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Abstract. Zagreb eccentricity indices were proposed analogously to Zagreb indices already known and
used for almost forty years. For a connected graph, the first Zagreb eccentricity index is defined as the
sum of the squares of the eccentricities of the vertices, and the second Zagreb eccentricity index is defined
as the sum of the products of the eccentricities of pairs of adjacent vertices. We report mathematical prop-
erties, especially lower and upper bounds of trees and general graphs in terms of graph invariants and the
corresponding extremal graphs, Nordhaus-Gaddum-type results, and the ordering of trees with small and
large Zagreb eccentricity indices. (doi: 10.5562/ccal801)
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INTRODUCTION

Let G be a connected graph with vertex set /(G) and
edge set E(G). For a vertex ueV(G), e;(u) or e,

denotes the eccentricity of u in G, which is the length of
a path from u to a vertex v that is farthest from u, i.e.,
e, =max{d(u,v|G):veV(G)}, where d(u,v|G) de-
notes the distance between 1 and v in G.'

The Zagreb eccentricity indices are introduced in
an analogy with the Zagreb indices”* by replacing the
vertex degrees with the vertex eccentricities. Thus, the
first Zagreb eccentricity index of a graph G is defined
as:

§=4G)= ) ¢,

uel (G)
and the second Zagreb eccentricity index of G is defined
as:

5 =56(G)= ) epe,.

weE(G)
Note that degrees are "local properties", while eccentric-
ities are "global properties" of the vertices.

These two indices are recently introduced by
VukiGevi¢ and Graovac.” However, it should be pointed
out that there were a number of eccentricity-based mo-
lecular descriptors already proposed in the literature,®’
such as the eccentric connectivity index®’ (see Refe-
rences 10—12 for recent results) and the eccentric adja-
cency index."” Vukigevi¢ and Graovac have shown in

4G | &)
V(G| EG)]
unicyclic graph but is not true for bicyclic graphs.

In the present paper, we give lower and upper
bounds for the first and the second Zagreb eccentricity
indices of n-vertex trees with fixed diameter, and lower
bounds for the first and the second Zagreb eccentricity
indices of n-vertex trees with fixed matching number,
and characterize the extremal cases, and determine the
n-vertex trees with respectively the minimum, second-
minimum and third-minimum, as well as the maximum,
second-maximum and third-maximum indices ¢, and

if G is a tree or a

their paper’ that

¢, for n>6. We also give lower and upper bounds for

the first and the second Zagreb eccentricity indices of
connected graphs in terms of graph invariants such as
the number of vertices, the number of edges, the radius
and the diameter, and give the Nordhaus-Gaddum-type
results."*

PRELIMINARIES

For a connected graph G, the radius 7(G) and the diame-
ter D(G) are, respectively, the minimum and maximum
eccentricities among the vertices of G.' A connected
graph is called a self-centered graph if all of its vertices
have the same eccentricity. Evidently, a connected
graph G is self-centered if and only if »(G) = D(G).

* Author to whom correspondence should be addressed. (E-mail: zhoubo@scnu.edu.cn)
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Figure 1. The trees G| and G, in Lemma 1.

Let K, be the n-vertex complete graph. Let S, and
P be the n-vertex star and path, respectively. By direct

n(n—1)
2

calculation, for

G(K,)=n

n22, £(S,)=4n-3, and &,(S,)=2(n-1) for n >3,
and if n > 2 is even, then:

and &,(K,)=

OREMEE

i=n/2
n

:g(n—1)n(2n—1)—5(5—1)%-(71—1)

_7n3—9n2+2n
12 ’
n-2 2
E(P)= 221(1+1)+( j
i=n/2
—1 n—2 n2
—2(21 —Zi +z,~j+7
=1 i=n/2

n

1 1
_g(n—2)(n—1)(2n—3)—§[5—1j-

(G5

_ 7n® =21n* +20n
12 ’

and if n>3 1is odd, then:

m (A T )

i=(n+1)/2 i=1

:_(n Dn(2n - 1)_1.01_”.@. (”Tl

_7n —9n* —n+3

s

12
n=2 n=2 (n=3)/2 n-2
&(B)=2 ), i(i+l):2( DI Y ij
i=(n-1)/2 i=1 i=1 i=(n-1)/2
:_(n 2)(n-1)2n— 3)_1.(”2_3).("_21).( )+
(n—l).(3n—5)
2 2
7w’ =21n" +17n-3
12 '
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Figure 2. The structure of trees in L, ; with odd d.

For a graph G and a subset £' of its edge set (E* of
the edge set of its complement, respectively), G — E'
(G + E*, respectively) denotes the graph formed from G
by deleting (adding, respectively) edges from E' (E*
respectively). For a graph G with u € V(G), G — u de-
notes the graph formed from G by deleting the vertex u
(and its incident edges).

RESULTS FOR TREES

In this section, we give lower and upper bounds for the
first and the second Zagreb eccentricity indices of
n-vertex trees with fixed diameter, and lower bounds for
the first and the second Zagreb eccentricity indices of -
vertex trees with fixed matching number. We also de-
termine the n-vertex trees with, respectively, the mini-
mum, second-minimum and third-minimum, as well as
the maximum, second-maximum and third-maximum
indices ¢, and &, for n>6.

Lemma 1. Let u be a vertex of a tree O with at
least two vertices. For integer a >1, let G, be the tree
obtained from Q by attaching a star S, at its center v
to u, G, the tree obtained from Q by attaching a + 1
pendant vertices to u, see Figure 1. Then & (G,)<
&(G) and &,(G,) <&,(G).

Let T(n,d) be the set of n-vertex trees with di-
ameter d, where 2<d<n-1. For 2<d<n-2, let
L,, be the set of n-vertex trees obtained from
P, =V, ---v, by attaching n—d —1 pendant vertices
to v and/or v, ;. Let L, ={F,}. Note that in

ldi2]
n—d+1J

L,,, thereis only one tree for even d, and L

trees for odd d. Let U, , be the n-vertex tree obtained

by attaching a and n+1-a—d pendant vertices,
respectively, to the two end vertices of the path

+1-d
P, for 1<a<VTJ, and let U,,,d:{U:,d 1<a<

2
the tree U, ,

V-"l_dJ, See Figures 2—4 for the trees in L,, and

Proposition 1. Let T € T(n,d), where 2<d <
n—1. Then:
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n—d-1
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Figure 3. The tree in L, ; with even d.

3(d+2) n+4d> —3d> -22d —12

5 if d is even
()= 3(d +3) n+4d’ —9d> —40d — 27
if d is odd,
12
3 2
3d(d+2)n+411;l ~9d> ~10d 4 is even
=M= 3(d +1)(d +3)n+4d* —15d> —22d -3

if d is odd

12

with either equality if and only if T €L, ,.

Proposition 2. Let T € T(n,d), where 2<d <
n—1. Then:

3
d%—% ifd is even

&M<
atn -3 i odd,
12
5d° —8d
12
5d°-11d -6

(d>—d)yn—
¢, (M)<
(d*—d)n—

if d is even

if d is odd

with either equality if and only if 7€ U, ,.

Now we consider the n-vertex trees with fixed
matching number. A matching M of the graph G is a
subset of E(G) such that no two edges in M share a
common vertex. A matching M of G is said to be
maximum, if for any other matching M, of G,
| M, || M |. The matching number of G is the number
of edges of a maximum matching in G. If M is a
matching of a graph G and vertex veV(G) is inci-
dent with an edge of M, then v is said to be M-
saturated, and if every vertex of G is M-saturated,
then M 1is a perfect matching. For integers n and
1<m<|n/2], let T, be the set of n-vertex trees

(n,m)

n+l—-a-d

.
a 4 oo o .

Figure 4. The tree U, ,.
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n—2m+1/

|

Figure 5. The tree T}, .

with matching number m. Obviously, T, , =1{S,}.
For 3<m<|n/2], let T,, be the tree obtained by
attaching m—1 paths on two vertices to the center of
the star S see Figure 5.

n—2m+22

Proposition 3. Let T eT,,  with m>3. Then
E(T)=225m—-12, &,(T)=18m—12 with either equality
ifandonlyif 7=T7,, .
Proposition 4. Let T €T, with2<m < |n/2|.
If m=2, then &(I)29n—-10 and &,(T) = 6n—8 with
either equality if and only if T € T(n,3) ;
If m>3, then {(T)29+7m—12 and &,(T)=6n+
6m —12 with either equality if and only if T'=17, .
Now we use the result for the first and the second
Zagreb eccentricity indices of the n-vertex trees with
fixed diameter to determine the n-vertex trees with
small and large indices ¢, and ¢&,.

Proposition 5. Among the n-vertex trees, §, for
nz3, the trees in L, ; for n>4, and the trees in
L,, for n=5 are, respectively, the unique trees with
the minimum, second-minimum and third-minimum
indices ¢, and &,, the first Zagreb eccentricity indic-
es of which are equal to 4n—-3, 9n—10 and 9n+9,
respectively, while the second Zagreb eccentricity
indices of which are equal to 2n-2, 6n—8 and
6n+ 6, respectively.

For n>4, let P be the tree formed by attaching
a pendant vertex to the neighbor of an end-vertex of the
path P_. For n>6, let P" be the tree formed by at-
taching a pendant vertex to the second neighbor of an
end-vertex of the path P,_,.

Proposition 6. Among the n-vertex trees, P, for
n23, P for n>4, and P for n>5 are, respective-
ly, the unique trees with the maximum, second-
maximum and third-maximum indices ¢ and ¢,
where:

Tn® —9n* +2n

D if n is even
)= o a3
% if n is odd,

Croat. Chem. Acta 84 (2011) 493.
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7n® —=21n* +20n .
T lfn 1S €ven
2 (5= Tn® =21n* +17n -3
nZLM T s odd,
12
Tn® —18n* —10n+36 . .
D if n is even
(k)= Tn® —18n> —Tn+30
moem T IR ifnis odd,
12
T’ =300 +20n+24 .. .
D if n is even
“(5)= Tn® —30n> +23n+ 24
U el if n is odd,
12
Tn® —18n* —34n+96 .. .
T if n is even
(k)= Tn® —18n> =311 +90
moom Tom if n is odd,
12
70’ =300 —4n+96 . .
D if n is even
“(B)= Tn® —30n% —n+96
" ;’2 " if n is odd.

RESULTS FOR GENERAL CONNECTED GRAPHS

In this section, we give lower and upper bounds for the
first and the second Zagreb eccentricity indices of con-
nected graphs in terms of graph invariants such as the
number of vertices, the number of edges, the radius and
the diameter, and we also come up with the Nordhaus-
Gaddum-type results.'* Moreover, among the n-vertex
connected graphs, we establish lower and upper bounds
for the first Zagreb eccentricity index, and lower bound
for the second Zagreb eccentricity index, respectively,
and characterize the extremal cases.

Proposition 7. Let G be a connected graph with
n vertices and m edges. Then:

nr(G)* < &,(G) < nD(GY,
mr(G)* < &/(G) <mD(G):

with any equality if and only if G is a self-centered graph.

Proposition 8. Let G be a connected graph with
n =2 vertices. Then:

G(K,) <6 (G) <G (F)

Croat. Chem. Acta 84 (2011) 493.
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Figure 6. The graph B,.

with left equality if and only if G = K, and right equali-
tyifandonlyif G=P,.

Corollary 1. Let G be a connected bipartite graph
with n >3 vertices. Then & (G)=4n—-3 with equality
ifandonlyif G=3,.

Proposition 9. Let G be a connected graph with
n =2 vertices. Then:

1 if n=2
gz(G)z 3 ljfl’l=3
2(n—-1) if n=4

with equality if and only if G=K, for n=23,
G=K, or S, forn=4, and G=S, for n>5.

Remark. By Proposition 8, among the n-vertex
connected graphs, P, is the unique graph with the max-
imum first Zagreb eccentricity index. However, P, is
not the graph with the maximum second Zagreb eccen-
tricity index for n>9 . For n > 5, let B, be the bicyclic
graph obtained by attaching a path P_, (at one end
vertex) to a vertex of degree two in the bicyclic graph
obtained by adding an edge to the quadrangle, see Fig-
ure 6. Then:

& (B) :g“z(PM)+(n—2)(n—3>)+(n—3)2 +(n-3)(n-4)
Tn® —6n* —136n+276

if n is even
_ 12
3_ 2_

Tn’ —6n 12133n+276 i is odd.

For n>9:

& (B)-&(F)=

7’ —6n® —136n+276 Tn’ —21n’ +20n e
— if n is even
_ 12 12
Tn* —6n* —133n+276 Tn’ -21n* +17n-3 .. .
- if n is odd
12 12
150> —=156n+276 .. .
———— ifniseven
_ 12
2_
15n 11520n+279 i is odd

>0,

and then &,(B,) > &, (P).
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Denote by G the complement of a graph G.
There is only one connected graph P, on four vertices
with the connected complement P, = P,. Obviously, we
have & (P)+&(P)=2&(P)=52. For n>5, the
diameter of P, is two.

Now we give the Nordhaus-Gaddum-type results.

Proposition 10. Let G be a connected graph with
n >4 vertices for which G is also connected. Then:

8n <& (G)+E(G)<&(P)+E(P)

with left equality if and only if G and G are self-
centered graphs with radius two and right equality if and
only if G=P, or P, and &,(G)+4,(G)=2n(n-1)
with equality if and only if G and G are self-centered
graphs with radius two.

CONCLUSION

In this paper, we study the novel molecular descriptors,
called Zagreb eccentricity indices, which were proposed
analogously to Zagreb indices already known and used
for almost forty years. We give lower and upper bounds
for Zagreb eccentricity indices of trees and general graphs
in terms of graph invariants, and characterize the extrem-
al graphs, and determine the n-vertex trees with small and
large Zagreb eccentricity indices. We also give Nord-
haus-Gaddum-type results for Zagreb eccentricity indic-
es. The lower and upper bounds for a molecular descrip-
tor in terms of some graph invariants (e.g., the number of
vertices) are important information for a molecule in the
sense that they establish the range of the descriptor.

Supplementary Materials. — Supporting informations to the
paper are enclosed to the electronic version of the article.
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These data can be found on the website of Croatica Chemica
Acta (http://public.carnet.hr/ccacaa).
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RUNDAN XING,* BO ZHOU,** AND NENAD TRINAJSTIC®

SUPPLEMENTARY MATERIALS

Proof of Lemma 1

Denote by w a pendant neighbor of v in G, and a pendant neighbor of « in G, outside Q. It is easily seen that
e, (x) S e, (x) for xeV(Q), e; (W)=¢; (v) and ¢, (u) <e; (v) <e; (w). Then:

§(G)=E(G)= Y [eg, (%) —eg () T+ (a+Deg () —ae, (w)' —eg (v)’

xeV ()
<(a+1eg )’ - ae, (w)* - € )

= a[eGI (V)z — € (W)Z] <0,

6(G) -6 (G) = Z leg, (¥)eg, (¥) —eg (x)eg (¥)]

WEE Q)
+(a+1)- €, (u)er (w)—a "€, (V)eo1 (w) - €, (“)ec1 v)
< aeg (v)leg, () —eg (W)]+eg (V)leg, (u) e (u)]

< aeg (Veg (1) —eg (W)] <0,

and thus ¢ (G,) << (G)) and &,(G,) <&, (G).

Proof of Proposition 1

The cases d =2,n—1 are trivial.

Suppose that 3<d<n-2 and T is a tree in T(n,d) with the minimum indices ¢ or ¢&,. Let
P(T)=v,v,---v, be a diametrical path of 7. By Lemma 1, all vertices outside P(7’) are pendant vertices adjacent
to vertices of P(T"). Suppose that there exists some vertex v, with k # Ld / ZJ,(d / 2—|, such that the degree of v, is
greater than two. Suppose without loss of generality that (d / 2—| <k<d-l, ie., e;(v,)=k. Denote by w,,...,w,
the pendant neighbors of v, outside P(T). For 7, =T —{v,w,,...,v,w,} +{v,_ W,....,v,_,w,} € T(n,d), we have:

ET)=E(T) =1k —1-(k +1)* =2k +1)t <0,
E(T)=&(T)=t-(k=Nk—t-k(k+1) =2kt <0,

and thus & (7)) <&(T) and &,(T)) <<&,(T), a contradiction. It follows that the degree of v, is equal to two for all
1<i<d-1with i#|[d/2|,[d/2]. Thus TeL,,.

Note that for TeL,,, &T)=&(P.)+(n—d=1)-(d/2]+1)* and &(T)=&(P,)+(n—d-1)-
[d/2](d/2]+1). By the expressions for ¢ (P,,,) with i=1,2 (in Section 2) we may easily have the expressions
for &(T) and ¢&,(T) interms of n and d for T €L, ,. The result follows.

Proof of Proposition 2

The cases d =2,n—1 are trivial.

Suppose that 3<d<n-2 and T is a tree in T(n,d) with the maximum indices & or &,. Let
P(T)=vyv,---v, be a diametrical path of 7. Suppose that T¢U, ,, ie., there exists some vertex v, with
k#1,d—1, whose degree is greater than two. Suppose without loss of generality that (d / 2—| <k<d-l, ie,
e;(v,)=k. Let T, be the branch of T'—{v,v, ,,v,v,,,} containing v,. Let y be a pendant vertex of 7, different





from v,, and denote by x the neighbor of y. Then e,(y)<d, while e, (x)=¢,(y)-1<d-1. For
T, =T —{xy}+{vy} € T(n,d), we have:

ST -EM) = (1) —e,(0) =d” =, ()" 20,
ST =&(T) = e (e (V) —er(X)ep () =d(d =1) —er (y)[e(y) ~1]2 0

with either equality if and only if e,(y)=e,(x)+1=d. Continuing this procedure, we may finally obtain a tree in
T(n,d) with larger indices ¢, and ¢,, which is a contradiction. Thus T € U, ,.

It is easily seen that for Te U, ,, &(T)=¢(P,)+(n—d—1)-d* and & (T)=¢&,(P,,)+(n—d-1)-d(d-1).
Now by the expressions for & (P,,;) with i =1,2 (in Section 2), we get the desired bounds.

Proof of Proposition 3

We prove the result by induction on m. The case m =3 is easy to check.

Now suppose that m >4 and the result holds for trees in T, ;- Let T €T, with a perfect matching

M. Let u be a pendant vertex of a diametrical path of 7. Obviously, the unique neighbor v of u has degree two.
Then uve M and T-u-veT,,, . Let w be the neighbor of v different from u. Note that e, (w)>2. Then
e, (u)=e,(v)+12=e,(w)+2 2 4. By the induction hypothesis, we have:

ST 2 E(T—u—v)+ & W) +e ()
>E(T-u—v)+4"+3°
225(m—-1)—-12+25
=25m-12,

&) 28T —u—v)+e (e (v) +ep(v)e, (w)
25T -u—-v)+4-34+3-2
>18(m—-1)—-12+18
=18m—12

with either equality if and only if e, ,  (x)=e,(x) for all xeV(T)\{u,v}, e,(u)=4, e,(v)=3 and e,(w)=2,
and T-u-v="1,,,,,, e, T=T,, . Theresult follows.

Proof of Proposition 4

We prove the result by induction on n (for fixed m). If n=2m, then the result follows from direct check for m =2
and Proposition 3 for m > 3.

Suppose that n>2m and the result holds for trees in T, . Let TeT,, . Then there is a maximum
matching M and a pendant vertex u such that u is not M-saturated.”” Then T-u e T, ., By the induction
hypothesis, & (7 —u)29(n—1)—-10 and &, (7T —u) = 6(n—1)—8 with either equality if and only if 7 —u € T(n—-1,3)
for m=2, and {(T—-u)29(n—-1)+7m—12 and &, (T —u)=6(n—1)+6m—12 with either equality if and only if
T=T,,, for m>3. Let v be the unique neighbor of u. Note that the radius of 7 is at least two. We have
e (u)ze,(v)+123. If m=2, then:

E(TM) =& (T -u)+e(u)
>E(T-u)+3
29(n—-1)-10+9
=9n-10,





& (M) 26T —u)+ e (u)ep (v)
2&,(T—u)+3-2
>6(n-1)—8+6
=6n-38

with either equality if and only if e, (x)=e,(x) for all xeV(T)\{u}, e (m)=3, e (v)=2 and
T—-ueT(n-13), ie, T eT(n3). If m>3, then:

E(T) = E(T —u)+e; (u)
>E(T-u)+3°
29(n—-1)+Tm—-12+9
=9n+Tm—-12,

E(T) 2 &(T )+ e, (we, (v)
2ET-u)+3-2
>26(n—-1)+6m—-12+6
=6n+6m—12

with either equality if and only if e,  (x)=e,(x) for all xeV(T)\{u}, e (u)=3, e,(v)=2 and T~u=T,_,,,
ie, T=T,,. Theresult follows.

Proof of Proposition 5

By Proposition 1, among the trees in T(n,d) with 2<d <n-1, the trees in L
minimum indices ¢ and &,.
Let f(d)=¢(G) and f,(d)=¢,(G), where Ge L, ,. Note that n>d +1. If d is even, then:

are the unique trees with the

n,d

3(d+4)Yn+4(d+1)° —9(d +1)° —40(d +1)-27
12
3(d+2)°n+4d’ —3d* -22d —12
- 12
d*—4d-10

Hd+D)~fi(d) =

=(d+3)n+

2_ p—
2(d+3)(d+1)+w

3d* +4d -4
>0,

Fd D) - fo(dy= 24+ DE+ Dt Ad +1) ~15(d +1)* -22(d +D -3

12
3d(d +2)n+4d> —9d* —10d
- 12
_2(d+2)n+d*>—5d -6
B 2
3d*+d-2
>— >0,

2

and if d is odd, then:





ﬁ(d+1)_ﬁ(d):3(d+3) n+4(d +1) =3(d +1)* =22(d +1)-12

12
3(d+3)n+4d’ —9d> —40d - 27
12
9d* +12d -3
s

fz(dﬂ)_fz(d):3(d+1)(d+3)n+4(d+1) —9(d +1)* =10(d +1)

12
_3(d+1)(d+3)n+4d3 —15d* -22d -3
12
2
_ 3d +d-2 0.
2

Thus, for any T € T(n,d) with d =5, we have & (T) 2 f,(d) = f,(5) > f.(4)> f,(3)> f,(2) for i=1,2. Note
that T(n,2)={S,} and T(n,3)=L, . It follows that among the n-vertex trees, S, for n>3, the trees in L, ; for
n>4, and the trees in L,, for n>5 are, respectively, the unique trees with the minimum, second-minimum and
third-minimum indices ¢ and ¢,. It is easily seen that for §,, the trees in L, and the trees in L, ,, their first
Zagreb eccentricity indices are equal to 4n—-3, 9n—-10 and 9n+9, respectively, and their second Zagreb
eccentricity indices are equal to 2n—2, 6n—8 and 6n + 6, respectively.

Proof of Proposition 6

By Proposition 2, among the trees in T(n,d) with 2 <d <n—1, the tree(s) in U
the maximum indices ¢ and &,.
Let g,(d)=¢(G) and g,(d)=¢,(G), where Ge U, ,. Note that n>d +1. If d is even, then:

is (are) the unique tree(s) with

n,d

g@d+)-g(d)=(d+1)’n

5@+ =S+ (. 5d’-2d
12 12

2
:(2d+1)n_M

2
zmuxmu-#

3d* +8d +4
== >0,

5(d+1)° —11(d+1)-6 5d° —8d
&(d+D)=g,(d) =[(d +1) ~(d + - XD {(dz—d)n—T}
2
:Zdn—Sd +4d -4
4
2
wa’

and if 4 is odd, then:





g(d+)-g(d)=(d+1)’n

CS(d+1) —2(d +1) _[dzn_ws__w]

12 12
2
— Qd+1yp -2 64+
4
2
2(2d+1)(d+1)_%
2
e Cha s
4
5d+13—8d+1 5d3_11d_6
gz(d+1)_g2(d):[(d+1)2_(d+1)]n_( )12( )—{(dz—d)n—T}
2
_ogp 24 +6d+1
2
wa'

Thus, for any T € T(n,d) with d <n-3, we have {(T)< g, (d)<g(n-3)<g,(n-2)<g,n-1) for i=12.
Note that U, ={P,} and U,, , ={P/}. Then P, for n>3 and P, for n>4 are, respectively, the unique trees
with the maximum and second-maximum indices & and &,. The expressions for & (P,) and &,(P) are given in
Section 2. Note that & (P)=¢& (P, )+ (n—-2), &(P)=¢& (P, )+(n—2)(n-3). The expressions for & (P) and
&, (P) follow.

The third-maximum ¢ and ¢&, indices are achieved by the maximum value of & (7) where
T eT(mn,n-2)\U,, ,and &(T) where TeU, , for i=1,2. By the transformation used in the proof of
Proposition 2, we have & (T) <& (P) for T e T(n,n-2)\U for i =1,2 with equality if and only if T =P By
direct calculation, we obtain:

n,n-2

7n’ —18n° —34n+96

if nis even
! 12
SR =¢(P Y+(n—3)° =
1 1 1 7n3_18n2_31n+90 . .
B if nis odd,
T =30n” —4n+96 if nis even
12
E(P)=E(P_)+(n=3)(n—4)=
2 2 1 70 —30n% —n+96 ‘ ‘
D if nis odd.
By Proposition 2, for Te U, ,_,, we have:
3
(”—3)2n_5(n 3)125(" 2 if nis even
61(T): \
(n_3)2n_ 5(}’1—3) 1; 2(]’!—3) lf " is Udd
Tn' =270 =22n+120 .
12 if nis even
= . ]
o 277112 2on+129 if nis odd,






—_ 3_ — —
12
&)= BN
[(n-3)* - (n=3ypn - 2L if nis odd
Tn® =39n* +20n+108 . .
if nis even
_ 12
3 2
Tn 39n1;l7n+111 if nis odd.

Then for T e U, ,_, with n>6, by direct comparison, we obtain:

Tn’ —18n* =34n+96 Tn’ =27n* =22n+120 | .
B - B if nis even
aen-¢m=4_ . | o
Tn” =18n" =31n+90 7n’ -27n" -25n+129 . .
- if nis odd
12 12
2
3n”—4n-8 if nis even
_ 4
2
3 =2n-13 if nisodd
4
>0,
Tn’ =30n> —4n+96 Tn’ =391 +20n+108 . .
B - B if nis even
SHBEN-&G(M) =1 _ ; , ,
Tn” =30n" —n+96 7n° -39n" +17n+111 . .
- if nis odd
12 12
3 -8n—-4 . .
——  if nis even
_ 4
2
w if nis odd

> 0.
Thus P is the unique n-vertex tree with the third-maximum indices ¢& and &,. The result follows.

Proof of Proposition 7

It is easily seen that &(G)= D e < D) D(G)’ =nD(G)* with equality if and only if e, = D(G) for any

uelV (G) uelV (G)
ueV(G), ie, G is a self-centered graph. It is also easily seen that &, (G) = z ee, < z D(G)2 =mD(G)’
uveE(G) uveE(G)
with equality if and only if e, =, = D(G) for any uv € E(G), which is possible only when G is a self-centered
graph.
Since e, 2 #(G) for u € V(G), the lower bounds follow similarly. [

Proof of Proposition 8

The case n =2 is trivial. Now suppose that n>3. On one hand, it is easily seen that & (G) = Z e > Z =n

uel (G) uel (G)

with equality if and only if every vertex in G has eccentricity one, i.e., G = K,. On the other hand, it is easily seen





that for any e € E(G), if G—{e} is connected, then & (G) <& (G—{e}). Thus & (G) <& (T) for a spanning tree T’
of G. By Proposition 6, P, is the unique tree with the maximum ¢,. Thus & (G) < (P,) with equality if and only
if G=P,.

Proof of Corollary 1

Let X and Y be the two-partite sets of G with | X |[<|Y|. If | X |22, then e, (v) =2 for all veV(G), and thus
$(G)z4n>4n-3=¢(S,). The result follows.

Proof of Proposition 9

The cases n=2,3 are trivial. Suppose that n > 4. Let a be the number of vertices of eccentricity one. If »(G) =1,
then 1<a<n, and

2
EZ(G)ZM+2a(n—a):—Ea2+ 2n—l a > min 2n—2,n——£ =2n-2
2 2 2 2 2

with equalities if and only if either @ =1 and n—1 vertices are of eccentricity two and form an independent set, i.e.,
G=S,, or n=a=4 for which G=K,. If »(G)=2, then by Proposition 7, &,(G)=4m =4(n-1) > 2(n-1). Now
the result follows easily.

Proof of Proposition 10

Let m and m be respectively the number of edges of G and G. Note that both G and G have radius at least two,
and then by Proposition 7:

S(G)+E(G)z24n+4n=8n, &,(G)+&,(G)24m+4m=2n(n—1)
with either equality if and only if G and G are self-centered, and 7(G)=r(G)=2. Then the lower bounds for
&(G)+<.(G) with i =1,2 follow. .
Note that either both G and G have diameter three, or one of them has diameter two. If D(G)=D(G) =3,
then by Proposition 7, & (G)+¢(G) <9n+9n =18n with equality if and only if G and G are self-centered, and
D(G)=D(G)=3. If one of D(G) and D(G) is equal to two, say D(G)=2, then we have e_(v)=2 for all
v eV (G), and by Proposition 8, we have:

E(G)+E(G) S E(R) +4n=E(P)+E(P)

with equality if and only if G = P,. If n =35, then the result follows easily by comparing the three possible values of
S(G)+¢ (6) where both G and G have diameter 3 with S(P)+¢ (E). If n > 6, then it is easily checked that
S(P)+¢ (Fn) >18n, which implies the result.
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