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Abstract

This paper is a direct extension of our paper ”The Standard Model
on Non-Commutative Space-Time: Electroweak currents and Higgs
sector” [1], now with strong interactions included. Apart from the
non-commutative corrections to Standard Model strong interactions,
several new interactions appear. The most interesting ones are gluonic
interactions with the electroweak sector. They are elaborated here
in detail and the Feynman rules for interactions up to O(g20) are
provided.
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1 Introduction

This paper closely follows the paper by B. Meli¢ et al: ”The Standard
Model on Non-Commutative Space-Time: Electroweak currents and Higgs
sector” [1], by including strong interactions. In this paper we present a care-
ful discussion of QCD and QCD-electroweak charged and neutral currents in
the Non-Commutative Standard Model (NCSM) [2] and compute the corre-
sponding Yukawa parts of the action.

All relevant expressions are given in terms of physical fields and selected
Feynman rules are provided with the aim to make the model more accessible
to phenomenological considerations.

In Secl] we briefly review the NCSM. The non-commutative QCD and
QCD interactions with the electroweak and Yukawa sector are presented in
Sections Bl and Bl The selected Feynman rules to O(g20) are summarized in
Sec. B while Sec. Bl is devoted to concluding remarks.

2 Non-commutative Standard Model

The action of the Non-Commutative Standard Model (NCSM) formally re-
sembles the action of the classical Standard Model (SM): the usual point-
wise products in the Lagrangian are replaced by the Moyal-Weyl product
and (matter and gauge) fields are replaced by non-commutative fermion and
gauge fields (denoted by a hat) which are expressed (via Seiberg-Witten
maps) in terms of ordinary fermion and gauge fields ¢ and V,:

U = U[V]=¢— 5 0"V, g9 + S 0% [V, Vgl + O(6?) (1)
~ . 1
V., = V[V]=V,+ Zeaﬁ{aavu + Fo, Vs +0(67). (2)

Here, F},, is the ordinary field strength and V), is the gauge potential corre-
sponding to the SM gauge group structure

Va(@) = g/ Au(2)Y + g Bi(@) T + g, Gh(x) T%, (3)

b=1

and T¢ = 7,/2, TS = \°/2, with 7% and A\® being the Pauli and Gell-Mann ma-
trices, respectively. Here, A,, B}, and GZ represent ordinary U(1)y, SU(2)r
and SU(3)¢ fields, respectively.

The approach to non-commutative field theory based on star products
and Seiberg-Witten maps allows the generalization of the SM of particle



physics to the case of non-commutative space-time, keeping the original gauge
group and particle content [2-11]. It provides a systematic way to compute
Lorentz violating operators that could be a signature of a (hypothetical) non-
commutative space-time structure [12-22]. In this paper we do not repeat the
derivation, but take NCSM action Sycsy = Stermions T Ogauge T Otigas T Oyukawas
given already in terms of commutative SM fields, as a starting point. Note
that the Sycsy action is anomaly free [23].

With respect to the gauge sector there are two models: the minimal
Non-Commutative Standard Model (mNCSM) [2] and the non-minimal Non-
Commutative Standard Model (nmNCSM) [16]. The main difference between
the two models is due to the freedom of the choice of traces in the kinetic
terms for gauge fields. In the mNCSM, we adopt the representation that
yields a model as close as possible to the SM without new triple gauge boson
couplings. In the nmNCSM [16] the trace is chosen over all particles on which
covariant derivatives act and which have different quantum numbers. In the
SM, these are five multiplets for each generation of fermions and one Higgs
multiplet.

Note that the fermion sector of the action Sycgy is not affected by choosing
different traces over the representations in the gauge part of the action and
remains the same in both models.

2.1 Minimal/Non-Minimal NCSM

The minimal NCSM gauge action is given by [1]

1 1 5 , ,
S = —§/d4x (5./4#1,«4“ + Tr B, B" + TrGWG“)

1 1
rpaator [t (G656 - GGl ) 6+ 0@, ()

where, A, B, (= B}, 1}) and G, (= Gf,T§) denote field strengths.

In the non-minimal NCSM, the gauge action () is extended by new
gauge terms, Eq. (27) in [1], from where the Lagrangians including gluons
are derived

Logy = 5020w Koy 077 247 (2G5, L, — G, Gly)

+ 8A,,G" 'GP — APUGZVG“”’I’} 5% (5)
Lzgg = Logg(Ap— Zy), (6)
with the following coupling constants
2 /
—Js 12 2 g
Ky = <9 +9)f€3, Kzgg === K,g. (7)
Y99 294’ 99 g 9
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Details of the derivations of neutral triple-gauge boson terms and the prop-
erties of the coupling constants in ([) are given in [16,17].

3 QCD and QCD-Electroweak Matter Cur-
rents

The general fermionic action in NCSM reads [1]

5, = [da (- (T RUEN D) 4O,

where §#P = QH~P 4 GVP~H 4 PP~V s a totally antisymmetric quantity,
denotes any fermion field, while the corresponding representations R, for
various fermion fields are listed in Table 2 of Ref. [1].

We express the NCSM currents in terms of physical fields starting with
the left-handed sector. In (8), the representation Ry, (V),) of the SM gauge
group takes the form

Ru, (V) =9 Ay Ye, +gBiT} + g, GO TS (9)

The hypercharge generator Yy, can be rewritten as Yy, = Qq,, — T34,,, =
Qaaown — T3,00mn.- Then the left-handed electroweak part of the action S,
can be cast in the form

Spewr = / d'z (Ui W, + 0, ID @) |

_ L _ L
qup,L ‘]]F2) qdown,L + qdown,L J2(1) qup,L
_ L _ L
+ qup,L ‘]]F]_) qup,L + qdown,L J2(2) qdown,L 9 (10)

where J*) is a 2 x 2 matrix whose off-diagonal elements (J1(2L ), J2(1L)) denote

the charged currents and diagonal elements (Jl(lL), J2(2L )) the neutral currents.
After some algebra, with gluons included (G, = G§Tg), we obtain

g ’

g - EWWJI%” +O(6?), (11a)
g - 1

g - %W + JED L 0%, (11b)



Jl(f) = € QQUP ‘A + g (T37Qup,L - QQup Sin2 QW)Z + gs$:|
i cos Oy
+ 577+ 0%, (12a)
o= (T = in” 6
22 - € QQdown ‘A + ( 37Qdown,L QQdown S W)Z + gs@
I cos Oy
+J55 7 + 0%, (12b)

where Jl(g’e) and JI(IL’H), Eqgs. (41-43) in [1], receive the following additional
contributions from the inclusion of gluons

) g v — N

JEO ﬁeu P {gs [GV (8, + 9,) +2(0,G,)
—1 egs(Qqup - Q(Idown)AVGp

CcOoS QW ((T37(Iup,L - T37qdown,L> - (Qqup - quown) Sin2 QW) ZI/Gp

+ig?G,G,} , (13)

_/L gs

1 —
IO 50 {igs (0,G) 0,
g [GMGV 9, +(0,G)Gy| +ig? G.G,G,
—€9s Qquy [(0,A,) Gy — A (0,G)]

— gS(T37qup,L - Qqup Sin2 8W> [(aPZH) GV B Z“(ap Gy)]
cos By
2
i % g0 Wi W, Gyt ieQu, 92 AuGl Gy
. g :
+1 p— gf(T&qup’L — Qqup sin? Oy Z,G, Gp} ; (14)

while

(L,0) (L,0)
Jo1 Ji2 n -

(L,0) - (L,0) (W oW ’Qq“p - QQdOW"’ T3qup,L A Tqudown,L) .
Jao’ Jiy’

(15)
In this paper we use the notation (0, =0, ¢) and (0, =7 9,).
For the right-handed sector qr represents qr € {Gup.Rs Quown,r}, and the
representation R, (V) is given by

RQR(VM) = gl All« + Y:]R gS Gu ) (16)
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with SU(3) fields included. Note that for the right-handed fermions we have
T34, = 0 and Y,, = Q4. The right-handed electroweak part of the action S,,

Spewn = /d4$ (GriPar + ar J™ qr) |
T = [eQq A —eQq tan by Z + g, ) + JD + 0(6%),  (17)

has the following additional gluon contributions to Eq. (48) in [1]

g e Lig, (0,6, 9,
g [GHGV a, +(apGH)GV} +ig? GGG,

—gseQq [(apAu) G, — A, (apGV)]
+gs e Qq tan Oy [(apZu) G, — Zu(ﬁp G,)l
+igZeQq [A, —tanbyw Z,) G, G,} . (18)

4 Yukawa Terms

By the similar analysis as in the preceeding section, one can show that
Yukawa part of the action

w . /d4 Z + - NA(U)) 4@

1,7=1
4+ (NV(ZJ + 5]\[A(ij)) )
4+ (CV(U + CA(ZJ ) (4)
+d9 (C1 + 45 Cp ) u] | (19)

contains additional gluon contributions to the neutral currents (Eqs. (67-69)
from [1]):

i 1 ; ah | N
N;ZH(J) : —5 euVMdozvn{_Gu%—f-[ayG“ + ngGu Gy] (1+;)} ,
(20)

.. > h
NA,O(’U) . & ;,LVM ’L]) T Z 1 h 21
dd 2 COS QW 9 down 37wdown,L UGV + " , ( )



as well as to the charge currents, Eq. (71,72) in [1]

VoG . 199s o (1 E M @) _ (M (i) W
Cud . 4\/5 ( + v [(V down) ( upv> ]GM v
ApGs) . 199s o (1 ﬁ M (i5) M (i) W
CUd . 4\/§ ( " v [(V down> - ( “Pv) ] Gﬂ v

(22)

In the above, Mjﬁ?}lown are usual 3 x 3 diagonal mass matrices defined in [1],
and

+ —
VA A0 (W™ < W™, down — up),

V,0(ij) V,0(ij)
N } i {Ndd !
dd

. i = =\ T
ij i,z <O\
Ca? = —(CiP0-0)) . (23)

while V@) are the standard CKM matrix elements.

5 Feynman Rules

In this section, we list a number of selected Feynman rules for non-commutative
QCD and non-commutative QCD-electroweak sectors up to the first order in
0 and up to g2 order. Higher-order terms are not considered in this work.

The following notation for vertices has been adopted: all gauge boson lines
are taken to be incoming; the momenta of the incoming and outgoing quarks,
following the flow of the quark line are given by p,, and p..., respectively. In
the following we denote quarks by ¢ € {u®,d®"}, and the generation indices
by 7 and j. In the Feynman rules we use the following definitions

.9
cvg = T34, — 2Q, sin” Oy,

I
o3
)
&

(24)

CAyq
We also make use of (0k)* = 0"k, = —k, 0" = —(kO)", (kOp) = k,0"p,
and GFP = GFV P 4 GVPyH 4 GPEAY

5.1 Minimal NCSM

The 6 corrections to vertices containing quarks are obtained using Egs.
([[OI7). The Yukawa part of the action ([d) has to be taken into account
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as well, because it generates additional mass proportional terms which mod-
ify some interaction vertices. In comparison with the SM, this is a novel
feature. According to (#), the gauge boson couplings receive  proportional
corrections to three- and four-gluon couplings.

First, let us define the three-gauge boson vertex function

O3((ps k1), (v, k2), (p, k) =
— (k10ks) [(k1 — k2)?g"" + (ko — k3)"'g"" + (k3 — k1) g™]
— 0" [k (koks) — Kb (k1ks)]
— 0" [ky (ksk) — kj (kakr)]
— 07 k5 (kika) — kY (ksks)]
6’/52)“ [ vp /{:3 k3/{:§] (Oks)H [ vp /{:5 - k;kg]
Oks)” [g" k7 — KIRY) + (0k1)” [g"° k3 — kykS]
]ﬁ)p (9" k5 — KA RS ] + (0k2)? [g" ki — KYKY] (25)

which is the same function as in [1], but written in the explicit form.
Similarly, the result of the four-gauge boson vertex function is

Ou((1, k1), (v, k2), (p, k3), (0, ka)) =
(k30ka) (9" 9" — "79"")
+ 0" (k3 kY — g7 (kska)] + 077 (k5 kY — k3kY)
— 0"°[k3ky — g (kska)] — 0" [ks kf — g"* (kska)
+ 0PIk kY — g" (ksky)] + 0" [KE K — " (kska)
+ (Oks)" (K g” — K g"7) + (Oka)" (k5 ¢ — k3 g"")
— (0k3)” (K g™ — ki’g (0ks)" (K5 9" — k? g")
+ (0ks)” (ki g”° k49 (0ka)” (K5 g”7 —ksg ")
(0k3)” (K} (Ok4)” (K4 9")

—~ (Oks)° “Vp + (Oky)° “Vp

I
n

)+
7) -
7) -

9"



The three vertices that appear in the commutative SM as well are
* . q

; GL(k)

q
ng{ _iku(euwpipﬂ_euvmq) T

= 7;gs i T§
1
“'5 gs [(pout‘gpin)’yu - (pome)u(]éin - mq) — (Pouw — mq)(epin)u] Ts ,
(27)
L GZ(/{ig)
:?; Gy (k)
G (ky)
Js fabc [guu(kl - k2)p + gup(kQ - kS)u + gpu(k?) - kl)u]
1
b 900 O (g1, ), (v K2), (p, k). (28)
The #-corrected gggg vertex takes the following form:
[ ]
Gy (ks) ::?% G (ks)
G (ka) G(k1)
Zg? {fab:cfcdz (guagl/p - gupgl/ ) fac:z:fbd:c ( ua vp gul/gpa)
+fadxfbc:c (gupgua o guugpa)}
502 {7 O k). (v, k). (0. k). (0, k)
+[(:u7 kla CL) A (p7 k37 )] [(M? klv ) = (O’, k47 d)]
+(v, ke, b) < (p, ks, )] + [(v, k2, 0) = (0, ks, d)]
+[(:u7 klua) A (p7 k37 )7 (V k27 ) (U k47d)]} : (29)



Equations ([[I7) describes the interaction vertices involving quarks and
two or three gauge bosons. These do not appear in the SM. In the following
we provide all contributions to such vertices with four legs and the corre-
sponding mass-proportional contributions.

¢ >q<g;i Gl (k1)
q Gy (ks)

gS a - aoc C
2 {eulm (k1 —k5) TSTSb + i Oy (P4, + KE) — Opmy] f ’ TS} , (30)

. a Au(kr)

1
>£ - 5 gs€ Qq euup (kf - ]{35) Tg> (31)

q Gy (k2)
—egs a
m [euup (k’f kS)(CV,q - CA,q’Yg,) -+ 2«9/“, my CA,q’Ys] (TS;
32
* L0 W (k) dv) >ii W, (k)
d(j) Gﬁ(k@) u(i) Gg(kg)
—€Js ‘/ij
NG 0,0, (KD — KE) (1 —
44/2sin 6 (sz) { I p( 1 5) ( Vs)

S =

s
NG
—

|
)
ot
SN—

|
A~
3

5
NG
—~
—_
_l’_
o
ot
L
——
o3
w
&

9, '
! |:<md(j)



Similarly, five-field vertices gqgWW g, qqv99, qqZ g9, qqgW~g, qgW Z g and
qqW gg are extracted from Eqs. ([[0[I7) as well. They have no mass-proportional
corrections:

i q W:(k’l)

B 2
W, (k2) g, (1) TS, (34)
8 sin” Oy
g Gylks)

¢ q A/J(kl) Z
G4 (k) D)
q GY (ks)

€ gg Qq‘gwp fabcT§ ) (35)

* . a Zu (k1)

a ) 2
G ka) _%euw (cvig — caqs) fabCT§ 5 (36)
, 2 sin 20y, ’ ’
q Gp(k?’)
L0 Wi (ky) d®) W (k1)
A, (k2) Ay (ko)
40 Gy (ks) u Gy (ks)
& ( Vij )9 (1_ )Ta (37)
4y/2sin by \ V3 /) "7 )RS
o 0 W (k1) o) W (k1)

>§ 7, (k) >\§£w Z,(ky)
G (ks3) ; G9(ks)
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e? gs cos O Vis u
w5 1= 2073,

4\/§ sin2 ‘9W _‘/Z}k

(38)

« O W (ki) dv) W, (k1)

G (ko) Gy (k2)

o) GY (k3) 0 GO (k3)

; 2
—teg; Vij abc e

—_— 0, (1 — T5. 39
4\/§sin«9w (sz) up( ¥s) f S (39)

The Feynman rules for pure QCD vertices, ([20)-(B0) have already been
given in [13].

5.2 Non-Minimal NCSM

Here we give the Feynman rules for f-corrections to gauge boson vertices
Zgg and ~gg in the non-minimal NCSM introduced in [16]. Observe that
the quark sector is not affected by the change of the representation in the
gauge part of the action, and, consequently, is the same in both models, the
mNCSM and the nmNCSM.

o Gg(kg)
G (k2)
—2esin 20w Ky, O3((, k1), (v, k2), (p, k3)) 5%, (40)
Ap(kr)
G (ks)

Gy (k2)
— 2e sin QQWKZgg @3((#, ]{31), (I/, ]{?2), (p, ]{53)) 5ab . (41)

Z,(k
The cgl(qs‘lcgmts K are not independent, and they are defined in Eqgs. (),
from where Kz, = —tan 0y K, 44.
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6 Conclusions

This article, together with [1], represents a complete description of the Non-
Commutative Standard Model constructed in [2,16] and makes it accessible
to further research.

We have presented a careful discussion of QCD-electroweak charged and
neutral currents as well as a detailed analysis of the Yukawa part of the
NCSM action. The NCSM action is expressed in terms of physical fields and
mass eigenstates, up to the first order in the non-commutative parameter 6.

The novel feature of the NCSM presented in this article is the presence
of mixtures of gluon interactions with electroweak ones. We again encounter
the mass-proportional corrections to the quark-boson couplings, stemming
from the Yukawa part of the action ([d). These features are introduced by
the Seiberg-Witten maps.

With these interactions provided, together with [1], we complete the anal-
ysis of all interactions of the NCSM appearing at the order 6, and hope that
this will enable further investigations leading to the stringent bounds to the
non-commutativity parameters.
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