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1 Introduction

The one-loop UV /IR mixing structure of noncommutative (NC) A'=1 super Yang-Mills the-
ory defined in terms of the noncommutative fields was studied some years ago in a number
of papers [1-5]. The outcome was the famous quadratic noncommutative IR divergences
which occur in the one-loop gauge field propagator of the non-supersymmetric version of
the theory cancel here due to Supersymmetry. The one-loop gauge field propagator still
carries a logarithmic UV divergence -a simple pole in Dimensional Regularization- and the
dual logarithmic noncommutative IR divergence In(p?(p)?) as a result of the UV /IR mix-
ing being at work. By increasing the number of supersymmetries of the noncommutative
Yang-Mills theory one makes the UV behaviour of the theory softer and eventually finite
for N/ = 4 [6], at which point noncommutative IR divergences cease to exist [7, 8]. In the
N = 2 super Yang-Mills case, there still remain logarithmic UV divergences at one-loop in
the two-point function which give rise via UV/IR mixing to the corresponding IR diver-
gences [1, 9]. That noncommutative N' = 4 super Yang-Mills has a smooth commutative
limit has been shown in Ref. [10].

It is known that classically noncommutative gauge field theories admit a dual formu-
lation in terms of ordinary fields, a formulation that is obtained by using the celebrated
Seiberg-Witten map [11]. However we still do not know whether this duality holds at
the quantum level, i.e., whether the quantum theory defined in terms of noncommutative
fields is the same as the ordinary quantum theory —called the dual ordinary theory— whose
classical action is obtained from the noncommutative action by using the Seiberg-Witten
map. The existence of the UV /IR mixing effects in noncommutative field theory defined
in terms of the noncommutative fields is thought to be a characteristic feature of those
field theories. It is thus sensible to think such effects should also occur in the ordinary
dual theory obtained, as previously explained, by using the Seiberg-Witten map. That



these UV/IR mixing effects actually occur in the propagator of the gauge field of the dual
ordinary theory was first shown in Ref. [12] by using the #-exact Seiberg-Witten map ex-
pansion [13, 14]. The analysis of the properties and phenomenological implications of the
UV/IR mixing effects that occur in noncommutative gauge theories defined by means of
the #-exact Seiberg-Witten map has been pursued in Refs. [15-18].

Up to the best of our knowledge no analysis of the UV and the noncommutative IR
structures of the noncommutative super Yang-Mills theory defined by means of the 0-exact
Seiberg-Witten map has been carried out as yet. In particular, it is not known whether the
cancellation of the quadratic noncommutative IR divergences of the gauge-field propagator
that occurs, as we mentioned above, in noncommutative super Yang-Mills theory defined
in terms of noncommutative fields also works in its dual ordinary theory. Answer to
this question is far from obvious since Supersymmetry is linearly realized in terms of the
noncommutative fields —and thus there exists a superfield formalism— but is non-linearly
realized —see Ref. [19]- in terms of the ordinary fields of the dual ordinary theory defined
by means of the Seiberg-Witten map. It has long been known that the proper definition
of theories with non-linearly realized symmetries is a highly non-trivial process.

The purpose of this paper is to work out all the one-loop 1PI two-point functions, and
analyze the UV and noncommutative IR structures of those functions, in noncommuta-
tive U(1) N'=1,2 and 4 super Yang-Mills theories in the Wess-Zumino gauge, when those
theories are defined in terms of ordinary fields by means of the #-exact Seiberg-Witten
maps. To analyze the gauge dependence of the UV and noncommutative IR of the gauge
field two-point functions we shall consider two types of gauge-fixing terms for the ordinary
gauge field: the standard ordinary Feynman gauge-fixing term and the noncommutative
Feynman gauge-fixing term.

The layout of this paper is as follows. Section 2 is devoted to the computation of the
one-loop contributions to the photon and photino propagators in A/ = 1 super Yang-Mills
U(1) theory in the ordinary Feynman gauge. In section 3 we discuss, for later use, the
construction by using the f-exact Seiberg-Witten map of a noncommutative U(1) theory
with a noncommutative scalar field transforming under the adjoint representation. The one-
loop propagators of the ordinary fields of noncommutative AN'=2 and 4 super Yang-Mills
U(1) theories defined by using the #-exact Seiberg-Witten map are worked out in sections
4 and 5 in the ordinary Feynman gauge. In sections 6 and 7 we use a noncommutative
Feynman gauge to quantize N' = 1 super Yang-Mills U(1) theory and compute the one-
loop photon propagator. Sections 6 and 7 are introduced to analyze the dependence on
the gauge-fixing term of the UV and noncommutative IR contributions found in previous
sections. The overall discussion of our results is carried out in Section 8. We also include
several appendices which are needed to complete properly the analysis and computations
carried out in the body of the paper.

2 Noncommutative N=1 SYM U(1) theory and the f-exact SW map

The noncommutative field content of the noncommutative U(1) super Yang-Mills the-
ory in the Wess-Zumino gauge is the noncommutative gauge field A, its supersymmet-



ric fermion partner A, and the noncommutative SUSY-auxiliary field D). The ordi-
nary/commutative counterparts of A,, A, and D) will be denoted by a, (photon), A
(photino) and D, respectively. Regarding dotted and undotted fermions and o®¢ traces,
we shall follow the conventions of [20].

In terms of the noncommutative fields and in the Wess-Zumino gauge the action of
U(1) super Yang-Mills theory reads

1 - : 1
Sj\/’:l - / _Z F;u/ *FMV + iAda-NO‘O‘DM[A]Aa + §D(nC)D(nC)7 (21)

where F),, = 0,A, — 0,A, —i[A, % A)] and D,[A]Aq = 0uAo —i[A, % A
The above action Sy—; (2.1), is invariant under the following noncommutative super-

symmetry transformations
0ehy = —iDMe, — e ("5 PEsF L,
S AP =ie(Eo™ A — AotE), (2.2)
3¢ D) = (£a*D, A — D, ATHE).
These supersymmetry transformations close on translations modulo noncommutative gauge
transformations and tell us that supersymmetry is linearly realized on the noncommuta-

tive fields—see [19] for further discussion. The action in (2.1), is also invariant under
noncommutative U(1) transformations, which in the noncommutative BRST form read

sNOMe = —i[Aa ¥ Q) sncA = 0,Q —i[A, 5 Q) sneQ = QX Q, (2.3)

with © being the noncommutative U(1) ghost field. The above action Sxr—; can be ex-
pressed in terms of ordinary fields, a,, Ao and D, by means of the SW map. The resulting
functional is invariant under ordinary U(1) BRST transformations:

$Aa = —i[Aa,w], sa, =0,w, sw=0, (2.4)

where w is the ordinary U(1) ghost field. Indeed, the SW map maps ordinary BRST orbits
into the noncommutative BRST orbits.

The #-exact SW map for F),, has been worked out in [15] up to the three ordinary
U(1) gauge fields a,. It reads

Fu (e-ayu, 0") :efﬂ,,+F§z+Fﬁz+(9(e4), (2.5)
where, up to the e? order, the gauge field strength SW map F, ﬁi expansion is fairly universal
[15-17]

Fe = 29@'?’( ko fuj — ag ko 0 2.6
w — € fﬂ2*2fl/_]_al*2 jf;w . ( . )
The €3 order SW map for the gauge field strength from [15] in that case reads
Ff,(z) = EQ”Q“([fukfuiflj]*S, + Unbuifril,, = naidiful,,, — [furaidiful,
— lar0y (Fuifui)l,,, + [0i0jardiful, , + [O1fwaidiar], (2.7)

1
+ [akaialajfuu]*3, 3 < [aiakajalfpu]*S, + [alfpuaiakaj]*S, >>



The generalized star products relevant for this work are defined as follows [17, 18]

(Fr29)@) = [ )5 L (00).

[Fohls, (2) = / e O IR F(p)3(VR(E) fuy (92, ) (2.8)

S}

otlangy(2) = [ @99 {50 ) (0. 1)

with
sin 294
f*g(paq) - 1%2 9
0 Ok Ok 0 0 Ok
I (pqk):COS(%—{—I’T—%)—I_COS(%—FPT%-(IT)—l (2.9)
I 0 0k 0k \ g0 0 0k 0k \ q0 ’
: B (o
1
f(I) (pa q, k) = (f*3/ [pa q, _(p+ q+ k)] - f*3/ [p’q’ k]) :

pby
The f-exact SW map for D,[A]A, up to the two ordinary fields a, can be retrieved
from the expression for F),, in (2.5), (2.6) and (2.7) as explained in the appendix A:

Du[AlAa = 8uha + Digle - a, A\ + Dile - a, A + O (€7), (2.10)
where
Dfm[e - a, )\] = —ef¥ (fl“ *92 8j)\a -+ a; %o 83»6“)\&), (2.11)
and

62 ..
Dﬁi[e ca, )\ = 59”9]“( — [fuk0irafisl,, = [OiAafuifisly, + [O1Aa0i0jfurl,

+ [fukaiajal)\a]*y + [ar0, (fmaj)\a)]*y + [aiajakal(?ﬂ)\a]w + [81(9#)\01%8]-%] (2.12)

*3/

1
+ [akaialajaﬂ)\a]*y 3 < [ai(?kajalﬁﬂ)\a]w + [618ﬂ)\aai6kaj]*3, )) .

To compute the full one-loop photon two-point function, one also needs the SW maps
for the Ag and D fields. They read

2
/_\d :5\0'4 — e@ijai *9 8j5\d + %0’70’“ ( |:ai3j (akalj\d)]

" (2.13)
— [ai(fjkalj\d — akalajj\d)] + [@'M%(@CM + fli)] ) +0 (%),
*3/ *3/
2
D(nc) =D — e@ijai *9 3jD + 6—6“0“ < [a,@j (akalD)]
4 *3/
(2.14)

- [ai( firOD — akalajD)L o+ [@Dak(&ai + fu)]

3 *3l

>+O(e3).

Let us stress that the way we have constructed—by appropriate restriction of the SW
map for the gauge-field—the SW map for A, and D" is very much in harmony with the



idea that if supersymmetry and gauge symmetry are not to clash, the superpartners must
have similar behavior with respect to the gauge group.

As discussed in [19] the noncommutative supersymmetric transformations in (2.2) can
be understood as the push-forward under the SW map of the appropriate 6-dependent
supersymmetric transformations of the ordinary fields. Here we have worked out the 6-
exact expression for such deformed transformations up to the order €2,

08" N = 0 Ao + €0 Mo + €280 A0 + O (%),

5?6)% = 520)% + e‘sél)au + 62522)% +0(¢) (2.15)
nc 0 1 2
6§ )D:(Sé )D+e6§)au—|—626§)D—|—(9(e3),

where

. Loy
5 Ao = —iDéa = 5(0"6") o Es v

5é0)a“ = (&t X — Nad€),

0D = (€00, A — 9uA"E),

5 = DV, — o (0%, 5 — 6UAL,

50a = i(goR®) — AWEnE) — 50 AL, (2.16)
0)D = (€0"Df, — Dio™€) — 5(0)17(1),

62 = —iDg, — i(ww) gaFe, — 6 AD — VAR,

§2ak = i(€rh® A%w@—(um”—¥”$%

08D = (¢0"Df — Df ot€) — 6 DD — 5V D@,

The reader shall find in the appendix A the values of objects in the previous equations
that have not been given yet.

The #-exact deformed supersymmetry transformations given in (2.15) and (2.16) can
be rightly called supersymmetry transformations since, as shown in [19], they close on
translations modulo gauge transformations and, hence, they carry a representation of the
supersymmetry algebra. However notice that these deformed supersymmetry transforma-
tions of the ordinary field do not realize the supersymmetry algebra linearly. Finally,
since these supersymmetry transformations generate the noncommutative supersymmetry
transformations of (2.2), we conclude that the total f-exact action (given explicitly in
the next subsection) has to be invariant up to the second order in e, under the deformed

supersymmetry transformations in (2.15).

2.1 The action

Now, substituting into (2.1), the Seiberg-Witten maps from (2.6), (2.10) and (2.13) and
dropping any contribution of order e?, one obtains the SYM U(1) action in terms of com-

mutative fields:
S = Sphoton +Sphotin0 +SSUSY—auxiliary’ (217)



where
Gphoton _ / _ifwf;w _ g@ijfﬂ’/ <fm *9 fyj - ifij *2 f;w)
2 ..
B %QZWM <(fm' 2 fui) (f* %2 £70) — (fig %2 fu) (F %2 )

+ 2fH (ai *2 0(fuk *2 fu) = [fuk@iO; furl ey — @i fuk0j furl«, (2.18)
+ [fui forFitlegy — % [ fie Fiil.,, )
+ é (f* %2 fij) (frr *2 fuv) + %9qu;w (9 Fik fipOa Frr) g ) ;

gphotino _ / YL W

— e (2ag™ 9| fui 2 020 + i %2 ;00| + i %2 D Aa" DN, )

[0haduifis] = [Ohaaidifu]

3/ 3/ 3/

- [60000,00]  — (00N aaidsar]

)

— 2a; %9 ajj\oﬁﬂda <fuk *9 O Ag + ag *2 alau)\a) - % ([aiaj (akalj‘d)}

- éeiﬂ’akl <Ada“do‘ ( [ Fuedida fle

— [ fuaidioha| = [axd (fudira) |

3/ *3! 3/ 3/

~ [mma000] + 3 [wdrasdion

3 3/

+ % [alaﬂxaal-akaj}*

3/

*3/

— [ai(fjkﬁljxd — (Ikalajj\d)]

*3/

+ [ajj\aak(alai + flz)] )5'Mda8u)‘a> +0 (63) )
*3/

(2.19)

and
. 1 »
§SUSY —auxiliary :/ §DD + ef" D(a; x2 0;D)

N §9i19k1D<[aiaj (akalp)} - [ai(fjkalp - akalajD)]* + [ajDak(alai + f”)La,>

*g/ 3/

2 ..
+ %«9”0“ (ai *9 6]D) (ak *92 61D) + O (63) .

(2.20)

First we note that, since the Feynman rules of the 3- and 4-photon self-couplings
(2.18), are already given in previous papers [16] and [18], respectively, we shall not repeat
them here. Photino-photon Feynman rules, obtained from (2.19), are given explicitly in
the appendix C.



2.2 The photon one-loop contributions to the photon polarization tensor

Most generally speaking, the total photon one-loop 1PI two-point function II*#¥(p) in the
N =1,2,4 SYM theory is the sum of the following contributions

" (p) = (B (p)+T"" (p))+ns (P (P)bub+P"" (P)tad ) +1s (™ (P)bub+5" (P)taa ), (2.21)

where B* (p), T (p), P (p)bubs P* (p)tad, S* (P)bub and S (p)iaq refer to the contribu-
tions from the photon bubble and tadpole, the photino bubble and tadpole, and the adjoint
scalar bubble and tadpole diagrams, respectively. The last two diagrams appear only in
the extended SUSY, of course. We use ny for the number of photinos (Weyl fermions) and
ns for the number of real adjoint scalar bosons (one complex scalar is counted as two real
scalars), which are uniquely determined by N = 1,2,4 supersymmetry.

Explicit computation revolves that each of these diagrams can be expressed as a linear
combinations of five transverse tensor structures

II(B, T, P, Spub, Stad)"" (p) = {{g“ p* —p'p ]H1(317T1,P17S})ub75{ad)(l?)

(4m)?
+ (6p)" (ap)VHQ(BQ,TQ, Py, SEUP §tad) ()
+ |:ng )MV 2 +p{/‘(99p)u}} Hg(Bg,T37P37Sbub Sgad)(p) (2‘22)
* [ 60)" (6p)” + (66p)" (‘9‘917)”} T4(By, Ty, Py, S5, S5 (p)

+ (6p) {1 (000p)" T3 (Bs, Ts, Ps, SE™P, S24)(p )}-

The sum (2.21) can be expressed, in the language of the five tensor decomposition (2.22),

asl

I(p) = Bi(p) + Ti(p) + ny (P°(0) + PP(p)) +ny (SP(0) + S p)) . (2.23)

In the subsequent sections we are going to compute and give the coefficients B;(p), T;(p),
PPub(p) and P! (p), SPP(p) and S!d(p) in detail via equations (2.25), (2.27), (2.32), (3.6)
and (3.12), respectively.

For the N' =1 theory ny = 1, ny = 0, thus from (2.23) we have

V=1 (p) = Bi(p) + Ti(p) + PP (p) + P (p). (2.24)

In this section we are going to show that all quadratic IR divergences cancel in each of the
Hf\/ =l’s, then we extend our results to the N' = 2,4 theories as well.

We choose one specific set of four (five in the sections 6 and 7) nonplanar/special
function integrals Tg, 1 %, I}( and I alongside the usual planar/commutative UV divergent
integrals to express all loop diagrams/coefficients in this article. This decomposition enjoys
the advantage that each nonplanar integral bear distinctive asymptotic behavior in the IR

-2

regime: Tp carries all the quadratic IR divergence (0p)~2, with a pre-factor —2, while I%

! As we will see soon, the photino tadpole diagram vanishes, so we can simply denote P**(p) = P** (p)bub
and consequently P;(p) = P;(p)bub-



Figure 1. Three-photon bubble contribution to the photon two-point function B*¥(p).

and I}( contain the dual logarithmic noncommutative IR divergence In(p?(6p)?), with pre-
factors —1/2 and —1/12, respectively. The last integral I is finite at the IR limit. Further
details of these integrals are given in the appendix B.

2.2.1 The photon-bubble diagram

From the photon bubble diagram Fig. 1 we obtain the following loop-coefficients [16]
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Figure 2. Four-photon tadpole contribution to the photon two-point function T#"(p).

Extracting the divergent parts from each of the B;’s

+ finite terms,

) <2 + ln(MQ(Hp)2)> + finite terms,
€

32 1
3 (6p)*

+ finite terms,

(2.26)

+ finite terms,

B % pQ(trHG) ;192(99;19)2
Bl(p)—+<3+3 (ep)g +4 )"
Ba(p) p 7 (2 “99 > ( +n(u 2(9}9)2)> +
2 32 1
Blo) 2(2““ o) =5
2 32 p?
) = =Gy e (2 rmocon) - F i
p 2 2 2 .
Bs(p) = —1—4(9 L (E + In(u”(0p) )) + finite terms,

we observe the presence of the UV plus logarithmic IR divergences in all of them. The

logarithmic IR divergences from both planar and nonplanar sources in the bubble diagram

appear to have identical coefficient and combine into a single In(p?

(6p)?) term, confirming

the expected UV/IR mixing. The quadratic IR divergence, on the other hand, exists only

in the Bg 34 terms.

2.2.2 The photon-tadpole diagram

From tadpole Fig. 2 we obtain the same tensor structure as from the photon bubble

diagram (Fig. 1) with the following loop-coefficients T;(p):

T1(p) =T5(p) = 0,

B@:—géﬁoz
T3(p) = 10 (6]19) Ty =
Ti(0) = - 3 7T =

64 1

3 (6p)"

32 1 (2.27)

3 (0p)"”

32 p?

3 (0p)%

We notice immediately the absence of UV plus logarithmic divergent terms contrary to the

photon-bubble diagram results (2.26). In addition, the tadpole diagram produces no finite

terms either, and the quadratic IR are again present in the second, third and fourth term!

,10,



Dp v

Figure 3. Photon-2photinos tadpole contribution to the photon two-point function P/ (p).

l+p

Figure 4. Photon-photino bubble contribution to the photon two-point function: P (p).

2.3 The photino one-loop contributions to the photon polarization tensor

The photino sector contains two diagrams: photino tadpole Fig. 3 and photino bubble Fig.
4. We are going to see below that only the latter contributes to the photon polarization
tensor.

2.3.1 The photino-tadpole diagram

The photino-tadpole contribution is computed using vertex (C.4). It produces only the
quadratic IR divergent terms which cancel each other internally, thus giving vanishing

contribution to the photon polarization tensor

dPe 1 v g
Pt;;l(/i(p) = _ILL4D/ V€2'u [67 _pap7€7 GZJ]KNQTr(a'ﬂIU“Q)

@empPe’ m D4
U (2.28)
- _36_;7(91’();;? (4-2-2)=0.

2.3.2 The photino-bubble diagram

Taking the photino-photon Feynman rules from appendix C we obtain the following photino-
bubble contribution to the photon polarization tensor, Pﬁfb (p), from Fig. 4:

Puy()__4D/ ey 1
SV 4+ p,p, 65090,V [0 —p, £+ p;07](€ + p) ., Te (6" 0253 1),

— 11 —



Taking into account the trace
Tr(cH ot2ghsght) = Q(pkiH2plats —_ phils plialia 4 pliiaplialis _ Gelipizispa) (2.30)

and that Pﬁﬁ/b (p) cannot have, at the end of the day, contributions depending on et1#2H3H4
one arrives at

daPe 1
P;w _ 4—D/
hub(P) = — 1 2D 2(( + p)?

' [Veﬁl [0+ p,p, 607104V [0, —p, € + p; 07](€ + p)*®
+ VR 0+ p,p, 609)(C+ p) V[, —p, £ + p; 0]
= VLl +pp 607 Ve —p, £+ p; 67] £ (£ +p)}'

(2.31)

After some amount of computations we find that only first two of the general five-terms
structure (2.22) survive in D = 4 dimensions:

D—2 D D D
Pi(p) = —25—(4mp®) 5 (") 7 T (2- 5 ) B( 5 - 1.5 —1 + 161,
D— 2 2 2
D—4—e¢
Py(p) = 16T + 8p* (I — 61)), P3(p) = Pa(p) = Ps(p) = 0.
(2.32)

After inspecting the divergences in these two terms we also find that the first of the two,
Py (p), contain the logarithmic UV /IR mixing terms, while P»(p) possesses only quadratic
IR divergence and finite terms, as the dual NC logarithmic divergences from integrals 19
and I} cancel each other.

Summing over (2.26), (2.27) and (2.32) one can see that the total quadratic IR di-
vergences in all II;’s are zero. The total UV divergences for the N/ = 1 theory are as

follows
Mploy = oL (00) 09 +-40097) (24 mion)). )
Ma(pioy = o (2 2000 (2 mgeon)). 234
Ma(p)lov = s (2 + 001 ). (2.35)
(o) o = 4(5) (2 muee?). (230
sy = 4 (2 209 (2.37)

2.4 The one-loop SUSY-auxiliary field contributions to the photon propagator
The free two-point function of the SUSY-auxiliary field D reads

<D(w)D(y)> =0z —y), (2.38)

- 12 —



hence, the integrals to be computed in dimensional regularization are of the type

APy ¢itop)
| G G 239

The integrals in (2.39) vanish in dimensional regularization and hence the SUSY-auxiliary
field D does not contribute to the one-loop photon propagator. Indeed, following [21], we
first split the D-dimensional /(= ¢(P)) into

_ Op
(D) = g(P=1) 4 2 2.40
|6p| (2.40)

where (P~ belongs to D — 1 dimensional space orthogonal to fp, and |0p| > 0 is the
modulus of Ap —recall that fp is a space-like vector, since §*9 = 0. Then introduce the

following definition of the dimensionally regularized integral in (2.39):
D il0p (D-1) 400 iT
/Me_ :/u lim dr —S (2.41)
@mP Wpy ) o@D ) e

However, in dimensional regularization -see [21]-

dP-1y
/ R (2.42)

which in turn leads to the conclusion that the integral (2.39) vanishes under the dimensional
regularization procedure.
It is not difficult to see that the argument above can be generalized to integrals with

dPy ¢t (£0p)
R R ——— = (), 2.4
| o @y ~" 24

One can explicitly verify two special cases of the identity above

positive £ powers too, i.e.

D D
/ (;lw)i? fea (Lp)° :/%W”f*z (6,p)* =0, (2.44)

using a generalization of the n-nested zero regulator method [18].

2.5 The one-loop photino 1-PI two point function

The photino self-energy consists two diagrams, a tadpole Fig. 5 and a bubble Fig. 6.
Explicit computation shows that the tadpole diagram Fig. 5 vanishes:

24 (p)tad = 0. (2.45)

The bubble diagram was computed in [16], which boils down to the following expressions

62

2% (p)pub = — ( 4@203@ P Ni(p) + (00p)" Na(p)|, (2.46)
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e
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Figure 5. A'=1 photino-photon tadpole: L% (p);aq.

. S\r\/\qﬁz&

Figure 6. N'=1 photino-photon bubble: X% (p)pyp.

with

Ni(p) = —5(00)? T

2
p 22-D 9\D 9 D D D
+tr66(0p)2<(47r,u )* 2 (p?)2 F<2 2>B<2 1, 5 1>
D—4—e
— (21% + QIH)> (2.47)
2
P 99 D, 9D o D D D
+99p2—<2471' 2 (p?)2 r<2——>B<——1,——1>
— (419 + QIH)>,
and
p2
Na(p) =4——1Iy. 2.48
2(p) (0p)2 H ( )

One can easily notice the absence of the quadratic IR divergent integral Ty. The UV
divergence can be expressed as follows

2
e .
e P @)loy

29 (p)pub|uv = —

) (2.49)

€ fe%eY p2 p2 2
=~ o e (tr@@ 69 + 2(06p)* ( 0p)4> (E + ln(,uQ(Hp)Q)> .

3 Minimal action of the noncommutative adjoint scalar field

It is commonly known that extended, N' = 2,4, super YM theories contain not only fermion

(photino) but also scalar bosons in the adjoint representation. These scalar bosons couple

— 14 —



minimally to the gauge field, and their action for the real scalar is

el 1
greal = 3 /D“@Dud), (3.1)

or

Scomplex — /'DM(I)T’DM(I)’ (32)

for the complex scalar. We study the minimal interacting scalar boson’s contribution to
1-PI photon two point function as well as the scalar’s own 1-PI two point function in this
section. These results will be used for our discussion on N = 2,4 SYM in the subsequent
sections.

It is straightforward to derive the SW map expansion of either Sl or §eomplex yging
the method described in the appendix A

greal :% / DHOD, P = % / 060, — 20109 fyi 02 03 + i i %2 0u0) +
+ 209" <(fm’ %2 0;0) ("' %2 O19) + (0t %2 fi) (" %2 D1)
+ 06 (£ Fitley + 006 Sy firley + 01600, Fuley + funaid016).,  (3:3)
+ 1005 (Fur010)ey — 201 %2 05 (k2 019) + 11006 fiy

1 1
+ gfij x2 (fr1 *2 Opdd) + §9pq[az‘fjkflpaqau¢]/\4a))>’

Scomplex — / 'DH(I)T’DM(I) — /au(ﬁ*a“(ﬁ
— ef <3“¢*(f,“‘ *2 0j@) + (fui x2 0;¢7)0" ¢ + %((%qﬁ* *2 fij)au‘b)
+ €20 oM <(fm *2 0;07) (" 2 O19) + %((fm’ *2 0;0%)(fij x2 0"9)
+ (i 2 0,6) (g 52 °6°)) + 506" (010 ikl + 1006 il
+ %([fmam*fjk]*g, + (016" i f k] )06 + %0%*([8@“@'5]’@%]*3'
+ [fuki0i 000y + [i0; (Fur Oy — 2ai %2 O (Fu %2 016))
1
+ 5([5I¢*a,~3jfuk]*3, + [furai0; 019" |x, + [ai0j (fLur0id™)]x,,
— 2a; %2 0;(fur <2 010%))0" + %8%* [0 farfirley + %(3%* *2 fij(0u %2 fit)

070 01k D00t — D00 0T rDudlaa) ).

(3.4)
with the product My being defined in [18]. One can show that
1 - rea. rea.
S (6 = Tl tive)) = S (1) + 5 (22), (3.5)
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Figure 7. Photon-scalar bubble: S*¥(p)pub.

if we express one complex scalar in terms of two real scalars. For this reason one complex
scalar contribution to the photon 1-PI two point function is twice as one real scalar, while
the photon contribution to the complex scalar two point function is the same as for the
real scalar two point function. Thus, we shall compute only those for the real scalar field.
The scalar-photon Feynman rules are given in the appendix D.

3.1 Scalar one-loop contributions to the photon polarization tensor

Like the photino sector, the adjoint scalar sector contains also two diagrams that contribute
to the photon polarization tensor, the scalar-bubble diagram Fig.7 and scalar-tadpole di-
agram Fig.8. They both follow the five tensor structure decomposition (2.22) and stay
nonzero at the D — 4 — ¢ limit.

3.1.1 The scalar-bubble diagram

Using Feynman rule (D.1) and employing the dimensional regularization techniques we
obtain the following loop-coefficients from the photon-scalar bubble diagram Fig.7:

" 1 _D D_ D D D
S (p) = = p— (4mp?)* 2 (") 27T (2 - 5) B (5 -1 - 1>
D—4—e¢
— 8T} +21%, |
1 16 1 8 (3.6
270 = =8t = o ST =4GRl = T
u 16 p? 32 p? o
S (p) == = SPub () = (.

T3 )t 3 (p) P

3.1.2 The scalar-tadpole diagram
Next, with Feynman rule (D.2) we compute the photon-scalar tadpole diagram in Fig. 8,

4 4

y v L[ dPr i v
S*(P)tad = Z Si (P)tad = 5/ We_g Z Sir (¢, p, —p, =0). (3.7)
K'=1 K'=1
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Figure 8. Photon-2scalars tadpole: S*(p)taq.

Starting with the first integral under dimensional regularization:

D
St =~ [ g (00 (w0005 - 00~ (6075") + 57601 607

D—4

- [3(g"(6w)* — B0y 5 + U (08p)? ) + (4]1;; (00 (6w)* + (B0p)"(60m)") .
(3.8)

we obtained the IR result. To evaluate S%”(p)tad, S4 (P)taa and S5 (p)tad we first need to
establish the following identities:

fig (€0, =D) = fuyy (£, =D, p) = fay (=L, p, =) = fuy (=€, —p,p) = 1,
Frg (0, =D, =€) = fuy (0, =D, €) = fuy (=D, 0, =) = fryy (=D, 0, 0) = [2, (L, D),
Fog (0.0, =p) + fuyy (0, —p, —0) = 2f7,(€,p) ~ = f2,(L,p), (39)
Fag (=P, —0) + fryy (=1, —0) = 202, (,p) = 0, '
Fog (0,0, =D) + foy (0, =0, 0) = 2f7,(€,p) ~ — f2,(L,p),

f*g/ (p’ D, ) + f*g,/(_papag) - 2f32 (Eap) =0.

We then find the following pure IR divergent terms:
SZ/V(p)tad = _2Sg/y(p)tad = _QSgy(p)tad = _Sgly(p)tad - S?lfly(p)tad

=t [ S LB (o (@pronr + 0 n) - 000 (60 + o)

D—4

(3.10)

S" (P)tad = S1/ (P)tad- (3.11)
Using (3.8) and (3.11) and by comparing with general tensor structure (2.22) we have found
that from scalar-photon tadpole diagram only two terms survive:
S (p) =55 (p) = 55 (p) = 0,
1 8 iad 16 p? 32 p? (3.12)
Ty = -
(6p)°

R AN 7 C A Rk

Stad( ) — 4
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Figure 9. The scalar-photon tadpole: ¥4)(p)tad-

- — - — _— —~— — - - - — —

Figure 10. The scalar-photon bubble: ¥ 4)(p)bub-

Finally summing up the IR parts of bubble (3.6) and tadpole (3.12) contributions we get:

62
(S (P)bub + S (P)tad ] g = e (6p)*(6p)” S2(P)bublir
(3.13)
& (0prp)Y ., € L, 16
ST G ST e O g

where all IR terms from both diagrams, except the one arising from the bubble, cancels out.
Interesting enough is that within this noncommutaive scalar-photon action in the adjont
(3.3) we are facing the exact cancelations of all divergences of the higher order terms of
noncommutative tensor-parameter *”, showing thus the consistency of our computations.

3.2 The photon one-loop contribution to scalar 1-PI two point function

The one-loop adjoint scalar 1-PI two point function in the minimal coupled model consists
the tadpole diagram Fig.9 and the bubble diagram Fig.10. The evaluation is straightfor-

ward. We obtain in the end

62

2(¢)(P)taa = )2 8To, (3.14)
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() (P)bub =
(467:)2 [tr99(9p4)2 (2(4w)—§(p2)2—2r (2 — g) B (g -1, 12) — 1> o
— 419 — 4IH>
—8I% — 4IH>
+p2<(2D —4) (4m)" T (PH) T (2 - g) B (g —1, g - 1)
D—4—e
— 819 — 121H> — 4T0] .
The total quadratic IR divergence reads
(26 (P)tad + (o) (P)bub )1 = %12% = —% (62;1)2' (3.16)

We will soon see in the next section that this divergence is exactly canceled by the contri-

butions from scalar-photino and scalar self-interaction diagrams.

4 Noncommutative N=2 SYM U(1) theory and the f-exact SW map

The noncommutative U(1) N'=2 super Yang-Mills theory has the following action

62

Sxma = [ = 3Fw s P + (D, A0) DA — S0l 0P

+iAG" D, [AJA + 106D, [A]T + iev/2U[A * BT + iev/20[A * @],

(4.1)

in the Wess-Zumino gauge. The noncommutative fields in the previous action constitute
the noncommutative U(1) supermultiplet (A,, Ay, Vo, P). Ay and ¥, are Weyl fermion
fields and @ is a complex scalar field. Each field A, ¥, and ® transforms under the adjoint
action of the NC U(1), so that the NC covariant derivative is D,[A] =0, —i[A, % ]
By replacing the noncommutative fields of the action in (4.1) with the #-exact Seiberg-
Witten maps —see appendix A~ A, [a,; 0], Aolay, Ao 0], Vala,, va; 0], ®a,, ¢; 0], the action
Spn=2 is turned into the action of a theory which is an interacting deformation of the free
ordinary U(1) supersymmetric theory for the U(1) supermultiplet (ay,Aa,%a,@). This
deformation is supersymmetric although supersymmetry —A/ = 2— is nonlinearly realized
on the ordinary multiplet (a,, Ao, ¥, ¢); a feature we have already seen in the N’ =1 SYM

case.
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Figure 11. N'=2 four-scalar tadpole: ¥(4)(p)4sc—tad-

The contributions to the action in (4.1) that are needed to compute one-loop 1PI two-
point function of each field in (a,, Ao, ¥, @) can be readily obtained by using (2.15), (2.16),
(3.3) and

[ ievasint o) +ieVEiR: o] - S 0 (4.2)

The terms in (4.2) yields the scalar-fermion N'=2 Feynman rules (E.1) given in appendix
E. Now we are ready to display the value of each one-loop Feynman diagram contributing
to the two-point functions of the ordinary fields of the theory.

4.1 The one-loop 1PI two-point function for photon field a,

For N = 2 theory one has ny = ny = 2. Substituting these numbers as well as the scalar
bubble and tadpole results to (2.21), and then restricting to quadratic IR divergence only,

gives

e (0p)“(0p)”
(4m)*  (Op)?

i.e. clean quadratic IR divergence cancellation. Remaining UV divergences can be ex-

HMV(p)hR = (_16T0 + 16nfT0 - 8nsT0)|nf:nS:2 =0, (43)

pressed using the five-term notation in (2.22) as follows

)

2
M@l = (3 - 30— 0+ 1oy G007 + 1000 ) (2 + 10209 )

B
(4.4)

Mooy = 2o (2 £ ( FuG0p)). (45)
3(p)luv = % <2 + In(p > (4.6)
Moy =~ (2 mon) (@7)
Ms(p)ov = s (2 4+ G007 ) (45)

4.2 The one-loop 1PI two-point function for the scalar ¢

The one-loop 1PI two-point function, ¥4 (p), of field ¢ is the sum of the four diagrams
(Fig.9, Fig.10, Fig.11 and Fig.12). The first two are already given as equations (3.14) and
(3.15) in the last section. The values of the third and fourth diagrams read

,20,



Figure 12. N'=2 scalar-photino bubble: X4)(p)t—bub-

62

E(d)) (p)4scftad = _W4T07 (49)

aPe pl — 02 £0p
2 4-D a2
E((;5) (p)f—bub = 8e“u / (2 )D EQ(E )2 sin —2

aPr 1 £0p p?
— 42 4D/ S g2y P
o emPe ™ 72 (€ —p)?

o2 . . D D D (4.10)
— 21%)} .
Hence, one gets the following full scalar two-point function:
() (0) = X(6)(P)tad + X(6)(P)bub + X(4) (P)dsc—tad + L) (P)t—bub, (4.11)
which is again quadratic IR divergence free, as
Ye) (PR =(E(g) (P)tad + Z() (P)bub + X(g)(P)asc—tad + X(g)(P)t—bub) IR o)
02 4.12

Gy (12T — 8Ty — 4Tp) = 0.

The UV divergence reads

Sy @)]uv = (2 (@)bub + E) (P)t—bub) lov

e p? > P 2 2 2 (4.13)
(47T)2p <1 +tr60(9p)2 + 2(060p) (9p)4> (E + In(p“(0p) )) .

4.3 The one-loop 1PI two-point function for photinos )\, and v,

=—2

In the N'=2 theory there is a photino-scalar loop (Fig. 13) alongside the photino-photon
loop contribution which is identical to the N/ = 1 theory value (2.46) for each of the two
photinos.

— 21 —



Figure 13. N'=2 photino-scalar bubble: 3% (p)scar.

The photino-scalar loop-integral gives the following contribution

dPe¢ p O —pt
2 4-D s 2 ~aa
8e / sin” —= 752(5 )ZO'M

D
2 . D D D
_ (4€7T)2pﬂ53a2<(4m2)2?(pQ)é’?r (2 - —) B (— —1,= - 1>

Eda (p)scal —

2 2 2
D—4—e
— 21%).
(4.14)
Total photino two-point function is finally given as a sum:
((jéfjtb) (p) = Z(P)tad + Z*(P)bub + 2 (P)scal- (4.15)
It is quadratic IR divergence free and it has the following UV divergence
zi0 )lov = ———otopr (2 + 100 4 2000922 ) (2 + m(u2(0p)?)
(A¥) (4m)2 + (6p)2 (6p)* c :
(4.16)

5 Noncommutative N'=4 SYM U(1) theory and the f-exact SW map

Let (A Aais®m), i =1,...,4, m = 1,...,6 define the noncommutative U(1) N'=4 super-
multiplet; then, the action of the noncommutative U(1) N'=4 super Yang-Mills theory
reads

e

1 - 1 2
Sn_a = / 7 Fu P NG D [AIA; + 5D, (A0, D [A)0, + (2 [®,, * @n])

(5.1)

L€ 1\ij .€
—1—25(0 DA A 5 @] —1i5

()i AT[A % D).
The matrices 4 x 4, (5);; and (6-1)¥ give rise to the IRREP of the Dirac matrices in 8
Euclidean dimensions; further details can be found in [22]. Let us recall that A, is the
noncomutative gauge field, that A,; is a noncommutative Weyl field and that &, is a
noncommutative real scalar field. The noncommutative U(1) acts by the adjoint action on
Ay and @, and hence D,[A] =0, —i[A, T |

By replacing, in Sy—4 above, the fields A,, A,; and ®,, with the corresponding 6-
exact Seiberg-Witten maps —namely, A,[a,; 0], Aailay, Aa; 8] and @y, [a,, ¢; 6], respectively,
we obtain an action which defines an interacting deformation of the ordinary N' =4 SYM
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Figure 14. N'=4 scalar-photon tadpole: ¥, (p)tad-

p.m 5\!\/% p,n
- = —~ — —_-—— - - - —~ = —

Figure 15. N'=4 scalar-photon bubble: ..., (p)bub-

theory in the Wess-Zumino gauge. This deformed action is expressed in terms of the fields of
the ordinary A = 4 Yang-Mills supermultiplet (a,, Aai, ¢m), i =1,...,4, m =1,...,6 and it
is invariant (on-shell) under the deformed supersymmetric transformations of the ordinary
supermultiplet (a,, Aai, ¢m) which give rise to the N = 4 supersymmetric transformations
of the fields in (A, Aqi, Prm). As in the N = 1 and N' = 2 cases, the supersymmetry
transformations of the ordinary fields that leave Syr—4 in (5.1) invariant gives rise to on-
shell nonlinear realization of N/ = 4 supersymmetry algebra.

The contributions to the action in (5.1) that are needed to compute one-loop 1PI two-
point function of each field in (a,, Ao, ¥a, @) can easily be obtained by using (2.18), (2.19),
(3.3) and ‘

ie

[ (5l6m 3 0u) + 560NN ¢ ) = S @AV ¢ 6. (52)

The terms in (5.2) yields the Feynman rules given in appendix D.
Below we shall display the value of each one-loop Feynman diagram contributing to
the two-point functions of the ordinary fields of the theory.

5.1 The one-loop 1PI two-point function for massless vector field a,

The N = 4 a, 1PI two-point function follows the general formula (2.21), only with n; =
4 and ng = 6. One can immediately recognize clean cancelation of the quadratic IR
divergences after substituting N' =4 — ny = 4,n, = 6 into (4.3).

5.2 The one-loop 1PI two-point function for the scalar ¢,,

The one-loop 1PI two-point function, ,,,(p), of the field ¢,, is the sum of five diagrams
Fig. 14, Fig. 15, Fig. 16 and Fig. 17, whose values read

62

Emn (p)4scftad - WQO(SmnTm (53)
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Figure 17. N'=4 scalar-photino bubbles: %, (p)f—bub-

a0 pr— . top
Ymn —bub = 32 2 4D5mn/ sin
(P)t—bub = 32e"p @nD 2l p) sin” —

8e2 D D D

(47TM2) D—4—¢
— 21%)} ,
(5.4)
hence
Emn(p) = Emn(p)tad + Emn(p)bub + 2mn(p)4sc—tad + 2mn(p)f—bub, (55)
is again IR divergence free, only this time we have
Emn(p)hR = (Emn (p)tad + 2mn (p)bub + E1”rm(p)45(:—taud + Emn(p)f—bub) |IR
s (12T — 32Ty + 207, (56)
—Wmn( 0 — 3215 + 207p) = 0.
The UV part reads
Son (P)] :i5 24— 2tro0 P’ — 4(06p)* P 2+1n( 2(6p)?) (5.7)
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Figure 20. N'=4 photino-scalar bubble: Ed‘o‘; (P)scal-

5.3 The one-loop 1PI two-point function for A\, ;

The one-loop 1PI two-point function, Eé‘o‘;(p), of the field A,; is the sum of the three
diagrams Fig. 18, Fig. 19 and Fig. 20 whose values read

24 (P)rad = 0, (5.8)
S 62 . .
ZE @ = — 53" 0 [p“ Ni(p) + (06p)* Ng(p)} : (5.9)

with Nj 2(p) being given in (2.47) and (2.48), respectively, and

. , Py Op H—pHt
Qo _ 2 4—D i s 2 Pe Yo
0 =4, [ i S g

2 D D D
_ 6e 5;-]9“0'2{0{ <(47TM2)2§(172)§2P <2 _ _> B <5 1, = - 1)

(47)? 2 Dt
— 21%).
(5.10)
Hence,
28 (p) = 2% (p)tad + S (P)bub + B9 (P)scal (5.11)
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is quadratic IR divergence free, and the total UV divergences is presented below

2

G _ € G _aa P’ p? 2
B0 lov = =i (6 + 00 g + 200 ) +ln(u2(0p)2)25'12>

6 Effect of gauge fixing on photon two point function

In the prior sections we have shown that the quadratic IR divergent contribution to the
photon two point function can be canceled by introducing supersymmetry. Yet we have
still two unanswered question: First, all of our computations above are carried out in the
commutative Feynman gauge, which, albeit convenient, is just one specific choice. We do
not know whether the cancelation we found would be changed by a change of gauge fixing.
Second, we have quite complicated UV divergence in the Feynman gauge in general, which
may be modified by changing gauge fixing, as in the commutative gauge theories. To study
these two issues we introduce in this section a new, non-local and nonlinear gauge fixing
based on the Seiberg-Witten map then evaluate its effect to the photon two point function.

6.1 The noncommutative Feynman gauge fixing action

We introduce a new gauge fixing for non-local U(1) gauge theory via the #-exact Seiberg-
Witten map. In terms of BRST language, this gauge fixing contains BRST-auxiliary field
B, and it is given by
_ .. B
S = Suq) + Sgt = Suq) + S/w (%AM(GWHU) + 5) :
B 1 1 (6.1)
St = /B <8MA“ + 5) —ws(0,AY) = / §(B + 8ﬂA“)2 — 5(@“4“)2 — w0, (sA"),

with s being regular U(1) BRST transformation sa, = d,w, where w is the U(1) ghost. Next
we use consistency condition for SW map to get sA4,,(a,, 01 = D, 2, where € is U, (1) ghost
and D, the U,(1) covariant derivative in the adjoint representation D, = 0, +i[A4, % .

Since the SW map for Q is actually the same as for the NC gauge parameter A from
[15] we can derive the photon-photon and photon-ghost coupling in this gauge. So by using
the BRST transformations

sw=DB, sB=0,

iy (6.2)
sA¥(ay,0V) = snc AP = DHQ,
the following gauge fixing action is produced from (6.1)
1 1
St = / 5B+ O AM)? — 5(8,“4“)2 — w0, D'Q, (6.3)

which after the application of the SW map resulting Feynman rules for the gauge fixing
and ghost induced diagrams given in the appendix F. We name this gauge as “the noncom-
mutative Feynman gauge” as it is formally identical to the Feynman gauge in the U, (1)
gauge theory.
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Figure 21. Gauge fixing L: 3-photon bubble.

0

l+p

Figure 22. Gauge fixing R: 3-photon bubble.

4

P p.v

l+p

Figure 23. Gauge fixing L&R: 3-photon bubble.

6.2 One-loop contributions from the new NC gauge fixing action

The new gauge fixing action (6.3) introduces additional terms to the three and four pho-
ton self-couplings as well as photon-ghost couplings, as summarized in (F.1). Unlike the
three and four photon couplings in the commutative Feynman gauge [16, 18], these new
interaction terms are no longer transverse. It then becomes intriguing how the sum of the
resulting loop integrals behave.

From Feynman rules (F.1) we find the following diagrams Fig.21-26 contributions to
the one loop photon two point function. Denoting the total sum of Fig’s. 21 to 26 as

Hgg o it turns out to be convenient to split it into two partial sums,

Hgfll:otal - Hgfl‘/mix + Hgfl‘/ (64)

Here Hgf _ presents the sum over Figures 21 and 22, which contain one 3-photon vertex
from the classical action and the other from gauge fixing action, while Hgf" sums over the

rest of them which are solely from the gauge fixing.?

20One more reason is that gauge fixing (6.1) and/or (6.3) can be added to any U(1) gauge invariant
action, particularly the free U(1) action Sgee = ,i ffw,f‘”. In this case Hgf” would present the whole

contribution to the one loop 1-PI photon two point function. Thus it is convenient to isolate it out.
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Figure 24. Gauge fixing T: 4-photon tadpole.

Figure 26. 2Photons-ghost tadpole.

Evaluation of diagrams in Fig.21-26 follows substantially the standard procedure used
in the prior section, except the rising of the two new types of tadpole integrals. The first
one takes the form of the second term in (2.44) so it can be removed by our regularization
prescription. The second one is a tadpole integral without any loop momenta in the numer-
ator ie. [ (zdw% k=2 f.,(k,p)?. This integral contains total effective loop momenta power
¢=* because of the additional denominator (kfp)~2 from the nonlocal factor f,,(k,p)?,
which is below the minimal power for the commutative tadpole integral to vanish [23].
Consequently we observe unregularized UV divergence when computing this integral by
transforming it into the bubble or applying the n-nested zero regulator method [23]. We
develop an alternative prescription (B.21) based on the parametrization (2.40) which is ca-
pable of dimensionally-regularizing this integral into a 1/e divergence plus the logarithmic
UV/IR mixing term In(u?(p)?) at the D — 4 — ¢ limit (B.22).

We are able to express both Hgfl:,,ix and H‘g‘fy appropriately once T_5 is added to the
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prior basis integral set Tj, I%, I}( and Iy. The outcome is listed as below

2 2
v € wo v {u v P )
It i (47)2 (219 p” +p'(00p) —(Hp)2> (4+4Iy), (6.5)
v 62 W {u v}
My = (dn)? <P p” -1l + p*(06p) HB)7 (6.6)
_ Mmoot ar (2o P\g(2_1 2
Iy = 2[(47r,u) 2 (p°)2 4.-T(2 5 B 5 1,2 1
D—4—e
2
1
' (1 - (HPT)Q (m‘é’é’(Hp)2 + (HHp)2)> + P o0 — 81 (6.7)
p2 20470 2/q70
+ 2(9]?)2 <tr99(9p) (417 + 41g) + (00p)* (8T + 4]H)>} ,
IIg =— %<(47T,U2)2§(p2)§2 2(D-1)-T (2 _ g) B <§ 1, g . 1)
D—4—e¢ (68)
L, P’

Yy ol

A7 (opp
One can immediately notice that Hgﬁ: L COntains only two tensor structures p*p” and
p(00p)¥} which can not be combined into a transverse sum. The loss of transversality

appears to be, of course, surprising. However we are going to develop reasoning/arguments
for this seeming odd behavior in the next section and show that it is in fact understandable.

7 Gauge fixing contribution without integrating out BRST-auxiliary field

In order to achieve simple transversality we conclude that one has to keep BRST auxiliary
field B from being integrated out. Arguments for that are as follows.
Starting with the action (6.1) we write a generating functional

Z[J", 5.5, h] :/DaquDw DB -exp [i<5+/(J“au +jw+ joo + hB) ) |

(7.1)
— exp |iW [ 7%, 5.7, h] .
from where we have effective action in terms of ”currents”:
D", 4,5, h] = W[ .7 h] + / (J#a, + o + jo + hB). (72)

Regular BRST transformation s acting on Z vanishes, thus we have:

sZ:O:i/DaMDwa DB<J“8Mw—j-B> . exp [z’(s+/(ﬂau+3w+jw+h3)>}

ﬁ/(%@uw—i—Bg—i):/<—w3M(;—PM+B§—£):O.

(7.3)
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Since the transversality condition means @L(SI—I; = 0, which is satisfied in equation (7.3) only
for B = 0. This however is not allowed if we do integrate out the B field. Thus we do not
perform that, instead we construct a propagator from the following doublet combination

(%)

7.1 Formal analysis

In order to compute the two point function(s) within the presence of the B-field, we must

define the propagator(s) for the "kind of strange” vector-scalar field <a§ > doublet. Start-
ing with
1 1
Suq) = / g fw " =5 / a, (9°g" — 09" )ay, (7.4)
we get a quadratic part of S
1
Squadratic = 5 / <au (029" — 09" )a,, + 2B - dat + B2), (7.5)

whose Fourier transform is as follows:

~ 1 [ d* /. »
Squadratic - 5 / (27'(')4 <a“(_k)( - k2guy + kuku)a (k)

+iB(—k)k,at (k) — ik, (—k) B(k) + B(—kz)B(k)) (7.6)

1 [ d*k ~ a, (k)
=~ [ 25 (G, (—k B—k)T )
3 | oy (300 BE) T (B(k)
The Hermitian matrix
T T —k2g" + kFEY — kM
T — 011 ~012 | — 7.7
is then the inverse of the propagator in the momentum space. Next we inverse T to obtain

G A 5y 0
Ti=|"P ) =T . Ty=1=|° ) (7.8)
0 (Bﬂ G) 01

From (7.7) and (7.8) we have four equations:

8 = —k*Gpy + kM Gouk” + 1Ak, 0= —ikFGp, + A,

2 14 v . 1 . (79)
0= —k"B" + kK'B,k" +iGk", 1= —iB,k" +1,

which we solve by using simple Ansatz: A, = A-k,, B, = B-k, = G =0, B =
k% — A = Bl = ;—22 = Gy = —%. Taking into account a text book convention
(—k*g" 4+ kHkY)G,,, = id, for the phase factor we add overall factor i and obtained correct
photon propagator, as illustrated in Fig 27.
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Figure 27. Illustration of the above procedure in computing photon propagator. BRST-auxiliary
field B (Bauxiliary) is denoted by a double full line.

One can write down the usual field redefinition B’ = B + 9,a* in (6.3) in the Fourier
transformed context as

a,(k)\ a,(k)Y (10 a, (k)
<§(/g)> = Ao (5(@) = (W 1) ' <f§(k)> | (7.10)
The Ay then diagonalizes the bilinear form (7.7) into

—k‘2 Ny
T = A; Ay = ( 09 2) . (7.11)

It is easy to see that inverting this T{) gives the expected Feynman propagator. From
that viewpoint the B-integration can be achieved by diagonalization. One can formally
generalize the tree level diagonalization procedure to the one loop. Consider in general the
one loop corrections as another Hermitian matrix 77 adding to the Ty matrix, we write the
quadratic part of the 1-loop corrected effective action in the momentum space as

3 4 3 iy
I\(llluadratic = %/% <d,u(_k)aB(_k)) (TO + Tl) (Bé:;) . (712)

Next we express 17 in terms of its components

[ & T o
T = Tlu ZTl12 - _ZT121 ) (7.13)
ZT{;l T122

The Slavnov-Taylor identity (7.3) then requires that T 1“1 "1 = 6&ii§lal, has to be transverse,

while others not. One can now replace Ay by a new transformation

1 0

A= , 7.14
(Z(k“ + Tﬁl) (1 + T122)> ( )
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Figure 28. Bubble contribution to photon polarization: Bfé”_a” (p), with B — a, propagators
running in the loop in opposite directions.

with A~! diagonalizing the 1-loop corrected bilinear form Ty + T}

—k2gh + T + TP 0
T/ — A—lT T +T A—l — 111 - s 7.15
(T 1) 0 (1+ Ty,,) 1 (7.15)
where "
™ — krEY — (kﬂ + T121) (k + T121) ) (7_16)
1+ T122

We then conjecture that the formal leading order expansion of II*” with respect to the
coupling constant e corresponds to the gauge fixing corrections to the 1-loop 1-PI photon

two point function, i.e.

I+ — '™ (k“ N pu) ’62 — pupu . T122 B p{“TV}

gftotal lo1-

(7.17)
And, as we shall see below, this relation/conjecture indeed holds.

7.2 The action of the gauge and BRST-auxiliary fields and Feynman rules

We define the noncommutative photon-auxiliary field action by using the first and the
second order SW maps for the NC gauge field, AS) and AELQ), respectively:

S0, = [ ~(@B)(AD +AP)

= [ @330 (00, + 3,) + @ 3870 ([0 cn(ra + £)]

*3/

- z[ai(fjkful - akalfju)L ot [(53‘% + fin)ak(Oai + flz‘)]* ,>,
(7.18)

from where we obtain the corresponding photon-auxiliary field interaction vertices. Cor-
responding Feynman rules from the above action generate one-loop correction to the
quadratic effective action and are given in appendix G.
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Figure 30. Two bubbles with mixing a, and B — a, propagators emerging from SW-interacting
U(1).

i p

Figure 31. Bubble contribution to 1%,,, with B — a,-propagator in the loop.

[

pou »

Figure 32. Tadpole contribution to i71,,, with photon-loop.

l+p

Figure 33. Bubble contribution to 71,,, with photon-loop.
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Figure 34. Bubble contribution II%. to iT},,, with photon-loop.

7.3 One-loop contributions to the photon effective action up to the quadratic
order, from the BRST auxiliary field B

Based on our vertex read-out convention, 0, = ip,, we obtain the following correspondence
rule between the matrix elements of one loop correction 77 and the 1-PI loop diagrams

T —T1™ + ) (=

111 B_G/;L’
Iy, =Fig.25 + Fig.26 + Fig.28 + Fig.20 + Fig.30, 19
iTI =ill" 4 4l1",, ill* = Fig.31 + Fig.32,
T,, =Fig.33, II". = Fig.34.

Note that II*” denotes all contributions from the classical action, which is the same as
summing over all contributions to the photon two point function computed in sections 2-5
and thus transverse. Explicit computation first revolves that

my ., =0, (7.20)

thus the Slavnov-Taylor identity is actually trivially fulfilled.
The rest of the matrix elements listed in (7.19) are nonzero and boil down to the

following expressions
o2
= (1 + (80p) Ty ), (7.21)

D—4—¢
(7.22)
2 D D
= g (Gmet 282 00 (3-F) B (5 15 1) e
_ é(@p)QT_Q (619 + 6IH)>,
(7.23)
and
e? 2
I = — (i) (p" + (66p)" (52))2) (4+4Ig). (7.24)
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Finally we have

2 (om0 (2= 2)n (212

2

P 1
4. <(D —3)+ L (tr99 + 2(99p)2>> - §p2tr99T,2 (7.25)

2
p_2 9.
(0p)

T122 =

DO | —

D—4—e

— 819 — 241y — (tr@@(@p)Q(Zﬂ% 4Ty + (00p)X(SI0 + 4IH)>> .

Next we start to verify our conjecture (7.17). First we derive the following relations
from it,

Iy = (4n)%e 2Ty, — 200y, Tp = —My, 10 = —plard . (7.26)
One then immediately observes that the second and third relations do fulfill. As for the

first one we can compute its right hand side

1 D D D
(4m)?e Ty, — 200 = 3 ((47w2)2§(p2)§2f (2 - 5) B (5 L5 - 1>

D—4—e

2
1
4. ((D ) N <tr99 n 2(99p)2)> — Zp%00T

(0p)? 2
810 —oury — . <tr00(0p)2(410 + 4l + (00p)* (810 +41H))>
ol @2t i2.p—2).r(3- 2\ (212,
( SR GRS DI

— (419 + 6IH)>

:% ((4w2)2—§(p2)%—2r (2 - g) B (% 1, g - 1>

i (o1 2 (tx60 +2(66p)?) L 20T
- (917)2 r p - 2]9 T —2

2
p 52
(Op)

D—4—e

+ 81 — (tr@@(@p)Q(éll% +4Iy) + (00p)*(81% + 41H))> =Tl4,

(7.27)

which is in agreement with (6.7). Thus the conjectured relation (7.17) is proven.

In fact the gauge fixing contribution to the 1-loop correction is a shift out of the on-
shell point of the gauge fixing functional. Therefore it does not need to be transverse. The
fact that the pure gauge fixing and mixing contributions satisfies (7.17) independently is
because the former can be considered as a gauge fixing to the free U(1) gauge theory.

Finally let’s briefly discuss the divergences in the gauge fixing configuration(s). Using
the results from appendix B we can see that Hgg L. contains no quadratic IR divergent
term, therefore the quadratic IR divergence cancelation we found in the prior sections
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are also preserved under this gauge fixing choice point. We can also extract the UV &
logarithmic divergence at the D — 4 — ¢ limit

p° 2
I4luy = — (2 - G <3tr06?(9p)2 + 4(99p)2)> (E + ln(,uQ(Hp)Q)> , (7.28)
2
Maloy = ~5 s (2 + G0 ) (7.29)

while the H“ Y s finite at this limit. We conclude our analysis by listing of all UV plus

logarithmic dlvergences in I =TI + Hgli: ...» Which can be decomposed into seven
ota.

tota.
symmetric tensor structures

2
v € —_ —_ —_
Hgotal‘UV :—(477)2 <g‘“’ CEp 4 phpY - Eg + (Hp)“(Hp)” - Es

+ 9 0p)? — (09)p? + ¥ (09p) | =4
+ [(00) (09)* + (66p)" (99p)” |5 + (6p)* (006p) - 24
+ p(00p)") - Z7).

(7.30)

Explicit computation then yields

4 4 1 2 2
Eilov = p? (5 — 3= gnet P (3tr00(9p)2 + 4(00]9)2)) (E + 1n(,ﬂ(ep)2)> . (7.31)

(0p)
slov = (<2 5+ gut o) (2o more)). (.32
oy = Baloy =20 (- E0E) (2 O ) B e
E4luv = Bsluv = 2% ( + In(p > (7.34)
v = Biloy =~ (2 G0 >2>) (7.35)
E¢luv = Bsluy = 4( 4)4 (2 + In(u (7.36)
Sy = Tl = 52 (24t >2>) (7.31)

8 Summary and discussion

In this paper we have computed the one-loop contributions to all propagators of the non-
commutative super Yang-Mills U(1) theory with N'=1, 2 and 4 supersymmetry and defined
by the means of the f-exact Seiberg-Witten map. We have shown that for N=1, 2 and 4
the quadratic noncommutative IR divergence,

(6p)"(6p)”
(R
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—a trade-mark of the noncommutative gauge theories— which occur in the bosonic, fermionic
and scalar loop-contributions to the photon propagator cancel each other, rendering photon
propagator free of them as befits of the Supersymmetry. Indeed, from (4.3) for N'=1,2,4,

one gets:
N =1:n5=1,ns=0,
N=2:ny=2n,=2,
N =4:np=4,ns=6,
2 o v
v _o_e (32, o (Op)"(Op)" _
I (PR = WR? + 3) —32-ny+16-ng ot 0. (8.1)

This cancellation, occuring in the case at hand, is nontrivial since Supersymmetry acts non-
linearly -see (2.16)— on the ordinary fields. Let us recall that the cancellation of quadratic
noncommutative IR divergences is also a feature of noncommutative super Yang-Mills
theories when formulated in terms of noncommutative fields [1-5]. Hence, our result con-
cerning the cancellation of the quadratic noncommutative IR divergences really points into
direction that the #-exact Seiberg-Witten map really provides quantum duals of the same
underlying theory.

We have shown —see (4.11) and (5.6)— that the characteristic quadratic noncommuta-

tive IR divergences,
1

(0p)*’

which arise in the individual contributions to the one-loop propagators of the scalar fields

in the N'=2 and 4 Supersymmetry, also cancel each other at the end of the day. The same
holds for the photino field as well.

Since the previous cancellations occur both in the ordinary Feynman gauge and in the
noncommutative Feynman gauge —see section 7—, our computations further indicate that
the cancellation is robust against changing the gauge fixing and may have real physical,
and therefore gauge invariant, content. Let us recall that independence of gauge-fixing
parameter of the cancellation of noncommutative IR divergences in the dual theory, i.e.,
in N'=1 U(1) super Yang-Mills theory formulated in terms of the noncommutative fields,
has been shown to hold —see Ref. [2].

In this paper we have also worked out explicitly the one-loop UV divergent contri-
butions —which show as poles at D = 4- to all propagators of the theory: see (2.49),
(2.33)—(2.34), (4.13), (4.16), (5.7), (5.12) and (7.30)—(7.37). It is noticeable that the pole
parts displayed in the equations we have just quoted contain non-polynomial, i.e., non-
local, terms whose denominator is a power of 0p. With respect to this we would like to
point out that, in keeping with Weinberg’s power counting theorem [24], Feynman integrals
whose degree of UV divergence are not the same along all directions are liable to give rise
to the pole contributions which are non-polynomial. This is exactly our situation since our
integrands contain factors of the type

1
(@®)" (g +p)2)™ (¢0p)s”

s=1,2,
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A(=2n=2m=s) glong the direction parallel to 0p, and

and these factors approach to zero as
as A(=27=2m) along any direction orthogonal to #p. Hence UV divergences with a non-
polynomial dependence on the momenta may occur and our computations show that indeed
they do occur. We would like to recall that a similar situation, —i.e. the non-polynomial
UV divergences— happens in ordinary Yang-Mills theories in the light-cone gauge [25, 26].

Now, the UV divergences of two-point functions are in general gauge dependent quan-
tities. We have verified that this is so in our case by computing the one-loop propagator
of the gauge field both in the ordinary Feynman gauge and in the noncommutative Feyn-
man gauge —see Section 6. The result for the first type of gauge is in (2.33)—(2.34) and in
(7.30)—(7.37) for the second type of gauge fixing term: their differences stand out. Hence,
extracting gauge invariant information from the UV divergences is our next challenge along
this line of research and it will require the computation of three and higher point functions.

Let us finally remark that UV/IR mixing effects also work for the non-polynomial
UV divergent contributions we have obtained. Indeed, as seen in (2.49), (2.33)—(2.34),
(4.13), (4.16), (5.7), (5.12) and (7.30)—(7.37) every pole in 2/e comes hand in hand with
the logarithmic noncommutative IR divergence In(u?(6p)?). The reader is referred to the
final part of Appendix B for further information regarding this issue.
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A Seiberg-Witten differential equations for the SYM U(1)

Let ® be a noncommutative field, either boson or fermion, in d dimensions, which gauge
transforms under the adjoint of U(N). Then its NC BRST transformation reads

sne® = —i[® * Q) (A1)

where Q is the noncommutative U(N) ghost field in d dimensions that parametrizes the
noncommutative BRST transformations of the U(N) gauge field A, in d dimensions:

SNcAﬂ = 8ﬂQ — Z[A“ ’; Q], SNcﬁ =i x Q. (AQ)
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Let ¢ and a,, be an ordinary matter and gauge fields in d dimensions which take values
in the Lie algebra of U(N) in the fundamental representation. Let the BRST transforma-
tions of ¢ and a, be

s = —i[p,w]|, sa, = 0w —ilay,w], sw=iw-w, (A.3)

where w is the ordinary ghost field in d dimensions which also takes values in Lie algebra
of U(N) in the fundamental representation. Then, the SW map {Qle - a,w;0""], A,[e -
a; 0", ®le - a, ¢; 0""]} is a solution to the problem
sSQN=i0*Q, Qle-a,w;07 =0] =w,
sA, =0,0—i[A,¥Q), Aule-a;07 =0]=e-a,, (A.4)
s& = —i[®*Q], ®le-a,¢;07 =0] = o
It is known that the following set of differential equations—called the Seiberg-Witten dif-

ferential equations [11, 27]—furnish a solution to the problem in the system of equations

(A.4):

%Q = ——HU{AZ- 20,0}, Qlt=0=w,

d

%AM:——H”{Ai SO A+ by Ault =0l =c-a, (A.5)
d

2p=_Zpiul A . , 0l —

—0 a {4y 0,0+ D50}, ot =0]=0.

Note that p runs from 0 to d — 1, while ¢ runs from 1 to d — 1, respectively.

Now we show how a solution to the previous problem can be obtained by solving
Seiberg-Witten differential equations for a U(N) gauge field in d + 1 dimensions. Let
Apn = (Ay, Ag) be a noncommutative gauge field in d+-1 dimensions and in the fundamental
representation of U(N) and let Q) denote the corresponding noncommutative ghost field.
Then the Seiberg-Witten differntial equations for Ay and Q read

d -
2q = ——HU{A[ * aJQ} Ot =0] =&,

Cgf (A.6)
d, _ Loy =,

= Ay = a {AI 9,4, +FJM} —e-ay,

where [ and J run from 1 to d, and apr = (ay, ag4+1) and & are the corresponding ordinary
fields in d 4+ 1 dimensions.

Let us assume that the coordinate X commutes with all the others, i.e., 87/ is such
that /¢ = 0. Now, let Ay[e-da)y,,;60'7] and Qe-d’y;,@;677] be the solution to (A.6) and let
us take now ays and & to be independent of z%, so that Ay[e-d'y,, ;0] and Qle-dly,, &;0!7]
become independent of z%. Now, for these Aprle - dy;,;60%] and Qe - dy,,@;67] the SW
differential equations in (A.6) boil down to

d. 1. N .
O = __pu . x . = =

—0 =20 {Az ! an}, Ot =0] =&,

Ay == J{Ai % O A, + Fjﬂ}, At =0 = e ay, (A7)
d 1 gl

aAd— —ZHJ{AZ‘ K 8jAd+DjAd}, Aglt =0] =e-aq,
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where we have taken into account that Fj4 = 9,44 — i[A,, Ag] = D, Ag, for Ay does not
depend on z?. It is plain that if we replace Ay with ® and e - aq with ¢ in (A.7), one
obtains (A.5). We thus conclude that the SW map for ® can be obtained from the SW
map Agle - ay, e - ag; 0] that solves (A.6) by replacing e - aq with ¢. We also deduce the

following relation between the gauge field strength F),; and the covariant derivative D,
Dﬂ[Au]q) = Fud[e Ty, € ag; aij”eud—) ¢+ (A.8)

Next, let A,[a,;07], Aglay, Aa;07] and D™[a,, D;07] be H-exact Seiberg-Witten
maps given by the following expansions in terms of the coupling constant e:

Aylay;07) = e (a, + eAl(})[aV; 0] + €2 Al(f) [a,;07]) + O (&%),
Aalay, Aa; 079] = Ao + e AV [y, M\a; 0] + 2 AP [ay, Na; 0] + O (€3) (A.9)
D"a,, D;0"] = D + e DW[a,, D;09] + ¢* DP|a,, D; 6] + O (¢*) .

Taking the n-th variations, of the m-th order of the NC gauge field A,,, its supersymmetric
fermion partner A, and of the NC auxiliary field D) we obtain the following expressions
n m m n _v.ntj m . Nt 2
5 A = Al ay, + 6"a”; 0] — AT [a,;0Y] + O (€2)
8" AT [ay, Ma; 0] = Al [ay, + 67", Ao + 6" Aa; 0] — Al [a,, \a; 079] + O (€%), (A.10)

"D |a,, D;6"] = D™(a, + §"a”, D + 6" D; %] — D™|a,, D;67] + O (%) .

Here m = 1,2, while §"a”, 6"\, and 6" D for n = 0,1, have been given in (2.20).

B Integrals

A fairly large number of special function integrals occur in studying NCQFT, with or
without SW map. Some description of the integrals relevant to this work was given in [16],
where we used a set of seven special function integrals to present the nonplanar part of
the bubble integrals at D = 4. During this work and our prior study on NC tadpole
integrals [18] we studied additional new integrals and found some new relations among all
of them. Here we present a new list of five integrals which are used to present all loop
integral results in the main text.

The original set of seven integrals include four Bessel K-function integrals, and three
integrals over a function H[z] which can be expressed in terms of hypergeometric functions

=g [ ()0 (- 2) 0 (33 2.2)

(B.1)
i 1 r D 1 I 3—D‘4—D 5—D‘(z>2
3-D 2 P2 \72 2 2 '
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Below is a list of these integrals

za:jﬁx@u—x>>%wm> Ky |(@(1 - 2)p(0p))3] (B.2)
0

/1de0 2(1 — z)p?(6p) )%} (B.3)

0
/1 deo 2(1 — z)p(0p) )%} (B.4)

0
- / dz 22K, [@(1—35) (6p) )%} (B.5)
/1de (1 —z)p*(6p) )%] (B.6)

0
/1de (1 — z)p(6p) )%] (B.7)

0
I = /d:m: H [(m — 2)p2(6p) )%] (B.8)

0

Later it is revolved that I; is directly related to the tadpole integrals

[ R
4= | G SR Salo = S p (B9

1
=~ (8[1 +p2(4ly — 1215 + 814)),
and
dPk (k- p)? , 8 1 p?
@=/ forlkop)? =
2 D 2 2 4 2 4

. (8]1 + p2(121y — 9215 + 10414) + 4p* (315 — 261 + 3217)).

It is convenient to use the tadpole integral in lieu of the integral I; since the tadpole integral
is quadratic IR divergent only. We select

1 dPE 1 kOp 1
To =—(4m)% Ay = (4n)? —sin® T2 = —2—— = 21} — p*(Iy — 313 + 2I}).
0 4(71) 1 (ﬂ)/(QW)DkQSln 5 OOE 1—p°(Iy — 313+ 21y)
(B.11)
to fulfill this task. We can extract an identity
(4[2 - 12[4) + (5[5 - 16]7) =0, (B12)
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from the relation A; = —3p~2(0p)?Ay. The other two useful relations are:
Iy =213, Iy = 2I;. (B.13)

Using above three relations we can reduce the rest six integrals I5_7 to three, which we
choose to be

1
9 =1= /dw Ko [(m — 2)p*(6p) )%] (B.14)
0
1
I=13— Iy = /dx z(1 —2)Ky [(m(l — 2)p*(6p) )%} (B.15)
0
1
Iy=15= /de [@(1 — 2)p*(6p) )%] (B.16)
0

Using the generalized power series expansions in the vicinity of z = 0, 3

S ) o). e
k=0
and
. - (k+ 2) 2\ 2k+2
+ZF( D(k+1)T(k+2) <§> B

z 1 1 1 3 1
-<In§+§¢<k+§>—§w(k+1)—§¢<k+§>—51/)(l<:+2)>,

it is not difficult to see that the integrals Ty, I?(, Ill( and Iy bear distinctive asymptotic
behavior in the IR regime. The Tj is quadratically IR divergent by definition, while I?( and
Ill( carry the dual logarithmic noncommutative IR divergence (logarithmic UV /IR mixing)
In(p?(0p)?), with coefficients —1/2 and —1/12, respectively. The last integral Iy is finite
at the IR limit.

A new type of tadpole integral, which is UV divergent at the D — 4 — € limit occurs
repeatedly in the NC Feynman gauge computation part of this work. Here we provide an
account of its evaluation. This new tadpole, denoted as 15, bears a very simple form

D
T o = (4m)2p*=P / % % fuo(k, )2 (B.19)

On the other hand, it turns out that 7" is not that simple to evaluate. Two usual regular-
ization methods used before, turning tadpole to bubble or using the n-nested zero regulator,
do not function here. The first one produces divergent special function integrals while the
second contains unfavorable powers of the regulator. The parametrization discussed in the

1(z) = < InT'(z) denotes the zeroth order polygamma function.
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first section of this note offers us an alternative way to handle this problem. Using that

parametrization we can express T o as

1, T 26
T, = (471)2,u4D/ dP=1¢ / dr 1 4 sin? %x
(2m)P-1 21 02 + 22 x2(0p)?

— 00

D-1 —€[|6p|
=yt ? [ St o (s e )
GrPT G \ TP T T

(B.20)

Unlike As, here we can only neglect the second term in the last parenthesis because the first

and last exceed the minimal value of the loop momenta power m = —2 in the dimensional

regularization prescription. Then one can introduce one more integrand y to make the first

and last terms into one

dP-1y 1 1 e~ l€l|op]
_ 2 4—D o
T = (10 [ (o <ep>2< TR )
1

dP-1p 1 e—uldllop|
— (4 2 4D/d / -
L B N L

1
_ 2
= —(4m) =t NC) /d /dl|9p| 1 p=4e=tylopl

0
— (4 W’F(ﬁ_ A / dy |0p2~Py*PT (D - 3)
279
= —(4r) T pt P (%) wp‘Q—DFil)_;)?’)
_ (mp2)E (”?2)15 -2

Finally, a familiar pattern emerges once we compute the D — 4 limit

4

2= "Ge

<4 2D +In(p 2((9p)2)+1n7T+’)’E+2> + 04— D).

Here we see the logarithmic UV/IR mixing taking place via a single integral.

(B.21)

(B.22)

In the end all loop integrals are expressed via usual planar integrals plus nonplanar

integrals T'_o, Tp, I?(, Ill( and Ip.
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Figure 35. A'=1 photino propagator, Eq. (B.2).

Figure 36. N'=1 photino-photon vertex: VeIZ(pl,pg); p2 +p3 —p1 =0.

Figure 37. N'=1 photino-2photons vertex: ve ZU (p2,D3,P4); P2 + D3 +Dpa —p1 = 0.

C Photino-photon Feynman rules

The N'=1 photino action SPP%"° (2.19), in the momentum space reads

photino d4p 3 — G
5 = | @i NaPIud" Aalp)

4 d4p' _ . 1
+ 7 (2m)70(p1 — p2 — p3) Aa(P1)au(p2)Aa(p3)o p P1, —D2, —P3
/H(%) (2m)*a ) Aa(p1)ag(p2)Aa(p3)a? Ve | ]

i=1 (Cl)
4 4
+/ H§(2ﬂ)4 (2m)%6(p1 — ij)
i=1 j=2
: 5\@(101)au(m)au(ps))\a(m)&pm Vegﬁy [pl, —Pp2, —P3, —P4] +0O (63) )

where all three terms above are represented by Figs 35, 36, and 37. For photino propagator
in particular, see [20]:

(01T Ao (2)A5(y)[0) = / dp 1Py

—ip(z—y) 2
@n) 2 1 e . (C.2)

From the second line in (C.1) and Fig 36 the photino-photon vertex reads as follows:

7"V (p1,p2) = fun (1, 12) <5”‘j‘“p2p(9p1)“ — &Y (palpy) — (9p2)“5pd°‘p1,,>, (C.3)
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where (p2, ) is the photon incoming (momenta, index) and the fermion momentum p;
flows through the vertex, as it should.
From the third line in (C.1) and Fig 37 the photino-2photons vertex reads as follows:

5?9V (pa, p3, pa) =
—1 <(9P2)“ (5” “ps, (0pa)” — 5”(3‘0‘(19391)4)>f*2 (P1,P2) faz (3, P4)
+ (6ps)” (5” “p,, (Opa)t — 5" (p29p4)> fez (P1:3) fer (P2:D4)
5 (o0, (00" (090 = (a0)) =75 ((a803) (002)" + (ot 0m)")
: (f*g,, (P2, P45 P3) + fay (p4,p2,p3)>
+ % (0” “ps, <(9p4)“ (Op2)” + (pzé’m)@“”) +aghae <(p29p3)(9p4)” - (p39p4)(9pz)”>>
: (f*g, (P3,Pa;P2) + fry (p4,p3,p2)>
+ E(Hm)“ (5” “p3, (0pa)” — ¥ (p36pa) )
(f*g, (P4,12,D3) + fry (P2,D3,P1) — 2fss (P1,P2) frr (P3,D4) )
= (9p4)“ <5” “p3, (0ps)” — & (psOpa )
(f*g, (P3,D2,P4) + fry (P2,D3,P4) — 2[4y (P1,P2) frr (P3,D4) )
—(sz)”<5” “pa, (Opa)" — 5 (p2fps )
(f*g, (P4,13,2) + fy (P3,P2,P4) — 21y (P1,D3) frz (P2, D1) )
+ 5(91)4)”(5” “pa, (0pa)" — 5 (p2fps )
: (f*?,, (P2, p3,P4) + [y (93,02, P4) — 2f5y (P1,13) [y (P2, 14) )
+ %6” “pi, <<f*2 (P1,92) faz (P3,94) + fuz (P1,93) fuy (D2, P4) ) (0p2)" (Ops)"”
— fu, (P4, p2,13) <(p20p3)9“” + (Op3)" (sz)”)
— (0p2)" ((p20p3) (9p2)" + (0p2)" (pa0p1) )ty (P2 P, )
+ (6p3)" ( (p20pa) (6p1)" = (8pa)* (p26p1) ) fr) (P P2 pa)

(0p2)" (0p5)" (p20p5) (foty (92,23, 1) = fit) (P D2, 1) ))

l\')IH

(C.4)

with the photon momenta (p2, 1), (ps,v) and the photino momentum p; being incoming,.
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P2, p

> e« — —
p3 yai

Figure 38. Scalar-photon vertex: S*(p1,p2,ps); p1 + p2 + ps = 0.

Figure 39. Scalar-2photons vertex: S%' (p1, p2, p3,p4); P1 + P2+ p3 + ps = 0.

rele

D Scalar-photon Feynman rules

From the scalar action (3.3) we obtain the following scalar-photon Feynman rule corre-
sponding to the Fig. 38 :

§"(p1,p2:p3) = —efu(p1,p9) ((P12) (0P3)" — (p1p3) (Op2)" + (pops) (Op1)"

(D.1)
— P (p20p3) — Pg(m@pl)) ;
and the following scalar-2photons Feynman rule corresponding to the Fig. 39:
Stere(p1,pa,p3,pa) = S+ S5” + S + S, (D.2)

17 = Falorop e on) - (pap) 60" Bin ) p5801) (a8

— p5(0pa)” (p20p1) + g™ (p39p4)(p29p1)) + fro (1, P3) frs (P, D2)

: <(pzp3)(9p1)”(9p4)“ — p3(0pa)" (p3p1) — P (Op1)” (p26pa) + 9“”(1929194)(1939191))
- ((plps)(sz)”(é’m)“ — p1(0p2)" (psbps)

— D (0p3)" (p20p1) + (pap2) (6p2)" (691)") + Fua (P2, 1) fua (3, 1)

- ((paps)(Op2)" (Op1)" = P5(Bp2)" (ptp1) — P (6ps)"” (p26p1) + (p1p2) (6ps)" (9p1)" ) }
(D.3)
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Sy = 52{ ey (02,28, 21) + Fuy (01, 02,25)] - ((0102)(8p5) (0p0)" — (p102)0"" (p36p1)

— P (0pa)” (p20p3) — pYf (9p2)”(p39p4)) + [f*g, (P2, P3,P1) + fuy (pl,pz,ps)}

: ((p4p2)(91?3)”(9p1)” — (pap2) (p30p1)0"” — pl (Op1)" (26p3) —PZ(sz)"(p39p1))
+ [f*?,, (p3,D2,P4) + fry (p4,p37pz)} : ((plps)(sz)”(Hm)“ — (p1p3) (p20p3)0"”

— DY (093)"(ps0p2) — ¥ (8ps)" (020p1) ) + [ fuy (P, D2, 1) + Fuy (1, 93, 2)]

- (42) (0p2)" (9p1)" = (paps) (p20p1)0™ — D (Op1)" (p30p2) — P (6pa)* (p26p1) ) }
(D.4)

v )
S;;;/ = 562{ |:f*3/ (p47p27p3) + f*3/ (p27p37p4) - Qf*g(p27p1)f*2(p3ap4)]

: ((plps)(Hps)“(Hm)” — pi(Op3)* (p39p4)> [f*g (p1,02,P3) + fry (P2, 3, 11)
— 2fuy (P2, P4) fs (ps,Pl)} : ((p4p3)(9p3) (Op1)” —P4(9P3)”(P39p1)>
[f*g, (P4, 3, P2) + fry (P3,2,P1) — 2f4y (D3, 1) frs (P2, P4) ]
: ((plpz)(sz) (Opa)" — pi (Op2)” (p29p4)> [f*g (P1,P3:P2) + fry (P3,P2,P1)
— 2fi3(P3, Pa) frz (mm)} : ((mm)(@pz) (0p1)" — 4 (sz)”(p20p1)>
[f*g, (P2; D3, P4) + fay (P35 D2,P4) — 2fus (P2, P1) frz (P35 P4 ]
: ((plps)(9p4) (0pa)” — pi (Opa)” (p39p4)> [f*g (P2, 3, P1) + fay (P3, P2, P1)
— 2fi; (P2, Pa) frz (p37p1)} : ((p4p3)(9191) (0p1)” — pi(Op1)" (psé’m))
[f*g (P3,p2,P4) + fy (P2, 03, P4) — 2fxy (D3, P1) frz (P25 P4 ]
)

: ((P1p2)(9p4) (Opa)* — Pl (Opa)” (p29p4)> {f*g, (P3;p2,P1) + fay (P2, P3,P1)

— 2fxy (D3, 1) [rs (pQ,pl)} : ((p4p2)(0p1)”(0p1)“ - pZ(le)”(pzé’m)) }

Sp = 3¢ p4)<<f*2 (p1:92) foa (p3,92) + Fo (91,23 fu (P2, 1) ) (O2)" (Op3)”
—f*S P4, P2, P3) (p29p3 )0 + (6ps) (9292)1')
— (0p2)" ((p26p3) (6p)” + (0p2)" (v36p1) ) Fiy (02,23,24) (D6)

)
+ (0p3)” ((P29p3)(9p4)“ - (9p3)“(p29p4)>f(1) (3, p2;pa)

- %(91)2)“(91)3)”(1)291)3)<f(1) (p2,p3,p1) — f (ps,pz,m)))-
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A

Figure 40. N'=2 fermion propagator: ¥_(p).

Qi

Figure 41. N'=2 scalar-fermion vertex: T'*'“2(py, ps); p1 + p2 — p3 = 0.

E Scalar-fermion Feynman rules in the NC A'=2,4 SYM U(1)

Feynman rules in N'=2, described by Figs 40-43, are:

O'M~ P
S ap M
Eaﬁ.(p):Z ap2 )

D1 (py, py) = —2v/2iesin @Eam’
¥1 6 Ops . .
['4192 (py, po) = 2v/2iesin 2%60!1097
ol .. p1Bps . p2bps
I'(p1,p2,p3,p4) = 4ie? Slm—smT

Feynman rules in N'=4 from Figs 44-47 are:

. ot pﬂ(;i
> (p) = ZTZ7
o . p10p2
Diiom (p1,p2) = 2ie(Gy,' ), ) sin =102,
w s . p1Op2 400
P?;Iigfn(phpQ) = QZe(Um)iliQ sm TEQIO@,

p10p2 . p3bpa
Sin

Pm1m2m3M4 (p17p27p37p4) — _4i62 |:Sin 2 1 2 (5m1m35m2n’L4 -

,48,

+{l+

(E.1)

21].

5m2m35m1m4) + c.p.] .
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Figure 45. N'=4 scalar-fermion vertex: I'75% (p1,p2); p1 +p2 +p3 = 0.
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Figure 46. N'=4 scalar-antifermion vertex: T2 (p1, ps); ps — p1 — pa = 0.

2122M

P, M p3, M
by D3, M3
~N 7
\ /
~N 7
>
7 ~N
x A
7 ~N
< prmy P2, Mg

Figure 47. N'=4 four-scalar vertex: Ty mymama (P1,P2,P3,P4); P1 + P2 + b3 + pa = 0.

F Feynman rules from the NC gauge fixing and ghost actions

From Figs 48-51 we have the following Feynman rules:

1
Tyt (p1,p2,p3) = =5 faa (P1:p2) | 201D (Op3)™ — P (P1p3) 0724 + 21" p)* (Opa)*
— p{M (p1p2)0H2H + 2ph7 ph? (Ops)'t — ph? (paps) 01 + 2ph2 ph* (Op1)H® — ph? (pap1)0H1H?
+ 2p5° ph? (Op2)"t — P (psp2)0H1#2 + (p5°ps* (Op1)*? — ph* (p1p3)0“1“2],

i
Lt (P12, 03, pa) = =2 fra (P1:D2) fia (3, 1) {(pl + p2)"* (0p2)" — (p1 + p2) -plé’“”‘z}
. [(ps + pa)4(Opa)t® — (p1 + pa) ']949”3“4}
i

+ g few [p2, p3, 4 [219‘{ L (2(0pa)t2 (Opa)® — (p3fpa)6H2s)
+ 2D A2 (2(0p2)H (Opa)*® + (p20pa) 0738 + p* (p1p2) (2(0pa)H3 0124 — (Opg)H>6H3H)
—pht (p1p4)(3(9p3)u29u3u4 + 2(Op3) 401213 4 2(Opy )3 Or2r 4 (9174)#29#3#4)}
+ {S4 permutations},

D, (p1,22) = Faa(p1,22) [ 3 (01 + 222 (0p2) — (1 + o) (01p2)|.

1
Lo (p1,p2,p3, 1) = {gf*z(Pl,pz)f*z(P:s,m) {QPZLQ(sz)“I - (P4p1)9“1“2] (paOps3)

+ %f*g (P2, 03) [z (P15 2 )P} (Op3)H2 (p19p4)} + {1 < 2}.
(F.1)
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D1, D2, 2

Figure 48. Gauge fixing 3-photon vertex: T',¢"*"(p1, pa, p3); p1 +p2 +ps = 0.

D1, My D2, 2

Figure 49. Gauge fixing 4-photon vertex: T'[¢"*"*"* (p1, p2, p3, pa); p1 + p2 + p3 +pa = 0.

P, p

Figure 50. Ghost-photon vertex: T'yy (p1,p2); p1 +p2 — p3 = 0.

Figure 51. Ghost-2photons vertex: Fgﬁm (p1,D2,P3,P4); P1 + P2 +p3 —ps = 0.

G Feynman rules from the gauge and BRST-auxiliary field interactions

Feynman rule corresponding to Fig. 52 is:

7
Bl (p,q1,q2) = — §f*2(Q17QQ)<2pM2(0(J2)M — (pg2)0"1 12 4-2pM (0q1)"* + (Pfh)@‘“’”),
(G.1)

while the 3-gauge-B-auxiliary-field Feynman rule from Fig. 53 has the following form:
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Figure 52. The 2gauge-Bauxiliary field interactions: I/ (p, ¢1,¢2); p+ ¢1 + g2 = 0.

Figure 53. The 3gauge-Bauxiliary field interactions: 52" (p, q1,q2,q3); p+ ¢1 + q2 + q3 = 0.

Baaa

1
Moaa (P41 2,43) = 3 fy (01, 02, qz)<3(pq:s)(9(J2)“19“2“3 + (pq1)(0gz)" 0121

+ (pas) (0q1)" 0" — 2(pq1) (02)"*0""* + 2(pgs) (0g2) 6"+
+2(pg3) (0g2)"2 0113 4 2p3 (qafgs) 04142 — 2pH (q16gs)0H2H

— 4p"3 (0ga)"* (0g3)H? — 4pHt (Og3)H? (qu)‘“”) + {S3 permutations}.
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