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Theoretical Physics Division, Rudjer Boskovic Institute, Bijenička 54, HR-10002 Zagreb, Croatia
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We present an improved QCD light-cone sum rule (LCSR) calculation of the B! K and Bs ! K form

factors by including SU(3)-symmetry breaking corrections. We use recently updated K meson distribution

amplitudes which incorporate the complete SU(3)-breaking structure. By applying the method of direct

integration in the complex plane, which is presented in detail, the analytical extraction of the imaginary

parts of LCSR hard-scattering amplitudes becomes unnecessary and therefore the complexity of the

calculation is greatly reduced. The values obtained for the relevant BðsÞ ! K form factors are as follows:

fþBKð0Þ ¼ 0:36þ0:05
�0:04, f

þ
BsK

ð0Þ ¼ 0:30þ0:04
�0:03, and f

T
BKð0Þ ¼ 0:38� 0:05, fTBsKð0Þ ¼ 0:30� 0:05. By compar-

ing with the B! � form factors extracted recently by the same method, we find the following SU(3)

violation among the B! light form factors: fþBKð0Þ=fþB�ð0Þ ¼ 1:38þ0:11
�0:10, f

þ
BsK

ð0Þ=fþB�ð0Þ ¼ 1:15þ0:17
�0:09,

fTBKð0Þ=fTB�ð0Þ ¼ 1:49þ0:18
�0:06, and f

T
BsK

ð0Þ=fTB�ð0Þ ¼ 1:17þ0:15
�0:11.
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I. INTRODUCTION

The B! light meson form factors are important ingre-
dients in the analysis of semileptonic B decays, as well as
of nonleptonic two-body B decays, where they serve for
extraction of the Cabibbo-Kobayashi-Maskawa matrix el-
ements. They have been studied by light-cone sum rule
(LCSR) [1] methods in several papers [2–13], and most
recently in [14]. In this paper we want to concentrate on the
flavor SU(3)-symmetry breaking corrections in B! K and
Bs ! K form factors, closely following the method pre-
sented in [14]. In [14], the B! � form factors were
analyzed, and in contrast to the previous calculations

with the pole mass for mb, the MS mass �mbð�Þ was
used. This choice more naturally follows the idea of the
perturbative calculation of the hard-scattering amplitudes.
Since the sum rule calculation of fB and fBs decay con-

stants is also available in theMS scheme [15], we are able
to consistently perform estimation of the fBðsÞK form fac-

tors in this scheme.
The notion of SU(3) breaking is particularly interesting

in a view of discrepancies of measured values for BðsÞ !
�K decay widths and CP asymmetries compared to stan-
dard model predictions. The BðsÞ ! K transition form fac-

tors enter different models for calculating these decays,
and according to the recent analysis [16], one solution of
these discrepancies is given by assuming the large SU(3)-
breaking effects, either in strong phases or in amplitudes.
Our intention is to calculate these effects in different
BðsÞ ! K form factors by using all known SU(3)-breaking

corrections in the parameters and in distribution ampli-
tudes (DAs) entering the LCSR calculation.

Up to now, in [9,17,18], the main SU(3)-breaking effects
were included by considering SU(3)-breaking in the pa-
rameters of the leading twist DAs, such as fK=f� and
�K=��, and by inserting p2 ¼ m2

K � 0 at LO. In the
meantime, the complete SU(3)-symmetry breaking correc-
tions in the K meson DAs are known [19]. In [19], the
authors complete the analysis of SU(3)-breaking correc-
tions done in [20–24], for all twist-3 and twist-4 two- and
three-particle DAs, by including also G-parity-breaking
corrections in ms �mq. Therefore our analysis will in-

clude complete SU(3)-breaking effects in both kaon DAs,
as well as in the hard-scattering amplitudes at LO. At next-
to-leading order (NLO) in the hard-scattering amplitudes,
the inclusion of ms and m

2
K effects complicates the calcu-

lation. Because of the complexity of mixing between twist-
2 and twist-3 DAs, we were not able to perform consistent
calculations with ms included in the quark propagators.
Therefore, in those amplitudes we also set p2 ¼ m2

K ¼ 0,
and consistently use twist-2 and twist-3 two-particle kaon
DAs without mass corrections. However, we analyze the
kaon mass effects (p2 ¼ m2

K) at NLO and include them in
the error estimates. More detailed discussion about this
point will be given in Sec. II.
Since the LO hard-scattering amplitudes are already

complicated when the twist-4 and three-particle DAs are
included, we will use the new, numerical method to calcu-
late the sum rules. The idea is to use the analyticity of the
integrals, and to continue them to the complex plane. The
integrals are then performed over the contour in a complex
plane, and the imaginary part is obtained numerically. The
details of the method will be given below.

II. LCSR FOR BðsÞ ! K FORM FACTORS

To obtain the form factors fþBK, f0BK, and fTBK from
LCSR we consider the vacuum-to-kaon correlation func-
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tion of a weak current and a current with the B meson quantum numbers:

F�ðp; qÞ ¼ i
Z
d4xeiq�xhKðpÞjTf �sðxÞ��bðxÞ; mb

�bð0Þi�5dð0Þgj0i

¼
�
Fðq2; ðpþ qÞ2Þp� þ ~Fðq2; ðpþ qÞ2Þq�; �� ¼ ��
FTðq2; ðpþ qÞ2Þ½p�q2 � q�ðqpÞ�; �� ¼ �i���q� (1)

for the two different b! s transition currents. For defi-
niteness, we consider the �Bd ! �K0ðs �dÞ flavor configura-
tion, and use the isospin symmetry limit, ignoring
replacement of a u quark by a d quark in the penguin
current. For the case of fþ;0;TBsK

form factors we consider
the Bs ! K0ð �sdÞ decay. This enables us to use the same
correlation function, with s and d quarks interchanged, but
in the kaon DAs one has to take care about the fact that
DAs from [19] are defined for the configuration in which
the momentum fraction carried by the s-quark is u (i.e., �1

in the three-particle DAs), and �u ¼ 1� u (�2 in the three-
particle DAs) is the antiquark momentum fraction. Since
we want to explore the SU(3)-breaking corrections we will
keep the kaon mass (p2 ¼ m2

K) and the ms quark mass in
the DAs. The light quark masses will be systematically
neglected, except in the ratio �K ¼ m2

K=ðms þmdÞ.
For the large virtualities of the currents above, the

correlation function is dominated by the distances x2 ¼ 0
near the light cone, and factorizes to the convolution of the
nonperturbative, universal part (the light-cone DA) and the
perturbative, short-distance part, the hard-scattering am-
plitude, as a sum of contributions of increasing twist. In
contrast to the pion DA, where due to the G-parity odd
Gegenbauer moments vanish, the lowest twist-2 DA of a
kaon has an expansion

�Kðu;�Þ ¼ 6uð1� uÞð1þ aK1 ð�ÞC3=2
1 ð2u� 1Þ

þ aK2 ð�ÞC3=2
2 ð2u� 1Þ þ . . .Þ; (2)

where we neglect higher moments aK>2. We calculate here
contributions up to the twist-4 in the leading order (Oð�0

sÞ)
and up to the twist-3 in NLO, neglecting the three-particle

contributions at this level. Schematically, the contributions
are shown in Fig. 1 and 2.
By using the hadronic dispersion relation in the virtual-

ity ðpþ qÞ2 of the current in the B channel, we can relate
the correlation function (1) to the B! K matrix elements,

hKðpÞj�s��bj �Bdðpþ qÞi ¼ 2fþBKðq2Þp�
þ ðfþBKðq2Þ þ f�BKðq2ÞÞq�;

(3)

hKðpÞj�s���q�bj �Bdðpþ qÞi

¼ ½q2ð2p� þ q�Þ � ðm2
B �m2

KÞq��
ifTBKðq2Þ
mB þmK

: (4)

Inserting hadronic states with the B-meson quantum num-
bers between the currents in (1), one isolates the B-meson
ground-state contributions for all three invariant ampli-
tudes Fðq2; ðpþ qÞ2Þ, ~Fðq2; ðpþ qÞ2Þ, and FTðq2; ðpþ
qÞ2Þ and using (3) and (4) obtains

FIG. 1. Diagrams corresponding to the leading-order terms in the hard-scattering amplitudes involving the two-particle (left) and
three-particle (right) kaon DA’s shown by ovals. Solid, curly, and wavy lines represent quarks, gluons, and external currents,
respectively. In the case of the Bs ! K transition, s and d quarks are interchanged, and �K0 is replaced by K0.

FIG. 2. Diagrams contributing to the hard-scattering ampli-
tudes at Oð�sÞ.
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fþBKðq2Þ ¼
em

2
B=M

2

2m2
BfB

�
F0ðq2;M2; sB0 Þ

þ �sCF
4�

F1ðq2;M2; sB0 Þ
�
; (5)

fþBKðq2Þ þ f�BKðq2Þ ¼
em

2
B=M

2

m2
BfB

�
~F0ðq2;M2; sB0 Þ

þ �sCF
4�

~F1ðq2;M2; sB0 Þ
�
; (6)

fTBKðq2Þ ¼
ðmB þmKÞem2

B=M
2

2m2
BfB

�
FT0 ðq2;M2; sB0 Þ

þ �sCF
4�

FT1 ðq2;M2; sB0 Þ
�
: (7)

The scalar B! K form factor is then a combination of the
vector form factor (5) and the f�BK form factor from (6),

f0BKðq2Þ ¼ fþBKðq2Þ þ
q2

m2
B �m2

K

f�BKðq2Þ: (8)

In the above, F0ð1Þ and ~F0ð1Þ represent the LO (NLO)

contributions and fB ¼ h �Bdjmb
�bi�5dj0i=m2

B is the

B-meson decay constant. As usual, the quark-hadron dual-
ity is used to approximate the heavier state contribution by
introducing the effective threshold parameter sB0 , and the

ground-state contribution of B meson is enhanced by the
Borel-transformation in the variable ðpþ qÞ2 ! M2.
Completely analogous relations are valid for Bs ! K
form factors, with the replacement s$ d in (3) and (4)
and by replacing mB by mBs , fB by fBs , as well as M

2 by

M2
s and s

B
0 by s

Bs
0 in (5)–(7). In addition, in the derivation of

the above expressions for Bs, one has to take into account
that hBsj �bi�5sj0i=m2

Bs
¼ fBs=ðmb þmsÞ.

The calculation will be performed in the MS scheme.
The B and Bs decay constants fBðsÞ will be calculated in the

MS scheme using the sum rule expressions from [15] with
Oð�s;m2

sÞ accuracy.
Each form factor can be written in a form of the disper-

sion relation:

Fðq2;M2
ðsÞ; s

Bs
0 Þ ¼ 1

�

Z s
BðsÞ
0

m2
b

dse�s=M
2
ðsÞ ImsFðq2; sÞ; (9)

where now s ¼ ðpþ qÞ2. The leading-order parts of the
LCSR for fþBK, fþBK þ f�BK, and fTBK form factors have the
following forms:

F0ðq2; ðpþ qÞ2Þ ¼ m2
bfK

Z 1

0

du

m2
b � ðqþ upÞ2

�
’KðuÞ þ�K

mb

u�p
3KðuÞ þ

�K

6mb

�
2þm2

b þ q2 � u2p2

m2
b � ðqþ upÞ2

�
��

3KðuÞ

� m2
b�4KðuÞ

2ðm2
b � ðqþ upÞ2Þ2 �

u

m2
b � ðqþ upÞ2

Z u

0
dv 4KðvÞ

�
þ

Z 1

0
dv

Z D�

½m2
b � ðqþ XpÞ2�2

�
�
mbf3Kð4vðq � pÞ � ð1� 2vÞXp2Þ�3Kð�iÞ þm2

bfK

�
3ð�4Kð�iÞ þ ~�4Kð�iÞÞ

þ 4vð1� vÞðq � pþ Xp2Þ
m2
b � ðqþ XpÞ2 �4Kð�iÞ �

�
1� Xp2

q � pþ Xp2

�
ð�4Kð�iÞ þ�4Kð�iÞ þ ~�4Kð�iÞ

þ ~�4Kð�iÞÞ
��

�m2
bfK

Z 1

0
dv

Z
D�

Z X

0
d�

1

½m2
b � ðqþ ðX� �ÞpÞ2�2

p2q � p
ðq � pþ ðX � �Þp2Þ2

�ð�4Kð�iÞ þ�4Kð�iÞ þ ~�4Kð�iÞ þ ~�4Kð�iÞÞ; (10)

~F0ðq2; ðpþ qÞ2Þ ¼ mbfK
Z 1

0

du

m2
b � ðqþ upÞ2 f�K�

p
3KðuÞ þ

�K

6

�
1�m2

b � q2 þ u2p2

m2
b � ðqþ upÞ2

�
��

3KðuÞ
u

� mb

m2
b � ðqþ upÞ2

Z u

0
dv 4KðvÞ

�
þmbf3K

Z 1

0
dv

Z D�

½m2
b � ðqþ XpÞ2�2 ð2v� 3Þp2�3Kð�iÞ

þ 4m2
bfK

Z 1

0
dv

Z
D�

Z X

0
d�

1

½m2
b � ðqþ ðX � �ÞpÞ2�3 p

2ð�4Kð�iÞ þ�4Kð�iÞ þ ~�4Kð�iÞ

þ ~�4Kð�iÞÞ; (11)
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FT0 ðq2; ðpþ qÞ2Þ ¼ mbfK
Z 1

0

du

m2
b � ðqþ upÞ2

�
’KðuÞ þ mb�K

3ðm2
b � ðqþ upÞ2Þ�

�
3KðuÞ

� 1

2ðm2
b � ðqþ upÞ2Þ

�
1

2
þ m2

b

m2
b � ðqþ upÞ2

�
�4KðuÞ

�
þmbfK

Z 1

0
dv

Z D�

½m2
b � ðqþ XpÞ2�2

þ
�
2�4Kð�iÞ � ð1� 2vÞ�4Kð�iÞ þ 2ð1� 2vÞ ~�4Kð�iÞ � ~�4Kð�iÞ

þ 4vð1� vÞðq � pþ Xp2Þ
m2
b � ðqþ XpÞ2 �4Kð�iÞ

�
; (12)

respectively, with X ¼ �1 þ v�3, D� ¼
d�1d�2d�3	ð1� �1 � �2 � �3Þ, and with the defini-
tions of the twist-2 (’K), twist-3 (�p

3K, �
�
3K, �3K), and

twist-4 (�4K,  4K, �4K, �4K,
~�4K,

~�4K) kaon DA’s from
[19]. It is easy to see that for p2 ¼ 0 the above expressions
resemble those given in [14] for the B! � form factors.
Here we have also included a contribution from an addi-
tional G-parity breaking twist-4 three-particle DA, �4K,
which was first introduced in [24]. Its parameter, as well as
the rest of DA parameters, are taken from [19] where the
renormalon model is used for describing SU(3)-symmetry
breaking for twist-4 DAs. For all details about the SU(3)-
symmetry breaking effects in the kaon DAs the reader is
advised to see [19].

The massless (m2
K, ms ! 0) NLO contributions to the

LCSR expressions for B! K form factors, F1ðp; ðpþ
qÞ2Þ, etc., are the same as those given in the appendix of
[14] for B! � form factors. All features of these Oð�sÞ
corrections are already listed in [14], and wewill not repeat
them in this paper. Unfortunately, we were not able to
perform the full NLO calculation with the mass effects
included. The problem appeared by inclusion of the chir-
ally noninvariant piece of the s-quark propagator, being
proportional to ms, in the calculation of diagrams from
Fig. 2. Since now p2 ¼ m2

K, the IR divergences were not
present, but there appeared additional UV divergences
proportional to ms, which have clearly exhibited the mix-
ing among different twists. We could not achieve the
cancellation of such singularities, since obviously some
additional ingredient of mass mixing among twist-2 and
twist-3 contributions was missing. Although interesting
per se, these mixing effects are nontrivial, and there are
beyond a scope of this paper. Hence, the repercussions of
the mass effects at NLO could only be analyzed by setting
ms ! 0. We are aware that keeping Oðm2

KÞ effects, and
neglecting the same order effect of ms-proportional terms
is not completely justified; therefore, we have used the
result with p2 ¼ m2

K corrections only as an estimation
for the neglected mass effects at NLO.

The final LCSR expressions for BðsÞ ! K form factors,

with the p2 ¼ m2
K corrections included, have a similar

form as those for the p2 ¼ 0 shown in [14], but with a

more complicated structure now. Therefore we are not
going to present them here.1

III. DIRECT INTEGRATION OF THE LCSR
EXPRESSIONS

The sum rule expression for the form factors (9) re-
quires, by definition, calculation of the imaginary part of
hard-scattering amplitudes. Complexity of the extraction
of imaginary parts of sum rule amplitudes arises already at
the LO level, as one can notice from the expressions in
Appendix A. One has to be particularly careful about the
appearance of the surface terms there. At the NLO the
results are far more complicated, as one can see in
Appendix B of [14]. The inclusion of p2 ¼ m2

K effects at
NLO makes the calculation even more involved.
Therefore, wewould like to present here a method which

completely avoids the use of explicit imaginary parts of
hard-scattering amplitudes, allowing one to numerically
calculate amplitudes of LCSRs, analytically continuing
integrands to the complex plane. While this method was
used as a check in [14], here we would like to emphasis its
features and possible advantages over the traditional way
of calculating sum rule amplitudes, especially when one
performs NLO calculations.
The main idea of the method is to deform the path of

integration in order to avoid poles which are located near
real axes. Because of the Cauchy theorem, the deformation
is legitimate if the integrand is an analytic function inside
the region bounded by the original and the new path of
integration. To check the analyticity of the integrand we
have to examine its pole structure. In the case of NLO
calculations, it is also necessary to examine the position of
cuts in logarithms and dilogarithms. Fortunately, there are
just a few characteristic structures which have to be
investigated.
At LO, Eqs. (10)–(12), there are two possibilities to hit

the pole, when

m2
b � ðqþ apÞ2 ¼ 0; or q � pþ ap2 ¼ 0; (13)

1Interested readers can obtain all expressions from the authors
in Mathematica [25] form.
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condition is fulfilled. In above, a ¼ u, X, X� � represents
fraction of momenta between 0 and 1, over which it has to
be integrated. For further considerations, it is convenient to
introduce the notations

r1 ¼ q2

m2
b

; r2 ¼ s

m2
b

; r3 ¼ p2

m2
b

¼ m2
K

m2
b

;


 ¼ ð1� aÞr1 þ ar2 � að1� aÞr3:
(14)

By using (14), the conditions from (13) can be written as

m2
bð1� 
Þ ¼ 0; or

m2
b

2
ðr2 � r1 � r3ð1� 2aÞÞ ¼ 0:

(15)

In the case of interest r2 > r1 þ r3 > 0, the second condi-
tion from above cannot be fulfilled and therefore there is no
pole for q � pþ ap2 ¼ 0. From the first condition in (15),
it follows that the integrand is approaching a pole when

! 1. That happens for the real values of r2 and a in the
integration range. Note that in Eqs. (10)–(13) we have
omitted an infinitesimal imaginary quantity i� which ap-
pears in Feynman propagators. Taking it into account, the
exact position of the pole is given by the equation 1� 
�
i� ¼ 0, which means that the poles are not located on the
real axes of r2, but slightly below. As a consequence, one
can deform the r2 path of integration into the upper half of
the r2 complex plane to avoid passing near the poles. If
poles are far away from the integration path, the integration
is numerically completely stabile. The problem remains
only when the poles coincide with the end points of the
integration. For the integration over r2, the end points are at

1 and s
BðsÞ
0 =m2

b. Then 
 becomes


 ¼ aþ ð1� aÞr1 � að1� aÞr3 for r2 ¼ 1; (16)


 ¼ a
s0
m2
b

þ ð1� aÞr1 � að1� aÞr3 for r2 ¼ s
BðsÞ
0

m2
b

> 1:

(17)

In both cases 
 can be equal to 1 in the range of integration
over a. In the case (16), 
 is equal to 1 for a ¼ 1, which is
the worst possible case because this pole is located at the
end point of two integrations. In (17), 
 ¼ 1 for 0< a< 1,
where, due to the specific values of r1, r3, and s0, a cannot
be near 0 or 1. However, in both cases it is possible to move
away from the poles. The complete procedure is going in
this way. The first step is to shift the lower limit of r2 (i.e.,
s) integration to any point between r1 þ r3 < r2 < 1. That
is legitimate because all integrands are real for r2 < 1 and
we are interested only in an imaginary part of the inte-
grand, as can be seen from (9). The lower limit r1 þ r3 is
necessary to evade the possibility to fulfill the second
condition from Eq. (15). Now we move the operation of
taking the imaginary part in (9) outside the integral. As the
third step we deform the path of the r2 integration into the
upper half of the complex r2-plane, so that all poles are
away from the integration region. For the calculation pre-
sented here, the new integration path is the semicircle in
the complex r2-plane; see Fig. 3. As mentioned before, the
pole condition still can be satisfied at the end points of
integration. However, since the lower end point of the r2
integration is now <1, the pole condition (
 ¼ 1) cannot

be fulfilled at that end point. For the upper end point (r2 ¼
s
BðsÞ
0 =m2

b) the situation is as presented by Eq. (17). Because

of the fact that this pole is in the middle of the range of a
integration, it is possible to avoid it now by deforming the
contour of a-integration into the upper half of the complex
a-plane. Here, we again deform the integration path in the
shape of the semicircle, as shown in Fig. 3. After that, all
poles are away from the integration regions and all inte-
grals can be performed numerically without facing insta-
bilities in the integration. At the end, it remains to take the
imaginary part to get the final result.
For the NLO calculation, in addition, one has to check

analytical properties of appearing logarithms and polylo-
garithms. It happens that for the case of the interest in one
of the logarithms it is impossible to avoid crossing the cut
when both variables r2 and a are continued to the upper

FIG. 3. Replacing the integration intervals by the contours in the complex planes of a ¼ u, X, X� �, and r2 ¼ s=m2
b variables in the

procedure of numerical integration of LCSR amplitudes.
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half of the complex space. To avoid crossing the cut, we
have continued only r2 to the complex plane. But now, the
path of the integration for the variable a will pass near the

pole when r2 is approaching the end point s
BðsÞ
0 =m2

b.

Although the problem can be cured by the variable trans-
formation and a sophisticated analytical continuation, con-
sidering the precision needed for the calculation, such a
sophisticated method is obsolete indeed. The numerical
instability shows up in the third significant digit, and there-
fore does not affect the final numerical results.

IV. UPDATED PREDICTIONS FOR THE BðsÞ ! K
FORM FACTORS

All input parameters are listed in Appendix B. It is a
compilation of the most recent determination of parame-
ters entering the calculation.

The renormalization scale is given by the expression

�ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
BðsÞ �m2

b

q
. Therefore, for the f0;þ;TBK form factors

we use � ¼ 3 GeV and for f0;þ;TBsK
the renormalization

scale is �s ¼ 3:4 GeV. As usual, we will check the sensi-
tivity of the results on the variation of above scales and will
include it in the error estimation.

From the general LCSR expressions for the form factors,
(5)–(7), one can note that the decay constant fB (and

correspondingly fBs for Bs ! K decays) enters the calcu-

lation. To reduce the dependence of the form factors on the
input parameters, we replace fB and fBs by two-point sum

rule expressions in theMS scheme from [15] to Oð�s;m2
sÞ

accuracy and calculate them for our preferred values of
parameters.
The usual method for deriving the working region of

Borel parameters and determining effective threshold pa-
rameters is used. We investigate the behavior of the per-
turbative expansion and smallness of the continuum
contribution (to be less then 30% of the total contribution),
and require that the derivative over the Borel parameter of
the expression for a particular decay constant, which gives
the sum rule for m2

B (m2
Bs
), does not deviate more than 0.5–

1% from the experimental values for those masses. We
obtain the following sets of parameters: �M2 ¼ 5� 1 GeV2

and �sB0 ¼ 35:6�0:9
þ2:1 GeV2 for the B-meson decay constant

fB calculated at � ¼ 3 GeV, and �M2
s ¼ 6:1� 1:5 GeV2

and �sBs0 ¼ 36:6�1:6
þ1:9 GeV2 for fBs calculated at �s ¼

3:4 GeV. Note that the calculated central values of �s
BðsÞ
0

follow the naive relation �sBs0 � �sB0 ’ m2
Bs
�m2

B ’ 1 GeV2.

Employing these values, the resulting decay constants are

fB ¼ 214� 18 MeV; fBs ¼ 250� 20 MeV: (18)

FIG. 4. Dependence of fB on (a) the Borel parameter �M2

shown for � ¼ 3 GeV (solid line) and � ¼ 6 GeV (dashed
line) and (b) the effective threshold parameter �sB0 using the

central values of all other input parameters.

FIG. 5. Dependence of fBs on (a) the Borel parameter �M2
s

shown for � ¼ 3:4 GeV (solid line) and � ¼ 6 GeV (dashed
line) and (b) the effective threshold parameter �s

Bs
0 using the

central values of all other input parameters.
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In the LCSR expression for the form factors some of the
uncertainties are going to cancel in the ratios, and therefore
the error intervals of the fB and fBs input will reduce, as

one can see from the following numbers, fB ¼
214� 9 MeV and fBs ¼ 250� 11 MeV, where the calcu-

lated error intervals come from the variation of �s
BðsÞ
0 and

�M2
ðsÞ only. The dependence of the decay constants on �M2

ðsÞ
and �s

BðsÞ
0 appears to be mild, as shown in Figs. 4 and 5. The

SU(3) violation among decay constants is [15]

fBs
fB

¼ 1:16� 0:05; (19)

which nicely agrees with the values obtained from the
lattice calculation and by different quark models [26–28].

The method of extraction of the Borel parametersM and

Ms, and the effective thresholds sB0 and sBs0 for fþ;0;TBðsÞK form

factors is similar to the above, and it is the same as
described in [14]. We require that the subleading twist-4

terms in the LO are small, less than 3% of the LO twist-2
term, that the NLO corrections of twist-2 and twist-3 parts
are not exceeding 30% of their LO counterparts, and that
the subtracted continuum remains small, which fixes the
allowed range of M2

ðsÞ. The effective threshold parameters

are again fitted so that the derivative over �1=M2
ðsÞ of the

expression of the complete LCSRs for a particular form
factor reproduces the physical masses m2

BðsÞ with a high

accuracy of Oð0:5%–1%Þ in the stability region of the sum
rules. These demands provide us the following central
values for the sum rule parameters: M2 ¼ 18 GeV2,

sB0 ¼ 38 GeV2, M2
s ¼ 19 GeV2, and sBs0 ¼ 39 GeV2. The

dependence of the form factors on the these parameters is
depicted in Figs. 6 and 7.
The complete numerical analysis yields the following

predictions for the vector B! K and Bs ! K form factors
at zero momentum transfer:

fþBKð0Þ ¼ 0:368� 0:011ja1;a2 � 0:008jM; �M
þ0:017

�0:008

���������
�0:006jmb

þ0:036

�0:024

����������

þ0:026jm2
K at NLO; (20)

fþBsKð0Þ ¼ 0:300� 0:007ja1;a2
þ0:006

�0:007

��������Ms; �Ms

þ0:004

�0:003

���������

þ0:001

�0:002

��������mb

þ0:034

�0:020

����������

þ0:026jm2
K at NLO; (21)

FIG. 6. Dependence of fþBK on (a) the Borel parameterM2 and
(b) the effective threshold parameter sB0 using the central values

of all other input parameters.

FIG. 7. Dependence of fþBsK on (a) the Borel parameterM2
s and

(b) the effective threshold parameter s
Bs
0 using the central values

of all other input parameters.
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where the central value for fþBK is calculated at � ¼
3:0 GeV, M2 ¼ 18:0 GeV2, sB0 ¼ 38 GeV2, �M2 ¼
5:0 GeV2, and �sB0 ¼ 35:6 GeV2, and for fþBsK at �s ¼
3:4 GeV, M2

s ¼ 19:0 GeV2, sBs0 ¼ 39 GeV2, �M2
s ¼

6:1 GeV2, �sBs0 ¼ 36:6 GeV2. The central values for the
parameters of the twist-2 kaon DA are aK1 ð1 GeVÞ ¼
0:10 and aK2 ð1 GeVÞ ¼ 0:25. The last error in (20) and
(21) comes from the neglected Oðm2

KÞ effects at NLO.
Finally, adding all uncertainties in quadratures, and to be

on the safe side, allowing that the real mass corrections at
NLO could reduce the final result, we obtain the following
values for different B! K form factors:

fþBKð0Þ ¼ f0BKð0Þ ¼ 0:36þ0:05
�0:04; (22)

fTBKð0Þ ¼ 0:38� 0:05; (23)

and for Bs ! K form factors,

fþBsKð0Þ ¼ f0BsKð0Þ ¼ 0:30þ0:04
�0:03; (24)

fTBsKð0Þ ¼ 0:30� 0:05: (25)

Their q dependence is shown in Figs. 8 and 9, where the
values in the allowed LCSR kinematical regime are shown.
The above results for the form factors are in an overall
agreement with those extracted by other methods [27–29].
The predictions include also the uncertainty from the in-
clusion of m2

K effects at NLO, which is relatively large, as
can be deduced from (20) and (21). However, one has to be
aware that this error only gives us a flavor of the size of
neglected mass corrections at NLO, since the ms effects in
the hard-scattering amplitude could not be included, and
we expect that there will be a partial cancellation among
ms and m2

K contributions, being of similar size. At the
leading order, the inclusion of ms effects (appearing only
in DAs) and m2

K effects reduces the results by 2.5%–4%,
depending of the value of q2.

In order to be able to comment on the SU(3)-breaking
effects, these values have to be compared with the results

obtained by the same method for B! � form factors [14],
which we quote here:

fþB�ð0Þ ¼ f0B�ð0Þ ¼ 0:26þ0:04
�0:03; (26)

fTB�ð0Þ ¼ 0:255� 0:035: (27)

By varying parameters in a correlated way, finally we
predict the following SU(3)-breaking ratios:

fþBKð0Þ
fþB�ð0Þ

¼ 1:38þ0:11
�0:10;

fþBsKð0Þ
fþB�ð0Þ

¼ 1:15þ0:17
�0:09; (28)

fTBKð0Þ
fTB�ð0Þ

¼ 1:49þ0:18
�0:06;

fTBsKð0Þ
fTB�ð0Þ

¼ 1:17þ0:15
�0:11: (29)

The complete SU(3) violation comes from SU(3)-breaking
corrections in all parameters, mainly from fK=f�,�K=��,
from the difference in the sum rule parameters, sB and M,
as well as from the difference in the fBs and fB ratio.

Compared with the values from the second paper in [17],
where the similar LCSR analysis was done, we find nice
agreement with the results in (28).
It is also interesting to explore an overall SU(3)-

breaking factor, which appears in factorization models
for BðsÞ ! K� amplitudes [16,30]:

� ¼ fK
f�

fþB�ðm2
KÞ

fþBsKðm2
�Þ

m2
B �m2

�

m2
Bs
�m2

K

¼ 1:01þ0:07
�0:15: (30)

For the fK=f� ratio we use (B3). Although there is a SU(3)
violation among form factors and in the masses, the pre-
dicted value for � shows almost exact SU(3) symmetry. On
the other hand, the above ratio enters the prediction for
Bs ! K��þ amplitude obtained by employing U-spin
symmetry. U-spin symmetry cannot be trusted [17],
as we can note by inspecting another U-spin relation.
By neglecting penguin and annihilation contributions,
under the U-spin symmetry assumption AfactðBs !
KþK�Þ=AfactðBd ! �þ��Þ � 1, [17,30,31], while our

FIG. 8. The LCSR prediction for form factors fþBKðq2Þ (solid
line), f0BKðq2Þ (dashed line), and fTBKðq2Þ (dash-dotted line) at

0< q2 < 12 GeV2 and for � ¼ 3 GeV, sB0 ¼ 38 GeV2, M2 ¼
18 GeV2, and the central values of all other input parameters.

FIG. 9. The LCSR prediction for form factors fþBsKðq2Þ (solid
line), f0BsKðq2Þ (dashed line), and fTBsKðq2Þ (dash-dotted line) at

0< q2 < 12 GeV2 and for � ¼ 3:4 GeV, s
Bs
0 ¼ 39 GeV2,

M2
s ¼ 19 GeV2, and the central values of all other input pa-

rameters.
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prediction amounts to

AfactðBs ! KþK�Þ
AfactðBd ! �þ��Þ ¼ fK

f�

fþBsKðm2
KÞ

fþB�ðm2
�Þ

m2
Bs
�m2

K

m2
B �m2

�

¼ 1:41þ0:20
�0:11; (31)

a quite substantial U-spin violation.

V. SUMMARY

In this paper we have investigated the SU(3)-symmetry
breaking effects in the B! K and Bs ! K form factors.
The analysis has involved the SU(3)-breaking corrections
both in the LO (up to twist-4 corrections), as well as in the
NLO calculation, estimating SU(3) corrections for the
twist-2 and twist-3 contributions. Although at NLO we
were not able to consistently include OðmsÞ �Oðm2

KÞ
effects, we have included m2

K effects in the error analysis
of our results. We have presented a method of numerical
integration of sum rule amplitudes, which greatly facili-
tates the calculation, especially the calculation of the ra-
diative corrections. By investigating some of the SU(3) and
U-spin symmetry relations, we have shown that such rela-
tions have to be considered with a precaution, since some
of them can be badly broken.
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APPENDIX A: EXPLICIT FORMULAS FOR THE
LEADING-ORDER LCSR EXPRESSIONS

Although the intention of this paper is to promote the
numerical method for calculating LCSR amplitudes, for
which the explicit expressions for the imaginary parts are
superfluous, because the result can be obtained by direct
integration of the starting amplitudes (at LO they are given
by Eqs. (10)–(12)), we have decided to list here the LO
LCSR expressions for fBðsÞK form factors, since to our best

knowledge, these expressions were never clearly presented
in a form which includes complete mass corrections.
The LO part of the fþBK LCSR, (5), has the following

form:

F0ðq2;M2; sB0 Þ ¼ m2
bfK

Z 1

u0

due�ðm2
b
�q2 �uþm2

Ku �uÞ=uM2

�
’KðuÞ
u

þ�K

mb

�
�p

3KðuÞ þ
1

6

�
2
��

3KðuÞ
u

� 1

m2
b � q2 þ u2m2

K

�
�
ðm2

b þ q2 � u2m2
KÞ
d��

3KðuÞ
du

� 4um2
Km

2
b

m2
b � q2 þ u2m2

K

��
3KðuÞ

���

þ 1

m2
b � q2 þ u2m2

K

�
u 4KðuÞ þ

�
1� 2u2m2

K

m2
b � q2 þ u2m2

K

�Z u

0
dv 4KðvÞ

�m2
b

4

u

m2
b � q2 þ u2m2

K

�
d2

du2
� 6um2

K

m2
b � q2 þ u2m2

K

d

du
þ 12um4

K

ðm2
b � q2 þ u2m2

KÞ2
�
�4KðuÞ

�
�
d

du
� 2um2

K

m2
b � q2 þ u2m2

K

���
f3K
mbfK

�
I3KðuÞ þ I4KðuÞ � dI�4KðuÞ

du

�

� 2um2
K

m2
b � q2 þ u2m2

K

�
u
d

du
þ

�
1� 4u2m2

K

m2
b � q2 þ u2m2

K

��
�I4KðuÞ

þ 2um2
Kðm2

b � q2 � u2m2
KÞ

ðm2
b � q2 þ u2m2

KÞ2
�
d

du
� 6um2

K

m2
b � q2 þ u2m2

K

�Z 1

u
d� �I4Kð�Þ

��

þ m2
bfKe

�m2
b
=M2

m2
b � q2 þm2

K

�
�
Z 1

0
dv WW4K ðvÞ þm2

b

4

1

m2
b � q2 þm2

K

�
d�WW

4K ðuÞ
du

�
u!1

�
; (A1)

where �u ¼ 1� u, u0 ¼ ðq2 � sB0 þm2
K þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq2 � sB0 þm2

KÞ2 � 4m2
Kðq2 �m2

bÞ
q

Þ=ð2m2
KÞ, and the short-hand notations

introduced for the integrals over three-particle DA’s are
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I3KðuÞ ¼
Z u

0
d�1

Z 1

ðu��1Þ=ð1��1Þ
dv

v
½4vp � q� ð1� 2vÞum2

K��3Kð�iÞ
���������2¼1��1��3;�3¼ðu��1Þ=v

;

I4KðuÞ ¼
Z u

0
d�1

Z 1

ðu��1Þ=ð1��1Þ
dv

v
½2�4Kð�iÞ ��4Kð�iÞ þ 2 ~�4Kð�iÞ � ~�4Kð�iÞ�

���������2¼1��1��3;�3¼ðu��1Þ=v
;

�I4KðuÞ ¼
Z u

0
d�1

Z 1

ðu��1Þ=ð1��1Þ
dv

v
½�4Kð�iÞ þ�4Kð�iÞ þ ~�4Kð�iÞ þ ~�4Kð�iÞ�

���������2¼1��1��3;�3¼ðu��1Þ=v
;

I�4KðuÞ ¼
Z u

0
d�1

Z 1

ðu��1Þ=ð1��1Þ
dv

v
½vð1� vÞ�4Kð�iÞ�

���������2¼1��1��3;�3¼ðu��1Þ=v
:

(A2)

The twist-4 two-particle DAs are defined with the help of the two DAs [19]: �4K ¼ �T4
4K þ�WW

4K and  4K ¼  T44K þ  WW4K .
The leading-order LCSR for fþBK þ f�BK, (6), looks like

~F0ðq2;M2; sB0 Þ ¼ m2
bfK

Z 1

u0

due�ðm2
b
�q2 �uþm2

Ku �uÞ=ðuM2Þ
�
�K

mb

�
�p

3KðuÞ
u

þ 1

6u

d��
3KðuÞ
du

�

þ 1

m2
b � q2 þ u2m2

K

�
 4KðuÞ � 2um2

K

m2
b � q2 þ u2m2

K

Z u

0
dv 4KðvÞ

þm2
K

�
d

du
� 2um2

K

m2
b � q2 þ u2m2

K

��
f3K
fKmb

�
~I3KðuÞ þ 2um2

K

m2
b � q2 þ u2m2

K

�
d2

du2
� 6um2

K

m2
b � q2 þ u2m2

K

d

du

þ 12u2m4
K

ðm2
b � q2 þ u2m2

KÞ2
�Z 1

u
d� �I4Kð�Þ

��
þ m2

bfKe
�m2

b
=M2

m2
b � q2 þm2

K

�
�
Z 1

0
dv WW4K ðvÞ

�
; (A3)

where

~I 3KðuÞ ¼
Z u

0
d�1

Z 1

ðu��1Þ=ð1��1Þ
dv

v
½ð3� 2vÞ��3Kð�iÞ

���������2¼1��1��3;�3¼ðu��1Þ=v
: (A4)

Finally, the leading-order LCSR for the penguin form factor, (7), reads

FT0 ðq2;M2; sB0 Þ ¼ mbfK
Z 1

u0

due�ðm2
b
�q2 �uþm2

Ku �uÞ=uM2

�
’KðuÞ
u

� mb�K

3ðm2
b � q2 þ u2m2

KÞ

�
�
d��

3KðuÞ
du

� 2um2
K

m2
b � q2 þ u2m2

K

��
3KðuÞ

�
þ 1

m2
b � q2 þ u2m2

K

��
d

du
� 2um2

K

m2
b � q2 þ u2m2

K

�

�
�
1

4
�4KðuÞ � IT4KðuÞ þ

dI�4KðuÞ
du

�
� m2

bu

4ðm2
b � q2 þ u2m2

KÞ
�
d2

du2
� 6um2

K

m2
b � q2 þ u2m2

K

d

du

þ 12um4
K

ðm2
b � q2 þ u2m2

KÞ2
�
�4KðuÞ

��
þ mbfKe

�m2
b
=M2

m2
b � q2 þm2

K

�
m2
b

4

1

m2
b � q2 þm2

K

�
d�WW

4K ðuÞ
du

�
u!1

�
(A5)

and

IT4KðuÞ¼
Z u

0
d�1

Z 1

ðu��1Þ=ð1��1Þ
dv

v
½2�4Kð�iÞ�ð1�2vÞ�4Kð�iÞþ2ð1�2vÞ ~�4Kð�iÞ� ~�4Kð�iÞ�

���������2¼1��1��3;�3¼ðu��1Þ=v
:

(A6)

Note the appearance of the surface terms in form factors
above. Being proportional to the Wandzura-Wilczek part
of �4K and  4K, they vanish for mK ! 0.

The expressions for fþ;0;TBsK
form factors follows from

above, by replacing u by 1� u and by interchanging �1

and �2, and md and ms in the kaon DAs, i.e., by replacing
DAs of �K0 by those for K0.

APPENDIX B: PARAMETERS USED IN THE
CALCULATION

In this appendix we summarize the parameters used in
the calculation of fBðsÞK form factors as well as in the

calculation of fBðsÞ , Tables I, II, and III. For DAs, the

parameters and their � dependence are taken from

[14,19]. The MS mass �mb entering the calculation is [33]
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�mbð �mbÞ ¼ 4:164� 0:025 GeV: (B1)

The �sðmZÞ value is the Particle Data Group (PDG) aver-
age [34]. There is a new value for the fK decay constant
[35], prepared for the PDG’s 2008 edition,

fK ¼ ð156� 0:2� 0:8� 0:2Þ MeV; (B2)

which central value we adopt here, and the ratio of K� and
�� decay constants is given by

fK
f�

¼ 1:196� 0:002� 0:006� 0:001: (B3)

The �ms mass is the average [32] of the QCD sum rule
determinations from [36,37] and covers the �ms mass range
given the most recently in [38]. For the twist-2 kaon DAwe
use the first Gegenbauer moment aK1 calculated at next-to-
next-to-leading order accuracy from [32]. Since the exist-
ing fits and calculations for the value of the second
Gegenbauer moment aK2 show small SU(3) violation,
with the large error, we accept here that aK2 ¼ a�2 ,
with the value for aK2 given in Table I [19]. We also
use mK ¼ 497:648� 0:022 MeV, mB ¼ 5279:5�
0:5 MeV, and mBs ¼ 5366:1� 0:6 MeV [34].
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N. Offen, J. High Energy Phys. 04 (2008) 014.
[15] M. Jamin and B.O. Lange, Phys. Rev. D 65, 056005

(2002).
[16] C.W. Chiang, M. Gronau, and J. L. Rosner, Phys. Lett. B

664, 169 (2008).
[17] A. Khodjamirian, T. Mannel, and M. Melcher, Phys. Rev.

D 68, 114007 (2003); 70, 094002 (2004).
[18] X. G. Wu, T. Huang, and Z.Y. Fang, Phys. Rev. D 77,

074001 (2008).
[19] P. Ball, V.M. Braun, and A. Lenz, J. High Energy Phys. 05

(2006) 004.
[20] V.M. Braun and I. E. Filyanov, Z. Phys. C 48, 239 (1990).
[21] P. Ball, J. High Energy Phys. 01 (1999) 010.

[22] J. Bijnens and A. Khodjamirian, Eur. Phys. J. C 26, 67
(2002).

[23] V.M. Braun and A. Lenz, Phys. Rev. D 70, 074020 (2004).
[24] V.M. Braun, E. Gardi, and S. Gottwald, Nucl. Phys. B685,

171 (2004).
[25] Mathematica, Version 5.2 (Wolfram Research, Inc.,

Champaign, IL, 2005).
[26] M. Okamoto, Proc. Sci., LAT2005 (2006) 013.
[27] M. Artuso et al., arXiv:0801.1833.
[28] M.A. Ivanov, J. G. Korner, S. G. Kovalenko, and C.D.

Roberts, Phys. Rev. D 76, 034018 (2007).
[29] D. Melikhov and B. Stech, Phys. Rev. D 62, 014006

(2000).
[30] M. Gronau, Phys. Lett. B 492, 297 (2000).
[31] R. Fleischer, Phys. Rep. 370, 537 (2002).
[32] K. G. Chetyrkin, A. Khodjamirian, and A.A. Pivovarov,

Phys. Lett. B 661, 250 (2008).
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