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Abstract We analyze the oscillations of Rydberg atoms
in the framework of quantum field theory and analyze the
analogy with flavor mixing and oscillations. We reveal a non
trivial vacuum energy which has the equation of state anal-
ogous to that of cold dark matter. This energy is formally
similar to that expected for mixed neutrinos and affects the
thermal capacity of the gas. Therefore, deflection of the ther-
mal capacity of Rydberg atoms could prove the condensate
structure of vacuum for mixing fermions and open new sce-
narios in the study of the dark components of the universe.
We also derive new Rabi oscillation formulae which are, in
principle, testable experimentally.

1 Introduction

One of the long–lasting mysteries in current Cosmology is
the nature of dark matter. First postulated to explain the rota-
tion curve of galaxies [1], it is now believed to represent
about 23% of the total energy density of the universe [2,3].
Despite a certain agreement on its existence, its composition
is still debated. A number of candidates for dark matter has
been proposed [4–10], most focused on “exotic particles”, yet
no one of them has proven to be satisfactory enough. How-
ever several aspects are now very clear. Dark matter, or more
precisely cold dark matter, behaves as a pressureless per-
fect fluid [4]. Accordingly with these constraints, it has been
recently shown that vacuum condensates owing to the phe-
nomenon of fermion mixing, like the flavor vacuum energy
for neutrinos, satisfy the dark matter equation of state [11–
13]. This is associated with the fact that the particle mix-
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ing phenomenon, together with the Hawking or the Casimir
effect etc., have a non–zero vacuum energy which cannot be
removed by use of the normal ordering procedure [14–21].

However, a test of the contribution of the condensate
of mixed fermions, like neutrinos, to the dark matter, is
extremely hard to be achieved. This is because the conden-
sate energy is relevant only at cosmological scales and also
because the fermions involved are, usually, difficult to con-
trol. Then, it would be of great interest to individuate an
analogous physical system that could be, in principle, con-
trolled in laboratory. Here, we identify such a system with
an ensemble of independent Rydberg atoms [22] interacting
with a laser light. They are atoms whose outermost electron is
in a large principal quantum number (n) excited state. They
owe their name to the fact that their energy levels closely
resemble those of the hydrogen atom, up to a corrective fac-
tor called quantum defect δl . Namely, for n � 1 one has
En,l = − Ry

(n−δl )
2 , where Ry ≈ 13, 6 eV is the Rydberg con-

stant and δl depends both on the atomic species considered
and the orbital quantum number. Typically δl is significant
only at low angular momentum l ≤ 4 [23–25]. For neutral
alkali atoms, like Cs and Rb, the total electronic spin is s = 1

2 ,
which makes them good candidates for the simulation of a
fermionic system.

We reveal the formal analogy between Rydberg atoms and
neutrino mixing. This allows to study some features expected
for mixing fermions by means of the analysis of Rydberg
atoms. Hence, we analyze the mixing of Rydberg atoms in
the framework of Quantum Field Theory (QFT). We show
that the QFT formalism of oscillating Rydberg atoms is for-
mally equivalent to that of two flavor fermion mixing and thus
must produce the same condensate structure. We prove that
the energy of the physical vacuum has, indeed, the equation
of state which is analogous to that of cold dark matter. The
analogy between the condensate of Rydberg atoms and the
actual cold dark matter is merely formal. Indeed, the conden-
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sate energy of Rydberg atoms is completely different from
the real dark matter in the Universe; it characterizes only the
Rydberg atoms and it does not affect the energy on long scale.

Moreover, we compute the additional energy density orig-
inating from the condensate structure and its contribution to
the thermal capacity of the gas. The study of the thermal
capacity of Rydberg atoms could open a new way to the
research and to the understanding of the dark components
of the universe. The eventual detection of a small deviation
from the expected profile of the thermal capacity of such
atoms should demonstrate the existence of the condensate in
mixed particle systems and should prove that a component
of the dark matter is represented by quantum vacuum energy.
Moreover, we show QFT corrections to the oscillation for-
mulas describing the transitions between ground and excited
states. Also this correction could be, in principle, tested in
laboratory.

The paper is structured as follows. In Sect. 2, we prove
the formal equivalence between the QFT of the ensemble
of independent Rydberg atoms interacting with a laser and
two flavor fermion mixing. In Sect. 3, we first compute the
vacuum energy contribution due to the mixing of the Ryd-
berg atoms and the new contribution to the thermal capacity.
Soon after we evaluate the QFT corrections to the Rabi oscil-
lation predicted by the non–relativistic quantum mechanics.
Conclusions are reported in Sect. 4.

2 QFT of Rydberg atoms

In this section we prove the formal equivalence between
the QFT formalism describing an ensemble of independent
Rydberg atoms interacting with a laser light, and the QFT
of two flavor fermion mixing. This analogy can be used to
study many aspects of particle mixing that are predicted the-
oretically, but hardly visible from an experimental point of
view.

Let us start describing the system that we will consider
all along the paper. We take into account an ensemble of
Rydberg atoms at a very low density, that allows us to neglect
all interactions among them, and temperature low enough to
permit us to discard all the finite temperature effects. The
whole set interacts with a laser light with Rabi frequency
�(t) and detuning �(t), coupling two levels of the atoms
that we name g and e with related fields φg and φe, and with
Eg < Ee.

With these assumptions the total Hamiltonian describing
the system can be seen as the sum of one–particle opera-
tors each one of them describing a single atom. The single
atom Hamiltonian can be split in two contributions, one cor-
responding to the center of mass Hamiltonian HCM and the
second corresponding to the outer electron HE . With these
assumptions, the electronic Hamiltonian, in the rotating wave

approximation, is given by [26,27]

HE =
∑

n

∫
d3x(En − �n(t))φ̄n(x)φn(x)

+ h̄�(t)
∫

d3x(φ̄g(x)φe(x) + φ̄e(x)φg(x)) (1)

wheren is g or e and�n(t) = �(t) δne. Moreover, we assume
that the center of mass Hamiltonian HCM is that of free Dirac
fields

HCM =
∑

n

∫
d3x

(
i

2
φ̄n γ 0←→∂ 0φn+ i

2
φ̄nγ

j←→∂ jφn+mφ̄nφn

)

(2)

with m the mass of the atom considered. Let us focus on
the electronic part of the Hamiltonian. By setting εn = En −
h̄�n(t), we can equivalently write the electronic Hamiltonian
as

HE =
∫

d3x ψ̄(x)MMM ψ(x) (3)

where ψ̄(x) = (
φ̄g(x) φ̄e(x)

)
is a doublet of Dirac fields and

MMM is the 8 × 8 matrix

MMM =
(

εg14 h̄�(t)14

h̄�(t)14 εe14

)
, (4)

with 14 the 4×4 identity matrix. MMM is analogous to the two–
flavor mass matrix which characterizes the mixing of kaons,
B0, D0 [28–31], neutrinos [32–34] (in two flavor mixing
case), the neutron-antineutron mixing [35] and the axion-
photon mixing [36].

It is straightforward to see that the Hamiltonian in Eq. (3)
can be diagonalized by a SU (2) rotation

(
φg(x)
φe(x)

)
=

(
cos θ sin θ

− sin θ cos θ

) (
φ1(x)
φ2(x)

)
(5)

where φi (x) (with i = 1, 2) are free fields and θ is the mix-
ing angle given by θ = 1

2 arctan (
−2h̄�(t)
εe−εg

). It is understood
that each of the matrix elements in (5) acts trivially on the
spinor space, being multiplied by the 4 × 4 identity matrix
14. The formal analogy between the electronic part of the
Hamiltonian Eq. (3) and the flavor mixed field Hamiltonian
[32–34] allows us to analyze, in the framework of QFT, the
similarity between Rydberg atoms and elementary particles
such as neutrinos. Here, the fields φg and φe play the role of
the flavor neutrino fields νe and νμ and the fields φ1 and φ2

behave as the fields with definite masses ν1 and ν2.
The electron Hamiltonian is now given by

HE =
∫

d3x(ε1φ̄1(x)φ1(x) + ε2φ̄2(x)φ2(x)), (6)
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where

εi = εg + εe

2
+ (−1)i

2

√
(εg − εe)2 + 4h̄2�2(t). (7)

with i = 1, 2. It is similar to the neutrino Hamiltonian written
in the bases of fields ν1 and ν2 with definite masses. It is
clear that the rotation in Eq. (5) turns the total Hamiltonian
H = HCM+HE into the sum of two free Dirac Hamiltonians
with massesm1 = m+ε1 andm2 = m+ε2. Hence the atomic
fields φi (x) admit a free field expansion

φi (x)=
∑

r

∫
d3k

(2π)
3
2

[
urk,i a

r
k,i (t) + vr−k,i b

r†
−k,i (t)

]
eik·x (8)

with urk,i , and vrk,i , solutions of Dirac equation for the fields
φi , with effective masses mi = m + εi . The annihilators and
creators undergo a trivial evolution ak,i (t) = ak,i e−iωk,i t ,

with ωk,i =
√
k2 + m2

i . Introducing Eq. (8) in the expression
for the Dirac Hamiltonian, the total Hamiltonian H = HE +
HCM becomes

H =
∑

i,r

∫
d3kωk,i (a

r†
k,i a

r
k,i + br†

−k,i b
r−k,i ). (9)

The diagonalization of the total Hamiltonian, by means
of a rotation, and the subsequent quantization of the free
fields φ1, φ2 of Eq. (8), show a close analogy with the
2–flavor mixing of neutrinos [37–53]. The correspondence
between the QFT of Rydberg atoms and the QFT of neu-
trino mixing is further established by the introduction of the
mixing generator. Indeed, the transformations in Eqs. (5)
can be recast in terms of the mixing generator �θ(t) as
φg(x) = �−1

θ (t)φ1(x)�θ (t), and similarly for φe(x). The
mixing generator is given by

�θ(t)=exp

[
θ

∫
d3x

(
φ

†
1(x)φ2(x) − φ

†
2(x)φ1(x)

)]
.

(10)

This operator is similar to that for two flavor neutrino mix-
ing. It preserves the canonical anticommutation relations
and, at finite volume, is unitary and satisfies �−1

θ (t) =
�−θ (t) = �

†
θ (t). The action of the generator on the cre-

ation and annihilation operators is equivalent to a Bogoli-
ubov transformation nested into a rotation, with coefficients
ϒk ≡ (−1)r ur†

k,1v
r−k,2 = −(−1)r ur†

k,2v
r−k,1 and �k ≡

ur†
k,1u

r
k,2 = v

r†
−k,1v

r−k,2. Explicitly, we have

|ϒk| = (ωk,1 + m1) − (ωk,2 + m2)

2
√

ωk,1ωk,2(ωk,1 + m1)(ωk,2 + m2)
|k| (11)

and �k =
√

1 − ϒ2
k .

The generator �θ(t) connects the representations asso-
ciated with the “flavor” fields φg, φe and the “mass” fields
φ1, φ2. In particular, the vacua in the two representations are
related by means of the transformation |0(θ, t)〉 .= �−1

θ (t)|0〉
and, in the infinite volume limit, the two representations
are unitarily inequivalent [37–52]. The vacuum |0(θ, t)〉
has the structure of a condensate of particles with definite
mass, whose density is equal to 〈0(θ, t)|a†

k,i ak,i |0(θ, t)〉 =
sin2 θ |ϒk|2, ∀i . Namely, sin2 θ |ϒk|2 represents the average
number density of the atoms with momentum k in the con-
densate.

3 QFT effects in Rydberg atoms

As we have seen, the QFT describing an ensemble of indepen-
dent Rydberg atoms interacting with a laser light is formally
equivalent to the one associated to the two flavor neutrino
mixing. For neutrinos it has been shown that the fermion
mixing leads to a non trivial contribution to the vacuum
energy [11–13], with an equation of state similar to that of
the dark matter. Then, by using the formal analogy, we show
that the vacuum energy of the Rydberg atoms has a behavior
similar to that of cold dark matter. Such energy can, in prin-
ciple be tested in laboratory by analyzing the specific heat
of the system. Moreover, QFT predicts a correction to the
Rabi oscillations of the atoms forecast by the non–relativistic
quantum mechanics.

3.1 Dark matter – like thermal capacity

The expectation value of the energy momentum tensor
Tμν(x) of free Rydberg atoms on the vacuum for mixed
fields |0(θ, t)〉, is �μν(x) ≡ 〈0(θ, t)| : Tμν(x) : |0(θ, t)〉.
Here : ... :, represents the normal ordering with respect to
the vacuum for free fields |0〉. The off–diagonal compo-
nents of �μν(x) vanish, then the condensate induced by
the mixing is similar to a perfect fluid. The energy den-
sity and pressure of fermion condensates can be defined as
ρ = g00�00 and p = − g j j� j j (no summation on the
index j is intended), respectively. For mixed fermions one
has zero pressure, p = 0, and the state equation reduces to
w = p/ρ = 0, which is analogous to that of cold dark matter.
We stress that the analogy between the condensate of Ryd-
berg atoms and the actual cold dark matter is merely formal.
The energy density of the condensate has an effect on large
scale and represents only an analogue of the component of
the dark matter induced by the mixing of neutrinos and the-
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oretically expected. For Rydberg atoms the energy density
is

ρ = �ε sin2 θ

2π2

∫ K

0
dkk2

(
m2

ωk,2
− m1

ωk,1

)
, (12)

where �ε = ε2 − ε1 and K is the cut-off on the momenta.
Explicitly, we have

ρ = �ε sin2θ

2π2

∑

i

(−1)i
[
KmiωK ,i −m3

i ln

(
K + ωK ,i

mi

)]
.

(13)

Such expression of the energy is valid only at very low tem-
perature of the Rydberg system since we are neglecting the
finite temperature effects. Integrating over the whole space
occupied by the condensate one obtains the associated contri-
bution to the energy U and deriving with respect to the tem-
perature T one can evaluate the contribution of the conden-
sate to the thermal capacity of the system. Having neglected
the finite temperature effects, U results to be independent on
the temperature.

However, a first approximation of the temperature effects
can be obtained by introducing a temperature dependent cut–
off. Indeed, increasing the temperature, the average energy
increases and, hence, higher momentum states are populated.
Therefore it is reasonable that the cut–off has to increase
with T . In the simplest case of a linear dependence of the
the cut–off K on the temperature, K (T ) = aT + K (0), the
contribution to the specific heat at constant volume by the
vacuum energy of the mixed atoms is

cρ(T ) = a
V (m2 − m1) sin2 θ K (T )2

π2
√

(m2
1 + K (T )2)(m2

2 + K (T )2)

×
(
m2

√
m2

1 + K (T )2 −m1

√
m2

2 + K (T )2

)
. (14)

where V is the volume of the gas of Rydberg atoms. We
observe several unconventional aspects for this contribution
to the thermal capacity. The main one is that it is propor-
tional to the volume of the condensate and not to the number
of atoms inside. This is due to the fact that, being associated
to the vacuum energy of the condensate, it is related to the
pairs of virtual Rydberg atoms that are continuosly created
and annihilated out of the vacuum. The number of such pairs
is proportional to the volume occupied by the condensate
and is independent on the number of real Rydberg atoms
in the system. As a consequence, being the pressure of the
condensate equal to zero, from the first principle of Thermo-
dynamics dU = TdS, also the entropy turns out to be related
to V . Indeed, this is a quantum field theoretic contribution to
the entropy [54] which can show counterintuitive behavior.
The contribution to the thermal capacity in Eq. (14) has to be

added to the ordinary terms, among which the one of a fermi
gas with two Rabi coupled components.

3.2 QFT Rabi oscillation

The QFT of particle mixing predicts corrections to the oscil-
lation formulae [37–53]. In virtue of the analogy we have
established, similar corrections are to be expected in the oscil-
lation formulae of Rydberg atoms interacting with a laser
light.

By definition, the charge operators for ground and excited
Rydberg fields, are

:: Qn(t) :: ≡
∫

d3x, :: φ†
n(x)φn(x) ::

=
∑

r

∫
d3k

(
α
r†
k,n(t)α

r
k,n(t) − β

r†
−k,n(t)β

r−k,n(t)
)

,

(15)

where :: ... :: denotes normal ordering with respect to
|0(θ, t)〉. The oscillation formulae describing the transitions
between ground and excited states (in the Heisenberg repre-
sentation) are given by

Qk
n→m(t) = 〈φn(x, 0)| :: Qm(t) :: |φn(x, 0)〉, (16)

Explicitly, we have Qk
g→g(t) = 1 − Qk

g→e(t) and

Qk
g→e(t) = sin2(2θ)

[
|�k|2sin2(ω−

k t
)+|ϒk|2sin2(ω+

k t
)]

.

(17)

where ω±
k = ωk,2±ωk,1

2 . Equation (17) shows the presence of
a high frequency oscillation term proportional to |ϒk|2 and
a correction to the amplitude of the QM oscillation formulae
proportional to |�k|2. The QFT corrections to the oscillation
formulae could be, in principle, tested experimentally.

4 Conclusions

We have proved that the QFT of independent Rydberg atoms
interacting with a laser light is formally equivalent to that of
fermion mixing. This implies a correction to the Rabi oscil-
lations of the former which is, at least in principle, exper-
imentally detectable. Furthermore, its “flavor” vacuum has
a non trivial energy and has the state equation similar to
that of cold dark matter. Exploiting such analogy, we have
shown that the thermal capacity of the Rydberg atoms has
a further term associated to the flavor vacuum energy. We
derived these results neglecting any finite–temperature effect.
A more realistic description requires the analysis of particle
mixing at finite temperature and its contribution to the vac-
uum energy, which are objects of a forthcoming paper. Our
analysis indicates that a deflection of the thermal capacity
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from that expected for Rydberg atoms could demonstrate the
existence of the condensed quantum vacuum energy. Since,
in the case of neutrino mixing, the analogue vacuum energy
density might represent a component of the dark sector of the
universe [11–13], our study acquires a particular importance
as a tool for testing in the laboratory phenomena that can
have effects on astrophysical and cosmological scales. An
evidence of the existence of the vacuum condensate energy,
in Rydberg atoms, would signal its presence in a variety of
cases, including fermion mixing.
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