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Exotic duality suggests a link between gauge theories for differential p-forms and tensor fields of
mixed symmetry ½D − 2; p� in D spacetime dimensions. On the other hand, standard Hodge duality relates
p-form to ðD − p − 2Þ-form gauge potentials by exchanging their field equations and Bianchi identities.
Following the methodology and the recent proposal of Henneaux et al. that the double dual of the free
graviton is algebraically related to the original graviton and does not provide a new, independent
description of the gravitational field, we examine the status of exotic duality for p-forms. We find that the
exotic dual is algebraically related to the standard dual of a differential form, and therefore they provide
equivalent descriptions as free fields. Introducing sources then leads to currents being proportional. This
relation is extended in a straightforward way for higher exotic duals of the mixed symmetry type
½D − 2;…; D − 2; p�.
DOI: 10.1103/PhysRevD.100.121902

I. INTRODUCTION

Maxwell’s equations in vacuum, or in the presence of
both electric and magnetic charges, exhibit a duality in the
sense that they may be described in terms of two different
gauge potentials. Electromagnetic duality exchanges the
field equations of one field with the Bianchi identities of the
other and vice versa.
A similar duality holds in linearized gravity, in which the

graviton can be dualized to a field of mixed symmetry type
½D − 3; 1� in D dimensions [1,2]. For instance, in five
dimensions, it is dual to a [2, 1] GLðDÞ-irreducible tensor
field [3], the gauge theory of which was described by
Curtright [4]. In addition, it was suggested in Ref. [1] that
the graviton possesses a double dual field of type
½D − 3; D − 3�. However, it was noted that, despite the
apparent existence of three mutually dual fields, only two
sources arise [1].
In Ref. [5], it was shown that the double dual graviton in

D spacetime dimensions is algebraically related to the
standard graviton [1, 1]. For instance, in D ¼ 5 dimen-
sions, considering the three candidate mutually dual fields
h½1;1�; C½2;1�; ĥ½2;2�, one may ask how many of them are not
algebraically related. The answer in Ref. [5] is 2, which
may be depicted by the diagram

ð1:1Þ

where blue arrows indicate standard Hodge duality of the
corresponding field strengths and the red double line
indicates the aforementioned algebraic equivalence. The
conclusion is that the role of the double dual is different
than that of the standard dual field, and its status is not of
one providing an independent description of the gravita-
tional field, in the sense that field equations and Bianchi
identities are not exchanged in that case. This provides
additional evidence for the absence of a doubly magnetic
source at the level of linearized gravity.
Motivated by the above, in this paper, we focus instead

on a differential p-form in D dimensions. It has been
argued that, apart from the standard ðD − p − 2Þ-form dual,
there exists an infinite number of “exotic” duals [6]. These
are irreducible mixed-symmetry tensor fields of types
½D − 2;…; D − 2; p� and ½D − 2;…; D − 2; D − p − 2�,
essentially obtained by appending columns of size D − 2
in the corresponding Young tableaux. For example,
Maxwell theory has an alternative description in terms
of a [2, 1] field, and similar examples exist for higher forms
[6–8]. The natural question is then how many out of these
infinite dual fields are truly independent.
We address the above question using the methodology of

Ref. [5]. In Sec. II, we begin by truncating the analysis at
the level of bipartite tensor fields, namely, ones corre-
sponding to a Young tableau with two columns. We
proceed to show that out of the four possible mutually
dual descriptions of a free spin-1 p-form only two are truly
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independent. In Sec. II C, this result is extended to the
infinite chains of dualities mentioned above. In Sec. III, we
comment on the implications of this result for sources,
and we collect our conclusions and further comments
in Sec. IV.

II. STANDARD VS EXOTIC DUALITY

In this section, we start with dual fields having up to two
sets of antisymmetrized indices, namely, with symmetry
represented by Young tableaux with up to two columns. We
refer to them as bipartite tensor fields. Later in this section,
we will also encounter dual mixed symmetry tensor fields
with more sets of antisymmetrized indices, namely, multi-
partite tensor fields. All such fields can be elegantly
described in a formalism that generalizes differential forms,
as follows. We introduceN sets of anticommuting variables
θμα, α ¼ 1;…; N satisfying

θμαθνα ¼ −θναθ
μ
α; θμαθνβ≠α ¼ θνβ≠αθ

μ
α; ð2:1Þ

namely, the variables of each set are anticommuting, but
they commute with the ones of all other sets. Associating
them to odd coordinates on a (graded) manifold of which
the bosonic base is equipped with (even) coordinates xμ,
any N-partite tensor field A becomes a function that is
expanded in the above basis as

A ¼
A½μ1

1
…μ1p1 �…½μN

1
…μNpN �ðxÞQ

N
k¼1 pk!

θ
μ1
1

1 …θ
μ1p1
1 …θ

μN
1

N …θ
μNpN
N ; ð2:2Þ

with the desired index symmetry for its components
inherited automatically by (2.1). We then say that the
tensor has multidegree ½p1;…; pN �.
This observation allows us to develop a differential

geometry analogous to p-forms, which correspond to the
case N ¼ 1. In particular, we define N exterior derivatives
dα ¼ θμα∂μ, which raise by 1 the αth slot of the multidegree
of A and satisfy d2α ¼ 0 and dαdβ ¼ dβdα for α ≠ β. For
example, when N ¼ 2 and p1 ¼ p2 ¼ 1, the exterior
derivative d1 acts as

d1A ¼ ∂ ½μAν�ρθ
μ
1θ

ν
1θ

ρ
2; ð2:3Þ

thus yielding a bipartite tensor of bidegree [2, 1]. Moreover,
N mutually commuting Hodge star operators �a are defined
in complete analogy to p-forms, using the Levi-Civita
symbol to dualize in the standard way the αth slot of the
multidegree of A from pα to D − pα in D dimensions.
An additional ingredient in the differential geometry of

multipartite tensors, which is atypical for p-forms, is a set
of ðN − 1Þ! transposition maps ⊤αβ that act on A by simply
interchanging θμα ↔ θμβ in (2.2). Unlike p-forms, multipar-
tite tensors have traces trαβ in general, which may be

defined simply replacing θ
μα
1

α θ
μβ
1

β → pαpβη
μα
1
μβ
1 in (2.2),

where ημν is the inverse Minkowski metric. We note in
passing that one may encode the components of the
Minkowski metric in a [1, 1] bipartite tensor, e.g., η ¼
ηðμνÞθ

μ
1θ

ν
2 when N ¼ 2. These are then all the basic

ingredients we will use in what ensues. Further details
on this formalism may be found in Refs. [9,10].
Our notation for dual fields is the following. We begin

with a differential p-form Að0Þ in D dimensions. The
superscript in parentheses refers to the level, which will
be more transparent below. We refrain from explicitly
denoting the degree of the tensor as a subscript whenever
it is clear from context and reinstate it when necessary. The
standard ðD − p − 2Þ-form dual will be denoted by Bð0Þ.
Exotic dual tensor fields of types ½D − 2;…; D − 2; p� and
½D − 2;…; D − 2; D − p − 2�, where in each case we have
n ≥ 1 columns of sizeD − 2, will be denoted by either AðnÞ

or BðnÞ depending on whether n is even or odd. The fields
AðevenÞ and BðoddÞ will be of type ½D − 2;…; D − 2; p�,
while AðoddÞ and BðevenÞ will correspond to ½D−2;…;D−2;
D−p−2� Young tableaux.

A. Nonstandard approach to standard duality

Presently, we focus on bipartite tensors, and the main
question we would like to address becomes how many out

of the four mutually dual fields Að0Þ
p ; Bð0Þ

D−p−2; A
ð1Þ
½D−2;D−p−2�,

and Bð1Þ
½D−2;p� are not algebraically related. As already

mentioned, the fields Að0Þ and Bð0Þ are related by standard
electromagnetic duality. Rather than presenting the well-
known way to show this, for later purposes, we follow here
a somewhat unorthodox but completely equivalent route.
The main trick is to think of Að0Þ as a (degenerate) bipartite
tensor of type ½p; 0� and define the irreducible ½pþ 1; 1�
Riemann-like tensor

RAð0Þ ≔ d1d2Að0Þ: ð2:4Þ

Because of the nilpotency of the two exterior derivatives,
the tensor RAð0Þ

satisfies by definition the Bianchi identities

d1RAðnÞ ¼ 0 ¼ d2RAðnÞ
; ð2:5Þ

for n ¼ 0. On the other hand, the field equations for the free
differential form Að0Þ are simply given by the free wave
equation

d1 �1 d1Að0Þ ¼ 0: ð2:6Þ

Evidently, the subscripts 1 may be simply ignored for a
p-form; however, the interesting point is that this field
equation can be equivalently written as

trRAð0Þ ¼ 0; ð2:7Þ
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where tr≡ tr12. This is true due to the identity [9]

d†1 ¼ d2tr þ trd2; ð2:8Þ
where d†1 ≔ ð−1Þ1þDðpþ1Þ �1 d1�1 is the codifferential of
d1, which reduces the degree of the first slot of a bipartite
tensor by 1—being essentially the divergence.
Then, one can define another irreducible bipartite tensor

of type ½D − p − 1; 1� by means of the operator �1,

RBð0Þ ≔ �1RAð0Þ
: ð2:9Þ

Its irreducibility is implied by the field equations (2.7) of
Að0Þ. Using the Bianchi identities (2.5) and the field
equation (2.7), one can easily show that RBð0Þ

also satisfies
the corresponding Bianchi identities, i.e.,

d1RBðnÞ ¼ 0 ¼ d2RBðnÞ
; ð2:10Þ

for n ¼ 0. Because of that, one can locally identify RBð0Þ
as

the Riemann tensor for the ðD − p − 2Þ-form standard dual
field Bð0Þ, namely,

RBðnÞ ≔ d1d2BðnÞ ð2:11Þ
for n ¼ 0. Then, the field equations for Bð0Þ follow trivially
from the definition (2.9). The tensor RBð0Þ

is identically
traceless, since RAð0Þ

is irreducible, so we obtain the field
equations

trRBð0Þ ¼ 0; ð2:12Þ
which by the same reasoning as before are just the free
wave equation for the dual field. Finally, the relation
between Að0Þ and Bð0Þ can be directly read off from
(2.9), and it is

d1Bð0Þ ¼ �1d1Að0Þ; ð2:13Þ
up to a physically irrelevant constant ðD − p − 1Þ-form.
Therefore, the relation among the two fields is identical to
the one obtained by standard method, and it is nonlocal,
which means that Að0Þ and Bð0Þ cannot be algebraically
related.

B. Equivalence of standard and exotic duals

Exotic duality in the above spirit may be understood as
the Hodge duality of the original p-form field along its
second, trivial slot. In other words, one would replace the
Hodge star �1 in (2.9) by the second Hodge star �2 and
define

ðRBð1Þ Þ⊤ ¼ �2RAð0Þ
; ð2:14Þ

where ⊤≡⊤12 is the transposition map defined in the
beginning of this section. The tensor RBð1Þ

is then of type

½D − 1; pþ 1�, it is irreducible, and it satisfies the Bianchi
identities (2.10) for n ¼ 1. Locally, it is given by (2.11) for
n ¼ 1, and the respective gauge field Bð1Þ satisfies the field
equations

trpþ1RBð1Þ ¼ 0; ð2:15Þ

which follow identically from the definition (2.14). Then,
the same reasoning as before leads to the duality relation

d2ðBð1ÞÞ⊤ ¼ �2d2Að0Þ; ð2:16Þ

up to a biclosed ½p;D − 1� diffeomorphism.
Up to this point, it appears that Bð1Þ is another,

inequivalent dual field. However, one may now ask what
is its relation to Bð0Þ. According to the definitions above
and the simple fact that the Hodge star squares to unity up
to a sign when it acts on a p-form, ð�1Þ2 ¼ ð−1Þ1þpðD−pÞ,
we immediately find that

ðRBð1Þ Þ⊤ ¼ ð−1Þ1þðpþ1ÞðD−p−1Þ �1 �2RBð0Þ
: ð2:17Þ

Taking into account the field equation (2.12), one can show
that the above relation implies that

RBð1Þ ∝ ηpRBð0Þ
: ð2:18Þ

Here, η is the [1, 1] tensor field of which the components
are those of the Minkowski metric, and the relation holds
up to an irrelevant constant prefactor that can be absorbed
into the definition of Bð0Þ. Equation (2.18) is easily proven
by considering a “full” Hodge star operator ⋆ acting on a
(not necessarily irreducible) (p; q) bipartite tensor field ω
and returning a ðD − p;D − qÞ one,

ð⋆ωÞD−p;D−q ¼
1

ðD − p − qÞ! η
D−p−qω⊤

q;p; ð2:19Þ

first defined in Ref. [11] and further explained in Ref. [10].
This is an operation distinct from the product of the partial
Hodge stars; specifically, it satisfies

⋆ω ¼ ð−1Þϵ �1 �2
Xminðp;qÞ

n¼0

ð−1Þn
ðn!Þ2 ηntrnω; ð2:20Þ

where ϵ ¼ ðD − 1Þðpþ qÞ þ pqþ 1. Applying this for-
mula for the ½D − p − 1; 1� tensor RBð0Þ

and using (2.19)
along with (2.12), the desired relation follows.
Finally, using the local expressions for these Riemann

tensors and the Poincaré lemma, one ends up with the
relation

Bð1Þ ∝ ηpBð0Þ; ð2:21Þ
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which proves that Bð1Þ is algebraically related to Bð0Þ up to a
d1d2-closed ½D − 2; p�-type diffeomorphism.
Equivalently, one can define another tensor by

ðRAð1Þ Þ⊤ ¼ �2RBð0Þ ¼ �1 �2 RAð0Þ ð2:22Þ

and follow the same procedure. This leads to additional
duality and algebraic relations, specifically

d2ðAð1ÞÞ⊤ ¼ �2d2Bð0Þ; ð2:23Þ

Að1Þ ∝ ηD−p−2Að0Þ; ð2:24Þ

up to diffeomorphisms of suitable degree. The last relation
that we would like to mention reads as

d2Að1Þ ∝ �2d2Bð1Þ ð2:25Þ

and follows from (2.9), (2.14), and (2.22).
Thus, we have found the six mutual relations among the

four fields under investigation, which are (2.13), (2.16),
(2.23), (2.21), (2.24), and (2.25). The first and last of these
relations show the standard Hodge duality relations
between Að0Þ − Bð0Þ and Að1Þ − Bð1Þ, respectively. The
second and third relations, which are actually what is
known as exotic duality relations, can be also seen to be
standard Hodge duality relations. In fact, they imply that
exotic duality is just standard Hodge duality of the trans-
posed fields ðAð0ÞÞ⊤ and ðBð0ÞÞ⊤. Finally, the fourth and
fifth are not duality relations and show that the exotic dual
fields Að1Þ and Bð1Þ are algebraically related to Að0Þ and Bð0Þ,
respectively.
We conclude with a diagram analogous to (1.1) depicting

these results, valid for any spacetime dimension D:

One may interpret the red double lines as double duality in
the same way as for the graviton. Then, the bipartite tensor
fields Að1Þ and Bð1Þ are double duals of the differential
forms Að0Þ and Bð0Þ, respectively. This is in full agreement
with the analogous result in Ref. [5] that double duals are
algebraically related to the original field. Alternatively, one
may think of all closed loops of this diagram as commu-
tative; for instance, exotic duality is then just standard
duality followed by an equivalence (double duality).
Interesting examples include the 1-form in four and the

2-form in ten dimensions. In the former case, one deals with

standard Maxwell theory, in which the electric and mag-

netic dual potentials are both 1-forms Að0Þ
μ and Bð0Þ

μ .
Following Ref. [6], there is yet another way to describe

the theory in terms of a [2, 1] gauge potential Bð1Þ
½μν�ρ. This is

indeed a dual of the original potential Að0Þ
μ . However,

physically, it yields the same description as the Bð0Þ
μ

potential in the sense that there is no new source other
than a magnetic monopole associated to it, no additional
global symmetries apart from the standard electric and
magnetic ones Uð1Þe ×Uð1Þm, and no new loop operator
aside from the standard Wilson and ’t Hooft loops.
Similarly, the 2-form in ten dimensions, which may be

identified with the Kalb-Ramond field of the common
sector of closed string theories, dualizes to a 6-form and an
[8, 2] mixed symmetry tensor field, respectively. Our
findings indicate that these two duals are equivalent in
the sense described above. We comment on the implica-
tions for the corresponding sources below.

C. Higher exotic duals

We now turn to the more general case of exotic duality
for differential forms, which refers to multipartite tensor
fields of types ½D − 2;…; D − 2; p� and ½D − 2;…; D − 2;
D − p − 2� [6,12]. Their relation to the original p-form
field and its standard dual may be found in a way similar as
in Sec. II B.
In particular, one can advance to the next level by

interpreting a p-form as a ½p; 0; 0� tripartite tensor and
then defining the higher ½D − 1; D − 1; pþ 1�-type
Riemann tensor RAð2Þ

as

ðRAð2Þ Þ⊤13 ≔ �2 �3 d3RAð0Þ
; ð2:26Þ

similarly to what we did in (2.22). RAð2Þ
is irreducible and

satisfies all three Bianchi identities; i.e., it is closed with
respect to dα for any α ¼ 1, 2, 3.
Locally, the dual field Að2Þ can be introduced as

RAð2Þ ≔ d1d2d3Að2Þ; ð2:27Þ

the field equations, following from (2.26), of which are

trD−1
12 RAð2Þ ¼ 0 ¼ trpþ1

23 RAð2Þ
: ð2:28Þ

Following the analogous steps as in the previous section,
Eq. (2.26) leads to the relation

Að2Þ ∝ ηD−2ðAð0ÞÞ⊤13 ; ð2:29Þ

up to a d1d2d3-closed ½D − 2; D − 2; p� tensor. We observe
once more that this is an algebraic relation. Moreover, a
similar result holds for the dual field Bð2Þ, which has a
Riemann tensor defined as in (2.26) but with A → B.

CHATZISTAVRAKIDIS and KARAGIANNIS PHYS. REV. D 100, 121902 (2019)

121902-4



It turns out to be algebraically related to the standard
dual Bð0Þ.
Overall, the procedure described above can be repeated

many times as for higher levels. This results in two separate
infinite chains of algebraic equivalences: one correspond-
ing to Að0Þ and the other to Bð0Þ. The diagram depicting the
aforementioned chains of dualities and algebraic equiv-
alences is

As before, the vertical (diagonal) blue arrows indicate
standard (exotic) Hodge duality, while the algebraic equiv-
alences are depicted by the red double lines.

III. COMMENTS ON SOURCES

In theories exhibiting electric/magnetic duality, one can
correspondingly introduce two currents coupling to the
original and dual gauge potentials. In the nonstandard
approach to p-form gauge theory of Sec. II A, the electric
p-form current jA

ð0Þ
is introduced as

trRAð0Þ ¼ jA
ð0Þ
; ð3:1Þ

and the Bianchi identities (2.5) imply its conservation,
namely, d†1j

Að0Þ ¼ 0. This is shown using the identity [9]

d†1tr ¼
1

2
d2tr2 −

1

2
tr2d2: ð3:2Þ

In the presence of the electric current, the dual tensor
RBð0Þ

defined in (2.9) is no longer irreducible. Indeed, the
deformed field equations (3.1) imply that �1tr �1 RBð0Þ ∝
�1jAð0Þ ≠ 0, which obstructs its irreducibility according to
the criterion of Ref. [9]. In addition, this reducible tensor
does not obey both Bianchi identities, since

d1RBð0Þ ∝ �1d2jAð0Þ ≠ 0; d2RBð0Þ ¼ 0: ð3:3Þ

Thus, the Poincaré lemma cannot be used to introduce the
dual field Bð0Þ in that case.
Alternatively, one could start with the irreducible

½D − p − 1; 1�-type Riemann tensor RBð0Þ ≔ d1d2Bð0Þ,
which obeys the Bianchi identities (2.10), and introduce
a magnetic ðD − p − 2Þ-form current jB

ð0Þ
as

trRBð0Þ ¼ jB
ð0Þ
: ð3:4Þ

Then, by the same logic, the potential Að0Þ for RAð0Þ
defined

as in (2.9) cannot be introduced.
Let us now turn to sources associated to the exotic dual

field Að1Þ. Suppose that we are again in a spacetime region

where an electric current is present, i.e., jA
ð0Þ ≠ 0. As

already discussed, the theory can be described by the
gauge potential Að0Þ satisfying the field equation (3.1), but
not with Bð0Þ. What about Að1Þ? Note that, unlike RBð0Þ

, the
Riemann tensor RAð1Þ

is still irreducible. However, it does
not satisfy the Bianchi identities, since

d1RAð1Þ ∝ �1 �2 d2ðjAð0Þ Þ⊤ ≠ 0

d2RAð1Þ ∝ �1 �2 d1ðjAð0Þ Þ⊤ ≠ 0: ð3:5Þ

An exotic p-form current jA
ð1Þ
would be introduced then as

trD−p−1RAð1Þ ¼ jA
ð1Þ
: ð3:6Þ

However, one can now easily see that the two currents are
proportional,

jA
ð1Þ ∝ jA

ð0Þ
; ð3:7Þ

which is to be expected by means of our analysis in
the previous sections. The same approach shows that the
would-be exotic current for Bð1Þ is proportional to the one
for Bð0Þ. This is in complete analogy to the graviton case, in
which the current associated to its double dual is propor-
tional to the original energy-momentum tensor [1].

IV. CONCLUSIONS

In this paper, we studied the relation between standard
and exotic dual fields of differential forms. Motivated by
the analysis and conclusions of Ref. [5] regarding the
double dual of the free graviton and its status as a true dual
field, we investigated whether there are algebraic relations
among different dual descriptions of a free p-form gauge
theory. Our results indicate that only two dual fields should
be thought of as providing inequivalent descriptions of
the theory, the rest being connected to them by two
(infinite) towers of algebraic relations. This is also true
for the associated currents that can couple to the different
gauge potentials. Thus, for example, one may choose to
consider as dual of a p-form either a ðD − p − 2Þ-form or a
½D − 2; p� mixed symmetry tensor with certain properties,
but these lead to the same dual description of the theory on
shell.1

Here, we have considered only free and single fields. It
would be interesting to think about the implications of our
result for different dual descriptions of string theory in
terms of mixed symmetry tensors and for the Wess-Zumino
couplings of exotic branes [14]. Regarding the latter, it has
been argued group theoretically [15–17] and using T- and

1Nevertheless, off-shell parent actions may differ in their
field content, including auxiliary fields; see, for example,
Refs. [6,7,10,13].
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S-duality [18,19] that they couple to mixed symmetry
tensor fields, which in turn appear naturally in the E11

approach to M theory [2,12]. String and M theory contain a
host of different fields, and their brane couplings include
nonlinear contributions. In addition, applying T-duality on
the NS5 brane couplings can be tricky due to world sheet
instanton corrections that can break isometries [20] (see
also Refs. [21,22] for exotic branes.) Therefore, the results
of the present paper cannot be applied as such to questions
regarding brane couplings; however, they indicate that
caution should be exercised regarding the definition and
properties of exotic branes.
Finally, sources for bipartite tensor fields were consid-

ered in Ref. [23]. It was shown that the extended object
coupling to such a field is a combined one, comprising

two branes of different dimensionality of which the
world volumes interweave. It would be interesting to revisit
this construction under the light of the relations proposed
here.
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