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Abstract

Atthe core of every frustrated system, one can identify the existence of frustrated rings that are usually
interpreted in terms of single—particle physics. We check this point of view through a careful analysis
of the entanglement entropy of both models that admit an exact single—particle decomposition of
their Hilbert space due to integrability and those for which the latter is supposed to hold only as alow
energy approximation. In particular, we study generic spin chains made by an odd number of sites
with short-range antiferromagnetic interactions and periodic boundary conditions, thus character-
ized by a weak, i.e. nonextensive, frustration. While for distances of the order of the correlation length
the phenomenology of these chains is similar to that of the non-frustrated cases, we find that
correlation functions involving a number of sites scaling like the system size follow different rules. We
quantify the long-range correlations through the von Neumann entanglement entropy, finding that
indeed it violates the area law, while not diverging with the system size. This behavior is well fitted by a
universal law that we derive from the conjectured single—particle picture.

1. Introduction

It is common knowledge that boundary conditions should be chosen wisely when performing numerical
simulations, in order not to interfere with the physical phenomenon one wishes to investigate. On the contrary,
in the classification of phases, boundary conditions are supposed to be irrelevant. The reason for this apparent
paradox is that in the latter case one chooses to take the thermodynamic limit first so that any length scale at
which one can probe the system can be considered as ‘local’, while in the former the finite size of the system
inevitably introduces another relevant scale in the game.

However, needless to say, infinite size systems are just an ideal approximation and thus it is important to
understand the influence of boundary conditions on finite-size effects, either to avoid them or to exploit them.
In particular, one question is whether finite size effect decay exponentially or algebraically, since in the latter case
the thermodynamic limit has to be treated carefully. In particular, we will show that this is the case for quantum
spin chains with frustrated boundary conditions.

In general, frustration is the result of competing interactions so that not all terms in the Hamiltonian can be
minimized simultaneously. In this sense, any genuine quantum Hamiltonian includes some amount of
frustration, since non—-commuting terms promote contrasting local arrangements [ 1-3]. However, with the
term frustration, one usually refers to the so-called ‘geometrical frustration’, which emerged first in classical
systems [4, 5]. Prototypical are models characterized by antiferromagnetic (AFM) interactions with closed loops
of odd lengths and every system displaying geometrical frustration, can be explained in terms of the presence of
suchloops. In quantum frustrated systems, geometrical and quantum frustration are in general intertwined and
itis not easy to discriminate between the two sources [6].

©2019 The Author(s). Published by IOP Publishing Ltd
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To provide an example, the easiest model useful to visualize (classical) geometrical frustration is made by
three spins arranged on the vertexes of a triangle, with AFM couplings along with the bonds. In a classical system
with Ising variables as magnetic moments, all interactions cannot be minimized simultaneously, resultingin a
six—fold degenerate ground-state. It is easy to generalize these considerations for longer spin loops with nearest—
neighbor AFM bonds: while on even chains the two Néel states minimize all local interactions (and thus the
whole Hamiltonian), for loops of odd lengths N = 2M + 1, one bond avoid minimization, resulting into a 2N
degenerate ground-state. Promoting the magnetic moments from Ising variables to three—dimensional spins
does not alleviate the frustration still resulting in a ground—state degeneracy scaling like the system length [7-9].
Itis worth noticing that adding a single site to an AFM loop changes the system dramatically, turning a double
degeneracy into a massive one and vice—versa, thus demonstrating that the effect of frustration is non-
perturbative in nature.

In this work, we concentrate on systems with weak, i.e. non—extensive, frustration, such as those of the
examples mentioned above, but with the addition of quantum interactions that break their perfect symmetry,
thus lifting the degeneracy. The traditional expectation, based on a perturbative picture, is that frustrated
boundary conditions result in single—particle physics, that is, that ground-—state of these systems can be
characterized as a single particle excitation over the non—frustrated GS. Using a combination of analytical and
numerical approaches, we check this expectation beyond the perturbative regime. Consistently with the
aforementioned picture, we find that this weak frustration closes the energy gap of a traditionally gapped phase
and leads to the appearance of a band of massless excitations with a quadratic spectrum and unusual long—range
correlations. Moreover, we quantify the amount of these long—range correlations, using the entanglement
entropy (EE), which is a measure of the entanglement between a portion and the rest of the system.

Nowadays the analysis of the EE of the ground-—state of a system has emerged as a fundamental probe in the
study of quantum complex systems [10—12], for its ability to detect phase transitions and to characterize phases
even beyond the Landau paradigm [13, 14]. The EE typically follows some universal behaviors for sufficiently
large subsystems: while for high energy states it is proportional to the volume of the subsystem, for ground—
states of systems with local interactions it satisfies an area law, with possible logarithmic violations for critical
phases [15]. Intuitively, the area law stems from the fact that entanglement reflects the correlations shared
between the subsystems and the rest of the system and these are localized, for gapped systems, in a shell of the
order of few correlation lengths around the boundaries.

In absence of frustration, in one—dimensional models with gapped energy spectrum, the existence of an
area—law implies that the EE saturates to a constant value as soon as the dimension of the portion becomes
greater than some correlation lengths [15—19]. On the contrary, when the energy spectrum is gapless,
correlations extend with an algebraic decay, and thus the EE of the ground-state of one—dimensional systems
show the characteristic universal behavior S(R) =~ % log R of conformal field theories (CFT's) with central
charge c[20].

However, the presence of frustration alters this picture. By performing a careful and in some sense
innovative finite—size scaling analysis, in the weakly frustrated case we observe a peculiar violation of the area
law, which yet does not result into its divergence for large subsystems, due to its saturation at subsystem lengths
proportional to the total system size. We quantitatively characterize the observed behavior as due to the
contribution, over the non-frustrated GS EE, of a single delocalized excitation, which, therefore, does not
possess any intrinsic lengths scale, except for the total system size.

2. Weakly frustrated spin chains

Let us introduce a generic nearest-neighbor one-dimensional spin-% spin chain with N spins in a magnetic field:
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where of', with = x, y, z, are Pauli matrices which describe spin-1/2 operators on the I-th site of the chain. The
Hamiltonian in equation (1) can describe several models with different properties and boundary conditions.
Choosingy = 0 we can recover the XXZ model in external fields that holds a continuous U(1) symmetry while
for v = 0 we fall into an XYZ model in an external field characterized by a Z, discrete symmetry. The
Hamiltonian (1) is analytically solvable if one of the parameters y, A, or h is zero. Settings Jyy = Jrestores
translational invariance and choosing ] = 1 (up to an energy scale) favors AFM order that, on an odd periodic
lattice N = 2M + 1, shows both classical and quantum frustration. In this case, the presence of quantum
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frustration can be proven by settings i = 0 and observing that the system does not satisfy the quantum Toulouse
conditions [2, 3], which discriminates between geometrically and non-geometrically frustrated systems.

The effect of frustration induced by the boundary conditions has been already considered in integrable
systems with a continuous U(1) symmetry at vanishing external field as the XXZ chain obtained by settingy = 0
and h = 0in (1) [21-24], where the eigenstates can be constructed in terms of individual excitations. Thus, while
for even lengths N = 2M the ground-state can achieve zero total magnetization S = 0 and be characterized as
aspinon vacuum [25], in the frustrated case N = 2M + 1 there are two equivalent ground-states with
SF = :I:% (whose degeneracy is immediately lifted for a nonzero h), which can be interpreted as due to the
presence of a traveling single spinon excitation.

The goal of the present paper is to analyze the case of systems with discrete global symmetries Z,, which,
thus, do not conserve particle number. In [26], Campostrini et al considered the odd length, ferromagnetic Ising
chain, obtained by settings ] = —1, = 1,and A = 0in (1). When the defect Jy differs from J, it breaks
translational invariance and for /iy > 0 favors AFM order along the x-direction between the first and last spins of
the chain. By varying ], they found that, for |h| < 1, Jy = 1representsa critical point separating two different
phases for Jy < 1. Notice that their critical model obtained settings Jy = 1 can be mapped into the translational
invariant AFM Ising chain using local rotations on the even spin sites. The authors connect this critical behavior
to the metastability of this model under the perturbation provided by a longitudinal magnetic field
6H = h,>°Y, o7 Indeed, it is known that the point h, = 0 corresponds to a first-order phase
transition [26, 27].

The algebraic decay of the correlation functions at Jyy = 1 derived in [26] was reexamined in [28] where
Dong et al focused on the translational invariant version of the same model. In this way, the defect is not
localized at the ‘end’ of the chain, but it is rather a frustration due to an AFM loop of odd length. It was observed
that this weak frustration is sufficient to scramble the energy spectrum. For || < J, the ground—state is unique
withaband of 2N — 1levels above it, forming a gapless continuum in the thermodynamic limit.

In their work Dong et al notice that the ground state for || < 1is characterized by two different families of
correlation functions. The difference between these two families can be traced to the different representations of
the correlators in terms of spinless fermions. Indeed, in one-dimensional system, one can exactly map spins into
fermions through the (non-local) Jordan—Wigner transformation [29]. As a consequence of such non—locality it
may happen that the support in which a spin correlator is defined does not coincide with the one of the
associated fermionic operators. To give an example, a spin correlator with support on a finite non—connected
region made by two disjoint subsets, can be mapped into a fermionic operator with the support that includes also
all sites between the two disjoint subsets. We define the correlators whose support in the associated spin and
fermionic representation coincide as ‘local correlations’, while the others are the ‘quasi—local correlations’.

The two families of correlation functions show different behaviors since quasi—local spin correlators present
a peculiar algebraic behavior, which is absent for the local ones. These differences are exemplified by two of the
simplest two—point spin correlation functions: the correlation function along zat distance R, i.e.

C#(R) = (o} 0}, ) and the correlation function along x at distance Ri.e. C**(R) = (07 07, ). Asitisknown in
the literature, see for example [30], while the first is, in agreement with our definition, alocal correlation
function, the second is a quasi—local one. We can easily evaluate the asymptotic behaviors of these two
correlators, as a direct extension of the results of [28], in combination with the analysis of [30]:

1w (R 2R
C*(R) = (o7 ofyp) = (=DF mi[ 1+ T2\ 2 (1*_) 2
(R) = (ofofip) = (=1 x[ AR\ N ®)
L2\ g ] P
= = oioion =mi = g (T) - =5 ©
(o707, 1) I T R
where m, = (1 — ?—2)4 and m, = j(; " —hzf;] c;;;ﬁ ‘ ?are the magnetizations along the two axes.
- cos¢p 4T

To unveil the difference between the two correlation functions in equations (2) and (3) let us consider the
values that can be obtained in the thermodynamic limit, i.e. when N — oo ,for spins at very large distances,
hence considering R — oo. The limit can be done in two different ways. We can, at first, place ourselves in a
thermodynamically large system (i.e. considering N — oo first) and, only later increase the distance between the
two spins. Or, on the contrary, at finite N we can set R at the antipodal point,i.e. R = (N — 1) /2,and then we
can make the system size grow.

Using the first approach, taking at first the thermodynamic limit N — oo, both these two functions reduce

to the standard ones of the Ising unfrustrated chain [30], which decay exponentially to saturation, respectively
2

(— I)R(l — ?—)4 and mﬁ, with correlation length £ =

> On the contrary if we first evaluate equation (2)

1
/)7
and equation (3) at antipodal points (R = (N — 1) /2) and then perform the limit N — oo, we find that, while
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nothing changes for C%*(R), whose limit is always m2, for C*(R) we obtain limy_, o, C** %) = (0 because of

the slow algebraic decay in equation (2). Hence, differently from the case of equation (3), the results that we
obtain for the limit of C**(R) depends on the order in which the two limits are taken. This result, is not limited
to C**(R) but extends to all quasi—local correlation functions that, in the unfrustrated case admit a limit for

R, N — oo different from zero.

The unusual behavior of C**(R) not only represents a piece of relevant evidence by itself but it also acquires a
key role when we take into account that, in the thermodynamic limit, the absolute value of C*(R — o)
represents the square of the order parameter[30]. Exact analytical diagonalization (see supplementary material
available online at stacks.iop.org/JPCO/3 /081001 /mmedia or [28]) shows that, while without frustration the
gap between the ground-—state and the first excited state (characterized by opposite parities) closes exponentially
in the system size, with frustrated boundary conditions the gap vanishes only polynomially, similarly to the gaps
with the higher states. Therefore, with frustrated boundary conditions, the asymptotic double degeneracy of the
ground-—state is missing [28] and, accordingly, the order parameter should vanish. This is a surprising result
since a nonvanishing longitudinal magnetization is the hallmark of the Z, spontaneous symmetry breaking, for
which the Ising model is the poster—child [30].

Thus, whilelocally (i.e. for R < N) the correlation functions of the frustrated AFM Ising chain are
indistinguishable from those of the unfrustrated version, at large distances important differences emerge. To
capture this diversity one has to consider a scaling thermodynamic limit, in which distances are measured in terms
of the chainlength: r = %, which is kept fixedas N — oo. This limit is equivalent to taking the thermodynamic
limit while simultaneously scaling the lattice spacing down as 1/N. Under this scaling limit, quasi-local
correlation functions such as (2) are characterized by an algebraic decay, asif £ o« N = oo.

3. The entanglement entropy

To better understand the effects of the frustrated boundary conditions on the ground-states of the Hamiltonian
in equation (1) and the emergence of long-range correlations, we focus on the behavior of the EE. To evaluate
the EE, we divide the system into two parts: a subsystem A consisting of R contiguous sites and its complement B
with N — R spins. We extract the reduced density matrix p, (R) = tr y_g|GS) (GS| of subsystem A and we
measure the entanglement between A and B using the Von Neumann entropy [31, 32], defined as

Sa(R) = —tr 4lp, (R)]og py (R)]. C))

Our analysis will be focused on the characterization of the frustration effects of models with a global discrete
Z, interactions. Hence, in the present paper, we will not take into account, if not marginally, the models that can
be obtained setting 4 = 0, holding additional Z, symmetries, or v = 0 that show a continuous U(1) symmetry.
We also limit our analysis to models that are invariant under spatial translation and hence, from now on, we set
In=1T.

As we mentioned, our Hamiltonian includes both analytically solvable and non—solvable models.
Furthermore, for A = 0 the spin chain is amenable to an exact, although highly non-local, mapping to a free
model. In this case the values of the entropies used in the paper are obtained exploiting the analytical approach
based on Jordan—Wigner transformations that is depicted in some details in the supplementary materials (this
approach reduces the exponentially complex problem of calculating the EE to the numerical diagonalization of a
matrix whose entries are determined analytically and whose rank scales just linearly with the subsystem size). On
the other hand, for A == 0 the results for the entropies are obtained usinga DMRG algorithm [33]. In the
numerical computations, we have considered up to 300 kept states to represent the truncated Hilbert space of
each DMRG block. Typically, the truncation error is smaller than 10~ ',

As we mentioned, the frustrated Ising chain for || < ] is gapless: this fact and the algebraic decay of some
correlation functions point against an area-law behavior. On the other hand, the spectrum of low energy
excitations is quadratic (Galilean) and thus violates relativistic invariance of CFT and hence we have no reason to
expect the presence of alogarithmic divergence of the EE [34]. In figure 1 we observe the peculiar behavior of the
frustrated case, compared with the area-law saturation of the corresponding unfrustrated system and the
logarithmic divergence at CFT criticality:

(i) For small R, compared to the correlation length of the correspondent ferromagnetic model, (i.e. the model
obtained changing J in equation (1) from 1 to —1), the EE of the ferromagnetic and the antiferromagnetic
systems almost coincide.

(ii) Increasing R in the unfrustrated case the EE saturates quickly while the frustrated chains still show a growth
which is well fitted, in the bulk, by an empirical Sy (R) ~ a(N)R*™) where the fitting parameters depend on
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Figure 1. Comparison between the EE of standard phases (gapped and CFT critical) and that of the weakly frustrated case, showing the
distinct different behavior of the latter with a violation of the area law. The EE S4(R) for the reduced density matrix evaluated on a
block of R adjacent spins is plotted as a function of R for total chain length N = 501 and different sets of Hamiltonian equation (1)
parameters. The blue and the orange lines are obtained with a numerical DMRG algorithm while all the other lines are obtained semi-
analytically using the Jordan—Wigner transformations. In considering finite-size systems, it is customary to plot the entropy asa
functionof x = /ﬂ sin 2%, to account for the periodic boundary condition and the symmetry of the entropy around its maximum at

R = 2/N, but here we prefer to show the raw data.

N =301, b(301)~0.243 | N =201, b(201)~0.235 |N =201, b(201)~ 0.237
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Figure 2. Are—law violation in the weakly frustrated chains. The dependence of the S4(R) on N is plotted in log—log plot to show that in
the bulk it follows a power-law of the type Sy (R) >~ a(N)R?®), shown as a dashed gray line. The data of the plot on the left are
obtained semi-analytically using the Jordan—Wigner transformations while, in the other two plots, data are obtained with a numerical
DMRG algorithm.

Nas well as on the Hamiltonian ones (figure 2). Such dependence on N prevents the EE to diverge in the
thermodynamic limit.

(iii) The saturation of the EEs in the limit of large N can be appreciated in figure 3. In the spirit of the scaling
thermodynamic limit introduced before, we keep the size of the subsystem A equal to a fixed ratior = R/N
of the total length and plot the EE as N'is increased. We observe an EE behavior of the type
Sa(N) ~ a, + %, indicating that in the thermodynamic limit the EE tends to a finite, constant value.

In all plots, we collected data from different points in the phase-space of the generic AFM spin system
equation (1), including the Ising chain, the XY-chain in a longitudinal magnetic field, and the XYZ-chain in an
external magnetic field. While the Ising chain is akin to a free model, the last two are not even integrable. The
qualitatively similar behaviors in all these different models are evident.

This agreement can also be made quantitative. Collecting all entropy saturation pointsin the N — oo limit
for the different values of the parameters in the same plot, we observe in figure 4, that they all fall on the same
universal curve, once the non-universal, non-frustrated saturation value is subtracted. This is quite surprising
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Figure 3. Dependence of the EE S4(R) on N while keeping the ratio r = R/N constant, in the weakly frustrated chain, for different
Hamiltonian parameters. The data of the upper plot are obtained semi-analytically using the Jordan—Wigner transformations while,
in the other two plots, data are obtained with a numerical DMRG algorithm. The points represent the values of the entropy obtained,
while the lines stand for the best fit with a function of the form a, + %
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Figure 4. universal behavior of S4(R/N) for the weakly frustrated systems in the scaling thermodynamic limit, once the non-universal,
non-frustrated saturation value S3” of the EE is subtracted. All numerical data points, extracted in the N — oo limit of the EE at fixed
r = R/N for different values of the Hamiltonian parameters, perfectly fall on a single line, plotted in gray, given by equation (8).

because previous studies of models with a Galilean invariant spectrum have either given different behaviors
[35, 36] or very non-universal ones [37—40].

We can fit this universal curve using the single—particle picture of the frustrated ground state. For instance,
aty = A = h = 0, the ground-state of the frustrated system can be interpreted as a superposition of domain
walls. Turning on slightly any of the above parameters introduces some hopping so that the ground—state can be
approximated as a traveling excitation. Thus, the entanglement entropy can be estimated to be log 2 = 1from
the double degeneracy of the Neel states plus a contribution due to the probability that the domain wall
excitation lies or not in the interval A:
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R R
paR) = N|1><1| + (1 - N)I0> (of, (5)

where |0), |1) indicates a state with the excitation inside/outside of the subsystem (note that equation (5) is valid
also for non—point-like excitations, as long as translational invariance is assumed). A more refined approach to
be applied further away from the v = A = h = 0 point includes the fact that the non—frustrated ground-state
possess a structure and a finite, non—trivial entanglement:

|Gsunfrustmted> == Z \/)\_a|1/1(?> |’ll)g>; (6)

where we employed the usual Schmidt decomposition of a state [32]. In the single—particle interpretation, the
reduced density matrix, in this case, is constructed as

pA(R) = Z )\a rlil)g, 1> <¢2» ll + Z )\a(l - r)|1/)2, 0>< 2> O|7 (7)

andits EEis

Sa(r)=—=>_Aalog A, — rlogr — (1 — r)log(1 — 1)

«

=S} — rlogr — (1 — r)log(l — 1), (8)

where the first, constant terms, is the non-universal saturation value of the EE for the un-frustrated case. This is
the curve plotted in figure 4 and it is in excellent agreement with the numerical data, indicating that, even for
non-integrable models which lack an exact quasi-particle description, the EE of very large systems does not show
deviations from a single particle approximation.

It should also be noted that equation (8) differs from

Sa(r) ~ SU + J8(r(1 — r)i ©)

at most by 0.7% and hence the two curves are virtually indistinguishable from each other. The latter expression
of the entanglement entropy explains the algebraic area law violation which we already noticed for finite systems
in figure 2. Notice that equation (9) is a simple power-law only for small values of r = R/N, while trying a
power-law fit for larger values of r results in a varying exponent, thus explaining the fit in figure 2.

In conclusions, the results in figure 4 are in strong contrast both with the divergence shown by standard
(CFT) critical models and with the exponential convergence to a constant value that is found in systems
satisfying the area law. This behavior is consistent with that of a single excitation on top of a non-frustrated
ground state: while the latter is characterized by a finite correlation length which sets its saturation, the former
does not have any intrinsic lengths scale, except for the total system size. We observe that this picture is quite
general and robust and not related to specific, fine-tuned models.

4, Discussion and conclusions

We have shown how a weak (nonextensive) frustration induced by the boundary conditions can deeply affect the
properties of generic quantum spin chains whose Hamiltonian holds a Z, discrete symmetry, with the
appearance of a mixture of correlation functions with exponential and algebraic decay. The latter is very slow,
since the relevant parameter is r = %, and arise as a consequence of the non-trivial boundary conditions. We
characterized this emerging pseudo-phase using the EE: it shows a violation of the area law with an algebraic
growth with the subsystem, which yet does not lead to divergence for large systems. Such behavior supports the
idea that, as in gapped chains, the total amount of entanglement in the system is finite, but, similarly to critical
systems, correlations are distributed through the whole chain, with the possibility of distilling Bell-pairs with
arbitrary distance [31, 41, 42].

Frustrated boundary conditions are often considered to result in a single particle excitation. Accordingly, the
EE is interpreted as due to the superposition of a ground—state contribution (characterized by a finite correlation
length) and a delocalized excitation (with infinite correlation length). We calculated the EE within such a picture
in equation (8) and confirmed in figure 4 the quantitative agreement between the analytical expression and the
numerical data for a variety of frustrated spin chains.

Indeed, atleast for the Ising chain, the ground-—state of the frustrated chain has the same correlation
functions of certain low-lying states of the non—frustrated case. It should also be remarked that, in system
lacking particle number conservation such as the one we have analyzed, and with no integrability to characterize
states in terms of quasi-particle excitations, the ground-state selected by the boundary conditions does not
present any simple exact characterization, but our entanglement data shows that it is consistent with a single—
particle interpretation.
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Frustrated boundary conditions are a way to render otherwise low energy states stable against decay, with
possible application for state engineering for quantum technologies. Moreover, the considerations above imply
that low energy states (of non—frustrated models) carry much more structure than previously noticed, with very
long-range correlations (scaling like the system size) which could be harvested for quantum information
processing or transmission and quantum criptography [43]. As we mentioned, these states seem to have a finite
amount of entanglement but spread peculiarly. And it is known that, for several tasks, it is not important the
total amount of entanglement in a system, but how it is distributed [44]. We plan to investigate these perspectives
in our next works. For instance, preliminary results show that the phase diagram of the frustrated pseudo—phase
is quite rich and includes regions with degenerate ground—states with peculiar properties, such as the
spontaneous breaking of translational invariance.

Although to the best of our knowledge, the EE behavior we observed has not been reported in any system
before, this is not the first class of local, translational invariant systems which presents a violation of the area law.
Recently, two such examples have been introduced, i.e. the Motzkin [45] and the Fredkin chains [46]. These are
frustration-free systems, in the sense that the Hamiltonian can be decomposed as a sum of local commuting
terms, all sharing the same ground-states. This feature also allows for a direct evaluation of their entanglement
entropy, which scales either logarithmically with the subsystem size for low—spin chain, or as a square-root for
higher spins—variable lengths. These models share similarities and profound differences with the class of weakly
frustrated systems we considered. For instance, both are related to a massive degeneracy of the ground—state
manifold, but in a very different way. For such systems, a massive degeneracy exists for periodic boundary
conditions, but the area law violation requires an open chain with certain conditions at the borders, which selects
from the manifold a unique, highly entangled, ground-state. In the frustrated case, the massive degeneracy is
lifted by the external magnetic field and periodic boundary conditions are crucially needed to enforce frustration
and observe the area law violation. Also, in the frustration—free models, the area law violation is accompanied by
adivergence of the EE for large systems, which is not the case for the weakly frustrated cases. Most of all, the
frustration—free systems are somewhat artificial in their construction, especially so for the cases of square-root
violation of the area law. On the contrary, the frustrated systems we considered are very natural and robust
against perturbations.

Although we considered only 1D chains with weak frustration, we remark that these are at the core of any
frustrated system, even in higher dimensions, where frustration is always produced by closed loops [4, 5]. A
certain degree of frustration is very common and can give rise to peculiar properties: systems with an extensive
amount of frustration (i.e. anumber of loops proportional to the size of the system), both regular, such as the
ANNNI model [47] or spin ices [48], and disordered , such as the Sherrington-Kirkpatrick model [49] and spin
glasses [50], showcase unique behaviors different from those of unfrustrated systems, such as algebraic decay of
correlation functions without criticality [51, 52], local zero-modes [53—56], residual entropy at near-zero
temperature [57, 58], and give rise to peculiar emergent properties, such as artificial electromagnetism [51, 52]
monopoles, and Dirac strings [59]. Also, magnetic frustrated systems are among the best candidate to host the
elusive spin liquid phase [60].

An important outcome of our work is that even weakly frustrated systems can present peculiar behaviors if
observed at a length scale comparable to the loop size. We can thus speculate that some of the properties of
strongly frustrated systems (which have loops of many different lengths) have their origin in the phenomenology
we discussed in this work. We plan to address this hypothesis by considering extensively frustrated quantum
chains, to characterize the resulting phase using the scaling thermodynamic limit we introduced. This analysis
would be an important step toward the consideration of generic frustrated systems. As closed loops are the
building blocks for general frustrated systems, embedding the considerations we developed in higher—
dimensional systems can help to better understand the interplay between geometrical frustration and quantum
interaction and to decipher the complicated behaviors of frustrated systems.

Acknowledgments

We thank Andrea Trombettoni, Rosario Fazio, Marcello Dalmonte and Alexander Abanov for useful discussions
and Ryan Requist for his careful reading of the first version of the manuscript and his comments. We are grateful
for the computational resources provided by the High Performance Computing Center (NPAD) at UFRN. FF
and SMG acknowledge support from the H2020 CSA Twinning project No. 692194, ‘RBI-T-WINNING’ and
from RBI TWIN SIN project. FF’s work is also partially suppported by the Croatian Science Fund Project No. IP-
2016-6-3347.




10P Publishing

. Phys. C .3(2019) 081001
J. Phys. Commin. 3 (2019) P Letters

ORCIDiDs

Fabio Franchini @ https://orcid.org/0000-0002-3429-8189

References

[1] WolfM M, Verstraete F and Cirac ] 12003 Entanglement and frustration in ordered systems Int. Journal of Quantum Information 1 465
[2] Giampaolo SM, Gualdi G, Monras A and Illuminati F 2011 Characterizing and quantifying frustration in quantum many-body systems
Phys. Rev. Lett. 107 260602
[3] Marzolino U, Giampaolo S M and Illuminati F 2013 Frustration, entanglement, and correlations in quantum many body systems Phys.
Rev. A88020301(R)
[4] Toulouse G 1977 Theory of the frustration effect in spin glasses: I Commun. Phys. 2115
[5] Vannimenus ] and Toulouse G 1977 Theory of the frustration effect. II. Ising spins on a square lattice J. Phys. C10 L537
[6] Giampaolo SM, Hiesmayr B C and Illuminati F 2015 Global-to-local incompatibility, monogamy of entanglement, and ground-state
dimerization: theory and observability of quantum frustration in systems with competing interactions Phys. Rev. B 92 144406
[7] Sadoc ] Fand Mosseri R 2007 Geometrical Frustration (Cambridge: Cambridge University Press) (https://doi.org/10.1017/
CB0O9780511599934)
[8] Lacroix Claudine, Mendels Philippe and Mila Frédéric (ed) 2011 Introduction to Frustrated Magnetism: Materials, Experiments, Theory
(Springer Series in Solid-State Sciences) (Berlin: Springer) (https://doi.org/10.1007/978-3-642-10589-0)
[9] Diep H.T. (ed) 2013 Frustrated Spin Systems (Singapore: World Scientific) (https://doi.org/10.1142/8676)
[10] Amico L, Fazio R, Osterloh A and Vedral V 2008 Entanglement in many-body systems Rev. Mod. Phys. 80 517
[11] Calabrese P and CardyJ 2009 Entanglement entropy and conformal field theory J. Phys A: Math. Theor. 42 504005 JPA Special Issue on
Entanglement entropy in extended systems
[12] Herdman CM, Roy P-N, Melko R G and Del Maestro A 2017 Entanglement area law in superfluid “He Nat. Phys. 13 556
[13] Kitaev A and Preskill ] 2006 Topological entanglement entropy Phys. Rev. Lett. 96 110404
[14] Levin M and Wen X-G 2006 Detecting topological order in a ground state wave function Phys. Rev. Lett. 96 110405
[15] Vidal G, LatorreJ I, Rico E and Kitaev A 2003 Entanglement in quantum critical phenomena Phys. Rev. Lett. 90 227902
[16] PeschelI2004 On the entanglement entropy for an XY spin chain J. of Stat. Mech. 2004 P12005
[17] Its AR,Jin B-Q and Korepin V E 2005 Entanglement in XY spin chain J. Phys. A: Math. Gen. 38 2975
[18] FranchiniF, Its AR, Jin B-Q and Korepin V E 2007 Ellipses of constant entropy in the XY spin chain J. Phys. A: Math. Theor. 40 8467
[19] FranchiniF, Its AR and Korepin V E 2008 Renyi entropy of the XY spin chain J. Phys. A: Math. Theor. 41 025302
[20] Calabrese P and CardyJ 2004 Entanglement entropy and quantum field theory J. of Stat. Mech. 0406 P002
[21] Bonner ] Cand Fisher M E 1964 Linear magnetic chains with anisotropic coupling Phys. Rev. 135 A640
[22] Birwinkel K, Hage P, Schmidt H-J and Schnack ] 2003 Quantum numbers for relative ground states of antiferromagnetic Heisenberg
spin rings Phys. Rev. B 68 054422
[23] Cador O, Gatteschi D, Sessoli R, Barra A-L, Timco G A and Winpenny R E P 2005 Spin frustration effects in an odd-member
antiferromagnetic ring and the magnetic Mobius strip J. Mag. and Mag. Mat. 290 55
[24] Schnack ] and Shchelokovskyy P 2006 Solitary waves on finite-size antiferromagnetic quantum Heisenberg spin rings J. Mag. and Mag.
Mat. 30679
[25] Franchini Fabio 2017 An introduction to integrable techniques for one-dimensional quantum systems (Lecture Notes in Physics 940) (Berlin:
Springer International Publishing) (https://doi.org/10.1007/978-3-319-48487-7)
[26] Campostrini M, Pelissetto A and Vicari E 2015 Quantum transitions driven by one-bond defects in quantum Ising rings Phys. Rev. E91
042123
[27] Sachdev Subir 2011 Quantum Phase Transitions (Cambridge: Cambridge University Press) (https://doi.org/10.1017/
CB09780511973765)
[28] DongJ-J, Li P and Chen Q-H 2016 The a-cycle problem for transverse ising ring J. Stat. Mech. P113102
[29] Jordan P and Wigner E 1928 Uber das Paulische Aquivalenzverbot Z. Phys. 47 631
[30] Barouch Eand McCoy B M 1971 Statistical mechanics of the XY model II. Spin-correlation functions Phys. Rev. A 3 786
[31] Bennett CH, Bernstein HJ, Popescu S and Schumacher B 1996 Concentrating partial entanglement by local operations Phys. Rev. A
532046
[32] Nielsen M A and ChuangI L2010 Quantum Computation and Quantum Information (Cambridge: Cambridge University Press)
(https://doi.org/10.1017/CBO9780511976667)
[33] White S R 1992 Density matrix formulation for quantum renormalization groups Phys. Rev. Lett. 69 2863
[34] Brandao F G SLand Horodecki M 2013 An area law for entanglement from exponential decay of correlations Nat. Phys. 9721
[35] He T, Magan ] M and Vandoren SN 2017 Entanglement entropy in lifshitz theories SciPost Phys. 3 034
[36] GentleS A and Vandoren S 2018 Lifshitz entanglement entropy from holographic cMERA J. High Energ. Phys. 13
[37] Ercolessi E, Evangelisti S, Franchini F and Ravanini F 2011 Essential singularity in the Renyi entanglement entropy of the one-
dimensional XYZ spin-1/2 chain Phys. Rev. B 83 012402
[38] Castro-Alvaredo O A and Doyon B 2011 Permutation operators, entanglement entropy, and the XXZ spin chain in the limit A — —1*
Journal of Statistical Mechanics: Theory and Experiment 2011 P02001
[39] Castro-Alvaredo O A and Doyon B 2012 Entanglement entropy of highly degenerate states and fractal dimensions Phys. Rev. Lett. 108
120401
[40] AlbaV,Haque M and Lauchli A M 2012 Entanglement spectrum of the Heisenberg XXZ chain near the ferromagnetic point J. Stat.
Mech. P08011
[41] Bennett CH, DiVincenzo D P, Smolin J A and Wootters W K 1996 Mixed-state entanglement and quantum error correction Phys. Rev.
A 543824
[42] Popp M, Verstraete F, Marti n-Delgado M A and Cirac J 1 2005 Localizable entanglement Phys. Rev. A 71 042306
[43] Lo H-Kand ChauH F 1999 Unconditional security of quantum key distribution over arbitrarily long distances Science 283 2050
[44] Pan]J-W, Simon C, Brunker C and Zeilinger A 2001 Entanglement purification for quantum communication Nature 410 1067
[45] BravyiS, Caha L, Movassagh R, Nagaj D and Shor P W 2012 Criticality without frustration for quantum spin-1 chains Phys. Rev. Lett.
109207202



https://orcid.org/0000-0002-3429-8189
https://orcid.org/0000-0002-3429-8189
https://orcid.org/0000-0002-3429-8189
https://orcid.org/0000-0002-3429-8189
https://doi.org/10.1142/S021974990300036X
https://doi.org/10.1103/PhysRevLett.107.260602
https://doi.org/10.1103/PhysRevA.88.020301
https://doi.org/10.1142/9789812799371_0009
https://doi.org/10.1088/0022-3719/10/18/008
https://doi.org/10.1103/PhysRevB.92.144406
https://doi.org/10.1017/CBO9780511599934
https://doi.org/10.1017/CBO9780511599934
https://doi.org/10.1007/978-3-642-10589-0
https://doi.org/10.1142/8676
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1088/1751-8113/42/50/504005
https://doi.org/10.1038/nphys4075
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevLett.96.110405
https://doi.org/10.1103/PhysRevLett.90.227902
https://doi.org/10.1088/1742-5468/2004/12/P12005
https://doi.org/10.1088/0305-4470/38/13/011
https://doi.org/10.1088/1751-8113/40/29/019
https://doi.org/10.1088/1751-8113/41/2/025302
https://doi.org/10.1088/1742-5468/2004/06/P06002
https://doi.org/10.1103/PhysRev.135.A640
https://doi.org/10.1103/PhysRevB.68.054422
https://doi.org/10.1016/j.jmmm.2004.11.159
https://doi.org/10.1016/j.jmmm.2006.02.109
https://doi.org/10.1007/978-3-319-48487-7
https://doi.org/10.1103/PhysRevE.91.042123
https://doi.org/10.1103/PhysRevE.91.042123
https://doi.org/10.1017/CBO9780511973765
https://doi.org/10.1017/CBO9780511973765
https://doi.org/10.1088/1742-5468/2016/11/113102
https://doi.org/10.1007/BF01331938
https://doi.org/10.1103/PhysRevA.3.786
https://doi.org/10.1103/PhysRevA.53.2046
https://doi.org/10.1017/CBO9780511976667
https://doi.org/10.1103/PhysRevLett.69.2863
https://doi.org/10.1038/nphys2747
https://doi.org/10.21468/SciPostPhys.3.5.034
https://doi.org/10.1007/JHEP07(2018)013
https://doi.org/10.1103/PhysRevB.83.012402
https://doi.org/10.1088/1742-5468/2011/02/P02001
https://doi.org/10.1103/PhysRevLett.108.120401
https://doi.org/10.1103/PhysRevLett.108.120401
https://doi.org/10.1088/1742-5468/2012/08/P08011
https://doi.org/10.1103/PhysRevA.54.3824
https://doi.org/10.1103/PhysRevA.71.042306
https://doi.org/10.1126/science.283.5410.2050
https://doi.org/10.1038/35074041
https://doi.org/10.1103/PhysRevLett.109.207202

I0OP Publishing J. Phys. Commun. 3 (2019) 081001 W Letters

[46] Dell’Anna L, Salberger O, Barbiero L, Trombettoni A and Korepin V E 2016 Violation of cluster decomposition and absence of light-
cones in local integer and half-integer spin chains Phys. Rev. B 94 155140

[47] Fisher M E and Selke W 1980 Infinitely many commensurate phases in a simple Ising model Phys. Rev. Lett. 44 1502

[48] Bramwell S T and Gingras M J P 2001 Spin ice state in frustrated magnetic pyrochlore materials Science 294 1495

[49] Sherrington D and Kirkpatrick S 1975 Solvable model of a spin-glass Phys. Rev. Lett. 35 1792

[50] Binder Kand YoungA P 1986 Spin glasses: experimental facts, theoretical concepts, and open questions Rev. Mod. Phys. 58 801

[51] Huse D A, Krauth W, Moessner R and Sondhi S L 2003 Coulomb and liquid dimer models in three dimensions Phys. Rev. Lett. 91
167004

[52] Henley C L2005 Power-law spin correlations in pyrochlore antiferromagnets Phys. Rev. B71 014424

[53] Villain ] 1979 Insulating spin glasses Zeitschrift fiir Physik B Condensed Matter 33 31

[54] RitcheyI, Chandra P and Coleman P 1993 Spin folding in the two-dimensional Heisenberg Kagomé antiferromagnet Phys. Rev. B 47
15342(R)

[55] Tchernyshyov O, Moessner R and Sondhi S L2002 Order by distortion and string modes in pyrochlore antiferromagnets Phys. Rev.
Lett. 88067203

[56] Lee S-H, Broholm C, Ratcliff W, Gasparovic G, Huang Q, Kim T H and Cheong S-W 2002 Emergent excitations in a geometrically
frustrated magnet Nature 418 856

[57] Harris M J, Bramwell S T, McMorrow D F, Zeiske T and Godfrey K W 1997 Geometrical Frustration in the Ferromagnetic Pyrochlore
Ho,Ti,O; Phys. Rev. Lett. 79 2554

[58] Ramirez A P, Hayashi A, Cava RJ, Siddharthan R and Shastry B S 1999 Zero-point entropy in “spin ice” Nature 399 333

[59] Morris DJ P etal 2009 Dirac Strings and Magnetic Monopoles in Spin Ice Dy, Ti,0; Science 326 411

[60] Balents L2010 Spin liquids in frustrated magnets Nature 464 199

10


https://doi.org/10.1103/PhysRevB.94.155140
https://doi.org/10.1103/PhysRevLett.44.1502
https://doi.org/10.1126/science.1064761
https://doi.org/10.1103/PhysRevLett.35.1792
https://doi.org/10.1103/RevModPhys.58.801
https://doi.org/10.1103/PhysRevLett.91.167004
https://doi.org/10.1103/PhysRevLett.91.167004
https://doi.org/10.1103/PhysRevB.71.014424
https://doi.org/10.1007/BF01325811
https://doi.org/10.1103/PhysRevB.47.15342
https://doi.org/10.1103/PhysRevB.47.15342
https://doi.org/10.1103/PhysRevLett.88.067203
https://doi.org/10.1038/nature00964
https://doi.org/10.1103/PhysRevLett.79.2554
https://doi.org/10.1038/20619
https://doi.org/10.1126/science.1178868
https://doi.org/10.1038/nature08917

	1. Introduction
	2. Weakly frustrated spin chains
	3. The entanglement entropy
	4. Discussion and conclusions
	Acknowledgments
	References



