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ABSTRACT
Nanostructured materials play a significant role in numerous advanced and diversified applications many of which exploit their optical properties. Among these are nanostructured substrates for surface-enhanced Raman scattering (SERS). The objective of our study was to contribute to understanding of topological aspects influencing and underlying SERS on nanostructured substrates. To that purpose we fabricated Ag-decorated Si-nanowires (SiNWs) substrates with different fractal and lacunar characteristics. We demonstrated that fractal dimension and lacunarity have a profound influence on SERS enhancement. We discussed the involved interplay between long-range properties of nanostructured substrate, namely its fractal topology, and short-range local features on a nanometer scale related to the distribution of inter-wire gaps (i.e. lacunarity) which strongly affect the local field enhancement, altogether precipitating in significant increase of SERS. Explanation of a strong correlation found to exist between fractal dimension D, lacunarity and SERS enhancement and the observed abrupt increase of SERS at D  2.54 are provided within the framework of the percolation theory. For a percolated fractal structure a strong enhancement depends on the excitation wavelength resonantly matching the heterogeneity sizes of inter nanowire gaps as characterized with a high lacunarity determining the distribution of localized optical excitations i.e. hot spots. 
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Introduction
Generally, optical properties of nanostructured materials play paramount role in numerous advanced and diversified applications. Among these is use of nanostructured substrates for Surface-Enhanced Raman Scattering (SERS) whose optical properties have profound influence on enhancement of Raman signal. SERS is a highly sensitive spectroscopic technique exploiting the effect of enhancement of weak Raman scattering by molecules adsorbed on nanostructured or rough metal surfaces. The exact mechanism of the enhancement effect of SERS is still a matter of debate in the literature. However, it is now generally agreed that the dominant contributor to SERS processes is the electromagnetic enhancement mechanism [1]. According to this model the inherently weak Raman signals, originating from molecules adsorbed on a substrate’s surface are enhanced by several orders of magnitude if the molecules are localized in nanoscale regions of intense optical fields i.e. trapped between adjacent plasmonic surfaces in the substrate, so-called “hot-spots” [2]. Since the SERS signal intensity depends on analyte - plasmon interaction occurring after adsorption of the analyte molecules onto the SERS substrate, the SERS substrate plays a paramount role in the enhancement process. In that context, among the great variety of SERS substrates [3] the attention has recently turned towards fractal nanostructures due to their exceptional performances in SERS. Theoretically, such structures cannot support ordinary wave propagation due to their lack of translational invariance. Hence, plasmonic waves become localized within fractals. Since the long-range interactions are suppressed, the individual dipolar modes of metallic particles, being spatially localized, enhance the field within these nanoscopic substrate regions resulting in exceptional SERS enhancement [4, 5]. 
Recently, the use of silicon nanostructures, particularly silicon nanowires (SiNWs) as SERS substrates draw considerable attention [6-9]. This interest is motivated by high enhancement factors, large surface-to-volume ratios, high measurement reproducibility and relatively low-cost fabrication compatible with the well-established silicon technology. In regard to investigations of SiNWs structures, these were mostly limited to 2d arrays of vertically oriented wires, while less attention has been devoted to the investigation of random 3d structures [10-17]. 
As far as our knowledge goes so far there was no systematic inquiry into the relationship between characteristics of random fractal structures, namely values of fractal dimension and lacunarity, and its optical properties, particularly the enhancement of Raman scattering. Furthermore, it is well known that percolation, a second order phase transition often results in dramatic changes in structure’s properties. Hence, we expect that percolation occurring in nanostructures such as random silicon nanowires structure should have a profound influence on its optical properties, particularly regarding SERS, since the theory predicts that “hot spots” are much stronger at percolation thresholds [18]. However, so far this aspect has not been given sufficient attention.
In this context, our aim was to investigate the relation between fractal substrate structure, characterized by its fractal dimension and lacunarity, and Raman light scattering enhancement in relation to percolation. To that purpose we have used a substrate consisting of 3d randomly oriented SiNWs decorated with silver nanoparticles.
We demonstrate that on the one hand the strong Raman enhancement is strictly correlated with the substrate’s fractal dimension, which in turn can be controlled with the synthesis temperature and, on the other hand, length scales at which the refractive index primarily fluctuates governed by structure’s lacunarity. The observed results are explained within the framework of the percolation theory. Particularly we show that the abrupt change in SERS is result of a second order phase transition - percolation occurring in the nanostructure.

1. Methods 
2.1. Nanowire synthesis and substrate fabrication 
We synthetized samples of randomly oriented SiNWs intended to be used as SERS substrates on p-type Si substrates (〈100〉 orientation, and 5–10 Ωcm resistivity) by a vapour – liquid – solid (VLS) growth method in a low – pressure chemical vapour deposition (LPCVD) reactor using previously reported method [9]. Briefly, we first cleaned Si wafers applying standard cleaning procedures [19] followed by the thin pre-layer Au sputtering in Polaron E5000 sputter coater. Next, prior to application of the VLS method, we performed annealing for one hour at temperatures from 480°-560°C. The VLS process was carried out with 26% SiH4 diluted in Ar at 270 sccm flow rate during 1h deposition period. In each experiment, the annealing temperature was the same as VLS deposition temperature. We decorated the randomly orientated SiNWs obtained in the previous step by Ag nanoparticles using the same sputtering system for several minutes under constant Ar flow. 

2.2. SERS measurements
For SERS measurements, the 3x3 mm size substrate samples were immersed in ethanol solution of mercaptophenylboronic acid C6H7BO2S (4-MPBA) for several hours and subsequently dried. 
The Raman spectroscopy measurements were performed on Jobin Yvon T64000 Raman spectrometer in micro-single configuration. The laser power at 532 nm on the sample with 1μm spot size was ∼1–2 mW. For all experiments, the 50x/0.75 objective was used. Exposition time was 20s for 1 scan. Mapping features: 100 points, 10 µm step, 1 scan/point, 10 s/sc.

2.3 Fractal analysis 
Fractal and lacunarity analysis were performed on grey-scale SEM images using Fractal 3e [20], Frac-Lac, a plug-in for Image J [21] and Gwyddion [22] software.
There are several methods available for determination of fractal dimension [23] from the grey-scale images (pixel intensity values 0-255) which are used by different software. Our selection of the method for determination of fractal dimension was based on its appropriateness for the problem at hand and on comparative evaluation of performances, advantages and disadvantages of various methods, as discussed in the literatule [23, 24].  
We used Fractal 3e software [20] that uses the Difference statistics (dynamic scaling) method [25]. The Difference Statistics (Dynamic Scaling) method suitable for grey scale images, relies on establishing the difference function Δf() as a function of spatial scale, as described in Refs. [23] and [25]:
																		(1)
Here,  f(x0,y0) is the value of the considered function (representing height or intensity) at reference point and f(x, y) is its value at a point at distance  from the reference point. The difference is averaged over spatial extent of the considered surface/image. If the considered function is the height h then the difference function Δh() is also known as hight-hight correlation function. 
Now, for   :  
Δf() H 						(2)
Here,  is lateral correlation length and H = d-D is Hurst or Hölder exponent related to the embedding and fractal dimensions d and D, respectively [26-29]. 
Hence, taking the logarithm of both sides of Eq. 2 and letting  to go to zero, the fractal dimension (in a three dimensional space) is obtained as [28]:									
						(3)

2.4. Lacunarity analysis 
Lacunarity is generally inferred from patterns extracted from digital images using box counting method. The arrangement of pixels is examined using box-shaped elements from a set of arbitrary sizes, denoted . The box of size  is placed successively over the entire image, and the number of pixels that fall within the box is recorded. Thus, from the pixel distribution in an image, obtained from scans at different box sizes and at different grid orientations (g) the lacunarity (, g) is calculated as
 λ(ε,g) = CV(ε,g)2 = (σ⁄μ)2ε,g					(4)
where CV is the coefficient of variation,  and µ are standard deviation and mean for pixels per box at size ε, and orientation g [30,31]. Hence, there is a value of λ for each  from each series of grid sizes and for each g, from a set of grid orientations.  
The result is usually presented as a plot of Ln () vs. Ln ().To avoid the computationally awkward situations that may occur with homogenous images with vanishing standard deviations and consequently undefined slopes of regression lines the results are transformed to 
  					(5)
The slope of ln-ln regression line of  over all ε is calculated for each g using this equation to avoid an "undefined" calculation. Namely, a completely homogeneous image will not vary in the pixels per box, so that the standard deviation, σ, for a box count at some ε will be 0. This means that  = = 0, which makes sense, but it also means that the ln of λ and therefore the slope of the ln-ln regression line for λ and ε would be undefined. Thus, we transform the data using λ+1, so that a completely homogeneous image has a slope of 0, corresponding intuitively to the idea of no rotational or translational invariance and no gaps [21]. 

2. Results and Discussion
3.1. Fabrication and characterization of the fractal SiNWs substrates
Fabrication of the nanostructured SiNWs SERS substrate requires synthesis of SiNWs mesh and decoration of nanowires with Ag nanoparticles as described in the Methods. We synthetized  randomly oriented SiNWs substrates at different temperatures in the range 480°C -560°C, resulting in different substrate structures. The structures of the SiNWs substrates were examined using Jeol JSM 7000F scanning electron microscope (SEM) under 10 kV. For further characterization of the substrates we performed fractal and lacunar analysis of grey scale SEM images. Representative SEM images of SiNWs substrates (recorded at the same magnification), as well as their three-dimensional views, generated by the Gwyddion software, are depicted in Fig. 1. SEM images reordered at an order of magnitude higher magnification reveal the SiNW coverage with Ag nanoparticles. After short sputtering times (3 and 5 min), the SiNWs are relatively uniformly decorated with oval Ag nanoparticles of 20–40 nm diameter (Fig. A.1 in the Appendices). 
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 Fig. 1. SEM images and three dimensional views, of randomly oriented Si-nanowires SERS substrates. Substrates synthetized at T = 500 °C and at T = 560 °C are depicted in the upper (a-b) and lower (c-d) rows, respectively. The recorded SEM images (magnification 15000x), with dimensions 1280x1024 px, correspond to actual dimensions of 7.84 µm x 6.28 µm and height  0.7 µm (1px = 6.13nm).

In the SEM images similar yet distinctively different structures of SiNW substrates are clearly seen. The self - similarity of the substrate structures is revealed by inspecting SEM images taken at different magnifications (not shown here) and confirmed with subsequent fractal analysis. Analysis of the SEM images shows that the processing/synthesis temperature has a profound influence on structure and characteristics of substrates of randomly oriented SiNWs mesh. It also influences dimensions of the nanowires, particularly the thickness that increases with the increase of temperature viz. 45 – 70 nm and 120-180 nm for 500 0C and 560 0C, respectively. The surface roughness parameters inferred from SEM images (not presented here) also vary considerably and are correlated with the synthesis temperature as well as with the fractal dimension. The latter in compliance with the previous finding that there exists a strong correlation between certain roughness parameters and corresponding fractal dimension [32]. 
Next, we performed fractal and lacunarity analysis of grey scale SEM images. Fractal dimension D, as a measure of geometric complexity, is suitable for quantitative assessment of structures that are difficult to describe using classical Euclidean measures, and whose morphology is represented in binary or grayscale digital images. On the other hand, lacunarity can quantify additional features of patterns such as translational or rotational invariance and more generally, heterogeneity of a fractal structure. Lacunarity, being a measure of spatial heterogeneity provides means that can distinguish between two objects that have the same D but are structurally different. Thus, it can be used to differentiate between SEM images that have similar fractal dimensions but different appearances. 
Firstly, we performed fractal analysis as described in the Methods. The analysis of SEM images established the fractal character of all considered substrates as documented further on.
Values of fractal dimensions Dg of SiNWs substrates inferred from their grey-scale SEM images are depicted in Fig. 2. Dg (subscript “g” denotes that the fractal dimension was derived from grey scale images) corresponds to the volume structure of the substrate, hence 2 < Dg < 3. A higher value of Dg indicates that the considered fractal structure has a higher space-filling capacity. Obviously, all considered SiNWs substrates are fractal structures yet with different fractal dimensions resulting from different fabrication temperatures. In respect to the substrate fabrication temperatures the highest fractal dimension occurs at T = 500 0C, with the value of about 2.65 (Fig.2). 
Furthermore, the SiNW SERS substrate is a complex random structure and it would not be unexpected that it could also exhibit multifractal properties. Our preliminary multifractal analysis of substrate samples (see the Appendix D.) shows low to moderate degrees of multifractality. The involved (multi/bi) fractal dimensions do not differ much from corresponding Dg which represents the average value over all scales involved. The most important result of the preliminary fractal analysis is that there is no correlation between the degree of multifractality of our samples and the corresponding enhancement factors (the corresponding regression coefficient R2 = 0.1242). Thus, further multifractal analysis is beyond the scope of this paper.
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Fig. 2.  Fractal dimensions of SiNWs substrates vs. fabrication temperature. Fractal dimensions of the substrates (identified by the fabrication temperature) were inferred from the corresponding grey-scale SEM images. The symbols represent average values and the error bars represent the corresponding standard deviations. 
In light of the fact that the structures with lack of translational invariance prevent usual wave propagation and promote plasmonic wave localization within fractals resulting in exceptional SERS enhancement the lacunarity analysis of synthetized substrates is of high relevance for our study. Lacunarity is a concept distinct and independent from the fractal dimension and needs more than one numerical variable to be fully determined. Lacunarity is strongly related to the size distribution of the “holes” (voids) on the fractal structure and to its deviation from translational invariance. At a given scale, low lacunarity indicates homogeneous and transitionally invariant structure because all gap/voids sizes are of similar size, whereas objects of high lacunarity are heterogeneous and not transitionally invariant. However, it is important to note that high-lacunarity objects which are heterogeneous at small scales can be quite homogeneous at larger scales or vice versa. In other words, lacunarity is a scale-dependent measure of the spatial complexity of patterns [33, 34]. Hence, as a scale-dependent quantity the lacunarity is usually presented as a lacunarity curve representing values of lacunarity vs. sampling window size (c.f. Fig. 3a). We determined the substrates’ lacunarities from the corresponding SEM images following the procedure outlined in the Methods. The representative results of lacunarity analysis of grey-scale SEM images are presented in Fig. 3a, where the plot of average lacunarity Ω of grey-scale SEM images vs. window sampling element size is depicted.
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Fig. 3. Lacunarity of SiNWs SERS substrates. (a) Representative lacunarity curves of SiNWs substrates (identified with the fabrication temperature) vs. sampling window size (in pixels). Note that 1px = 6.13nm. (b) Average substrate lacunarity inferred from grey scale SEM images at sampling window sizes corresponding to the incident wavelength (532 nm) vs. substrate fabrication temperature.

Inspection of lacunarity curves depicted in Fig.3a shows that the lacunarity increases nearly exponentially with a decrease of the sampling window size and exhibits considerable fluctuations at greater sampling window sizes (> 50px). Since the lacunarity is a scale dependent quantity it is necessary to consider lacunarity at relevant scales i.e. these compatible with the involved wavelengths. Generally, strong light scattering occurs when the dimensions of a structural inhomogeneity are compatible with the effective wavelength of light propagating in the medium. The lacunarities of investigated substrates (identified by the fabrication temperature) at sampling window sizes corresponding to the incident wavelength are depicted in Fig.3b. The maximum of lacunarity indicating relatively lower translational invariance of the substrate structure occurs for substrate manufactured at T = 500 0C with fractal dimension Dg = 2.65. 


3.2. Analysis of enhancement of Raman scattering (SERS) in the fractal SiNWs substrates

We quantified the enhancement performances of fractal SiNWs substrates with SERS measurements performed on a Raman spectrometer in micro-single configuration with  532 nm excitation and using ethanol solution of mercaptophenylboronic acid (4-MPBA) as an analyte as  described in the Methods. 
The assemblies of nanostructures with fractal properties, whether ordered or disordered, profoundly influence the light transport inside the materials and, consequently, their optical properties, in particular the light scattering [1–5, 18]. When compared to non-fractal structures, where the surface plasmon modes are delocalized over a longer range, electromagnetic field enhancement in fractal structures due to the localization of plasmonic waves within fractals can be greater by an order of magnitude [35]. The localization occurs essentially by the confinement of local modes within the metal nanostructure, leading to a strong enhancement in the local plasmon intensity. In that context a “hot spot” is defined as a junction or close interaction of two or more plasmonic objects where at least one object has a small radius of curvature on the nm scale [36]. Hot spots are formed due to the collective and phase coherent excitation of localized surface plasmon resonance. The structural network of hot spots concentrates an incident electromagnetic field and effectively amplify the near field between and around the nanostructures. The intensity of surface-enhanced light scattering at a hot spot scales with the fourth power of the local field enhancement at the metal surface [37]. Moreover, the fractal geometry of such a system results in a scale-free localization, i.e. hot spots exist on all size scales ranging from those of the nanoscale components of the system to that of the entire structure. Also the size of the hot spots fluctuates widely across the structure. Altogether, in effect the overall enhancement should be structure dependent. 
We have indeed observed such structure dependent enhancement of the spectral intensity as illustrated by SERS spectra of 10-3 M MPBA recorded at different fractal SiNWs substrates as depicted in Fig. 4. The 4-MPBA SERS spectral band assignment, not relevant for the present considerations, is given in the Ref. [38].
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Fig. 4. Enhancement of SERS spectra. (a) Representative SERS spectra of 10-3 M MPBA recorded with the same experimental parameters at different SiNWs substrates S(T) designated by the corresponding fabrication temperature. (b) The integral intensity of 10-3 M MPBA Raman spectra in the relevant spectral range 900 cm-1 - 1700 cm-1 vs. the fabrication temperature of randomly oriented SiNWs mesh substrates.  

From Fig. 4b, it can be clearly seen that the SERS intensity highly depends on substrate structure and that the highest integral SERS intensity is obtained using the substrate fabricated at T=500 0C. Such, substrate’s structure dependent, intensity variation was also observed for single line intensities of principal Raman lines situated at  1074 cm-1 and  1585 cm-1.  This indicates that the enhancement process is independent of the specific molecular vibration, represented by its characteristic Raman shift, but rather related to the substrate structure. The same behavior was observed regardless of the investigated analyte concentration. It is obvious that, with all other parameters being equal, the intensity of Raman scattering depends on substrate structure which is determined by the fabrication temperature and characterized by its fractal dimension and lacunarity. Mapping of the substrates responses (Fig. 2SI in the ESI) reveals relatively homogenous SERS response over the substrate surface with relative standard deviation SD ≤ 10%. It is commonly accepted that SD values around 20% indicate a fair grade of homogeneity in SERS detection [39, 40]. 
Next we discuss the interplay between long-range properties of nanostructured substrate, namely the fractal topology of the structure and the percolation phase transition,  and short-range local features on the nanometer scale which are related to the distribution of inter particle/wire gaps (lacunarity) and strongly affect the local field enhancement. First, we examined the correlation between fractal dimensions of substrates Dg and corresponding spectral intensity enhancement. The dependence of integral SERS intensities on Dg for the relevant spectral band as well as the two main spectral lines cantered at  1074 cm-1 and  1585 cm-1 (cf. Fig. 4a) is depicted in Fig. 5a. The observed SERS intensities are well correlated with fractal dimension. The corresponding regression coefficients are 0.817, 0.879 and 0.855, respectively. 
The enhancement factor (EF) calculated from SERS spectra for 10-3 M MPBA sample on the SiNWs substrates vs. corresponding fractal dimension is presented in Fig. 5b. The EF were calculated for Raman peak at 1585 cm-1 (calculation details are described in ESI), and the enhancement is uniform over the whole surface, with a standard deviation of about 10%, as documented by mapping data presented in the ESI.
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Fig. 5. Influence of substrate fractal dimension on Raman spectrum enhancement. (a) Integral Raman spectral band and line intensities of 10-3 M MPBA sample recorded at various substrates characterized with the corresponding fractal dimensions Dg. (b) Enhancement factor for principal SERS line at 1585 cm-1 vs. substrate’s fractal dimension. Dpc denotes theoretical fractal dimension at the percolation threshold.

Inspection of plots of SERS intensity and enhancement factors vs. Dg (Fig. 5a and 5b) shows a threshold in the variation of the integral spectral intensities and a threshold in the corresponding EF occurring at about Dg  2.53. After the threshold, SERS intensity and EF increase rapidly. For principal SERS line at 1585 cm-1 this rapid growth is confined to a narrow range of 2.54 < Dg < 2.56 after the threshold value. In this range, a slight increase of Dg of only 1% results in nearly doubling of enhancement factor. For Dg   > 2.57 the spectral intensities and EF only slowly increase with a further increase of Dg. 
The experimental data depicted in Fig.5, i.e. change of intensity/enhancement factor with change in fractal dimension, are excellently fitted with a sigmoidal-logistic growth model as illustrated in Fig. 6. Previously various sigmoidal growth models were extensively used in numerous studies of percolation such as e.g. investigation of the percolation threshold of electrical conductivity in polymer composites [41].
In our case the corresponding equation of a sigmoidal-logistic growth is given by:

 						(6)

Here, Y is the dependent variable (intensity, enhancement factor etc.), Y0 is an initial/base value, Ym is final value, D is fractal dimension, D0 is point of maximal growth rate and n a slope factor. 
	Analysis of all fitted data, such as those depicted in Fig. 6 shows that the point of maximal growth rate D0 of dependent variables (intensities and/or enhancement factors) is practically identical with value D0 = 2.555  0.003, while the growth is confined to a very narrow D range. The values at 20% and 80% of corresponding maximal values Y(20) and Y(80) occur at D = 2.546  0.005 and D = 2.563  0.003. In application of sigmoidal-logistic growth to percolation problems it is often assumed that that the point of maximal growth rate (here D0) corresponds to the percolation threshold [41].
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Fig. 6. Fit of experimental data for principal SERS line at 1585 cm-1 vs. substrate’s fractal dimension with sigmoidal-logistic growth model. (a) SERS intensity and (b) the corresponding enhancement factor. Symbols denote experimental data and lines fit with the sigmoidal-logistic growth model. Dpc denotes theoretical fractal dimension at the percolation threshold and D0 is point of maximal growth rate. D0 = 2.552 and R2 = 0.9845

Such experimentally observed behavior can be explained within the framework of the percolation theory [42]. Namely, the value of fractal dimension at the observed threshold of intensity/enhancement factor jump closely (within measurement uncertainty) corresponds to the theoretical percolation threshold in three dimensions (Dpc = 2.52) thus, indicating appearance of a connected, weakly correlated disordered structure [43]. Percolation, a second order phase transition, represents the basic model for a structurally disordered system. The percolation theory deals with development and growth of connectivity within structures, particularly aggregates and clusters. Percolation threshold is a mathematical concept in percolation theory, indicating the occurrence of a long-range connectivity in random systems. It is the critical value pc of the occupation probability p, at which large structures/clusters and long-range connectivity first appears. Theoretically, when p approaches the critical point nanowire clusters grow and merge together to form an infinite connected cluster. The fractal dimension Dpc of a percolating system depends only on (Euclidian) dimensionality d of the system and not on details of local structure geometry [40]. The theoretical fractal dimensions at percolation thresholds for systems in three and two dimensions are 2.52 and 1.89, respectively.
Here, it is worth noting that the generated percolation structure dramatically modifies characteristics of the material: a structural phase transition occurs, the correlation length jumps, order parameter and the object symmetry and other parameters are changing, thus leading to changes in physical-chemical and mechanical characteristics. Such structures substantially modify the diffusion and conductivity processes, affect the kinetics of chemical reactions, define the mechanical strength and corrosion resistance, and lead to other phenomena [44-46].
Hence, we may conclude that in our case the significant increase of SERS occurs after the onset of percolation which results in a connected, weakly correlated structure. This is in line with theoretical prediction that the „hot spots” are much stronger at percolation threshold [47] and recent finding that for the gold films the maximum SERS signal was observed near the percolation threshold [48].  

The structures with fractal dimensions below the percolation thresholds are not fully connected in a sense that they do not span the considered space. The crossing of the nanowires in the percolated SiNWs network leads to coupled plasmon behavior that spatially extends to encompass the regions between and significantly beyond the wires [49]. This strong coupling, and porous percolated structure allowing more molecules to enter this high electric field regions result in a significant enhancement of the SERS effect and sensitivity. 

	The next relevant feature of the substrate’s structure influencing the light enhancement is its lacunarity. Generally, strong light scattering occurs when the dimensions of a structural inhomogeneity are compatible with the effective wavelength of light propagating in the medium.
Since the lacunarity is a scale dependent quantity it is necessary to consider lacunarity at relevant scales i.e. these compatible with the involved wavelengths. Since in our Raman measurements the laser wavelength is 532 nm the relevant scale – window size at which interaction takes place, i.e. lacunarity corresponding to inhomogeneity which laser “sees” is 532 nm. 
Although the differences in lacunarity between the considered substrates are not very high their influence on the enhancement of the scattered intensity is significant. Since the relation between lacunarity and fractal dimension is a non-linear one (cf. Fig.8) the influence of lacunarity on signal enhancement is more complex. Consequently the behavior of enhancement factor with variation of lacunarity is somewhat different in comparison to the variation with corresponding fractal dimension. This is clearly seen from plots of the SERS intensities vs. lacunarity at the excitation wavelength presented in Fig. 6. For the excitation wavelength (532 nm) the SERS intensity vs. lacunarity exhibits similar behavior as observed in intensity vs. Dg plots (c.f. Fig. 5a), namely occurrence of intensity jump at samples with lacunarity Ω  1.113 (D  Dpc) and maximum for substrate with the highest lacunarity fabricated at 5000C (D = 2.65). The correlation coefficients between lacunarity at excitation wavelength and the integral intensities of SERS spectral band and lines depicted in Fig. 7 are relatively high, with values 0.769, 0.745 and 0.668, respectively.

[image: ]Fig. 7. Influence of substrate lacunarity at the excitation wavelength on Raman spectrum enhancement. (a) Integral Raman spectral band and line intensities of 10-3 M MPBA sample recorded at various substrates characterized with the corresponding lacunarity at the excitation wavelength (532 nm). (b) The enhancement factor for principal SERS line at 1585 cm-1 vs. substrate’s lacunarity. The relative values of corresponding fractal dimensions Dg in respect to the value of fractal dimension at the percolation threshold Dpc are shown along the respective measurement points.

On the other hand, as expected theoretically lacunarity and fractal dimension are not correlated (c.f. Fig. 8), since, as mentioned before, lacunarities of structures with the same fractal dimension can be significantly different (or vice versa). Hence, we are dealing with two relatively independent parameters governing the enhancement of scattered intensity. Consequently this is manifested as a difference in respective regression coefficients as documented above. Now, in order to get a deeper insight into the intricate interplay between substrate’s fractal dimension and lacunarity resulting in significant surface enhanced Raman scattering in Fig. 8 we put together all relevant information regarding the fractal dimensions, lacunarities and the SERS intensities.
 
[image: ]
Fig. 8. Influence of substrate’s fractal and lacunar characteristics on enhancement of Raman intensity. Normalized integral intensity (and EF) of considered SERS spectral band (900 cm-1 - 1700 cm-1) of 10-3 M MPBA samples and normalized lacunarity corresponding to excitation wavelength vs. substrate’s fractal dimension. Note: the values of normalized EF are identical to normalized intensity values. Symbols represent measurement points and dashed line a sigmoidal fit of normalized intensity (EF), D0 = 2.554, D (10%) = 2.545.  


Inspecting the plots in Fig. 8 we can see, aside from afore discussed change of enhancement with D, also a considerable dynamics and distinctive change of lacunarity with increase in fractal dimension. Initially as Dg increases the lacunarity decreases due to increase of connectivity of nanowires and increased size of connected clusters resulting in narrowing the size distribution of voids, i.e. the lacunarity. At the percolation threshold restructuring (a geometrical phase transition) occurs resulting in full connectivity and relative minimum of lacunarity (“neutral lacunarity”), compliant with theoretical predictions [50, 51]. Subsequent increase of lacunarity within the structure leads, due to decrease/lack of translational invariance, to enhanced scattering. Thus, relatively high lacunarity per se does not result in significant enhancement of the scattering. Rather a fully percolated structure together with relatively high lacunarity is required for a significant increase of SERS and high enhancement factors. Furthermore, since the lacunarity is a scale dependent quantity it is different for different probing/excitation light wavelengths. Hence a corresponding pattern/distribution of localized optical excitations i.e. hot spots spatial positions will be strong function of the wavelength. This effect was indeed observed previously although it was not related to lacunarity [52].



3. Conclusions

We have investigated the influence of fractal and lacunar structural properties of randomly oriented Si-nanowires substrate on the enhancement of SERS. To that purpose we have synthetized SERS substrates with different fractal/lacunar structures using VLS approach. We discussed the involved interplay between long-range properties of nanostructured substrate, namely its fractal topology, and short-range local features on a nanometer scale related to the distribution of inter-wire gaps (i.e. lacunarity) which strongly affect the local field enhancement, altogether precipitating in significant increase of SERS. The results of our investigation have shown that:
· Fractal dimension and lacunarity of nanostructured SERS substrates have a profound influence on SERS enhancement.  
· There exists a strong correlation between the enhancement of Raman scattering intensity and the corresponding fractal dimension and lacunarity of the considered substrate. No correlation between the degree of multifractality and the enhancement factor has been found.
· The observed correlations are explained within the framework of the percolation theory. Namely, we have shown that the observed abrupt increase in SERS occurring in SiNW structure with D > Dpc is result of a second order phase transition – percolation; 
· The occurrence of percolation, identified with corresponding fractal dimension Dpc, results in jump of enhancement factor. Thus, percolated nanostructured substrates exhibit high SERS response;
· Other parameter significantly influencing enhancement is lacunarity which is related to the size distribution of inter nanowire gaps and consequently influences distribution of localized optical excitations i.e. “hot spots“ spatial positions
· The highest Raman scattering enhancement was obtained for a substrate with percolated structure lacking the translational invariance as indicated by a high lacunarity. 

· Furthermore, for a percolated structure a strongly enhanced Raman emission, due to multiple scattering processes, is shown to depend on the excitation wavelength resonantly matching the heterogeneity sizes of the SiNWs fractal arrangement characterized with high lacunarity. 
· The highest enhancement of Raman scattering intensity was observed for SiNWs substrate fabricated at 500 0C with Dg = 2.65 and lacunarity Ω = 1.115 at the excitation wavelength (532 nm). 
As the enhancement of Raman scattering depends on fractal and lacunar characteristics of the substrate that are in turn determined by synthesis/annealing temperature, the selection of the processing temperature allows the design of a substrate with optimal performances. The observed performances make this novel random fractal architecture of SiNW-mesh very promising and reliable substrate for SERS. Altogether, the results of this study represent significant advancement in understanding of influence of fractal and lacunar features of a nanostructured substrates on SERS.
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APPENDICES

A. Decoration of SiNWs with Ag nano-particles  
SiNWs were relatively uniformly decorated with Ag nanoparticles using Polaron E5000 sputter coater for several minutes under constant Ar flow. The representative SEM image of Ag-decorated SiNWs is presented in Fig. A.1
[image: C:\Users\Dubravko\Documents\1-Science\Hrvoje SERS\New SUBMISSION\New DATA\NEW images 5-12-2018\Ag decorted 5 min corrected copy.tif]

Fig. A.1   Ag-decorated SiNWs. Sputtering time 5 min. The approximate size of oval Ag nanoparticles is in the range of 20 – 30 nm 

B.  Raman mapping
The uniformity of SERS response over an active substrate is a crucial aspect in view of real applications. To evaluate it we mapped the SERS response across the representative substrate. The Raman spectroscopy measurements were performed on Jobin Yvon T64000 Raman spectrometer in micro-single configuration. The laser power at 532 nm on the sample with 1μm spot size was ∼1–2 mW. For all experiments, the 50x/0.75 objective was used. Exposition time was 20s for 1 scan. 
The step size of the mapping was 10 μm, and one image contained the data from 100 scanning points. The SERS spectra of 100 points can integrate to generate artificial color images based on the intensity of a designated Raman peak. Results of mapping of 10-3 MPBA of 1073 cm-1 Raman band are presented in Fig. B.1

[image: C:\Users\Dubravko\Documents\1-Science\Hrvoje SERS\New SUBMISSION\New DATA\NEW images 5-12-2018\1. 10-3 MPBA 1073 band mapping 20s1x (1).bmp]
Fig. B.1. Mapping of 1073 cm-1 Raman band a 10-3 MPBA sample. Mapping features: 100 points, 10 µm step, 1 scan/point, 10 s/sc. Maximal intensity 4200 counts. Average intensity: 3420  358   (  10%) counts.
To assess the spatial homogeneity of a substrate the relative standard deviation (RSD) of signal obtained from multiple scanning is widely adopted in the SERS community [B.1, 2].  
The average intensity inferred from substrate mapping using 10-3 MPBA and 1073 cm-1 Raman band is 3420  358   counts. The corresponding RSD is   10%. This is a very good result since it is commonly accepted that RSD values around 20% indicate a fair grade of homogeneity in SERS detection [B.2-4].
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C. Calculation of enhancement factor
SERS enhancement factor values were calculated from the average intensity of the appropriate MPBA spectral peak (~1585 cm-1) measured in the three SERS experiments and  corresponding peak of  normal Raman measurements measured from a 1M aqueous solution of MPBA according to the method proposed in refs. [C.1-3]. Both SERS and Raman measurements were performed on Jobin Yvon T64000 Raman spectrometer in micro-single configuration under identical experimental conditions. The laser power@532 nm on the sample was ∼1–2 mW. For all experiments, the 50x/0.75 objective was used. Exposition time was 20s for 1 scan. 
The SERS enhancement factor (EF) is given by:
 						 (C.1)
where NSERS and NR represent the numbers of 4-MPBA molecules in the excitation volume measured using a SERS substrate and normal Raman, respectively. ISERS and IR are the signal intensities measured using SERS and normal Raman, respectively.
For SERS the excited volume was approximated as a cylinder with a base corresponding to the diameter of focused laser spot and a height corresponding to approximate focus depth of laser beam Dof.
 The area of the focused laser spot Sspot can be calculated as 
	,					(C.2)
and the depth of focus is calculated from:
					(C.3)
where  and NA are the laser wavelength and numerical aperture of the objective, respectively.   
To measure the Raman intensity a drop (4µL) of 1M 4-MPBA was deposited on solid substrate, and then excited with a focused laser beam. The excitation volume was calculated from the laser spot size (Eq.C.2) and corresponding thickness of MPBA layer.
Then the number of the molecules was calculated using the excitation volumes and corresponding concentrations.  Afterwards, using measured intensities the EF of the system can be easily calculated from (Eq.C.1). An enhancement factor of 1.02x106 was obtained for spectral peak at ~1585 cm-1. This value is in the same order of magnitude of the one reported in ref. [C.2] on silver coated silicon nanopillars substrate.
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D.  Multifractal analysis
The theoretical basis of multifractality can be found in the literature [D.1]; Block et al., 1990; Vicsek, 1992;Jestczemski and Sernetz, 1996] and is not covered here. Instead, we present a brief introduction necessary for understanding of results of our preliminary multifractal analysis. 
For a homogeneous (monofractal) system, the probability (P) of a measure (here a number of pixels) appearing in a box varies with box size or scale L as 
P(L)  LD 							(D.1) 
where D is a fractal dimension. For heterogeneous (multifractal) systems, the probability within the ith region Pi scales as: 
Pi(L)  Li  							(D.2) 
where i is the Lipschitz-Holder exponent or singularity strength, characterizing scaling in the ith region.
The values of i can be found at different positions within a distribution by the box counting technique. Then, the number of boxes N() where the Pi has singularity strengths between  and + d is found to scale as [D.2]:
 N()  L-f() 						(D.3) 
Where  f() can be defined as the fractal dimension of the set of boxes with singularities . 

               						(D.4)
µ =  mean value of the probability distribution at some L
A homogeneous fractal exhibits a narrow f()-spectrum, whereas the opposite is true for an heterogeneous fractal. 
The spectrum width or degree of multifractality is defined as  
 		f(α) = αmax − αmin.						(D.5)
This is illustrated in Fig D.1 where representative f()-spectra for samples with low and moderate multifractality are  depicted. The corresponding degrees of multifractality f(α) for substrates 4800C and 5000C are  0.39 and 0.80, respectively. 
[image: ]
Fig. D.1 Multifractal spectrum for samples 4800C and 5000C with low and moderate multifractality, respectively. Respective degrees of multifractality f(α) are 0.39 and 0.80

Calculated degrees of multifractality for all investigated samples are depicted in Fig. D.2. The highest degree of multifractality (0.81) is obtained for substrate 5000C, while other substrates exhibit significantly lower f(α) with average value 0.52  0.1

[image: ]
Fig. D. 2 Degrees of multifractality f(α) for all investigated samples identified with corresponding manufacturing temperature.

The most important result of our preliminary multifractal analysis is that there is no correlation between degree of multifractality of investigated substrates and corresponding enhancement factors. The regression coefficient R2 = 0.1242.  This could be readily concluded inspecting Fig. D.3 depicting Raman enhancement factor vs. f(α). 
[image: ]
Fig. D. 3 The enhancement factor vs. degree of multifractality of the investigated substrates
Furthermore, multifractal sets can also be characterized on the basis of the generalized dimensions Dq, of the qth moment orders distribution, defined as [D.3, D.4]: 

 					  (D. 6)
where µ(q, L) is the partition function that scles as 

µ(q, L)  L(q)      						(D. 7)
Here (q) is the mass or correlation exponent of the qth moment order q.
Thus, the parameter q is a kind of a resolution parameter that enhances the regions corresponding to higher με values for positive values of q, and the  regions of lower με values for negative values of q. Regarding the relation between multifractality and moment order q the curve f(α) is convex with a single inflection point at the maximum with q = 0;) for q = ±∞, the slope is infinite and αmin = D+∞, αmax = D−∞ . More rigorous discussion can be find in the literature [D.4]
The illustrative plots of Dq vs. q for samples 5000C and 5600C exhibiting different degrees of multifractality (0.80 and 0.65, respectively) are shown in Fig. D.4 below.
[image: ]
Fig. D.4 Generalized dimension Dq vs. q for structures with different degrees of multifractality.  The sigmoidal curve corresponds to a structure with higher degree of multifractality and a more flat curve to a structure with lesser multifractality

Without going into the details plot of Dq vs. q is more or less a flat curve for monofractals and sigmoidal around q = 0 for multifractal structure, while a linear relationship between (q) and q implies a single fractal system characterized by one scaling exponent (homogeneous fractal). 
On the other hand, variable slopes in a (q) vs. q relationship are indicative of a multifractal (heterogeneous) system [D.5]). A special case of the latter systems is the bifractal distribution, defined by two slopes dominating a (q) vs.q plot and related to different fractal dimensions. This is the case with our samples as clearly seen from representative plot of (q) vs. q (Fig. D.5). Here, the two ranges of (q) with different slopes corresponding to two different fractal dimensions can be easily identified.  The crossover occurs at length scales of about 200 nm. Additional insight into the scale at which crossover occurs could be provided by analysis of the auto-correlation length, since the autocorrelation function describes how well an image correlates with itself under conditions where the image is displaced with respect to itself in all possible directions [D.5, 6]. 

[image: ]
Fig. D.5 (q) vs. q for sample 5000C (f (α) = 0.8). Two different slopes of the plot in regions q < 0 and q > 0 are related to two different fractal dimensions. The crossover occurs approximately at about 200nm.
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