scaling dimension.

In figure 13, we present the real part of the leading order scaling dimension in the
semiclassical expansion (3.19). Using leading order semiclassical results (closed form) of
eq. (3.19), we obtain Re (J∆−1) as a function of charge Q and variable M . As reference
values, we have chosen N = 4, s = 1 and ε = 0.1.11 The second derivative with respect
to Q is shown in figure 14. The convexity property is satisfied. For N = 4, the fixed
point values are complex below M ∼ 40 (see figure 12). Interestingly, from figure 14, the
convexity property holds for the real part of the scaling dimension in the region of complex
fixed points.

In the left part of figure 15, using the semiclassical results of eq. (3.21), we present
the real part of the scaling dimension at next-to-leading order i.e. Re (∆0) as a function of
charge Q and variable M . In the right part of figure 15, we show its convexity property
i.e. d2Re(∆0)

dQ2 as a function of charge Q and variable M . We have chosen N = 4 charge
configuration s = 1 and ε = 0.1. Similar to the O(N) case, the convexity property does
not hold for the next-to-leading order in the small charge regime with very small ’t Hooft
coupling.

11We checked that the convexity property of the spectrum does not change if other values are chosen.
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Figure 13. In this figure, we show the real part of the U(N)×U(M) model scaling dimension i.e.
Re (J∆−1) as a function of charge Q and variable M . We have chosen N = 4, s = 1 and ε = 0.1.

Figure 14. In this figure, we show the convexity property for the real part of U(N)×U(M) model
scaling dimension i.e. d

2Re(J∆−1)
dQ2 as a function of charge Q and variable M . We have chosen N = 4,

s = 1 and ε = 0.1.

Figure 15. In the left figure, we show the real part of the U(N)×U(M) model scaling dimension
at next to leading order i.e. Re (∆0) as a function of charge Q and variable M while in the right
one, we show the convexity property for the real part of the of scaling dimension i.e. d

2Re(∆0)
dQ2 as a

function of charge Q and variable M . We have chosen N = 4 and s = 1 and ε = 0.1.
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Figure 16. In the left figure, we show the convexity property for the real part of the U(N)×U(M)
model leading plus next-to-leading order scaling dimension i.e. d

2Re(J∆−1+∆0)
dQ2 as a function of charge

Q and variable M . We have chosen N = 4, s = 1 and ε = 0.1. In the right figure, we have chosen a
slice of the left 3D figure with Q = 25. The dip comes from the transition from the phase boundary
from real to complex.

Figure 17. In this figure, we show the ratio of the imaginary and real part of the U(N) × U(M)
model scaling dimension i.e. Im(J∆−1+∆0)

Re(J∆−1+∆0) as a function of charge Q and variableM . We have chosen
N = 4, s = 1 and ε = 0.1.

In figure 16, we show the convexity property for the sum of real part of leading and
next-to-leading order scaling dimension i.e. d2Re(J∆−1+∆0)

dQ2 as a function of charge Q and
variable M . We have chosen N = 4, s = 1 and ε = 0.1. This is an intriguing result, since it
means the convexity property holds even in the non-unitary theory where the fixed points
become complex if we focus on the real part of the scaling dimensions. On the right part
of figure 16, we have chosen a slice which shows d2Re(J∆−1+∆0)

dQ2 is continuous with variable
M though there is a dip across the phase boundary from real to complex.

In figure 17, we present the ratio of imaginary and real part of the U(N) × U(M)
model scaling dimension i.e. Im(J∆−1+∆0)

Re(J∆−1+∆0) as a function of charge Q and variable M . We
have chosen N = 4, s = 1 and ε = 0.1.

Charge configuration two. In [37], we considered one more charge configuration given by

QJ = diag {−2J, J, J, 0, · · · , 0} . (3.25)
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In this case, the expansion for small ’t Hooft couplings of the leading order of the semi-
classical expansion (3.17), reads

J∆−1 = Q

[
1 + Q(3u∗ + 8v∗)

64π2 − Q2 (5u∗2 + 24u∗v∗ + 32v∗2
)

1024π4 +O
(
(u∗Q)3, (v∗Q)3

)]
.

(3.26)

where we set the couplings to their FP values and Q = 8J is the classical scaling dimension
of the corresponding lowest-lying operator. Using the above result, we have

γQ1,Q2 = Q1Q2
32π2 (3u∗ + 8v∗) +O

(
ε2
)
. (3.27)

Analogously to the previous charge configuration, γQ1,Q2 is positive if the couplings are
positive. As shown before, this condition is satisfied for all the values of N and M leading
to real couplings, validating the convexity conjecture. Furthermore, when the couplings
are complex, their real part is always positive, leading to Re[γQ1,Q2 ] > 0.

We conclude this section with an example which illustrates that the generalized convex
charge conjecture (2.15) is not satisfied by the spectrum of the U(N)×U(M) CFT. In fact,
by considering the family of charge configurations given in eq. (3.16), we can re-state the
conjecture as

γs1,s2 ≡ ∆s1+s2 −∆s1 −∆s2 ≥ 0 . (3.28)

On the other hand, by using the one-loop result in (3.22), we have

γs1,s2 = Js1s2(4Jv∗ − u∗)
π2 +O

(
ε2
)

= 4Js1s2C(M,N, J)
(MN − 8)(M +N)2 + 108ε+O

(
ε2
)
, (3.29)

where

C(M,N, J) = 2J
(
(M +N)

(√
M2 − 10MN +N2 + 24−M −N

)
+ 36

)
(3.30)

+ 3
√
M2 − 10MN +N2 + 24 +M(−N)(M +N) + 5M + 5N .

The sign of γs1,s2 is equal to the one of C(M,N, J). It is easy to check that C(M,N, J) < 0,
violating the generalized version of the convex charge conjecture. To illustrate this fact
with an example, in figure 18 we plot C(M,N, J) for the reference values N = J = 10, in
a range of values of M such that the FPs are real.

4 Discussions and conclusions

Triggered by the recently introduced convex charge conjecture, related to the weak gravity
one, we first considered different mathematical definitions and then we thoroughly tested
them against a number of CFTs at nonzero charge. Our methodology of choice is the
semiclassical framework that is eminently suited for analyzing fixed charge sectors of dif-
ferent theories in various dimensions. Concretely, we analyzed the convexity properties
of the leading and next-to-leading order terms stemming from semiclassical computations.
We were therefore able to extend and go beyond the original tests of the conjecture. We
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Figure 18. C(M,N, J) for N = J = 10 as a function of M . Since C(M,N, J) < 0 the generalize
version of the conjecture stated in (2.15) is violated.

analyzed the convexity of the fixed charge conformal dimensions to the leading and next-
to-leading order in the semiclassical framework. Both contributions are known in a close
form and for arbitrary charges and to all orders in the fixed point coupling. Although
the leading contribution is sufficient to test convexity in the semiclassical computations,
we found instructive to determine the convexity property of the next-to-leading order as
well. For the unitary theories investigated here the full semiclassical leading order is always
convex while the next-to-leading order is concave for small values of λ∗Q.

The situation is much more intriguing for models featuring a transition to complex
conformal dimensions either as function of the charge or number of matter fields. The
O(N) model in 4 + ε dimensions is an example of the first kind. Here, in agreement
with [5], we have that for small charges the conformal dimension is real but concave rather
than convex because the theory does not have a ground state. Intriguingly, as we increase
the charge also an imaginary component emerges. The real part continuously connects,
as function of the charge, with the one at small charge but changes character (meaning
that the first derivative is discontinuous) and becomes convex. The matter field example
is represented by the U(N) × U(M) model in 4 − ε dimensions. This model displays an
interesting phase structure because we can go from real to complex conformal dimensions by
changing the number of matter fields. We observe that within the phase diagram in which
the conformal dimensions are real, convexity holds. Once the imaginary part develops the
real part is still convex and continuously connected to the zero imaginary part one.

Acknowledgments

We thank Ofer Aharony and Eran Palti for relevant discussions. The work of O.A. and
J.B. is partially supported by the Croatian Science Foundation project number 4418. F.S
and Z.W acknowledge the partial support by Danish National Research Foundation grant
DNRF:90. ZW is supported in part by the Swedish Research Council grant, contract num-
ber 2016-05996, as well as by the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (grant agreement No. 668679).
C.Z. is supported by MIUR under grant number 2017L5W2PT and INFN grant STRONG.

– 24 –



J
H
E
P
1
2
(
2
0
2
1
)
2
0
4

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] C. Vafa, The String landscape and the swampland, hep-th/0509212 [INSPIRE].

[2] E. Palti, The Swampland: Introduction and Review, Fortsch. Phys. 67 (2019) 1900037
[arXiv:1903.06239] [INSPIRE].

[3] M. van Beest, J. Calderón-Infante, D. Mirfendereski and I. Valenzuela, Lectures on the
Swampland Program in String Compactifications, arXiv:2102.01111 [INSPIRE].

[4] N. Arkani-Hamed, L. Motl, A. Nicolis and C. Vafa, The String landscape, black holes and
gravity as the weakest force, JHEP 06 (2007) 060 [hep-th/0601001] [INSPIRE].

[5] O. Aharony and E. Palti, Convexity of charged operators in CFTs and the weak gravity
conjecture, Phys. Rev. D 104 (2021) 126005 [arXiv:2108.04594] [INSPIRE].

[6] E. Palti, The Weak Gravity Conjecture and Scalar Fields, JHEP 08 (2017) 034
[arXiv:1705.04328] [INSPIRE].

[7] B. Heidenreich, M. Reece and T. Rudelius, Repulsive Forces and the Weak Gravity
Conjecture, JHEP 10 (2019) 055 [arXiv:1906.02206] [INSPIRE].

[8] C. Cheung and G.N. Remmen, Naturalness and the Weak Gravity Conjecture, Phys. Rev.
Lett. 113 (2014) 051601 [arXiv:1402.2287] [INSPIRE].

[9] Y. Nakayama and Y. Nomura, Weak gravity conjecture in the AdS/CFT correspondence,
Phys. Rev. D 92 (2015) 126006 [arXiv:1509.01647] [INSPIRE].

[10] B. Heidenreich, M. Reece and T. Rudelius, Evidence for a sublattice weak gravity conjecture,
JHEP 08 (2017) 025 [arXiv:1606.08437] [INSPIRE].

[11] D. Lüst and E. Palti, Scalar Fields, Hierarchical UV/IR Mixing and The Weak Gravity
Conjecture, JHEP 02 (2018) 040 [arXiv:1709.01790] [INSPIRE].

[12] S. Andriolo, D. Junghans, T. Noumi and G. Shiu, A Tower Weak Gravity Conjecture from
Infrared Consistency, Fortsch. Phys. 66 (2018) 1800020 [arXiv:1802.04287] [INSPIRE].

[13] S.-J. Lee, W. Lerche and T. Weigand, Tensionless Strings and the Weak Gravity Conjecture,
JHEP 10 (2018) 164 [arXiv:1808.05958] [INSPIRE].

[14] S.-J. Lee, W. Lerche and T. Weigand, A Stringy Test of the Scalar Weak Gravity Conjecture,
Nucl. Phys. B 938 (2019) 321 [arXiv:1810.05169] [INSPIRE].

[15] S. Hellerman, D. Orlando, S. Reffert and M. Watanabe, On the CFT Operator Spectrum at
Large Global Charge, JHEP 12 (2015) 071 [arXiv:1505.01537] [INSPIRE].

[16] L. Álvarez-Gaumé, O. Loukas, D. Orlando and S. Reffert, Compensating strong coupling with
large charge, JHEP 04 (2017) 059 [arXiv:1610.04495] [INSPIRE].

[17] A. Monin, D. Pirtskhalava, R. Rattazzi and F.K. Seibold, Semiclassics, Goldstone Bosons
and CFT data, JHEP 06 (2017) 011 [arXiv:1611.02912] [INSPIRE].

[18] D. Jafferis, B. Mukhametzhanov and A. Zhiboedov, Conformal Bootstrap At Large Charge,
JHEP 05 (2018) 043 [arXiv:1710.11161] [INSPIRE].

– 25 –

https://creativecommons.org/licenses/by/4.0/
https://arxiv.org/abs/hep-th/0509212
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0509212
https://doi.org/10.1002/prop.201900037
https://arxiv.org/abs/1903.06239
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1903.06239
https://arxiv.org/abs/2102.01111
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2102.01111
https://doi.org/10.1088/1126-6708/2007/06/060
https://arxiv.org/abs/hep-th/0601001
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0601001
https://doi.org/10.1103/PhysRevD.104.126005
https://arxiv.org/abs/2108.04594
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2108.04594
https://doi.org/10.1007/JHEP08(2017)034
https://arxiv.org/abs/1705.04328
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1705.04328
https://doi.org/10.1007/JHEP10(2019)055
https://arxiv.org/abs/1906.02206
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.02206
https://doi.org/10.1103/PhysRevLett.113.051601
https://doi.org/10.1103/PhysRevLett.113.051601
https://arxiv.org/abs/1402.2287
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1402.2287
https://doi.org/10.1103/PhysRevD.92.126006
https://arxiv.org/abs/1509.01647
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1509.01647
https://doi.org/10.1007/JHEP08(2017)025
https://arxiv.org/abs/1606.08437
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1606.08437
https://doi.org/10.1007/JHEP02(2018)040
https://arxiv.org/abs/1709.01790
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1709.01790
https://doi.org/10.1002/prop.201800020
https://arxiv.org/abs/1802.04287
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1802.04287
https://doi.org/10.1007/JHEP10(2018)164
https://arxiv.org/abs/1808.05958
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1808.05958
https://doi.org/10.1016/j.nuclphysb.2018.11.001
https://arxiv.org/abs/1810.05169
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.05169
https://doi.org/10.1007/JHEP12(2015)071
https://arxiv.org/abs/1505.01537
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1505.01537
https://doi.org/10.1007/JHEP04(2017)059
https://arxiv.org/abs/1610.04495
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1610.04495
https://doi.org/10.1007/JHEP06(2017)011
https://arxiv.org/abs/1611.02912
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1611.02912
https://doi.org/10.1007/JHEP05(2018)043
https://arxiv.org/abs/1710.11161
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1710.11161


J
H
E
P
1
2
(
2
0
2
1
)
2
0
4

[19] S. Hellerman and S. Maeda, On the Large R-charge Expansion in N = 2 Superconformal
Field Theories, JHEP 12 (2017) 135 [arXiv:1710.07336] [INSPIRE].

[20] L.A. Gaumé, D. Orlando and S. Reffert, Selected topics in the large quantum number
expansion, Phys. Rept. 933 (2021) 2180 [arXiv:2008.03308] [INSPIRE].

[21] D. Orlando, S. Reffert and F. Sannino, Near-Conformal Dynamics at Large Charge, Phys.
Rev. D 101 (2020) 065018 [arXiv:1909.08642] [INSPIRE].

[22] D. Orlando, S. Reffert and F. Sannino, Charging the Conformal Window, Phys. Rev. D 103
(2021) 105026 [arXiv:2003.08396] [INSPIRE].

[23] F. Sannino, Conformal Dynamics for TeV Physics and Cosmology, Acta Phys. Pol. B 40
(2009) 3533 [arXiv:0911.0931] [INSPIRE].

[24] G. Cacciapaglia, C. Pica and F. Sannino, Fundamental Composite Dynamics: A Review,
Phys. Rept. 877 (2020) 1 [arXiv:2002.04914] [INSPIRE].

[25] T. Banks and A. Zaks, On the Phase Structure of Vector-Like Gauge Theories with Massless
Fermions, Nucl. Phys. B 196 (1982) 189 [INSPIRE].

[26] D.F. Litim and F. Sannino, Asymptotic safety guaranteed, JHEP 12 (2014) 178
[arXiv:1406.2337] [INSPIRE].

[27] D. Orlando, S. Reffert and F. Sannino, A safe CFT at large charge, JHEP 08 (2019) 164
[arXiv:1905.00026] [INSPIRE].

[28] G. Badel, G. Cuomo, A. Monin and R. Rattazzi, The ε-expansion Meets Semiclassics, JHEP
11 (2019) 110 [arXiv:1909.01269] [INSPIRE].

[29] G. Arias-Tamargo, D. Rodriguez-Gomez and J.G. Russo, The large charge limit of scalar
field theories and the Wilson-Fisher fixed point at ε = 0, JHEP 10 (2019) 201
[arXiv:1908.11347] [INSPIRE].

[30] O. Antipin, J. Bersini, F. Sannino, Z.-W. Wang and C. Zhang, Charging the O(N) model,
Phys. Rev. D 102 (2020) 045011 [arXiv:2003.13121] [INSPIRE].

[31] O. Antipin, J. Bersini, F. Sannino, Z.-W. Wang and C. Zhang, Charging non-Abelian Higgs
theories, Phys. Rev. D 102 (2020) 125033 [arXiv:2006.10078] [INSPIRE].

[32] I. Jack and D.R.T. Jones, Anomalous dimensions for φn in scale invariant d = 3 theory,
Phys. Rev. D 102 (2020) 085012 [arXiv:2007.07190] [INSPIRE].

[33] I. Jack and D.R.T. Jones, Anomalous dimensions at large charge in d = 4 O(N) theory,
Phys. Rev. D 103 (2021) 085013 [arXiv:2101.09820] [INSPIRE].

[34] G. Arias-Tamargo, D. Rodriguez-Gomez and J.G. Russo, On the UV completion of the O(N)
model in 6− ε dimensions: a stable large-charge sector, JHEP 09 (2020) 064
[arXiv:2003.13772] [INSPIRE].

[35] S. Giombi and J. Hyman, On the Large Charge Sector in the Critical O(N) Model at Large
N , arXiv:2011.11622 [INSPIRE].

[36] G. Badel, G. Cuomo, A. Monin and R. Rattazzi, Feynman diagrams and the large charge
expansion in 3− ε dimensions, Phys. Lett. B 802 (2020) 135202 [arXiv:1911.08505]
[INSPIRE].

[37] O. Antipin, J. Bersini, F. Sannino, Z.-W. Wang and C. Zhang, Untangling scaling
dimensions of fixed charge operators in Higgs theories, Phys. Rev. D 103 (2021) 125024
[arXiv:2102.04390] [INSPIRE].

– 26 –

https://doi.org/10.1007/JHEP12(2017)135
https://arxiv.org/abs/1710.07336
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1710.07336
https://doi.org/10.1016/j.physrep.2021.08.001
https://arxiv.org/abs/2008.03308
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2008.03308
https://doi.org/10.1103/PhysRevD.101.065018
https://doi.org/10.1103/PhysRevD.101.065018
https://arxiv.org/abs/1909.08642
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1909.08642
https://doi.org/10.1103/PhysRevD.103.105026
https://doi.org/10.1103/PhysRevD.103.105026
https://arxiv.org/abs/2003.08396
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2003.08396
https://arxiv.org/abs/0911.0931
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0911.0931
https://doi.org/10.1016/j.physrep.2020.07.002
https://arxiv.org/abs/2002.04914
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.04914
https://doi.org/10.1016/0550-3213(82)90035-9
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB196%2C189%22
https://doi.org/10.1007/JHEP12(2014)178
https://arxiv.org/abs/1406.2337
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1406.2337
https://doi.org/10.1007/JHEP08(2019)164
https://arxiv.org/abs/1905.00026
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.00026
https://doi.org/10.1007/JHEP11(2019)110
https://doi.org/10.1007/JHEP11(2019)110
https://arxiv.org/abs/1909.01269
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1909.01269
https://doi.org/10.1007/JHEP10(2019)201
https://arxiv.org/abs/1908.11347
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1908.11347
https://doi.org/10.1103/PhysRevD.102.045011
https://arxiv.org/abs/2003.13121
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2003.13121
https://doi.org/10.1103/PhysRevD.102.125033
https://arxiv.org/abs/2006.10078
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.10078
https://doi.org/10.1103/PhysRevD.102.085012
https://arxiv.org/abs/2007.07190
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.07190
https://doi.org/10.1103/PhysRevD.103.085013
https://arxiv.org/abs/2101.09820
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2101.09820
https://doi.org/10.1007/JHEP09(2020)064
https://arxiv.org/abs/2003.13772
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2003.13772
https://arxiv.org/abs/2011.11622
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2011.11622
https://doi.org/10.1016/j.physletb.2020.135202
https://arxiv.org/abs/1911.08505
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1911.08505
https://doi.org/10.1103/PhysRevD.103.125024
https://arxiv.org/abs/2102.04390
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2102.04390


J
H
E
P
1
2
(
2
0
2
1
)
2
0
4

[38] O. Antipin, J. Bersini, F. Sannino, Z.-W. Wang and C. Zhang, More on the cubic versus
quartic interaction equivalence in the O(N) model, Phys. Rev. D 104 (2021) 085002
[arXiv:2107.02528] [INSPIRE].

[39] M. Kuczma, An Introduction to the Theory of Functional Equations and Inequalities,
Birkhauser Verlag AG (2000).

[40] S. Hellerman, S. Maeda and M. Watanabe, Operator Dimensions from Moduli, JHEP 10
(2017) 089 [arXiv:1706.05743] [INSPIRE].

[41] L. Álvarez-Gaumé, D. Orlando and S. Reffert, Large charge at large N , JHEP 12 (2019) 142
[arXiv:1909.02571] [INSPIRE].

– 27 –

https://doi.org/10.1103/PhysRevD.104.085002
https://arxiv.org/abs/2107.02528
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2107.02528
https://doi.org/10.1007/JHEP10(2017)089
https://doi.org/10.1007/JHEP10(2017)089
https://arxiv.org/abs/1706.05743
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1706.05743
https://doi.org/10.1007/JHEP12(2019)142
https://arxiv.org/abs/1909.02571
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1909.02571

	Introduction
	Formulations of the conjecture: refinements and the use of semiclassics
	Mathematical preparation
	Formulations of the convex charge conjecture
	The use of semiclassics

	Tests of the conjectures: refinements and new results
	Refining and extending the quartic O(N) model in 4- epsilon dimensions
	Refining and extending the quartic O(N) model in 4+ epsilon dimensions
	Refining and extending the sextic O(N) model in 3- epsilon dimensions
	Refining and extending the quartic O(N) model in d dimensions at large N test
	New tests: the U(N) x U(M) in 4- epsilon dimensions

	Discussions and conclusions

