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Abstract

We introduce the generalized Heisenberg algebra appropriate for realizations
of the gl(n) algebra. Linear realizations of the gl(rn) algebra are presented and the
corresponding star product, coproduct of momenta and twist are constructed. The
dual realization and dual gl(n) algebra are considered. Finally, we present a general
realization of the gl(n) algebra, the corresponding coproduct of momenta and two
classes of twists. These results can be applied to physical theories on noncommu-
tative spaces of the gl(n) type.
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1 Introduction

Noncommutative (NC) geometry appeared in theoretical physics as one possible ap-
proach towards the description of spacetime at the Planck scale [[1,12} 13} 14} |5]]. The key
assumption is noncommutativity between spacetime coordinates. The first model was
proposed by Snyder in [3]]. There are various models of NC spaces of Lie algebra type.
Specially, an interesting model is the k-Minkowski spacetime [4, 15 16, [7, [8], where the
parameter « is usually interpreted as the quantum gravity scale and the spacetime coor-
dinates close a Lie algebra. The x-Poincaré quantum group [4} |5} 9} [10], as a possible
quantum symmetry of the k-Minkowski spacetime, allows for the study of deformed
relativistic spacetime symmetries. Realizations of Lie algebras are important in the
formulation of physical theories on NC spaces and the corresponding deformed sym-
metries. Particularly, realizations of NC coordinates are based on formal power series
in the Heisenberg-Weyl algebra allowing one to simplify the methods of calculation on
the deformed spacetime. Some physical applications of Lie algebra type NC spaces
and the associated star products are presented in [[11, 112, |13].

For certain Lie algebras, such as the orthogonal algebra so(n), the Lorentz alge-
bra so(1,n — 1) and the gl(n) algebra, the realizations are not well adapted due to the
structure of their commutation relations. This was the motivation for introducing the
generalized Heisenberg algebra and constructing an analogue of the Weyl realization
of so(n) and so(1, n — 1) by formal power series in a semicompletion of the Heisenberg
algebra [14]]. This construction was applied to the extended Snyder model [15] and to
the unification of the k-Minkowski and extended Snyder spaces [16}[17].

In this paper we introduce another generalization of the Heisenberg algebra appro-
priate for realizations of the gl(n) algebra. Specially, we consider linear realizations of
the gl(#n) algebra and we use them to construct the corresponding star product, coprod-
uct of momenta and twist as applications to a noncommutative space of gl(n) type. Fur-
thermore, we consider the dual realization and dual gl(n) algebra, as well as a general
realization of the gl(n) algebra, coproduct of momenta and twists. These constructions
were performed using methods proposed in [18, [19} 20, 21]] and in a Lie deformed
phase space from twists in the Hopf algebroid approach in [[19, 22, 23| 24| [25]].

The plan of paper is as follows. In section 2 we introduce the generalized Heisen-
berg algebra and present linear realizations of the gl(n) algebra. In section 3 the star
product, and in section 4 the coproduct of momenta and twist are constructed. In
section 5 the dual realization and dual gl(rn) algebra are considered. In section 6 a gen-
eral realization of the gl(n) algebra, the corresponding coproduct of momenta and two
classes of twists are presented. These results can be applied to physical theories on
noncommutative spaces of the gl(n) type.

2 Linear realizations of the gl(n) algebra

We introduce the generalized Heisenberg algebra generated with n? coordinates x,,, and
momenta py,, 4, v = 1, ..., n, defined by

[x,uw xa,B] =0, [va, pa,B] =0, [pyv» xa,B] = _i(s;m(svﬁ- (D



Let us define the gl(n) algebra generated with %, 1, v =1,...,n
[ﬁ,uw 55/1;)] = iu(éyp)?/lv - 5/11/55;4)) = iucyv,/lp,aﬁjeaﬁ, ueR,

where
C,uv,/lp,aﬁ = iu(éyp(s/la&vﬁ - 5/1v5/105pﬁ)~

are structure constants. Note that for u = 0, £, commute among themselves.

One linear realization of %, is

Xyy = Xpy + UXyaPvas
Xuy = XapPapuvs

where
Pap v = Oaudpy + UOquPyp-

Summation over repeated indices is understood throughout the whole paper.
Another linear realization of the gl(n) algebra (2)) is

Xuy = Xpy — UXayPaus
Xy = XapPaB.uvs

where
Lapuv = 6(1/;16,31/ - u(s,b’vpay-

@)

3)

“

&)

(6)

(N

®)

(€))

This realization is related to the dual realization of the first realization (4)) with u — —u,

see section 5.

3 Star product

Action > is defined by

Xuy > fx) = xpvf(x)7
Of(x)

v f(X) = —i—.
P f) = i

Using v, it follows

e 1 =X,
igx _ igx —
Puv > €1 =g, where gx = gogxap,
tkopX, iqy5xys — AlJap(k,q,u)x,
elfapXap 1 eqw ¥ = g aﬂ( q,it), aﬂ,

(10)
1)

12)
13)
(14)

for some Jog(k, g, u). If kog = 0, J,0(0,q, 1) = Gy If Guy = 0, Ju(k, 0, 1) = K (k, ).

fu=0,J,k,q,0) =k + qu.
From J,,(k, g, u), we can obtain the star product [18,[19]

eth % eld* = etD(k,q,u)x,

15)



where
Dk, g, 1) = T (K (), q, 1),
K;VI (K(k)) = Ky (K™ (k) = kyy.
Jw(tk, g, u) is the unique solution of the partial differential equation [[18} 20, 21]

0J,,(tk, q, u)
— = kaPuap (I 1k, g, ),

with boundary condition J,,,(0, g,0) = g,,. In our case,

0J(th, q, u)

o = aﬁ(éaﬂéﬁv + M(Saylﬁy(lk, q, u)) = kyﬁ(éﬁv + Mlﬁy(l‘k, q, u)).

The differential equation in matrix form is

aJ(tk, q, u)

Y = k(I + uJ(tk, q, u)).

The solution in matrix form is
1
J(tk, g, u) = ;(e”’k - 1) +evg,

or, in terms of the components,

Jﬂv(tk, q, I/t) = (e"‘rk)ya Gav + % (_I + eutk)”v .

Fort=0
(0, q,1) = g,
1 uk
Kk = — (e - 1) .
1
K (k,u) = =(In(1 + uk)),,-
u
Hence

Dotk g, u) = kyy + Gy + UK 0 Gay-

The star product is associative

(fx@*h=f=(g=h).

4 Coproduct of momenta and twist
The coproduct of momenta is

Apuy = Dp(p® 1,18 p) = puy ® 1+ 1Q pyy + upya ® pav-

(16)
A7)

(18)

19)

(20)

1)

(22)

(23)
(24)

(25)

(26)

27)

(28)



This coproduct is coassociative (A ® 1)A = (1 ® A)A.
In the Hopf algebroid approach [22} 23] 24, [25]] we can write the twist [[19]

7:—1

2 exp(i(1 ® xap)(A — Ag)pap) : (29)
exp(—ipas ® Xqop) exp(iK’l(p)y(; ® Xy5), (30)

where :: denotes normal ordering, with the xs left from the ps. Using the expres-
sion (28)) for the coproduct Ap, we have

Fi' = expliupuy ® XuaPra) (31)

and applying [21]], Theorem 1 we get

7:171 = exp(i(In({ + MP))W ® x/mpva)- (32)
Note that |
K (pu) = =(In(I + up)),,. (33)
u
Here we introduce
Zyv =+ Mp)yv’ (34)
and
Lyv = XuaPva- (35)

L,,, generate the gl(n) algebra, with properties

[Zuys Rap) = —iud 02y, (36)
AZyy = Zyo ® Zoys 37)
AlnZ),, = (In2),, ® 1 + 1@ (In2),,, (38)
[Lyy, Lap] = i(6ppLay — SavLyp), (39)
ALy =L, ®1+111L,, (40)
Aopuy = P ® 1+ 1@ ppy. 41)

Hence, the twist can be written as
F ' =exp(i(InZ),, ® Lyy). (42)
It is easy to check that
Ry = mF e ® DX ® 1) = Xy + Xy Pros (43)
where m is the multiplication map m : A® B — AB, and

Ap;lv = 7:A0p;1v7:_1 = AOP/JV + UPua ® Pav, (44)

where
Aopuy = Py ® 1+ 1® pyy.



Twist 7 satisfies the Drinfeld cocycle condition
(I®F)1®ANF = (F ® )My ® DF. (45)
The proof follows using the factorization property. Using AgL,, (0), we get

(1®A)F = FioFi1z = F13F1e, (46)
A@F)1® A))F = FasF12F13 = FsF13F12. (47)

Using A(InZ),, = (InZ),, ® 1 + 1 ® (InZ),,,,, we get
(FAo® DF = FisFnF12 = FasF13F12- (48)

Hence, the left and right side of (#3) become F23F13F12.

We note that the coproduct (28) may be related to a limiting case of the commu-
tation relations for the braided Weyl algebra [26} 27] of a modified reflection equation
algebra arising in the study of integrable systems.

5 Dual realization and dual gl(n) algebra

Let us define the dual realization

I = mF @ 1) (x, @ 1) (49)
= Xyy T UXayPop (50
= xaﬁ@aﬁ,}zw (51
where
‘Z’aﬁ,;lv = 6(1/;16,31/ - u(s,b’vpay’ (52)

and # denotes interchange of the left and right sides in the ® product, a ® b — b ® a.
Juv generate the dual gl(n) algebra (2), with u — —u.

[)A)yvy yﬁp] = _iu(éppy/lv - 6ﬁv§)yp)’ (53)
[Z;IV’ )A}/lp] = _iu(spvzy/l, (54)

and
[)?yv, 9/1/)] = 0. (55)

The star product induced with the dual realization §,, is constructed as in section 3.
The partial differential equation for f,“,(tk, q,u) is
ﬁfw(tk, q,u)

ot = ka,b";b;lv,aﬁ(j(tk’ q,u)) (56)

Ky + ud o (tk, q, Wkay 57)

The differential equation in matrix form is

aJ (tk, q, u)

o = (I +ul(tk.g.u)k. (58)



The solution in matrix form is

y utk |
J(tk, q,u) = ( ) + ge"*,
and ) kg
Jo(tk, g, 1) = Qua (e”’k)m + ( ” )W.
Fort =0,
ur(0, ¢, 1) = Gy,
Rk, u) = %(e”k - I)W = K, (k, u),
K (k,u) = i(ln(] + k) = Ko (k, u).
Hence,

byv(k, q, u) = kyv +qu + ukm/q;m-

The star product is associative.
The coproduct of p,, is

Ap,“, =P ®l+1®pyy +upey ® puas

(59)

(60)

(61)
(62)

(63)

(64)

(65)

where A denotes the interchange of the left and right side in the tensor product with

respectto A, a® b — b ® a. The coproduct is coassociative.

The corresponding twist 7, in the Hopf algebroid approach [19] (sec.4) and the

coproduct Ap,, (63) lead to

7! : exp (iupm ® XWP,N) :
= exp(in + up))y ® xovPay).

Note that | |
K. (p.u) = - (In(I + up)),, = - (In2),, .

We define

Lyv = XavPau-

L, generate the gl(n) algebra

[Z’HV’ z/1p] = _i(éypz/lv - 6/1V£yp),
ALy =Ly®1+1®L,.

Hence, the twist can be written as

Fy' = exp(i(inZ) ® Ly ).

(66)
(67)

(68)

(69)

(70)
(71)

(72)



It is easy to check that

S = mﬂ71(> ® D)(x,, ® 1) (73)
= Xuy + UXayPays (74)
and
Ap,uv = 7:2A0p,uv?d2_l (75)
= AOpyv + UDqy ® Pua- (76)

Twist ¥, satisfies the Drinfeld cocycle condition. From the duality property, it follows

By = mFy e 1)(x,®1) (77)
= Xy + UXuaPyas (78)

and _ _
Ap,uv = 7:2A0p/1v7:271- (79)

It is important to note that twists 77 and ?12 are different, but lead to the same £,, and
the same coproduct A. Analogously, twists F1 and % are different, but they lead to
the same §,, and coproduct A. Also, $,,(~u) gives another linear realization of the
gl(n) algebra (@), different from X @). The dual realization with respect to Pu(—u) is
X,,(—u), generating gl(n), with u — —u.

6 General realization of the gl(n) algebra, coproduct of
momenta and two classes of twists

A general realization of the generators %, and J,, generating the gl(n) algebra (2) and
the gl(n) algebra (33)), respectively, can be obtained using a similarity transformation
on the coordinates x,, and momenta p,,. Let us define new coordinates and momenta
as

7 S(v 5! T ’ A S(v ’ T )
x;/tv = eXapSapp+T(p M)x‘we (xapS ap(ps)+T(p M))’ (80)
p,L/lV — exn/ssn/s(Pwu)+T(P:M)pﬂve—(xaﬁsuﬁ(P:M)+T(PJ¢)) — A;w(p, u). (81)

Hence, using the inverse relations, we obtain

B = XgPp (D) + X (P 10), (82)
D = APl (P 1) + o (P 1), (83)

where (p(’w - @;ﬁ v X,v and , depend on S(p,u) and T(p,u). Note that, after in-
serting the realizations of %,, (82) and 3, (3), relations [£,,,$,,] = O are satisfied.
Furthermore Apy,, is obtained from

Ap;, = Al (py 1) = Ny (Ap, ) p=p-1p7 )5 (84)

i.e. expressing p as A~'(p’, u). A similar statement holds for Ap;w.



From Ap/,, and Ap;lv we easily obtain D, (k, g, u) and f);lv(k, g, u) that define the
corresponding star products. Namely,

Ap,, =D, (p'®1,18p"), (85)
Ap, =D, @110 )p), (86)
ik % eltx — oD (kqu)x’ (87)
et 4, @a¥ = D' kaqu¥ (88)
Ap), (> ®»)(e* ® ) = D, (k, g, u) (" @ "), (89)
Ap), (- ®»)(e* ® ) = D, (k, q,u) (" @ "), (90)
Aopy, = P, ®1+1®p,. o1

Generally, f %) g = g * f, for arbitrary f(x") and g(x). A consistency check is the
relation between £, and Ap|,

Bv = Xy + ix05m(A = Do) P> ® 1)(xy, ® 1) + x,, (P, ), 92)

and similarly for J,,.
The family of twists F;(s) in the Hopf algebroid approach corresponding to the
general realization of %, (82), for x,,(p’,u) =0, T(p,u) = 0 is

Fi'(5) =t exp (i((1 = $)(1 @ x,,p) + 5x,5 ® )(A = Ag)pl) =, (93)

where Ap;, = p;,® 1 +1®p;,, and s € R. We point out that although these twists are
different for different s, they define the same star product for all s. Namely,

eikx’ % eiqx/ m7:l—l(s)(> ® D)(eikx/ ® eiqx/)

oD (kga)

does not depend on s due to (89), the definition of normal ordering and the multi-
plication map m. Since Ap,, = D'(p’ ® 1,1 ® p’), (®3), the coproduct Ap,, =
F1(s5)Ag p;lv?'l’l(s) does not depend on the parameter s. Similarly, £, = mTfl(s)(> ®
1)(x;1v® 1) does not depend on s. Analogously, we can define the family of twists 7> (s)
corresponding to the general realization of §,, (83) with Xuw(P'su)=0and T(p,u) =0

Fy () =t exp (i(1 = 5)(1 ® X5 + 5x,5 ® 1A = Ag)plg) = - (95)

Note that F1(s) = F»(1 — s).
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