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Rudjer Bošković Institute, Theoretical Physics Division
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1. Introduction

Since the origin of quantum field theory there have been proposals to add a new scale of length to the
theory in order to solve the problems connected to ultraviolet divergences. Later, the necessity of introducing
a fundamental length scale has also arisen in several attempts to build a theory of quantum gravity. In these

cases, the scale could be identified in a natural way with the Planck length Lp =
√

h̄G
c3

∼ 1.6 · 10−35 m [1].

A naive application of the idea of a minimal length, as for example a lattice field theory, would however
break Lorentz invariance. A way to reconcile the discreteness of spacetime with Lorentz invariance was
originally proposed by Snyder [2] a long time ago. This was the first example of a noncommutative geometry:
the length scale should enter the theory through the commutators of spacetime coordinates, see [3,4]. In
particular, the position operators obey the commutation relations

[xµ, xν ] = iβJµν , (1)

where Jµν are the generators of the Lorentz transformations and β is a parameter of dimension length square
that sets the scale of noncommutativity.1

In more recent times, using ideas coming from the development of noncommutative geometry [5], the
coproduct and star product structures induced by the position operators of the Snyder model have been
calculated [6,7]. However, in the Snyder model the algebra of the position operators does not close, as
is evident from (1), and hence the bialgebra resulting from the implementation of the coproduct is not
strictly speaking a Hopf algebra, as in other noncommutative geometries. In particular, the coproduct is not
coassociative and the star product is not associative [6].

A closed Lie algebra can however be obtained if one adds to the position generators the generators of the
Lorentz algebra [7]. In this way one can define a proper Hopf algebra, with coassociative coproduct.2 The
price to pay is the addition to the formalism of tensorial degrees of freedom and their conjugate momenta.
To distinguish from the standard noncommutative realization of the Snyder model [6], we call the algebra
where the Lorentz generators are added as extended coordinates extended Snyder algebra, and the theory
based on it extended Snyder model. The physical interpretation of the new degrees of freedom is however
not evident, they may be viewed for example as coordinates parametrizing extra dimensions [7].

In this paper, we construct new realizations of this extended algebra, perturbatively in the parameter β.
In order to construct them, we define an extended Heisenberg algebra, which includes the Lorentz generators
and their conjugate momenta. Then we consider a Weyl realization of the algebra in terms of the extended
Heisenberg algebra, and then generalize it to the most general one compatible with Lorentz invariance at
order β, including the one obtained in [7], and compute the coproduct and the star product in the general
case. We also calculate the twist in the Weyl realization.

We recall here some of the most relevant recent advances in Snyder theory: in [9] the Snyder algebra
was generalized in such a way to maintain the Lorentz invariance; in [6] the coproduct was calculated, in
[7] the same problem was investigated from a geometrical point of view, using the fact that the momentum
space of Snyder can be identified with a coset space; the twist was investigated in [10,11]. The construction
of a field theory was first addressed in [6,7] and then examined in more detail in [12]. Different applications
to phenomenology have been considered in [13]. Finally, the extension to a curved background was proposed
in [14] and further investigated in [15]. Also the nonrelativistic limit of the theory was studied in a large
number of papers, but we shall omit a discussion of this topic.

The paper is organized as follows: in sect. 2 we introduce the extended Snyder model and discuss its
Weyl realization in terms of an extended Heisenberg algebra; in sect. 3 we compute the coproduct and the
star product in this realization; in sect. 4 also the twist is calculated. In sect. 5, generic realizations up to
order β are introduced and coproducts and star products are obtained. Finally, in sect. 6 the relations of
these realizations with that of ref. [7] and with well-known nonassociative ones are discussed. In sect. 7 some
conclusion are drawn.

1 Throughout this paper we adopt natural units h̄ = c = 1.
2 Generally, Lie deformed quantum Minkowski spaces admit both Hopf algebra and Hopf algebroid struc-

ture [8].
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2. Extended Snyder model and Weyl realization

As mentioned in the introduction, the lack of associativity of the standard realization of the Snyder star
product is due to the fact that this is built in terms of the position coordinates only, whose commutators do
not close (cfr. (1)). An associative realization of the Snyder model can however be obtained by adding to the
algebra generated by the position coordinates x̂i the tensorial coordinates x̂ij , identified with the Lorentz
generators, so that they span the closed algebra (2). In fact, all Lie-algebra type non commutative spaces
induce associative star products and the coproducts of momenta are coassociative. This implies that the
star product we shall obtain in the present framework in eqs. (26), (27) is associative. If instead in the star
product only the Di were present, without the Dij , associativity would be lost.

We consider the extended Snyder algebra algebra generated by the N position operators x̂i and the
N(N − 1)/2 antisymmetric Lorentz generators x̂ij , with i = 0 . . . , N − 1,

[x̂i, x̂j ] = iλβx̂ij , [x̂ij , x̂k] = iλ(ηikx̂j − ηjkx̂i),

[x̂ij , x̂kl] = iλ(ηikx̂jl − ηilx̂jk − ηjkx̂il + ηjlx̂ik), (2)

where λ and β are real parameters. In particular, β can be identified with the Snyder parameter, which is
usually assumed to be of size L2

p, while λ is a dimensionless parameter. The parameter β can take both
positive and negative values, leading to quite different physical models. However, from an algebraic point
of view both cases can be treated in an essentially unified way. For β = 0, the commutation relations (2)
reduce to those of the standard Lorentz algebra acting on commutative coordinates.

The algebra (2) can be realized in terms of an extended Heisenberg algebra, which includes also the
Lorentz generators,

[xi, xj ] = [pi, pj] = [xij , xkl] = [pij , pkl] = 0,

[xi, pj ] = iηij , [xij , pkl] = i(ηikηjl − ηilηjk),

[xi, xjk] = [xi, pjk] = [xij , xk] = [xij , pk] = 0, (3)

where pi and pij are momenta canonically conjugate to xi and xij respectively, and pij = −pji. The momenta
can be realized in a standard way as

pi = −i ∂
∂xi

, pij = −i ∂

∂xij
. (4)

Note that, including the momenta pi in the algebra (2), with commutation relations

[pi, pj] = 0, [x̂ij , pk] = iλ(ηikpj − ηjkpi), [x̂i, pj] = i(ηij + λ2βpipj), (5)

one recovers the full original Snyder algebra [2].
To proceed with the computations, it is convenient to exploit the isomorphism between the extended

Snyder algebra and so(1, N), and write the previous formulas more compactly defining, for positive β,
x̂i ≡

√
β x̂iN , xi ≡

√
β xiN , pi ≡ piN/

√
β, with ηNN = 1, and µ = 0, . . . N .3 The extended Heisenberg

algebra (3) becomes then

[xµν , xρσ ] = [pµν , pρσ] = 0, [xµν , pρσ] = i(ηµρηνσ − ηµσηνρ), (6)

while the extended Snyder algebra (2) takes the form

[x̂µν , x̂ρσ] = iλCµν,ρσ,αβ x̂αβ , (7)

3 When β < 0 the algebra is isomorphic to so(2, N − 1). The coordinates are defined in the same way,
except that the absolute value of β must be taken under the square root and ηNN = −1. All results are
identical, with the appropriate choice of the sign of β.
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where Cµν,ρσ,αβ are the structure constants of the so(1, N) algebra,

Cµν,ρσ,αβ =
1

2

[

− ηνρ(ηµαησβ − ησαηµβ) + ηµσ(ηραηνβ − ηναηρβ)+

ηµρ(ηναησβ − ησαηµβ)− ηνσ(ηραηµβ − ηµαηρβ)
]

. (8)

that satisfy the symmetry properties Cµν,ρσ,αβ = −Cνµ,ρσ,αβ = −Cµν,σρ,αβ = −Cµν,ρσ,βα = −Cρσ,µν,αβ =
−Cµν,αβ,ρσ.

In general, if the coordinates x̂µ generate a Lie algebra [x̂µ, x̂ν ] = iCµνλx̂λ with structure constants
Cµνλ, then the universal realization of x̂µ corresponding to Weyl-symmetric ordering is given by [16]

x̂µ = xαφαµ(p) = xα

(

C
1− e−C

)

µα

, (9)

where Cµν = Cαµνpα. This realization enjoys the property

eikµx̂µ ⊲ 1 = eikµxµ , kµ ∈ R, (10)

where the action ⊲ is given by

xµ ⊲ f(xα) = xµf(xα), pµ ⊲ f(xa) = −i∂f(xa)
∂xµ

, (11)

or, in our case,

xµν ⊲ f(xαβ) = xµνf(xαβ), pµν ⊲ f(xαβ) = −i∂f(xαβ)
∂xµν

= [pµν , f(xαβ)], (12)

Hence, the corresponding Weyl realization of x̂µν in terms of the extended Heisenberg algebra (6) reads [16]

x̂µν = xαβ

(

λ C
1− e−λC

)

µν,αβ

= xµν +
λ

2
xαβ Cµν,αβ +

λ2

12
xαβ

(

C2
)

µν,αβ
+O(λ4). (13)

where

Cµν,αβ =
1

2
Cρσ,µν,αβpρσ =

1

2
(ηµαpνβ − ηµβpνα + ηνβpµα − ηναpµβ),

(

C2
)

µν,αβ
=

1

2

2
∑

k=0

(

2
k

)

(

(pk)µα(p
2−k)νβ − (p2−k)µβ(p

k)να

)

, (14)

and pµν is written in matricial notation.
Inserting C in (13), we find up to order λ2,

x̂µν = xµν +
λ

2
(xµαpνα − xναpµα)−

λ2

12
(xµαpνβpαβ − xναpµβpαβ − 2xαβpµαpνβ). (15)

One has then

[x̂µν , pρσ] = i(ηµρηνσ − ηµσηνρ) +
iλ

2
(ηµρpνσ − ηνρpµσ + ηνσpµρ − ηµσpνρ)

− iλ2

12
(ηµρpναpσα − ηµσpναpρα − ηνρpµαpσα + ηνσpµαpρα + 2pµρpνσ − 2pνρpµσ). (16)

One can rewrite eq. (15) in terms of its components as

x̂i = xi +
λ

2

(

xkpik − βxikpk
)

− λ2

12

(

xκpklpil + β(−xkpkpi + xip
2
k − xikplpkl − 2xklpkpil)

)

,

x̂ij = xij +
λ

2

(

xipj + xikpjk − (i↔ j)
)

− λ2

12

(

xikpjlpkl − xklpikpjl − xipkpjk + 2xkpipjk

+ βxikpkpj − (i↔ j)
)

. (17)

In the limit λβ = L2
p, λ = 0, the algebra (2) becomes the DFR (Moyal) algebra [3] and the realization

(15) takes the form

x̂i = xi −
L2
p

2
xikpk, x̂ij = xij . (18)

The corresponding Lorentz generators are

Mij = xipj − xjpi + xikpjk − xjkpik. (19)
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3. Coproduct and star product in Weyl realization

In order to compute the coproduct of the Hopf algebra, we use the formalism introduced in [17]. We
define a function Pµν(tkαβ) that satisfies the differential equation

dPµν

dt
=
i

2
[pµν , kρσx̂ρσ ]

∣

∣

p→P(tk)
= kρσΦµν,ρσ(Pαβ), (20)

with initial condition Pµν(0) = qµν . The function Φµν,ρσ(pαβ) is defined from (15) as x̂µν = xρσΦρσ,µν . In
our case, equation (20) takes the form

dPµν

dt
= kµν − λ

2
(kµαPνα − kναPµα)−

λ2

12
(kµαPαβPνβ − kναPαβPµβ − 2kαβPµαPνβ), (21)

and with the given initial condition has solution

Pµν = qµν + tkµν − λt

2

(

kµαqνα − kναqµα

)

− λ2

12

(

(

kµαqαβqνβ − kναqαβqµβ − 2kαβqµαqνβ
)

t

+
(

kµαkαβqνβ − kναkαβqµβ − 2kµαkνβqαβ
)

t2
)

. (22)

We can now define Pµν(kµν , qµν) ≡ Pµν(t = 1), so that

Pµν(kµν , qµν) = kµν + qµν − λ

2

(

kµαqνα − kναqµα

)

− λ2

12

(

kµαqαβqνβ − kναqαβqµβ − 2kαβqµαqνβ

+ kµαkαβqνβ − kναkαβqµβ − 2kµαkνβqαβ

)

. (23)

Defining then Kµν(kµν ) ≡ Pµν(qµν = 0), one has Kµν = kµν , and therefore also its inverse function
K−1

µν (kµν) = kµν .
It can be shown that the generalized momentum addition law is given by [17]

kµν ⊕ qµν ≡ Dµν(kαβ , qαβ) = Pµν(K−1
αβ , qαβ), (24)

and hence in our case Dµν(kαβ , qαβ) = Pµν(kαβ , qαβ). This yields the coproduct

∆pµν = Dµν(pµν ⊗ 1, 1⊗ pµν) = ∆0pµν − λ

2

(

pµα ⊗ pνα − pνα ⊗ pµα

)

− λ2

12

(

pµα ⊗ pαβpνβ

− pνα ⊗ pαβpµβ − 2pαβ ⊗ pµαpνβ + pµαpαβ ⊗ pνβ − pναpαβ ⊗ pµβ − 2pµαpνβ ⊗ pαβ

)

, (25)

with ∆0pµν = pµν ⊗1+1⊗pµν . It is straightforward to explicitly check the coassociativity of this coproduct.
It is also easy to see that the antipode is trivial, S(pµν) = −pµν .

Recalling our definitions x̂i =
√
βx̂iN and pi = piN/

√
β, we can write the functions Dαβ in terms of

their components, namely

Di(k, q) = ki + qi −
λ

2

[

kjqij − kijqj

]

+
λ2

12

[

β(kikjqj − k2j qi)− kjkjkqik + 2kikkjqjk

+ kijkjkqk + β(kjqjqi − kiq
2
j ) + kijqjkqk − 2kjkqkqij − kjqjkqik

]

, (26)

Dij(k, q) = kij + qij −
λ

2

[

kikqjk + βkiqj − (i↔ j)
]

+
λ2

12

[

kikkjlqkl − kikkklqjl

+ β(kikkqjk − kikkkqj − 2kikjkqk) + kklqikqjl − kikqklqjl

− β(kikqkqj − kiqkqjk − 2kkqiqjk)− (i↔ j)
]

. (27)
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The functions D(q, k) satisfy the symmetry properties

Di(q, k)
∣

∣

λ
= Di(k, q)

∣

∣

−λ
, Dij(q, k)

∣

∣

λ
= Dij(k, q)

∣

∣

−λ
. (28)

It also holds
e

i
2
kµν x̂µνe

i
2
qρσ x̂ρσ = e

i
2
Dµν(k,q)x̂µν , (29)

and
e

i
2
kµνxµν ⋆ e

i
2
qρσxρσ = e

i
2
kµν x̂µνe

i
2
qρσ x̂ρσ ⊲ 1 = e

i
2
Dµν(k,q)x̂µν ⊲ 1 = e

i
2
Dµν(k,q)xµν . (30)

Moreover, we can write

e
i
2
kµν x̂µν = eikix̂i+

i
2
kij x̂ij ,

eikixi+
i
2
kijxij ⋆ eiqkxk+

i
2
qklxkl = eiDixi+

i
2
Dijxij . (31)

In particular, from (26) and (27) one can obtain the star product for plane waves. Notice that the star
product of two translations clearly will have a component also in the direction of rotations,

eikixi ⋆ eiqjxj = ei[ki+qi−
1

12
λ2β(q2j ki−kjqjqi+k2

j qi−kjqjki)]xi−
i
2
λβkiqjxij ,

e
i
2
kijxij ⋆ e

i
2
qklxkl = e

i
2 [kij+qij−λkikqjk−

1

6
λ2(kikqklqjl−kklqikqjl+kikkklqjl−kikkjlqkl)]xij ,

eikkxk ⋆ e
i
2
qijxij = ei[ki−

λ
2
kjqij−

1

12
λ2kjqjkqik]xi+

i
2 [qij+

1

6
λ2βkikkqjk]xij ,

e
i
2
kijxij ⋆ e

i
2
qkxk = ei[qi+

λ
2
kijqj+

1

12
λ2kijkjkqk]xi+

i
2 [kij−

1

6
λ2βkikqkqj]xij . (32)

This star product is associative. One can also check that the star products of the coordinates xi and xij
satisfy the extended Snyder algebra. In fact, according to [7], denoting k the vector ki, l the tensor lij and
so on, and defining ek,l = ekixi+ljkxjk , the star product of the coordinates can be evaluated as follows:

xi ⋆ xj =

∫

dk dq dl dr δ(k)δ(q)δ(l)δ(r)∂ki
∂qj (ek,l ⋆ eq,r) = x̂i ⊲ xj = xixj + i

λβ

2
xij ,

xij ⋆ xkl =

∫

dk dq dl dr δ(k)δ(q)δ(l)δ(r)∂lij∂rkl
(ek,l ⋆ eq,r) = x̂ij ⊲ xkl = xijxkl + i

λ

2

(

ηikxjl − ηjkxil

− ηilxjk + ηjlxik

)

,

xk ⋆ xij =

∫

dk dq dl dr δ(k)δ(q)δ(l)δ(r)∂kk
∂rij (ek,l ⋆ eq,r) = x̂k ⊲ xij = xkxij − i

λ

2

(

ηikxj − ηjkxi

)

,

xij ⋆ xk =

∫

dk dq dl dr δ(k)δ(q)δ(l)δ(r)∂lij∂qk(ek,l ⋆ eq,r) = x̂ij ⊲ xk = xijxk + i
λ

2

(

ηikxj − ηjkxi

)

. (33)

Therefore,

[xi, xj ]⋆ = iλβxij , [xij , xk]⋆ = iλ(ηikxj − ηjkxi),

[xij , xkl]⋆ = iλ(ηikxjl − ηjkxil − ηilxjk + ηjlxik), (34)

which is isomorphic to the algebra (2).

4. The twist for the Weyl realization

In this section, we construct the twist operator at second order in λ, using a perturbative approach.
The twist is defined as a bilinear operator such that ∆h = F∆0hF−1 for each h ∈ so(1, N).

The twist in a Hopf algebroid sense can be computed by means of the formula [10,18]

F−1 ≡ eF = e−
i
2
pµν⊗xµνe

i
2
pρσ⊗x̂ρσ . (35)
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By the Baker-Campbell-Haussdorf formula eAeB = eA+B+ 1

2
[A,B]+..., one gets

F =
i

2
pµν ⊗ (x̂µν − xµν)−

1

8
pµνpρσ ⊗ [xµν , x̂ρσ] + . . . (36)

where we can safely ignore further terms because it can be explicitly checked that they give contributions of
order λ3.

Substituting (15) in (36), one obtains

F =
iλ

2
pαγ⊗xαβpγβ−

iλ2

24

(

2pαγ⊗xαβpβδpγδ−2pγδ⊗xαβpαγpβδ−pαγpβδ⊗xαβpγδ+pαγpδγ⊗xαβpδβ
)

. (37)

Using the Hadamard formula eABe−A = B + [A,B] + 1
2 [A, [A,B]] + . . ., it is easy to check that

F∆0pµνF−1 = ∆pµν , (38)

with ∆pµν given in (25), as expected.

5. Generic realizations

We consider now the most general realization of the commutation relations (2) in terms of the elements
of the extended Heisenberg algebra (3), up to second order in λ. Of course, this will deform the commutation
relations between coordinates and momenta in (5).

The generic form of the Lorentz-covariant combinations of the generators of the algebra (3), linear in
xi, xij , up to order λ2 is given by4

x̂i = xi + λ
(

βc0xikpk + c1xkpik
)

+ λ2
(

β(c2xip
2
k + c3xkpkpi + c4xikpklpl + c5xklpkpil) + c6xkpklpil

)

,

x̂ij = xij + λ
(

d0xikpjk + d1xipj − (i↔ j)
)

+ λ2
(

βd2xikpkpj + d3xikpklpjl + d4xklpikpjl + d5xipkpjk

+ d6xkpikpj − (i↔ j)
)

. (39)

In order to satisfy (2) to first order in λ one must have

c0 = −1

2
, d0 =

1

2
, c1 + d1 = 1. (40)

Hence, at this order one has one free parameter. In particular, in the Weyl realization (17), d1 = c1 = 1
2 .

To second order in λ, one has ten new parameters c2, . . . , c6, d2, . . . , d6 that must satisfy the six inde-
pendent relations

c1
2

− 2c2 + c3 = d1,
c1
2

+ c4 + c5 =
1

2
, d3 − 2d4 = −1

4
,

c5 − d2 =
1

4
,

c1
2

+ c6 − d6 = 0,
c1
2

− c1d1 + c6 + d5 = 0. (41)

Hence up to second order one has five free parameters. For example, one may choose as free parameters c1,
c2, c4, d4 and d5, so that d1 = 1− c1 and

c3 = 1− 3c1
2

+ 2c2, c5 =
1

2
− c1

2
− c4 c6 =

c1
2

− c21 − d5,

d2 =
1

4
− c1

2
− c4, d3 = −1

4
+ 2d4, d6 = c1 − c21 − d5. (42)

4 In principle, one may add further terms to (39), namely the terms xipklpkl and xklpklpi to x̂i, and
xijpkpk, xijpklpkl, xklpklpij , xkpkpij to x̂ij . However these terms must vanish if one requires that the
Snyder algebra is satisfied.
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It is easy to verify that the coefficients of the Weyl realization (17) satisfy the above relations with c1 = 1
2 ,

c2 = −c4 = −d4 = −d5 = − 1
12 .

Note that setting β = 0 in (39) one obtains realizations of the Poincaré algebra. For example, the Weyl
realization for the operators x̂i and x̂ij of the Poincaré algebra becomes

x̂i = xi +
λ

2
xkpik − λ2

12
xkpklpil,

x̂ij = xij +

[

λ

2

(

xipj + xikpjk
)

− λ2

12

(

xikpjlpkl − xklpikpjl − xipkpjk + 2xkpipjk
)

− (i↔ j)

]

. (43)

Through the same procedure as in the previous section, one can determine the coproduct for the generic
realization (39). The differential equations for Pi(tk) and Pij(tk) are

dPi

dt
= i

[

pi, kkx̂k +
1

2
kklx̂kl

]

∣

∣

∣

∣

p→P(tk)

,

dPij

dt
= i

[

pij , kkx̂k +
1

2
kklx̂kl

]

∣

∣

∣

∣

p→P(tk)

, (44)

with initial conditions Pi(0) = qi and Pij(0) = qij . After some calculations, one can write down the functions
Di(k, q) and Dij(k, q) that appear in the star product of plane waves,

Di(k, q) = ki + qi + λ (−c1kjqij + d1kijqj) +
λ2

2

[

β (c0c1 + c3) k
2
j qi + β(−c0c1 + 2c2 + c3)kikjqj

+
(

c21 − c1d0 − c1d1 + c6 + d6
)

kjkjkqik + (c1d0 + c1d1 + c6 − d5)kikkjqjk

+
(

d21 + d5 − d6
)

kijkjkqk + 2βc2kiq
2
j + 2βc3kjqjqi + 2d5kijqjkqk + 2d6kjkqjqik

+ 2c6kjqjkqik

]

, (45)

and

Dij(k, q) = kij + qij + λ (−d0kikqjk + βc0kiqj − (i↔ j)) +
λ2

2

[

β (−c0c1 + c4 − c5) kikkqjk

+ (−d20 + d3 + 2d4)kikkklqjl +
(

d20 + d3
)

kikkjlqkl + β (c0d0 + c5 + d2) kikkkqj

+ β(c0d0 + c0d1 + c4 − d2)kikjkqk + 2βd2kikqkqj + 2d3kikqklqjl + 2d4kklqikqjl

+ 2βc4kiqkqjk + 2βc5kkqikqj − (i↔ j)
]

. (46)

From these functions one can easily obtain the star product and the coproduct in the general case, see (25)
and (31). In particular, for c0 = − 1

2 and kij = qij = 0, one has

eikixi ⋆ eiqjxj = ei[ki+qi+
1

2
λ2β(2c2q2j ki+2c3kjqjqi+(c3−

c1
2
)k2

j qi+(2c2+c3+
c1
2
)kjqjki)]xi−

i
2
λβkiqjxij , (47)

which for c1 = 1
2 , c2 = −c3 = − 1

12 reduces to the first relation in (32).

6. Comparison with the Girelli-Livine approach

The authors of [7] studied our model in 3D Euclidean space using geometric methods, with a very
different parametrization, adapted to the coset space nature of the Snyder momentum space. In our notations,
their star product for plane waves takes the form, at second order in λ,

eikixi ⋆ eiqjxj = exp

[

i

(

ki + qi +
λ2β

2
(kjqjki + k2j qi + 2kjqjqi)

)

xi − i
λβ

2
kiqjxij

]

. (48)

This expression corresponds to a realization (39) with c0 = − 1
2 , d0 = 1

2 and c1 = c2 = 0. It follows from
(42) that c3 = 1, but the other coefficients are not determined and depend on three free parameters. If one
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also requires d5 = 0, this may be called a generalized Snyder realization, since it obeys all the commutation
relations of the original Snyder model [2], given by (2) and (5). Note that the momenta pij do not appear in
these relations. Of course, additional commutation relations are obeyed by the momenta pij , but they are
not of interest for our considerations.

One may consider more general realizations belonging to the previous class, with c0 = − 1
2 , d0 = 1

2 ,
c1 = 0 and three free parameters. For example, c2 = − 1

2 , implies c3 = 0 and gives rise to a realization that,
for d5 = 0, reproduces at order β the commutation relations of the Maggiore realization introduced in [9].

More generally, these representations generalize those introduced in [10], with arbitrary c2 and c3 =
1 + 2c2. In particular, one can choose the free parameters such that

x̂i = xi +
λ2β

2

[

(c3 − 1)xip
2
k + 2c3xkpkpi

]

− λβ

2
m̂ikpk

x̂ij = m̂ij + λ(xipj − xjpi), (49)

where the m̂ij generate the Lorentz algebra so(1, N − 1) and

[m̂ij , xk] = [m̂ij , pk] = 0. (50)

For example, in the Weyl realization of m̂ij , d3 = −d4 = − 1
12 , leaving c3 as a free parameter. In the limit

β = 0, x̂i reduces to xi.

7. Conclusions

The coalgebra usually associated to the Snyder model is noncoassociative, and this fact prevents the
definition of a proper Hopf algebra, whose coproduct is by definition coassociative. The reason is that the
algebra of the position operators of the Snyder model does not close. However this can be remedied by
including the Lorentz generators in the defining algebra [7]. In this way a standard coassociative Hopf
algebra can be defined.

In this paper we have studied the realizations of this extended algebra in terms of the deformations
of an extended Heisenberg algebra, which contains tensorial elements that in the deformation assume the
role of Lorentz generators. We have obtained the coproduct, the star product and the twist in the case of
a Weyl realization. We have also considered the most general realization of the algebra up to second order
in the expansion parameter λ (or equivalently at first order in the Snyder parameter β) and calculated the
corresponding coproduct and star product.

Although this approach may be considered more rigorous than the standard one from a mathematical
point of view, the physical interpretation of the new degrees of freedom, related to the Lorentz generators
and their momenta, is still an issue. In ref. [7] the tensorial coordinates xij were interpreted in a Kaluza-
Klein perspective, as coordinates of extra dimensions, hence not identified with Lorentz generators. It is
also important to note that the action of noncommutative tensorial coordinates on 1 is defined to give
commutative tensorial coordinates (see eqs. (30) and (33)). The noncommutative tensorial coordinates are
related to the parametrization of the dual Lorentz group. This topic is presently being investigated.

In applications, one may for example build a field theory assuming that the fields ψ(x̂µν ) depend only
on the spacetime coordinates [7], i.e. ψ(xµν) = φ(x̂i)δ(x̂ij). In this way one would however recover the usual
nonassociative star product. Another possibility is that the extra coordinates parametrize a compactified
internal space. In this case associativity would be preserved, but nontrivial physical consequences would
presumably arise. We leave the investigation of this possibility for future work. In any case, a field theory
based on this formalism could avoid the shortcomings due to the nonassociativity of the star product [12],
but different problems can arise because of the intertwining between the position and the extra degrees of
freedom [7].

To conclude, we observe that also the standard commutative theory, as well as DFR spacetime [3], can
be formulated in this extended framework, as we have observed several times in the text. The investigation
of these elementary cases could be a good starting point to better understand the physical implications of
the present formalism, in particular in relation with quantum field theory.
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