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Abstract

For systems consisting of distinguishable particles, there exists an agreed upon
notion of entanglement which is fundamentally based on the possibility of ad-
dressing individually each one of the constituent parties. Instead, the indis-
tinguishability of identical particles hinders their individual addressability and
has prompted diverse, sometimes discordant definitions of entanglement. In the
present review, we provide a comparative analysis of the relevant existing ap-
proaches, which is based on the characterization of bipartite entanglement in
terms of the behaviour of correlation functions. Such a a point of view provides
a fairly general setting where to discuss the presence of non-local effects; it is
performed in the light of the following general consistency criteria: i) entan-
glement corresponds to non-local correlations and cannot be generated by local
operations; ii) when, by “freezing” suitable degrees of freedom, identical particles
can be effectively distinguished, their entanglement must reduce to the one that
holds for distinguishable particles; iii) in absence of other quantum resources,
only entanglement can outperform classical information protocols. These three
requests provide a setting that allows to evaluate strengths and weaknesses of
the existing approaches to indistinguishable particle entanglement and to con-
tribute to the current understanding of such a crucial issue. Indeed, they can
be classified into five different classes: four hinging on the notion of particle and
one based on that of physical modes. We show that only the latter approach
is consistent with all three criteria, each of the others indeed violating at least
one of them.
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1. Introduction

Entanglement is a peculiar feature of compound quantum systems that is
rooted in the superposition principle. While it challenges our common sense
notion of locality [1], it also represents a practical resource for quantum tech-
nologies that will enable them to outperform classical devices, thus heralding
a new technological revolution [2, 3, 4, 5]. This latter motivation has boosted
plenty of experimental efforts and theoretical proposals aiming at generating
entanglement and at applying it to practical tasks in information transmission
and manipulation.

Considerable efforts have been devoted to the study of entanglement in com-
pound systems consisting of distinguishable particles [6, 7, 8, 3, 5], e.g. spin
models. Indeed, quantum devices hinging on the notion of qubit require that
particles be addressed and manipulated individually. Particle distinguishability
is assumed also for d-level systems [9, 10] and continuous variables [11]. For the
aforementioned systems, there are several criteria to detect and quantify entan-
glement, e.g. the partial transposition criterion [12, 13], the criterion derived
in [14], the Simon criterion [15], the Hillery-Zubairy inequalities [16], the van
Loock-Furusawa inequalities [17], entanglement monotones [18, 19], and entan-
glement witnesses [20, 21]. Furthermore, entanglement is a powerful tool that
has been used to characterise several phenomena in many-body systems [6, 22],
like phase transitions [23], area laws [24], and many-body localisation [25].

In the case of bipartite systems consisting of two particles S1 and S2, their
individual addressability leads to identify entangled state vectors of S1 + S2

as those that are not of the so-called separable tensor product form |ψsep
12 〉 =

|ψ1〉 ⊗ |ψ2〉, where |ψ1〉 is a state vector of S1 and |ψ2〉 of S2. Separable state
vectors |ψsep

12 〉 can also be equivalently identified as those states that do not
support correlations between any pair of observables A of S1 and B of S2:

〈ψsep
12 |AB|ψ

sep
12 〉 = 〈ψsep

12 |A|ψ
sep
12 〉 〈ψ

sep
12 |B|ψ

sep
12 〉 . (1)

As the observables A and B refer to different degrees of freedom of particle
type, they commute: [A,B] = 0. They can thus be dubbed local from the par-
ticle point of view, a fact expressed by writing them as A⊗1 and 1⊗B, i.e. as
observables of the two-particle system S1 +S2. As a consequence, the factoriza-
tion in (1) when holding for all particle-local A and B also expresses the absence
of correlations that would be non-local from the particle point of view. Instead,
entangled state vectors |ψent

12 〉 of S1 +S2 carry statistical correlations between at
least one pair of commuting, particle-local observables. These correlations are
identified by the lack of factorisation of the corresponding two-point correlation
functions

〈ψent
12 |AB|ψent

12 〉 6= 〈ψent
12 |A|ψent

12 〉 〈ψent
12 |B|ψent

12 〉 , (2)

and are thus non-local from the particle point of view.
In the case of indistinguishable particles, the fact that individual constituents

cannot be distinguished has two consequences: under particle exchange, bipar-
tite state vectors must be symmetric (Bosons) or anti-symmetric (Fermions) and
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single particle observables must be symmetric [26, 27, 28]. Therefore, neither
particle-separable states as |ψsep

12 〉, with |ψ1〉 6= |ψ2〉 are bona fidae state vectors
for two identical particles nor A ⊗ 1 and 1 ⊗ B are physically acceptable as
particle-local observables.

In the following we shall address various answers to the following two ques-
tions that have been proposed in the years:

• Are states of two identical particles of the from |ψ1〉 ⊗ |ψ2〉 ± |ψ2〉 ⊗ |ψ1〉
really entangled as their form would suggest?

• Which is the idea of locality that underlines the answer to the previous
question?

In addressing these two issues, we will shift the focus from the analysis of
the tensor product structure of quantum states to the properties of specific,
commuting subsets of local observables able to expose the lack of factorisation
of two-point correlation functions [29, 30]. In this respect, we shall take the
notion of locality of quantum observables as the primary notion to consider
when deciding which states are entangled and which ones are separable [31].
Entanglement is in fact synonym of non-local correlations which however require
a locality criterion in order to be defined in a context without an a priori given
natural tensor product structure. Indeed, more or less implicitly, each approach
to identical particle entanglement unavoidably entails an underlying locality
criterion of its own.

The factorisation of two-point correlation functions, or lack of it thereof, is a
clear evidence of the absence or presence of correlations both for identical and for
distinguishable particles. While it is known that this is not the case for genuine
multipartite systems consisting of distinguishable particles [32, 33, 34, 35, 36] re-
quiring a subtler definition of locality, for identical particles a consistent theory
of multipartite entanglement has not yet been fully developed [5]. In this review
we restrict to generalized bipartite settings where two point correlation func-
tions provide a universal tool to identify the classes of separable and entangled
quantum states. In full generality, however, the properties shared by states in
different classes dramatically depend on which observables are considered local
and which are not.

The essential dependence of entanglement and separability on the choice of
local and non-local observables, which will result to be prominent for identical
particles, can however be illustrated already in the case of two distinguishable
qubits. In fact, let us consider the Bell states

|Ψ±〉 =
|↑↑〉 ± |↓↓〉√

2
, (3)

where | ↑〉, | ↓〉 are the eigenstates of the Pauli matrix σ3. These states are
prototypical entangled states from the particle point of view: the non-local cor-
relations supported, for instance, by |Ψ+〉, are witnessed by lack of factorization
in the expectations of products of suitable commuting single-particle observables
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like P1 = |↑〉〈↑ | ⊗ 1 and P2 = 1⊗ |↓〉〈↓ |, that are local from the particle point
of view. Indeed, one finds

〈Ψ+|P1P2|Ψ+〉 =
1

2
6= 1

4
= 〈Ψ+|P1|Ψ+〉 〈Ψ+|P2|Ψ+〉 . (4)

On the other hand, one can construct commuting observables that do not cor-
respond to single-particle properties; as an example, consider the observables
of the form O± = α± 1 + β± |Ψ±〉〈Ψ±| with α± and β± real constants. They
commute, but correspond to global properties shared by both particles, whence
they are not particle-local; on the other hand, one checks that the state |Ψ+〉 is
separable with respect to the non-particle local observables O+ and O−; indeed,

〈Ψ+|O+O−|Ψ+〉 = 〈Ψ+|O+|Ψ+〉 〈Ψ+|O−|Ψ+〉
= α−(α+ + β+) . (5)

Then, the state |Ψ+〉 is entangled with respect to the locality criterion based on
the particle point of view, but separable relative to the locality criterion based
on the commuting observables O± [37, 38].

In recent years, several definitions of entanglement of identical particles have
been proposed with different consequences on their usability in information pro-
tocols, resulting in a confusing plethora of more or less discordant possibilities
and still continuing debates: we will refer to the relevant literature while ex-
pounding the various approaches. Here it suffices to say that the approaches to
identical particle entanglement can be divided into five classes. Three of them
explicitly focus upon correlations among particles and use the first quantization
formalism: these ones will be listed under the caption entanglement-I, -II, -III.
A fourth one, though using the second quantization formalism, does neverthe-
less still refer to the notion of particle and will be denoted as entanglement-IV .
The last class instead considers correlations among the possible modes avail-
able to the identical particles which, unlike particles, are always singly address-
able [39, 40, 41]. This approach makes use of the second quantization formalism
and will be denoted as entanglement-V.

In addition, a point should be stressed here: indistinguishable particles
can be effectively distinguished by “freezing” some of their degrees of free-
dom, for instance by confining particles within finite spatial regions: these
“frozen” degrees of freedom can then be used to unambiguously label each
particle [42, 43, 44, 45, 46, 47], as proposed in several condensed matter im-
plementations [48, 49, 50, 51, 52, 53]. Then, the entanglement properties of
indistinguishable particles made distinguishable by “freezing” suitable degrees
of freedom, should reduce to the standard ones.

As identical particles are at the root of many-body systems and since these
latter are the building blocks of most new generations of quantum devices, pro-
viding for them a physically sensible and practically useful notion of entangle-
ment is therefore of utmost importance. This is especially true for integrated ar-
chitectures where the degrees of freedom involved in implementing a certain task
and allowing for device scalability cannot in principle be used to label particles.
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Progress in this direction have been done for ultracold atoms [52, 53], quantum
optics [54, 55, 56, 57, 58, 59, 60], and quantum fields [61, 62, 63, 64, 65, 66].

In this review, we refer to non-locality as defined by non-vanishing correlation
functions of commuting observables in a bipartite scenario. In all cases, we do
not refer to non-locality as related to the violations of Bell’s inequalities. We
also discuss entangled resources identified by these bipartite correlations and
leave aside general resource theories [67, 68, 69]. Our aim is the study of their
compatibility with respect to three very general physical requirements that are
necessary in order to guarantee the full consistency of entanglement theory, both
for distinguishable and identical particles:

1. Local operators. As for distinguishable particles, entanglement for iden-
tical particles must correspond to the presence of non-local correlations,
with respect to an appropriate definition of locality. Given a locality cri-
terion, observables that are considered local must satisfy the factorisation
properties (1) and (2) for separable and entangled states respectively, and
cannot generate entanglement.

2. Effective distinguishability. The entanglement theory developed for
identical particles must reduce to the standard one when applied to iden-
tical particles that have effectively become distinguishable by “freezing”
suitable degrees of freedom.

3. Information processing resources. In absence of other quantum re-
sources, local operators acting on separable states must not enhance the
performances of informational tasks with respect to classical ones.

We shall compare the existing approaches to identical particle entanglement
by means of the three above criteria and show that entanglement-I, -II, -III
and -IV violate at least one criterion, while entanglement-V fulfils all of them.
More in detail, in Section 2, we briefly review the formalism necessary to tackle
systems consisting of identical particles and the techniques useful to effectively
distinguish them. In Section 3 we shall focus upon various notions of particle
entanglement formulated within the first quantization approach to many-body
quantum systems that have appeared in the literature; we regroup them into the
four categories of entanglement-I, -II , -III and -IV, discussing their strengths
and weaknesses with respect to the above three physical criteria. Section 4
is instead devoted to the presentation of entanglement-V which is based on
the second quantization approach to quantum many-body systems and focusses
upon its compatibility with the chosen physical criteria. In the final Section we
summarize the outcomes of our analysis, pointing to their relevance in quantum
technologies, while some more technical details are collected in two Appendices.

2. Identical and distinguishable particles

Quantum mechanics states that the wave-functions of identical particles
must be symmetric or antisymmetric under the exchange of particle labels [26,
27, 28]. Nevertheless, even identical particles, for instance when they are suffi-
ciently far apart from each other, may be considered to behave as if they were
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distinguishable, and may thus be labelled by incompatible values of suitable
observables that remain constant in time [42, 43, 44, 45, 46, 47].

The physical idea behind the notion of effective distinguishability is that
observables that might expose particle identity are difficult to be accessed in
practice. This is the case, for instance, when one tries to determine whether
there are spatially non-local correlations among particles far away from each
other. Any degree of freedom can be used to label identical particles, for instance
momentum or energy eigenstates, or other internal degrees of freedom, such as
spin. For the sake of simplicity, in the following we will effectively distinguish
identical particles by localizing them within non-overlapping spatial regions.

In the case of two distinguishable particles, labelled by 1 and 2, their total
Hilbert space, H12, is the tensor product, H12 := H1⊗H2, of the single-particle
Hilbert spaces. Furthermore, single-particle operators act on H12 as O1 ⊗ 1
and 1 ⊗ O2, with 1 the identity operator and Oj any operator acting on Hj .
For two identical particles, instead, indistinguishability requires their Hilbert
space to be the Bosonic symmetrization (Fermionic anti-symmetrization) of the
tensor product H⊗H of a same single-particle Hilbert space H. This is obtained
by means of the symmetrization, S = S2, and anti-symmetrization, A = A2,
projectors such that

S |ψ〉 ⊗ |φ〉 =
1

2

(
|ψ〉 ⊗ |φ〉+ |φ〉 ⊗ |ψ〉

)
, (6)

A |ψ〉 ⊗ |φ〉 =
1

2

(
|ψ〉 ⊗ |φ〉 − |φ〉 ⊗ |ψ〉

)
, (7)

for all |ψ〉 and |φ〉 in the single-particle Hilbert space H.
Let the symbolS stand for either S orA, depending on the particle statistics.

Since O1⊗1 and 1⊗O2 address individual particles, indistinguishability forces
one to distribute the action of single-particle operators over all particles by
means of the symmetrized single-particle operator

P(O,1) = P(1, O) = O ⊗ 1+ 1⊗O . (8)

In the case of two-particle operators, particle indistinguishability demands them
to be of the form

P(O1, O2) ≡ O1 ⊗O2 +O2 ⊗O1, (9)

that can be recast as

P(O1, O2) = 2S(O1 ⊗O2)S + 2A(O1 ⊗O2)A . (10)

In order to provide a convenient reference framework for what follows, we
will consider particles described by an “external” degree of freedom with values
L,R, and an “internal” degree of freedom with values ↑, ↓. The single-particle
Hilbert space is then spanned by the four orthogonal states |L, ↑〉, |L, ↓〉, |R, ↑〉
and |R, ↓〉. Among the vectors of the two-particle (anti-)symmetrized Hilbert
space we will in particular consider those of the form

|φid
1 〉 =

√
2S
[
|L, ↑〉 ⊗ |R, ↓〉

]
6



=
1√
2

[
|L, ↑〉 ⊗ |R, ↓〉 ± |R, ↓〉 ⊗ |L, ↑〉

]
, (11)

|φid
2 〉 = S

[
|L, ↑〉 ⊗ |R, ↓〉+ |L, ↓〉 ⊗ |R, ↑〉

]
=

1√
2

[
|L, ↑〉 ⊗ |R, ↓〉+ |L, ↓〉 ⊗ |R, ↑〉

± |R, ↓〉 ⊗ |L, ↑〉 ± |R, ↑〉 ⊗ |L, ↓〉
]
. (12)

Such a representation of identical two-particle states is typical of the first quan-
tization approach; a much more effective technique to deal with any number of
identical particles, as in many-body theories, is provided by second quantiza-
tion in terms of annihilation and creation operators af , a

†
f , where a

†
f creates the

single-particle vector state |f〉 by acting on the selected vacuum vector, |vac〉,
of the theory, a†f |vac〉 = |f〉, while af |vac〉 = 0. In the second quantization
formalism, the states (11) and (12) then read

|φid
1 〉 = a†L,↑a

†
R,↓|vac〉, (13)

|φid
2 〉 =

1√
2

(
a†L,↑a

†
R,↓ + a†L,↓a

†
R,↑

)
|vac〉 , (14)

where a†S,σ is the creation operator of a particle with a state labelled by S ∈
{L,R} and σ ∈ {↑, ↓}:

a†S,σ|vac〉 = |S, σ〉 . (15)

Notice that, unlike in the first quantization formalism, now the necessary (anti-)
symmetry of state vectors automatically follows from the (anti-)commutation
relations: [

aS1,σ1 , a
†
S2,σ2

]
±

= δS1S2 δσ1σ2 , (16)

where ± denote anti-commutator, respectively commutator.

Figure 1: Orthogonal spatial wave functions that can be used to effectively distinguish particles
through spatially localised (left panel) or spatially delocalised modes (right panel).

We now briefly discuss how identical particles can be effectively distinguished
(see [42, 43, 44, 45, 46, 47] for a more comprehensive presentation). If L and
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R label orthogonal single-particle states, as when particles belong to disjoint
spatial regions, left and right, so that 〈L|R〉 = 0, the external degree of freedom,
identifiable as position, can be used to give particles a label, thus effectively
identifying them (see Figure 1). Indeed, by measuring and then “freezing” the
spatial degree of freedom, one can label the particle found in the region L as
particle 1, and the one found in R, as particle 2.

Of course, the label attribution is incompatible with particle identity; how-
ever, suppose only observables of the form P(PL ⊗ Σ1, PR ⊗ Σ2) are experi-
mentally accessible, where PL,R are projectors |L〉〈L| and |R〉〈R| onto states
localized in the left, respectively right region, while Σ1 and Σ2 are arbitrary ob-
servables relative to the internal degree of freedom. Then, by measuring solely
these observables, one cannot distinguish the states (11) and (12) from

|φdist
1 〉 = |L, ↑〉 ⊗ |R, ↓〉 , (17)

|φdist
2 〉 =

1√
2

(
|L, ↑〉 ⊗ |R, ↓〉+ |L, ↓〉 ⊗ |R, ↑〉

)
, (18)

where the first particle is left localized and the second one right localized, so that
space localization allows one to give identical particle a label. Indeed, exploit-
ing spatial orthonormality, the mean values of the restricted set of observables
P(PL ⊗ Σ1, PR ⊗ Σ2) read

〈φid
1 |P

(
PL ⊗ Σ1, PR ⊗ Σ2

)
|φid

1 〉 =

= 〈L, ↑ |PL ⊗ Σ1|L, ↑〉〈R, ↓ |PR ⊗ Σ2|R, ↓〉
= 〈φdist

1 |
(
PL ⊗ Σ1

)
⊗
(
PR ⊗ Σ2

)
|φdist

1 〉 , (19)

and similarly

〈φid
2 |P

(
PL ⊗ Σ1, PR ⊗ Σ2

)
|φid

2 〉 =

= 〈φdist
2 |

(
PL ⊗ Σ1

)
⊗
(
PR ⊗ Σ2

)
|φdist

2 〉 . (20)

It is important at this point to make the following observations: firstly, observ-
ables as (

PL ⊗ Σ1

)
⊗
(
PR ⊗ Σ2

)
, (21)

are particle-local since they individually address single-particles through the
observables

(
PL ⊗ Σ1

)
⊗ 1 and 1 ⊗

(
PR ⊗ Σ2

)
, while observables of the form

P(PL⊗Σ1, PR⊗Σ2) are not particle-local. Secondly, the equalities in (19) and
(20) show that such particle-non-locality cannot be witnessed by state vectors
as those in (17) and (18).

Notice that P(PL ⊗Σ1, PR ⊗Σ2) reads ALAR in second quantization, with

AL =
∑
σ1,σ′

1

Σ1(σ1, σ
′
1) a†L,σ1

aL,σ′
1
, (22)

AR =
∑
σ2,σ′

2

Σ2(σ2, σ
′
2) a†R,σ2

aR,σ′
2
, (23)
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where Σ1,2(σ1,2, σ
′
1,2) denote the entries 〈σ1,2|Σ1,2|σ′1,2〉 of the internal operators.

On the contrary, (non-normalized) states of two identical particles in the
same spatial region, e.g. of the form S

[
|L, σ〉 ⊗ |L, σ′〉

]
which, in first quanti-

zation, are proportional to

|L, σ〉 ⊗ |L, σ′〉 ± |L, σ′〉 ⊗ |L, σ〉 , (24)

correspond, in second quantization, to states proportional to a†L,σa
†
L,σ′ |vac〉.

However, these states cannot be effectively distinguished by spatial localization
since the single-particle states they consist of are not spatially orthogonal.

The net outcome of effective distinguishability is that the standard descrip-
tion of distinguishable particles emerges from the general theory of identical
ones through an effective “freezing” of suitable degrees of freedom correspond-
ing to single-particle orthogonal states. In this respect, the states considered
in this section are paradigmatic: the state in (18) is the prototypical entangled
state of two distinguishable particles (a Bell pair), while the state in (17) is sep-
arable. They can be used as benchmarks for checking whether, once effective
distinguishability is implemented, any given definition of identical particle en-
tanglement reduces or not to the standard definition holding for distinguishable
ones.

The discussion presented in this Section for two particles can be gener-
alized to many particles and arbitrary Hilbert space dimension, as sketched
in AppendixA.

3. Particle-partitioning

Entanglement is the strongest form of correlations among different degrees
of freedom of quantum systems. In the case of distinguishable particles, the
degrees of freedom are most naturally those that identify the particles them-
selves. We shall refer to such an identification of the relevant degrees of freedom
as particle-partitioning which is mathematically expressed by writing the total
Hilbert space of the compound system as the tensor product of single-particle
Hilbert spaces. In the case of two distinguishable particles, the selected degrees
of freedom are those of particle 1, respectively 2. They are thus associated with
the sets of single-particle operators

A1 = {O1 ⊗ 1} , respectively A2 = {1⊗O2} , (25)

With respect to the particle partitioning of such a bipartite system, particle-
local observables are products of single-particle operators,

O1 ⊗O2 =
(
O1 ⊗ 1

)(
1⊗O2

)
. (26)

This structure is however only allowed when each particle is individually
addressable so that one may always identify particles by resorting to measure-
ment processes of generic particle-local operators. These operators pertain to
specific particles whence they commute with those of other particles and their
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respective measurements do not interfere with each other. Particle-partitioning
brings with itself the notion of particle-locality mentioned in the Introduction
whereby local observables are identified with tensor products of single-particle
observables.

Since particle partitioning is not permitted when particles are identical,
particle-locality might turn out to be physically untenable as locality criterion
and a different kind of locality based on more general degrees of freedom than
particle ones might then become necessary. Such an extended locality would
in turn entail the extension of entanglement and separability beyond particle-
entanglement and particle-separability. [70, 71, 72, 73, 74, 75, 76, 37, 38, 77].

Since one cannot partition identical particle systems in terms of single (or
groups of) particles, what one could do is to choose and partition degrees of
freedom which are not related to any specific particle and accordingly consider
observables associated with the chosen degrees of freedom. In doing so, one
focusses not on sets of observables pertaining to specific particles, rather on sets
of operators related to selected degrees of freedom, like particle numbers or col-
lective excitations. We shall refer to the selection of generic subsets of degrees
of freedom as algebraic partitioning. The qualification algebraic refers to the
fact that, typically, the operators associated to different degrees of freedom con-
stitute sets that are closed under summmation and multiplication of operators
[29, 30]. Algebras and subalgebras are physically preferable to sets and subsets
for, given a set of observables, one can always construct other observables by
adding and multiplying them.

Notice that, for distinguishable particles, the algebraic partitioning is tacitly
identified with particle-partitioning. As already discussed in the Introduction,
bipartite state vectors of distinguishable particles are particle-separable when
they give rise to factorizing mean values of particle-local observables. More
in general, two-particle mixed states, represented by density matrices ρ12, are
particle-separable if they can be expressed as convex combinations, namely mix-
tures, of one-dimensional projections onto particle-separable state vectors.

Definition 1 (Distinguishable particle entanglement [31]). A bipartite density
matrix ρ12 of two distinguishable particles described by the algebraic bipartition
(A1,A2) in (25) is separable if and only if, for all O1,2,

Tr
(
ρ12O1 ⊗O2

)
=
∑
j

pjTr
(
ρ

(1)
j O1

)
Tr
(
ρ

(2)
j O2

)
, (27)

where pj > 0 are weights such that
∑
j pj = 1, and ρ(1,2)

j are admissible single-
particle states. All states that do not factorize as above are called entangled. 1

1The correlations embodied by (27) are surely particle-local, but not entirely classical.
Indeed, beside the statistical correlations contained in the distribution of weights pj , there
can still be quantum correlations, called discord, due to the contributing states ρ(1,2)j being
in general not orthogonal.
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Since no observables can address individual identical particles, the definition
of entanglement by means of particle correlations is particularly challenging.
The main obstacle being that, for identical particles, particle-local observables
as O1⊗O2 are only physically acceptable if O1 = O2, so that O1⊗O2 becomes
trivially symmetric. Otherwise, one has to deal with symmetrized observables
as in (9) which are no longer particle-local.

In trying to cope with this difficulty, different definitions of identical particle-
entanglement have been proposed that are based on different points of view
about what entanglement is and what it can be used for. As we shall see in
detail, each of these approaches entail a specific notion of particle-locality, even
if not explicitly declared. Instead of focusing on the motivations behind all of
them, we shall analyse their physical consequences. More specifically, we shall
discuss which states are separable and entangled in those formulations focusing
on the corresponding underlying notions of particle-locality and on their physical
tenability.

For sake of simplicity, we shall restrict to the case of two indistinguishable
particles and eliminate the two-particle subscript label “12” used so far for either
pure and mixed states.

As regards locality, the first observation is that, in the case of particle-
entanglement, it cannot but concern products of commuting single-particle op-
erators which, unlike for distinguishable particles, cannot be as in (25). Rather,
they must be symmetrized as the observables P(O,1) in (8). Notice that these
observables cannot be particle-local in the case of distinguishable particles. Nev-
ertheless they are the only sensible single-particle observables for identical par-
ticles, and one can always focus on the degrees of freedom identified by distinct
subsets (subalgebras) of them Aj = {P(Oj ,1)}Oj∈Ij , where Ij are sets of se-
lected relevant single-particle observables.

Notice that the condition [O1, O2] = 0 is equivalent to the single-particle
operator commutativity; indeed:[

P(O1,1),P(O2,1)
]

=
[
O1, O2

]
⊗ 1+ 1⊗

[
O1, O2

]
. (28)

The sets Ij cannot contain all single-particle operators Oj , otherwise the
two subalgebras A1 and A2 obtained by summing and multiplying all operators
P(O1,2,1) would both coincide withM2(C)⊗M2(C), whereMn(C) is the algebra
of complex n × n matrices. Typically, one chooses A1 and A2 such that sums
and products of their operators generate the whole algebra of which they are
commuting subalgebras, the standard example being, for two qubits, A1 =
M2(C)⊗ 1, A2 = 1⊗M2(C) that generate M4(C).

Once an algebraic bipartition based on two subsets of selected single-particle
degrees of freedom has been chosen, the resulting locality criterion can be ex-
pressed as follows:

Definition 2. Identical particle operators are particle-local with respect to a
given algebraic particle-bipartition (A1,A2) if they have the form

A1A2 with Aj ∈ Aj = {P(Oj ,1)}Oj∈Ij , (29)
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with j = 1, 2 and [O1, O2] = 0.

According to the previous definition and as discussed in the Introduction,
two-particle state vectors |ψ〉 are particle-separable with respect to the chosen
partition (A1,A2) of single particle observables if they fulfil the factorization
condition

〈ψ|A1A2|ψ〉 = 〈ψ|A1|ψ〉〈ψ|A2|ψ〉 , (30)

for all operators Aj ∈ Aj , j = 1, 2. For mixed states, such an equality generalizes
to (compare with (27))

Tr
(
ρA1A2

)
=
∑
j

pj Tr
(
ρ

(1)
j A1

)
Tr
(
ρ

(2)
j A2

)
, (31)

with A1 ∈ A1, A2 ∈ A2, pj > 0 such that
∑
j pj = 1, and ρ(1)

j , ρ(2)
j admissible

states.
We shall now consider in detail various possible definitions of indistinguish-

able particle-entanglement, reflecting different points of view about what non-
local quantum correlations among particles should amount to. By focusing on
what entangled states are declared to be in the various approaches present in the
literature, one identifies four general classes, that will be listed under the caption
entanglement-I, -II, -III and -IV ; accordingly we shall speak of separability-I, -
II, -III and -IV and of states that are entangled-I, -II, -III and -IV, respectively
separable-I, -II, -III and -IV. In all these definitions, no notion of locality of ob-
servables has been explicitly discussed. However, since the four formulations
make use of a first quantization formalism, the reference to particles, rather
than to generic degrees of freedom, as constituent parties of compound systems
is implicitly assumed. The locality criterion that emerges from these choices is
then precisely the one in Definition 2. Our aim is to check to what extent these
entanglement notions are compatible with the three physical criteria introduced
in Section 1.

3.1. Entanglement-I
The first approach to identical particle-entanglement is based on the tensor

product factorization of single-particle states, that is on particle-locality as for
distinguishable particles.

Definition 3 (Entanglement-I). Pure Bosonic states of N -identical particle
systems are separable if all particles occupy the same single-particle state: |ψ〉⊗N
for any single-particle state |ψ〉. All other states are entangled.

Several entanglement criteria, entanglement measures and entanglement wit-
nesses [78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96],
together with protocols for entanglement manipulation [97], and connections
with condensed matter systems [98, 99, 100, 101] are presented and discussed
in connection with the previous definition.

Definition 3 has been formulated for Bosons; however, it can be extended
to Fermions whereby it implies that all Fermionic states are entangled-I, due to
their anti-symmetrisation [102, 103].

12



3.1.1. Local operators
As already observed, being entanglement-I formulated in reference to parti-

cles, the underlying locality criterion is that of Definition 2, namely that local
observables are products of commuting single-particle operators. It follows that
entanglement-I conflicts with the factorization property in (30); indeed, one can
exhibit expectations with respect to separable-I states that fail to factorize on
products of observables coming from commuting subsets of single-particle op-
erators. More specifically, in the following it is shown that, given all possible
products of operators Ai = P(Oi,1), i = 1, 2, belonging to commuting subsets,
there always exists a separable-I pure state giving rise to expectations that do
not factorize on some of them.

Consider two arbitrary single-particle operators P(Oi,1), i = 1, 2, such that
[O1, O2] = 0, and their product

P(O1,1)P(O2,1) =O1O2 ⊗ 1+ 1⊗O1O2

+O1 ⊗O2 +O2 ⊗O1. (32)

Commutativity of O1,2 implies that they have a common eigenbasis {|eλ〉}λ
corresponding to eigenvalues {o(1)

λ }λ for O1, and {o(2)
λ }λ for O2. Let us now

consider separable-I states of the form |ψ〉 ⊗ |ψ〉 with

|ψ〉 =
|eλ〉+ |eκ〉√

2
, (33)

and λ 6= κ. Then, one computes

〈ψ ⊗ ψ|P(O1,1)P(O2,1)|ψ ⊗ ψ〉−
〈ψ ⊗ ψ|P(O1,1)|ψ ⊗ ψ〉〈ψ ⊗ ψ|P(O2,1)|ψ ⊗ ψ〉

=
1

2

(
o

(1)
λ − o

(1)
κ

)(
o

(2)
λ − o

(2)
κ

)
. (34)

Therefore, the above correlation functions factorize into products of single-
particle expectations if and only if (34) vanishes, namely if and only if either
o

(1)
λ = o

(1)
κ or o(2)

λ = o
(2)
κ . Since the indices λ and κ are arbitrary, factoriza-

tion holds if and only if either O1 or O2 is proportional to the identity. In
conclusion, for whatever choice of non-trivial commuting subsets of observables
Ai = {P(Oi,1)}Oi∈Ii with i = 1, 2, there are always separable-I states that do
not fulfil the factorisation of local expectations in (30).

Additional remarks regarding entanglement-I are in order. The incompati-
bility between entanglement-I and particle-locality is also highlighted by the fact
that single-particle operators P(O,1) can map separable-I states into entangled-
I states. This fact is taken by some as a witness of the non-locality of the op-
erators P(O,1). This argument is however inconsistent since operators of that
form are the only physically relevant single-particle operators and, as stated in
the Introduction, entanglement must be derived from a chosen locality criterion
concerning products of single-particle operators and not vice versa.
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Entanglement-I can also be seen as the restriction of distinguishable particle-
entanglement in Definition 1 to the symmetric subspace. One is therefore
tempted to state that the relevant particle-locality is induced by the commuting
subalgebras A1 = {O1 ⊗ 1} and A2 = {1⊗O2}. We stress again that (A1,A2)
cannot be a bona-fide algebraic bipartition. Indeed, operators in either A1 or
A2 are not compatible with particle indistinguishability (as well as many of the
formally local operators A1A2 with Aj ∈ Aj , j = 1, 2). In this setting, the only
operators compatible with entanglement-I would be “collective” ones, i.e. O⊗O
which are however truly local only in the distinguishable particle setting; indeed,
they cannot be written as product of symmetrized single-particle operators of
the form P(O1,2,1) with [O1 , O2] = 0.

3.1.2. Effective distinguishability
In the following, as a typical context for effective distinguishability, we con-

sider again particles described by an “external”, or spatial, degree of freedom
with values L,R, corresponding to being confined within non-overlapping left
and right volumes, and an “internal”, spin, degree of freedom σ, with values
↑, ↓ (see Section 2). One can then easily construct two-particle states not of the
form |ψ〉⊗|ψ〉, therefore entangled-I, that, by using spatial orthogonality, can be
made effectively correspond to distinguishable particle separable states (e.g. see
(11) and (17) in Section 2). Therefore, distinguishable particle-entanglement
cannot be recovered from entanglement-I. In addition, mean values of generic
operators that are local in the framework of effectively distinguishable particles,
i.e. those of the form P(PL ⊗ Σ1, PR ⊗ Σ2) as discussed in Section 2, do not
fulfil the factorisation (30) because of the argument developed just above.

Such an inconsistency is emphasised in the physical situation where iden-
tical particles that have been effectively distinguished, by confining them in
disjoint spatial regions, are moved close together. The paradox here is that
entanglement-I is created by a procedure which is described by an operator of
the form U ⊗ U , which cannot create entanglement-I for it preserves the form
|ψ〉 ⊗ |ψ〉 of separable-I state vectors. In particular, consider the single-particle
operator (see Figure 2)

U = |L, ↑〉〈L, ↑ |+ |R, ↑〉〈R, ↑ |
+|R, ↓〉〈L, ↓ |+ |L, ↓〉〈R, ↓ | . (35)

Then, acting with U ⊗ U on states of the form (11) yields

U ⊗ U |φid
1 〉 = S

[
|L, ↑〉 ⊗ |L, ↓〉

]
, (36)

which is an entangled-I state.
Since U ⊗U can not generate entanglement-I, the entanglement in the state

(36) must be already present in the initial state |φid
1 〉. This possibility is however

incompatible with distinguishable particle-entanglement, because |φid
1 〉 becomes

the separable state |φdist
1 〉 in (17) once the particle have been distinguished by

confining them in the L,R spatial regions.
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Figure 2: Pictorial action of the operators U (upper panel) and U ⊗ U (lower panel).

In conclusion, as regards the compatibility of entanglement-I with effective
distinguishability, it is important to notice that entangled states of effectively
distinguishable particles can be experimentally prepared starting from Bosonic
permanents or Slater determinants, which are entangled-I states. These pro-
cedures rely on inter-particle interactions either to move particles away from
each other or to manipulate their states when the latter are spatially localised
within a same region [102, 104, 105, 106, 107, 108, 109, 110, 97]. Entanglement
thus seems to be more the result of particle interactions than of the (anti-
)symmetrization of the initial state as implied by separability-I. If producing
and extracting entanglement solely from (anti-)symmetrisation were possible,
then identical particles would provide a source of entanglement with infinite
capacity.

3.1.3. Information resources
All evidence gathered so far in the literature shows no conflict of entanglement-

I with this criterion. However, operational applications of entanglement-I are
rather limited, being restricted to interferometric phase estimation protocols [111].

3.2. Entanglement-II
A rather different point of view with respect to entanglement-I can be devel-

oped by assuming that the entanglement generated by Bosonic symmetrization
and Fermionic antisymmetrization is in fact a mere mathematical artifact of no
use in information processing. Indeed, the impossibility of addressing individ-
ual particles puts a limit on the usability of some states, entangled according
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to entanglement-I, for teleportation [112, 113, 114, 115], rendering them some-
what inert. For these reasons, the following definition is introduced originally
for Fermions, and then extended also to Bosons.

Definition 4 (Entanglement-II). Pure separable states of Bosons (Fermions)
are the symmetrization (anti-symmetrization) of tensor products

⊗N
j=1 |ψj〉 of

single-particle states |ψj〉, that are pairwise either orthogonal, 〈ψj |ψj′〉 = δj,j′ ,
or equal, 〈ψj |ψj′〉 = 1. All other states are entangled.

This definition underlies different approaches [44, 116, 78, 79, 117, 118, 119,
120, 121, 122, 123, 80, 124, 125, 82, 126, 127, 83, 84, 85, 86, 128, 88, 129, 130, 131,
132, 91, 133, 92, 93, 134, 135] that use entanglement criteria and entanglement
measures and apply them to entanglement manipulation [136] and to several
condensed matter systems [137, 138, 139, 140, 141, 142, 98, 143, 144, 145, 146,
147, 148, 149, 150].

In compound multi-partite states as in Definition 4, each particle is in a
single-particle pure state, namely it possesses a complete set of properties (eigen-
values of a complete set of single-particle commuting operators), but in a per-
mutationally invariant way, so that we cannot know which particle is in which
state [118]. Thus, compared to entanglement-I, entanglement-II significantly
extends the set of separable states.

Notice that, according to the above Definition, (anti-)symmetrized states
with single-particle contributions that are neither mutually orthogonal, nor
equal, are entangled-II.

3.2.1. Local operators
As for entaglement-I, the implicit locality criterion underlying entanglement-

II refers to particles and not to generic degrees of freedom. It follows that the
underlying notion of local observables is the one given in Definition 2. Then,
the argument proposed in Section 3.1.1 represents an inconsistency also for
entanglement-II because states that are separable according to entanglement-I
are also separable according to entanglement-II. In the following, this argument
is adapted to states that are entangled-I but separable-II.

Consider two arbitrary commuting single-particle operators, P(O1,1) and
P(O2,1); using the same notation introduced in Section 3.1.1, let {|eλ〉}λ be
common eigenvectors of P(O1,2,1) corresponding to eigenvalues {o(1)

λ }λ and
{o(2)
λ }λ of O1 and O2 respectively. Consider the separable-II states

|φ〉 =
√

2S
[
|ψ1〉 ⊗ |ψ2〉

]
=
|ψ1〉 ⊗ |ψ2〉 ± |ψ2〉 ⊗ |ψ1〉√

2
, (37)

with
|ψ1〉 =

|eλ〉+ |eκ〉√
2

, |ψ2〉 = |eµ〉, (38)

and λ, κ and µ all different. Then

〈φ|P(O1,1)P(O2,1)|φ〉 − 〈φ|P(O1,1)|φ〉〈φ|P(O2,1)|φ〉
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=
1

4

(
o

(1)
λ − o

(1)
κ

)(
o

(2)
λ − o

(2)
κ

)
. (39)

By the same argument developed in Section 3.1.1, expectations of the form
〈φ|P(O1,1)P(O2,1)|φ〉 involving products of single-particle operators, factorize
into products of single particle expectations if and only if either o(1)

λ = o
(1)
κ , or

o
(2)
λ = o

(2)
κ so that, by the arbitrariness of λ and κ, if and only if either O1

or O2 is proportional to the identity matrix. Therefore, entanglement-II is not
compatible with identical particle locality.

As an additional remark, let us consider the state (37) with |ψ1〉 and |ψ2〉 that
are both orthogonal superpositions of two eigenstates |eλ〉 and |eκ〉, e.g. |ψ1〉
as in (38) and |ψ2〉 =

(
|eλ〉 − |eκ〉

)
/
√

2. In this case, the quantity at the left-
hand-side of (39) is proportional to the right-hand-side only for Bosons, while
it vanishes for Fermions, whence the necessity of the use of a third common
eigenstate |eµ〉 of O1,2; indeed, for a two-dimensional single-particle Hilbert
space there is only one Fermionic two-particle state which is separable-II.

3.2.2. Effective distinguishability
At first glance, entanglement-II appears compatible with effective distin-

guishability because, according to the isomorphisms discussed in Section 2, sep-
arable states of distinguishable particles correspond to permanents for Bosons
or Slater determinants for Fermions and, therefore to separable-II states. In-
deed, in [118] the factorization (30) was checked to hold for states with precisely
one particle localised within the left region and the other one within the right
region, as discussed in Section 2 (see (11) and 12)). Furthermore, the argument
developed there involves operators of the form P(O1,2,1) with single particle
operators O1 = PL ⊗ Σ and O2 = PR ⊗ Σ′ such that [P(O1,1),P(O2,1)] = 0.
With this choice, P(O1, O2) are local operators in the framework of effective dis-
tinguishability discussed in Section 2 and also particle-local operators according
to Definition 2, for

P(O1, O2) = P(O1,1)P(O2,1) . (40)

Nevertheless, the theory of entanglement-II developed in [118] is not re-
stricted to effective distinguishabile particles, and lifting this restriction ex-
poses another incompatibility of entanglement-II. Such an incompatibility can
be understood by expanding the approach in [46] whereby one distinguishes an
a priori entanglement, that is equivalent to entanglement-II, from a so-called
detector-level entanglement. The latter is the entanglement that emerges after
a measurement has implemented effective distinguishability by “freezing” suit-
able degrees of freedom, e.g. through the operator P

(
PL ⊗ 1, PR ⊗ 1

)
or by

limiting observables to linear combinations of P
(
PL⊗Σ, PR ⊗Σ′

)
. As we elab-

orate below, such a freezing by measuring maps a priori separable-II states into
detector-level entangled states despite being particle-local in the framework of
effective distinguishability. Moreover, the generated entanglement depends on
internal degrees of freedom although these latter are left unaffected by the op-
erations leading to the “freezing” of degrees of freedom as they are decoupled
from the spatial degrees of freedom.
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Figure 3: Pictorial action of the projection P(PL ⊗ 1, PR ⊗ 1).

In order to be more specific, consider the state

|ζ+〉 =

√
2

1 + |〈σ|σ′〉|2
S

[(
|+〉 ⊗ |σ〉

)
⊗
(
|+〉 ⊗ |σ′〉

)]
=
(
|+〉 ⊗ |+〉

)
⊗ |ξinternal〉 , (41)

obtained by separating the tensor product into spatial, |+〉 =
|L〉+ |R〉√

2
, and

internal contributions

|ξinternal〉 =

√
2

1 + |〈σ|σ′〉|2
S
[
|σ〉 ⊗ |σ′〉

]
. (42)

Since the spatial states are not orthogonal, the state in equation (41) describes
particles that cannot be effectively distinguished by their spatial degrees of
freedom. Moreover, according to Definition 4, the state |ζ+〉 is separable-II if
the two single-particle states are the same, |〈σ|σ′〉| = 1, or if they are orthogonal,
〈σ|σ′〉 = 0.

On the other hand, the particle-local observable, as in Definition 2,

P(PL ⊗ 1, PR ⊗ 1) = P(PL, 1)P(PR, 1) = PL ⊗ PR + PR ⊗ PL

turns |ζ+〉 into a state proportional to

S
[(
|L〉 ⊗ |σ〉

)
⊗
(
|R〉 ⊗ |σ′〉

)
+
(
|L〉 ⊗ |σ′〉

)
⊗
(
|R〉 ⊗ |σ〉

)]
, (43)

which is separable-II only if |〈σ|σ′〉| = 1, entangled-II otherwise.
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The same phenomenon occurs considering

|ζ−〉 =
1√
2
S
[(
|+〉 ⊗ |σ〉

)
⊗
(
|−〉 ⊗ |σ′〉

)]
(44)

where |±〉 =
|L〉 ± |R〉√

2
. Unlike the state |ζ+〉 in (41), the above state describes

particles that are effectively distinguishable by projecting onto the spatially or-
thogonal, but not spatially localised, states |±〉 (see Figure 1). Furthermore, the
state (44) is always separable-II because of 〈+|−〉 = 0, while P(PL ⊗ 1, PR ⊗ 1)
turns it into a state proportional to

S
[(
|L〉 ⊗ |σ〉

)
⊗
(
|R〉 ⊗ |σ′〉

)
−
(
|L〉 ⊗ |σ′〉

)
⊗
(
|R〉 ⊗ |σ〉

)]
, (45)

which is entangled-II unless |〈σ|σ′〉| = 1.
Therefore, the action of the operator P(PL ⊗ 1, PR ⊗ 1), which imple-

ments effective distinguishability and is particle-local (see Section 2), creates
entanglement-II for certain values of the internal degrees of freedom, although
the latter are not affected by the operation associated with P(PL ⊗ 1, PR ⊗ 1).
Also, as explicit in (41), the internal degrees of freedom are independent from
the spatial degrees of freedom. The fact that the entanglement generation re-
lies upon independent degrees of freedom discloses a further inconsistency of
entanglement-II.

The use of spatial and internal degrees of freedom enables us to emphasize
some physical consequences of this inconsistency. Indeed, acting with the sym-
metric observable P(PL ⊗ 1, PR ⊗ 1) corresponds to placing two detectors at
positions L and R, respectively, and to post-selecting double counting events.
Nevertheless, the above operation performed upon identical particles without
internal degrees of freedom is mathematically associated with the action of
the observable P(PL, PR). The latter is a one-dimensional projector onto a
separable-II state in the (anti-)symmetrised Hilbert space, and thus never gen-
erates entanglement-II. Therefore, post-selecting double counting events from
detections at positions L and R would unnaturally provide entanglement solely
because additional (internal) degrees of freedom exist.

3.2.3. Information resources
Entanglement-II identifies states that can be used as quantum resources in

teleportation protocols [112, 113]. The notion of entanglement-II is however not
sufficient to explain quantum enhancement in interferometric phase estimation.

Consider indeed the estimation of the relative phase between two arms of an
interferometer. In the case of distinguishable particles, enhanced quantum per-
formances overcoming classical ones require entanglement, whereas, for identical
particle quantum advantages also occur without initial entanglement. Indeed,
consider the N Boson particle state

S
[
|0〉⊗k ⊗ |1〉⊗(N−k)

]
, 0 < k < N, (46)
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where |0〉, |1〉 are the eigenvectors of a spin-like observable, as σz. Suppose
now to inject such a state into an interferometer whose action is modelled by
the unitary

⊗
j e
iθσx

j which rotates the spin-like degee of freedom around the
x axis. Notice that the state (46) is separable-II and that the interferometer
action cannot generate entanglement-II. Indeed,⊗

j

eiθσ
x
j S
[
|0〉⊗k ⊗ |1〉⊗(N−k)

]
=

= S
[(
eiθσ

x

|0〉
)⊗k
⊗
(
eiθσ

x

|1〉
)⊗(N−k)

]
. (47)

Despite the absence of particle non-locality, in [151, 152, 153, 154] it has been
shown that there is a quantum advantage in the accuracy in the estimation of
the phase θ. Therefore, entanglement-II fails to identify the non-local resources
in this interferometric set-up.

3.3. Entanglement-III
A third approach to identical particle entanglement identifies quantum corre-

lations of identical particles by directly relating them to those of distinguishable
particles. Consequently, also this point of view is implicitly based on a locality
criterion that refers to particles as in Definition 2.

This third approach proceeds by starting from the Hilbert space S
[
H⊗N

]
of N -identical particles. Given a partition of the single-particle Hilbert space H
into two orthogonal subspaces V1,2, H = V1

⊕
V2, let Π

(j)
nj , j = 1, 2, project onto

the subspace of S
[
H⊗N

]
with n1, respectively n2 particles described by states

in V1, respectively V2, namely onto S
[
V ⊗n1

1 ⊗ V ⊗n2
2

]
. As shown in Section 2

and AppendixA, this subspace is isomorphic to the Hilbert space hn1
⊗hn2

with
hnj

= S
[
V
⊗nj

j

]
.

Definition 5 (Entanglement-III). An N -particle pure state |ψ〉 ∈ S
[
H⊗N

]
is

entangled-III if there exist positive integers n1 and n2 = N −n1 such that, after
normalization, Π

(1)
n1 Π

(2)
n2 |ψ〉 is entangled as a state in hn1

⊗ hn2
.

The consequences of Definition 5 have been sudied by several authors [155,
156, 120, 157, 158, 159, 160, 161, 162, 163, 164, 165, 166], and applied in par-
ticular to condensed matter systems [167, 168, 169, 170, 171]

The motivation for this formulation of particle-entanglement originates from
a rather specific physical setting requiring information transmission from a sys-
tem of identical particles to a quantum register made of distinguishable qubits,
usually described by tensor products of single-particle Hilbert spaces with fixed
numbers of particles in suitably chosen subgroups. This condition on one hand
confirms that the locality criterion underlying entanglement-III is also related
to the particle picture as in Definition 2 and, on the other hand, that it can
be implemented by selecting degrees of freedom and corresponding observables
associated with the confinement of individual particle states to orthogonal sub-
spaces, say V1 and V2, of the single-particle Hilbert space. Therefore, these
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orthogonal sectors identify distinguishable groups of particles, each consisting
of nj of them.

3.3.1. Local operators
When the condition for entanglement-III is enforced for all possible n1 and

n2, the particle-locality notion in agreement with entanglement-III is entailed
by the commuting subalgebras (j = 1, 2)

Aj =
{
P(Oj , 1, . . . ,1︸ ︷︷ ︸

N−1 times

) : supp(Oj) ⊆ Vj
}
, (48)

such that
∞∑

nj=0

Π(j)
nj
Aj Π(j)

nj
= Aj . These subalgebras are generated by the op-

erators P(Oj ,1, . . . ,1) that generalize the single-particle operators in (8) to
more than two identical particles and supp(Oj) is the support of the operator
Oj , namely, Oj vanishes on the subspace orthogonal to supp(Oj). When the
definition of entanglement-III only refers to specific values of n1 and n2, the rel-
evant commuting subalgebras are A(j)

nj = Π
(j)
nj AjΠ

(j)
nj with j = 1, 2, and Π

(j)
nj the

projector onto the subspace with nj particles, supported by the single-particle
subspace Vj .

In the following, we prove the agreement of entanglement-III with the particle-
locality notion inherited from the choice of the subalgebras (48). The case of
subalgebras A(j)

nj is then straightforward since A(j)
nj ⊂ Aj .

For a vector state |ψ〉, separability-III can be rephrased in terms of states

|ψn1,n2
〉 =

Π
(2)
n2 Π

(1)
n1 |ψ〉√

pn1,n2

, pn1,n2
= 〈ψ|Π(2)

n2
Π(1)
n1
|ψ〉, (49)

where, for j = 1, 2, Π
(j)
nj projects onto the subspace S

[
V ⊗n1

1 ⊗ V ⊗n2
2

]
which is

isomorphic to hn1
⊗ hn2

(see Section 2). Then, |ψ〉 is separable-III if |ψn1,n2
〉 is

separable as a state in the tensor product space hn1
⊗ hn2

for all n1,2 [155].
On the subspace S

[
V ⊗n1

1 ⊗ V ⊗n2
2

] ∼= hn1 ⊗ hn2 with fixed nj , the elements
of the subalgebras (48) act as operators of the form On1 ⊗ 1 (j = 1) or 1⊗On2

(j = 2). Since separability-III, when rephrased for the vectors in hn1
⊗ hn2

, is
formally equivalent to Definition 1, the expectations of local operators in the
above subalgebras, when evaluated with respect to separable-III states |ψn1,n2

〉,
do factorise.

The expectations of (A1,A2)-local operators, i.e. O1O2 with Oj ∈ Aj , with
respect to a generic state |ψ〉 read

〈ψ|O1O2|ψ〉 =

∞∑
n1,n2=0

pn1,n2〈ψn1,n2 |O1O2|ψn1,n2〉. (50)

Each expectation in the sum factorise for any O1 and O2 if and only if |ψn1,n2
〉
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is separable-III for all n1 and n2. We therefore find

〈ψ|O1O2|ψ〉 =

∞∑
n1,n2=0

pn1,n2〈ψn1,n2 |O1|ψn1,n2〉〈ψn1,n2 |O2|ψn1,n2〉 (51)

which is of the form (31). The fact that the expectations in (51) with respect
to the given pure state are those of a density matrix with weights pn1,n2

6=
δn1,n̄1δn2,n̄2 can be understood by observing that the chosen subalgebras do
not generate the entire operator algebra. Despite this fact, the above choice of
commuting subalgebras is fully legitimate and shows, for any generic state |ψ〉,
the agreement of separability-III with the notion of particle-locality presented
in Definition 2.2

3.3.2. Effective distinguishability
The notion of separability-III in Definition 5 involves projecting pure states

onto subspaces S
[
V ⊗n1
j ⊗V ⊗n2

2

]
. In Section 2, it is shown that the isomorphism

between the Hilbert (sub)spaces S
[
V ⊗n1

1 ⊗ V ⊗n2
2

]
and hn1

⊗ hn2
in Definition

5 is a possible way to implement effective distinguishability.
Indeed, the entanglement of two distinguishable particles is recovered from

entanglement-III when identical particles can be effectively distinguished, e.g.,
by spatial localisation. As an example, consider the setting consisting of par-
ticles described by an “external” degree of freedom with values L,R, and an
“internal” degree of freedom σ, with values ↑, ↓. Then, one can naturally fix V1

to be the subspace spanned by L-states, V1 = span{|L, σ〉}σ, and similarly V2

by the R-states, V2 = span{|R, σ〉}σ, with n1 = n2 = 1. With this choice, the
identification of separable states coincides with that for distinguishable parti-
cles. Also the evaluation of entanglement monotones provides results analogous
to those for distinguishable particles.

Therefore, entanglement-III is fully consistent with the effective distinguisha-
bility of identical particles operated by freezing suitable number-degrees of free-
dom.

3.3.3. Information resources
It has already been emphasized that the projection onto orthogonal sub-

spaces Vj , effectively embeds the standard entanglement of distinguishable par-
ticles into the formalism of identical particles. Therefore, the paradigm of local
operators and classical communication [172], that of quantum non-locality [1],
and their applications to quantum information [2, 3, 4] can in this context be
as well reformulated for identical particles.

On the other hand, the projection operation in Definition 5 causes a loss of
quantum coherence, and therefore entanglement-III is somewhat too restrictive

2The more general condition (31) for mixed states originates from the convex roof con-
struction [7].
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as it cannot fully describe quantum effects that occur in informational tasks
based on state vectors that live outside the special subspaces S

[
V ⊗n1

1 ⊗ V ⊗n2
2

]
.

Using the notation introduced in Section 3.2.3, a concrete example is pro-
vided by a general state of N two-level identical particles [173]

N∑
k=0

Ck

√(
N
k

)
S
[
|0〉⊗k ⊗ |1〉⊗(N−k)

]
, (52)

with Ck ∈ C and
∑
k |Ck|2 = 1. The orthogonal subspaces as in Definition 5 are

V1 = {|0〉} and V2 = {|1〉}, up to single-particle change of basis. The projection
in Definition 5, with n1 = k and n2 = N − k, reduces the above states to√(

N
k

)
S
[
|0〉⊗k ⊗ |1〉⊗(N−k)

]
(53)

with probability |Ck|2. States as in (53) are separable-III for they are isomorphic
to |0〉⊗k ⊗ |1〉⊗(N−k) ∈ hk ⊗ hN−k, according to equation (A.4) in AppendixA.
Thus, states in quantum protocols with two-level particles cannot, at any time
during the process, be entangled-III although these states provide quantum en-
hanced performances not only for interferometric phase estimation [151, 152,
153, 174, 154, 175] but also for teleportation [176, 177, 178, 179, 114, 115],
entanglement distillation [176, 177], quantum data hiding [180], and Bell’s in-
equalities [181, 182, 183, 184, 185, 186, 187, 188, 189, 190, 191, 192, 193]. The
same argument holds for three-level states.

Thus, entanglement-III is not adequate to account for the quantum-enhancing
character of protocols that do not leave the subspaces S

[
V ⊗n1

1 ⊗ V ⊗n2
2

]
invari-

ant. Indeed, the considerations on particle-locality developed in section 3.3.1
imply that entanglement-III consistently identifies non-local correlations only
after effectively distinguishing particles through freezing suitably chosen num-
ber degrees of freedom.

3.4. Entanglement-IV
In this section we examine the approach to indistinguishable particle entan-

glement elaborated in [194, 195]: its explicit purpose is to treat indistinguish-
able particles by means of the first quantization formalism without particle
labels being attached to single particle state vectors. By its very construction,
this approach relies upon particles and single-particle operators; therefore, the
underlying locality criterion can be characterized by Definition 2.

In the case of two identical particles described by the (anti-)symmetrized
Hilbert space S

[
H⊗2

]
, one introduces operators Aψ mapping the latter onto

the single-particle Hilbert space H, according to

AψS
[
|φ〉 ⊗ |ζ〉

]
= 〈ψ|φ〉|ζ 〉+ η〈ψ|ζ〉|φ 〉 , (54)

where η = +1 (−1) for Bosons (Fermions), while the chosen set of single-particle
vectors {|ψk〉}k∈K span a suitable subspace K ⊆ H. These operators are not
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projections and their adjoints A†ψ : H 7→ S
[
H⊗2

]
are

A†ψ |φ〉 = S
[
|ψ〉 ⊗ |φ〉

]
. (55)

In the second quantization formalism (see AppendixB) Aψ and A†ψ correspond
to the annihilation and creation operators of the single-particle state |ψ〉 ∈ H;
their very definition makes them insensitive to the particle label of the single-
particle states.

Definition 6 (Entanglement-IV). A pure state of two indistinguishable particles
|ψ〉 ∈ S

[
H⊗2

]
is entangled relative to the subspace K ⊆ H, if the so-called

"reduced single-particle density matrix”,

X1 :=
1∑

k∈K

‖A†ψk
ψ‖2

∑
k∈K

Aψk
|ψ〉〈ψ|A†ψk

, (56)

has non-vanishing von Neumann entropy S(X1) = −tr
(
X1 logX1

)
, for any

given choice of orthogonal |ψk〉 ∈ H, k ∈ K, spanning K.

The above definition and its properties have been presented and discussed
in [194, 196, 197, 195, 198, 199] with specific applications to entanglement ma-
nipulation [200].

Evidently, the entanglement properties based on the above Definition de-
pend on the subspace K; however, the orthonormality of the basis vectors |ψk〉
guarantees that X1, and thus the entanglement properties, do not depend on
the chosen basis in K (see AppendixB).

Notice that, as observed in Remark 3 of [201], X1 cannot be interpreted
as a standard reduced density matrix in the one-particle sector; indeed, the
expectation values of single-particles observables computed with respect to the
mixed one-particle state X1 do not reproduce those computed with respect to
the original two-particle pure state |ψ〉 ∈ S

[
H⊗2

]
.

Because of its very definition, entanglement-IV is a new way of looking at the
correlations between the degrees of freedom supported by K and those supported
by its orthogonal complement. As explicitly shown in AppendixB, in some
cases entangled-IV states reduce to entanglement-I ones, while in other cases to
entangled-III states, whence the notion of entanglement-IV suffers from some of
the problems of those two approaches with respect to the three discriminating
entanglement criteria.

3.4.1. Local operators
By construction, entanglement-IV is concerned with correlations in relation

to a chosen single-particle subspace K. Given a Bosonic state |φ〉⊗ |φ〉, with |φ〉
any single-particle state, its reduced density matrix relative to a generic single-
particle subspace K is |φ〉〈φ|. As a consequence, the state is separable-IV for
whatever choice of K; then, the argument raised in Section 3.1.1 applies thereby
showing that the locality criterion fails. Indeed, for any choice of algebraic
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bipartition, there always exists a separable-IV state |φ〉⊗|φ〉 whose expectations
on products of operators Ai = P(Oi,1), i = 1, 2, belonging to the corresponding
commuting subalgebras, do not factorize. Explicit examples in support to this
conclusion are discussed in AppendixB.1.

3.4.2. Effective distinguishability
The notion of entanglement based on Definition 6 appears to be compat-

ible with effective distinguishability. As an example, let us consider again a
two-particle system with spatial, S = L,R, and internal, σ =↑, ↓, degrees of
freedom. If K is the subspace spanned by |L, σ〉, σ =↑, ↓, then the only way to
effectively distinguish the two particles is via the spatial labels. Then, using the
arguments and formalism of Section 2, one proves that all effectively spatially
distinguished two-particle separable states are also separable-IV. As discussed
in Section 2, this argument can be generalized to any generic type of effective
distinguishability.

3.4.3. Information resources
The entangled-IV state S

[
|L, ↑〉⊗ |L, ↓〉

]
was studied as a resource for prob-

abilistic entanglement swapping, an application of teleportation [202]. This pro-
tocol consists of either local measurements within the framework of entanglement-
IV [194] or operations that, although non-local, cannot change the amount of
entanglement-IV quantified by the von Neumann entropy S(X1). In all these
approaches, measurements of single-particle properties when particles are spa-
tially localised are considered local.

However, such local measurements, by acting on separable-IV states like
|L,+〉 ⊗ |L,+〉, with |+〉 =

(
|↑〉+ |↓〉

)
/
√

2, generate the entangled-IV state
S
[
|L, ↑〉 ⊗ |L, ↓〉

]
. Indeed, consider the separable-IV state

|L,+〉 ⊗ |L,+〉, with |+〉 =
| ↑〉+ | ↓〉√

2
. (57)

Measuring the observable P(PL ⊗ σz,1), namely the spin along the z axis of
a single-particle localized at the left position, amounts to a local operation
according to [194, 202]. Nevertheless, among the (non-normalized) eigenvectors
of P(PL ⊗ σz,1), {

S
[
|S, σ〉 ⊗ |S′, σ′〉

]}
S,S′=L,R; σ,σ′=↑,↓

, (58)

two are entangled-IV states, namely S
[
|S, ↑〉 ⊗ |S, ↓〉

]
with S = L,R. There-

fore, local measurement might transform the separable-IV state (57) into the
entangled-IV state

√
2S
[
|L, ↑〉 ⊗ |L, ↓〉

]
with probability 1/2.

Consequently, an internal inconsistency arises between entanglement-IV and
particle-local operations, whose locality agrees with Definition 2. In addition,
there is also an operational paradox; indeed, suppose the entanglement-IV sup-
ported by the state S

[
|L, ↑〉⊗|L, ↓〉

]
is used in the aforementioned entanglement
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swapping protocol. If it could be generated from |L,+〉⊗|L,+〉, the overall pro-
tocol would perform an inherently quantum information task that however uses
only local operations, classical communication and separable-IV resource states.

All four definitions of identical particle entanglement so far discussed make
essentially use of the first quantization formalism, and thus are based on a
locality criterion that focuses on correlations (or their lack thereof) among par-
ticles. However, in quantum statistical mechanics and quantum field theory the
standard approach to deal with many-body systems made of indistinguishable
constituents is provided by the second quantization approach. In the next sec-
tion, we will show how full use of this formalism can lead to a fully physically
consistent definition of indistinguishable particle entanglement.

4. Mode-partitioning

In the previous section, we have analysed how entanglement can be extended
to identical particles in the way of particle-entanglement. In this section, we
consider the different perspective given by second quantization where one fo-
cusses no longer on the particle aspect, rather on generic degrees of freedom
thus accommodating properties more general than those of particle type. As
already presented in Section 2, based on the formalism of annihilation and cre-
ation operators satisfying (anti-)commutation relations, these operators, acting
on the Fock vacuum, annihilate, respectively create single-particle states, also
called modes.

The general characterisation of absence of correlations in (31) can be still
used when dealing with identical particles to define separable and entangled
states. However, the lack of correlations will refer not to observables related to
single particle properties, rather to subsets of creation and annihilation opera-
tors identifying groups of orthogonal modes that may also correspond to global
properties; these will be referred to as mode-partitions.

More specifically, in the case of M orthogonal modes, a bipartition of the
set of creation, a†j , and annihilation, aj , operators, j = 1, 2, · · · ,M , is simply
given by the two subsets:

A1 = {aj , a†j}
m
j=1 , A2 = {aj , a†j}

M
j=m+1 , (59)

i.e. the sets of all polynomials in the corresponding annihilation and creation
operators. In the second quantization approach local operators are products of
elements of these two subsets:

Definition 7 (Mode-locality). With respect to mode-(bi)partitions, mode-local
operators are of the form A1A2 with A1 ∈ A1 and A2 ∈ A2.

For simplicity, we have used a discrete set of modes, but the theory can
be extended to continuous sets as, for instance, in quantum optics when one
considers processes that involve photons with continuously varying wave-vectors.
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Unlike particle-locality, the above kind of locality embodies the request that
measurements of mode-local operators in one subset do not influence measure-
ments of those in the other subset. We shall refer to it as mode-locality, in
relation to which one has then to distinguish between Bosons and Fermions. In-
deed, because of the Canonical Commutation Relations (CCR), Bosonic mode-
partitions of identical Bosons give rise to commuting subsets when the modes
are orthogonal to each other [151]; for Fermions one needs to take into account
the implications of the Canonical Anticommutation Relations (CAR) [154, 203].

In the Fermionic case there are two choices: either one complies with actual
measurability of operators and thus restrict to the so-called even operators that
are made of monomials with even number of annihilation and/or creation oper-
ators [204, 205], or with the request of the so-called microcausality [206, 207];
this last case asks for considering also odd operators but proves to be more
suitable in most physical applications. Fermions are also peculiar because they
obey a parity superselection rule [208, 209, 210, 211, 212, 213, 214, 215, 216, 217]
that prevents the superposition of a bosonic compound and a fermionic system.
These properties affects entanglement theory and its applications in quantum
information [218, 219, 220, 221, 222, 223, 224, 225, 226].

Using the above notion of mode-locality, the property (31) can now be used
to identify a new definition of separability and entanglement for systems of
identical particles, that will be denoted as separability-V and entanglement-V.

Definition 8 (Entanglement-V). - A generic mixed state is separable with re-
spect to a mode-bipartition A1 = {aj , a†j}j=1,...,m and A2 = {aj , a†j}j=m+1,...,M

of a given set of orthogonal modes if (31) holds for all A1 ∈ A1, A2 ∈ A2. It
then follows that a pure state is separable if and only if it can be written in the
form

P (a†1, . . . , a
†
m)Q(a†m+1, . . . , a

†
M )|vac〉 , (60)

by means of general polynomials P and Q, where |vac〉 is the Fock vacuum
state. Separable mixed states are convex combinations of separable pure states.
All other states are entangled.

As a specific application, let us consider the case of “spatial”, L,R, and
“internal”, ↑, ↓, degrees of freedom introduced above, and choose the mode-
bipartition

AL = {aL,σ, a†L,σ}σ∈{↑,↓} , AR = {aR,σ, a†R,σ}σ∈{↑,↓} . (61)

According to the above definition, two-particle pure states are separable-V with
respect to the bipartition AL, AR if they are of the form∑

σ,σ′

cσ cσ′a†L,σa
†
R,σ′ |vac〉 , (62)

as well as ∑
σ,σ′

cσ,σ′a†S,σa
†
S,σ′ |vac〉 , (63)
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for any complex constants cσ, cσ,σ′ , and S being equal either to L or to R.
Entanglement-V accounts for quantum correlations between occupancies of

orthogonal modes. Indeed, unlike identical particles, orthogonal modes can al-
ways be individually addressed in experiments [39, 40, 41]. Several fundamental
properties of entanglement-V have been studied [71, 120, 227, 176, 177, 219,
220, 228, 221, 222, 151, 223, 224, 229, 230, 231, 154, 232, 233, 234, 235, 226,
203, 236, 237, 238], as well as its experimental detection [239, 240, 241, 242,
243, 244, 245, 246, 247] and the possibility of practically manipulating it [248,
249, 250, 251, 252, 253, 254, 255, 256, 257, 258]. Furthermore, entanglement-V
can be quantified by means of so-called entanglement monotones, such as en-
tanglement entropy [259, 260, 261, 262, 263, 264], concurrence [265, 219, 220],
geometric measures [266], negativity [267], and robustness of entanglement [268].
Entanglement-V has also been investigated in condensed matter systems [259,
265, 261, 269, 270, 271, 272, 273, 274, 275, 276, 277, 278, 279, 280, 170, 171],
quantum optics [281, 282, 283, 54, 55, 56, 57, 59, 284, 285, 286, 60], and quantum
field theories [70, 61, 287, 288, 76, 62, 63, 289, 290, 291, 292, 293, 276, 77, 64].
However, entanglement-V is not an absolute property but depends on the choice
of orthogonal modes [294, 151, 268, 154]: mode transformations are mode non-
local and thus do not preserve entanglement-V.

In addition, the above definitions generalize to mode-multipartitions. For
instance, a multipartite pure state is fully separable with respect to a multipar-
tition into each one of a set of M orthogonal modes {a1, a

†
1}, · · · , {aM , a

†
M}), if

and only if it is of the form
∏M
j=1

(a†
j)kj

√
kj !
|vac〉.

4.1. Local operators
The structure of separable-V pure states in Definition 8 is exactly derived

from asking that the factorization as in (31) over mode-local observales hold
[151, 267, 268, 154, 232, 203]. Furthermore, theory and applications of local
operations and classical communication straightforwardly extend from the dis-
tinguishable particle case [172] to the framework of entanglement-V: it is suffi-
cient to replace distinguishable particle local operators, O1⊗O2, by mode-local
operators O1O2. Also the Schmidt decomposition for pure states [2, 3] can be
generalized to the entanglement-V framework [269, 176, 177, 268]. Therefore,
the non-increasing property of entanglement under local operations and clas-
sical comunication follows from the same arguments valid for distinguishable
particles.

4.2. Effective distinguishability
As previously stressed, distinguishability can be obtained by “freezing” some

modes, for instance the spatial degrees of freedom L,R in the above considered
case. In the present context, separability of effectively distinguishable particles
is then directly induced by the mode-bipartition (AL,AR) in (61), as shown in
the following (see also [295, 47]).
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Considering the algebraic mode-bipartition (AL,AR) in (61), the separable-
V state (∑

σ

c(1)
σ a†L,σ

)(∑
σ′

c
(2)
σ′ a
†
R,σ′

)
|vac〉 , (64)

with c
(1,2)
σ complex numbers, written by means of the notation introduced

in (15), corresponds in first quantization to the standard separable two-particle
state

|ψL〉 ⊗ |ψR〉 , where (65)

|ψL〉 =
∑
σ

c(1,2)
σ |L, σ〉 , |ψR〉 =

∑
σ

c(1,2)
σ |R, σ〉 .

In other terms, separability-V reduces to standard separability in the case of
systems of distinguishable particles (see Definition 1).

Then, entanglement-V monotones relative to the mode-partition (AL,AR),
such as entanglement entropy [259, 260, 261], concurrence [265, 219], geomet-
ric measures [266], negativity [267], and robustness of entanglement [268], also
reduce to standard expressions through effective distinguishability.

Let us remark that the operators AL and AR in equations (22,23) are special
instances of the operators belonging to the subalgebras AL and AR; indeed, they
commute with the particle numbers

NL :=
∑
σ

a†L,σaL,σ , NR :=
∑
σ

a†R,σaR,σ . (66)

If these commutation properties are enforced on the algebraic bipartition, the
entanglement-V approach recovers entanglement-III. In general, operators in
AL and AR do not commute with NL,R and thus change the particle number
content: for instance, a†L,σ or a†R,σ′ map sectors of the Fock space with NR,L
particles into sectors with NL,R+1 particles. These operators, which make per-
fect sense in a micro-causal approach to mode-locality, cannot be represented
in the standard formalism of first quantization where the particle number is
conserved. For instance, the state in equation (24) can be created from the
vacuum with local operators in the algebraic bipartition (AL,AR), and is thus
separable; however, it cannot effectively correspond to any state of distinguish-
able particles. In this respect the mode-bipartion (AL,AR) not only covers the
notion of entanglement for distinguishable particles, but also extends it to the
whole Fock space.

4.3. Information resources
The consistent use of entanglement-V as a resource for quantum enhance-

ments in information tasks has been already shown in several protocols. Tele-
portation [176, 177, 178, 179, 114, 115], entanglement distillation [176, 177],
quantum data hiding [180], and practical checks of Bell’s inequalities [181, 182,
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183, 184, 185, 186, 187, 188, 189, 190, 191, 192, 193] are information protocols
consisting of mode-local operations and classical communication, where the use
of entangled-V states leads to quantum enhanced performances. The same holds
for the precision estimation of interferometric phases [151, 152, 153, 174, 154,
175], which also provides examples of non-local protocols, namely mode-nonlocal
interferometers, which generate the entanglement-V needed to overcome classi-
cal performances based on separable-V initial states.

A more general consistency check relies upon the compatibility, mentioned
in Section 4.1, of entanglement-V with classical communication and operations
that are local with respect to a chosen mode-partition. This property, together
with the aforementioned concrete information protocols, endows entanglement-
V with the complete operational interpretation of a resource theory [2, 3, 4],
and yet with different practical consequences if compared with the case of dis-
tinguishable particles [180, 114, 115].

5. Outlook

We have considered different possible approaches to the definition of en-
tanglement for quantum systems made of indistinguishable particles and tested
them against three natural physical consistency requests: i) entanglement should
emerge as a manifestation of non-local correlations between commuting subal-
gebras of operators; ii) the entanglement of effectively distinguished identical
particles should agree with the standard distinguishable particle entanglement;
iii) in absence of other quantum resources, entanglement should be identifiable
as the only means to overcome classical performances.

Within the setting provided by the previous criteria, the outcome of the test
is that all formulations considering entanglement as a property of particles do
not comply with at least one of them, as summarized in the Table 1. On the
other hand, entanglement-V, describing quantum correlations among second-
quantized modes, conforms to all three criteria, thus providing an adequate
notion of identical particles entanglement with respect to the chosen setting.

In summary, we have analysed the variety of approaches to the notion of
entanglement for systems made of indistinguishable particles. As a guiding
property, we have focused on non-locality expressed as the lack of factorization
of correlation functions involving commuting observables. This framework can
be adopted in full generality both for distinguishable and indistinguishable par-
ticles, giving rise to the standard and agreed-upon notion of entanglement in
the case of distinguishable particles. We hope that the results of our investiga-
tion may contribute to the debate on indentical particle entanglement, with the
aim at arriving to a fully consistent formulation which is all the more necessary
in view of the ever more important impact of many-body systems in quantum
technological applications.
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compatibility criteria for entanglement definitions

entanglement definition local operators effective distinguishability information resources

entanglement-I 7 7 ?

entanglement-II 7 7 7

entanglement-III 3 3 7

entanglement-IV 7 3 7

entanglement-V 3 3 3

Table 1: Summary of the consistency test: 3 means that the entanglement definition
complies with the criterion, 7 means that it does not, while ? means that, at the best
of our knowledge, there is no evidence that the criterion is not violated.

AppendixA. Identical particle effective distinguishability

The correspondence between identical and effectively distinguishable par-
ticles, as discussed in Section 2 is an instance of a general isomorphism be-
tween suitable Fock subspaces and tensor product Hilbert spaces. In this Sec-
tion, we sketch how to realise this isomorphism with N ≥ 3 identical parti-
cles. Let Ππ be the operator implementing the permutation π : (1, 2, . . . , N)→
(π(1), π(2), . . . , π(N)) of particle labels, so that

Ππ

N⊗
j=1

|ψj〉 =

N⊗
j=1

|ψπ(j)〉 , (A.1)

for any set of single-particle states {|ψj〉}j=1,··· ,N . Then, the symmetrisation,
S, and anti-symmetrisation, A, operators read

S =
1

N !

∑
π

xπΠπ , (A.2)

ar with xπ = 1 when S = S and xπ = (−1)p(π) when S = A, where p(π) is the
parity of the permutation π. An operator O is permutation-invariant if it com-
mutes with all Ππ, namely if O =

∑
π ΠπOΠπ, as entailed by any superselection

rule [217]. Therefore, to any particle-local observable of N distinguishable parti-
cles

⊗N
j=1Oj , one associates the following permutation-invariant generalisation

of equation (8):

P(O1, · · · , ON ) =
∑
π

Ππ

(
O1 ⊗O2 · · · ⊗ON

)
Ππ =

∑
π

N⊗
j=1

Oπ(j) . (A.3)

One can thus construct an isomorphism that extends the one between the states
in equations (11,12) and the states in equations (17,18), or those in equation
(62), to general N identical particle pure states.
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Assume the single-particle Hilbert space to be a tensor product H = Hext⊗
Hint of Hilbert spaces associated to an external and internal degrees of freedom.
Let {|ψj〉}Nj=1 be orthonormal vectors in Hext and set Pj = |ψj〉〈ψj |, with
PjPk = δjk Pj . The symmetrized projector P(P1 ⊗ 1, · · · , PN ⊗ 1) can be used
to effectively distinguish identical particles. Indeed, one can show [43, 44, 45]
that the subspace

P(P1 ⊗ 1, · · · , PN ⊗ 1)S
[ N⊗
j=1

H
]

is mapped unitarily onto the Hilbert space
⊗N

j=1Hint by the operator U such
that

U

√N !S

N⊗
j=1

|ψj , σj〉

 =

N⊗
j=1

|σj〉 . (A.4)

Clearly, in order to preserve effective distinguishability, one has to limit
the accessible observables to those that commute with the projector P(P1 ⊗
1, · · · , PN ⊗ 1), as P(P1 ⊗ Σ1, · · · , PN ⊗ ΣN ). Under the isomorphism (A.4),
symmetrized operators P(P1⊗Σ1, · · · , PN ⊗ΣN ) behave as

⊗N
j=1 Σj (compare

with the expectations in equations (19) and (20)).

AppendixB. Entanglement-IV

As an example of separable-IV and entangled-IV states, let us consider the
single-particle Hilbert space C4 spanned by the left-, right-localized vectors
with spin σ, {|S, σ〉}S=L,R;σ=↑,↓, and the two-dimensional subspace K spanned
by spatially left-localised single-particle states {|L, σ〉}σ=↑,↓; namely, we will
consider the entanglement relative to the internal, say spin, degrees of free-
dom. For two indistinguishable particles within a same spatial region in a state
|ψ〉 =

√
2S
[
|L, ↑〉 ⊗ |L, ↓〉

]
, entanglement-IV coincides with entanglement-I,

where such a state is surely spin-entangled. Indeed, according to (54),

AL↑S
[
|L, ↑〉 ⊗ |L, ↓〉

]
= |L, ↓〉 (B.1)

AL↓S
[
|L, ↑〉 ⊗ |L, ↓〉

]
= |L, ↑〉 , (B.2)

so that
X1 =

1

2
|L, ↓〉〈L, ↓ |+ 1

2
|L, ↑〉〈L, ↑ | , (B.3)

whence S(X1) = log 2 and |ψ〉 is entangled with respect to the chosen sub-
space. Instead, the vector state |ψ〉 = |L, ↑〉 ⊗ |L, ↑〉 which is separable-I is also
separable-IV; indeed, X1 = |L, ↑〉〈L, ↑| whence S(X1) = 0.

On the other hand, for particles localised in non-overlapping spatial regions,
entanglement-IV with respect to the subspace K chosen above coincides with
entanglement-III. Indeed, modifications of Definition 6 restricted to the just
mentioned physical situation has been considered in [296, 297]. For instance,
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states of the form |Ψ〉 = S
[∑

σ,σ′ cσ,σ′ |L, σ〉⊗|R, σ′〉
]
are entangled-IV; indeed,

one computes
X1 = µ↑|ψR↑〉〈ψR↑| + µ↓|ψR↓〉〈ψR↓| , ar (B.4)

where, with τ =↑, ↓,

|ψRτ 〉 := µ−1
τ

∑
σ=↑,↓

cτ,σ|R, σ〉 , µτ :=
∑
σ=↑,↓

|cτ,σ|2 .

It follows that S(X1) = −µ↑ logµ↑ − µ↓ logµ↓ and then |Ψ〉 entangled-IV with
respect to the chosen subspace K, unless the coefficients factorize, cσ,σ′ = cσ cσ′ .
The latter condition also discriminates between |Ψ〉 being a separable-III or an
entangled-III state. This result stems from Definition 5 by choosing n1 = n2 = 1
and projecting them onto the state with each particle supported by one of the
subspaces V1 = span{|L, σ〉}σ, V2 = span{|R, σ〉}σ.

With the second-quantization notation of Section 4, the operators Aψ in (54)
and A†ψ in (55) correspond to the annihilation and creation operators aψ and
a†ψ and the state S

[
|φ〉 ⊗ |ζ〉

]
to a†φa

†
ζ |vac〉. This fact can be directly derived by

writing the annihilation and creation operators of single-particle states in terms
of the set {aj , a†j}j relative to the single-particle orthonormal basis {|j〉}j , as

aψ =
∑
j

ψ∗j aj , a†ψ =
∑
j

ψj a
†
j , (B.5)

where |ψ〉 =
∑
j ψj |j〉, |j〉 = a†j |vac〉, and by applying the ensuing (anti-

)commutation relation

aψ a†φ + η a†φ aψ = 〈ψ|φ〉 , η = ±1 . (B.6)

Using aψ and a†ψ, the one-particle density matrix in (56) can be expressed as
the result of the action of the following selective quantum channel

X1 =
1∑

k∈K

‖aψk
ψ‖2

∑
k∈K

aψk
|ψ〉〈ψ| a†ψk

. (B.7)

Changing orthonormal basis in K does not change X1; indeed, sending |ψk〉 7→
|φ`〉 =

∑
j∈K U`j |ψk〉 by means of a unitary matrix U = [U`j ] yields a†φ`

=∑
j∈K U`ja

†
ψj
, whence∑

k∈K

aψk
|ψ〉〈ψ| a†ψk

=
∑
`∈K

aφ`
|ψ〉〈ψ| a†φ`

. (B.8)

AppendixB.1. Local operators
The argument in Section 3.1.1 shows that, for any algebraic bipartition gen-

erated by single-particle operators, there is a separable-I state that does not
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satisfy the factorization of local expectation values (30). Since pure separable-I
states |φ〉 ⊗ |φ〉 are also separable-IV, the locality condition fails also in the
Definition 6.

As a specific example, consider the bipartition generated by single-particle
operators A1 = P

(
|L,α〉〈L,α|,1

)
and A2 = P

(
|L,α⊥〉〈L,α⊥|,1

)
, with |α〉

and |α⊥〉 two orthogonal states relative to the single-particle internal degree
of freedom. The separable-IV state |L, ↑〉 ⊗ |L, ↑〉 satisfies the factorization
condition

〈ψ|A1A2|ψ〉 = 2
∣∣〈α| ↑〉〈α⊥| ↑〉∣∣2

= 〈ψ|A1|ψ〉〈ψ|A2|ψ〉 = 4
∣∣〈α| ↑〉〈α⊥| ↑〉∣∣2 . (B.9)

if only if α =↑ [201]. On the other hand, the separable-IV state |L,+〉 ⊗ |L,+〉,
with |+〉 =

(
|↑〉+ |↓〉

)
/
√

2 satisfies the factorization condition if only if α = +.
Therefore, the two aforementioned states cannot be simultaneously separable.3
Consider, instead, the bipartition generated by spatially localised single-particle
operators, A1 = P

(
|L〉〈L| ⊗ O1,1

)
and A2 = P

(
|R〉〈R| ⊗ O2,1

)
for arbitrary

operators O1,2 of internal degrees of freedom, and separable-IV pure states

|ψ〉 =

(
|L,α〉+ |R,α〉√

2

)⊗2

, (B.10)

with |α〉 an arbitrary state of the single-particle internal degree of freedom. The
factorizaton condition is not satisfied in general:

〈ψ|A1A2|ψ〉 =
1

2
〈α|O1|α〉〈α|O2|α〉

6= 〈ψ|A1|ψ〉〈ψ|A2|ψ〉 = 〈α|O1|α〉〈α|O2|α〉 . (B.11)
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formalism. Consider a class of bipartitions by selecting orthogonal subspaces K1,2 of K Then,
the separable-IV state |ψ12〉 = |φ〉⊗ |φ〉 corresponds to |ψ12〉 =

(
(a†φ)

2/
√
2
)
|vac〉, while single-

particle operators of the form A1,2 = P
(
O1,2,1

)
where Oi does not vanish on Ki only, are

recast as A1,2 = 2
∑K1,2

k=1 o1,2k a†
ψ

(1,2)
k

a
ψ

(1,2)
k

, where the orthonormal vectors {|ψ(1)
k 〉}

K1
k=1 and

{|ψ(2)
k 〉}

K2
k=1are orthonormal bases in K1,2, and o

1,2
k the associated eigenvalues of O1,2. Then

one finds again a contradiction: 〈ψ12|A1 A2|ψ12〉 6= 〈ψ12|A1|ψ12〉〈ψ12|A2|ψ12〉.
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