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Using a quantization of the nonassociative and noncommutative Snyder ϕ4 scalar field theory in a
Hermitian realization, we present in this article analytical formulas for the momentum-conserving part of
the one-loop two-point function of this theory in D-, 4-, and 3-dimensional Euclidean spaces, which are
exact with respect to the noncommutative deformation parameter β. We prove that these integrals are
regularized by the Snyder deformation. These results indicate that the Snyder deformation does partially
regularize the UV divergences of the undeformed theory, as it was proposed decades ago. Furthermore, it is
observed that different nonassociative ϕ4 products can generate different momentum-conserving integrals.
Finally, most importantly, a logarithmic infrared divergence emerges in one of these interaction terms. We
then analyze sample momentum nonconserving integral qualitatively and show that it could exhibit IR
divergence too. Therefore, infrared divergences should exist, in general, in the Snyder ϕ4 theory. We
consider infrared divergences at the limit p → 0 as UV/IR mixings induced by nonassociativity, since they
are associated to the matching UV divergence in the zero-momentum limit and appear in specific types of
nonassociative ϕ4 products. We also discuss the extrapolation of the Snyder deformation parameter β to
negative values as well as certain general properties of one-loop quantum corrections in Snyder ϕ4 theory at
the zero-momentum limit.

DOI: 10.1103/PhysRevD.97.055041

I. INTRODUCTION

Several well-known arguments indicate that at very short
spacetime distances the very concept of point and local-
izability may no longer be adequate. That this must be
described by different geometrical structures is one of the
oldest motivations for the introduction of noncommutative
geometry [1–7]. The simplest kind of noncommutative
geometry is the so-called canonical one [2,8–10], that can
also be derived from string theories [11].
Construction of a field theory on a noncommutative

space is usually performed by deforming the product of

functions (and hence of fields) with the introduction of a
noncommutative star product. The noncommutative coor-
dinates x̂μ satisfy

½x̂μ; x̂ν� ¼ iΘμν; ð1Þ

where x̂μ’s are Hermitian operators, and at the right-hand
side of (1) the Θμν is constrained to be a real rank two
antisymmetric tensor (or, more generally, an anti-Hermitian
matrix as, for example, in the Wick-Voros star product).
The simplest case Θμν ¼ θμν ∼ constant is establishing

the well-known Moyal noncommutative spacetime [7] (for
a review see [8,9], and references therein): θμν does not
depend on x (coordinate), and scales like length2 ∼ Λ−2

NC,
ΛNC being the scale of noncommutativity, with the dimen-
sion of energy. Field theories on Moyal space admit
relatively simple perturbative quantization based on a
functional method, which, on the other hand, leads to a
number of unconventional properties thereafter. One subtle
and remarkable finding is the ultraviolet/infrared (UV/IR)
mixing [12], where the noncommutativity turns the UV
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divergence of the commutative theory into a matching IR
divergence. Also, in the case of timelike noncommutativity,
i.e., when one of the μ, ν indices is timelike, the non-
commutative theories, in general, do not satisfy the
unitarity condition [13]. However, there is a case of so-
called lightlike unitarity condition, Θ0i¼−Θ1i, ∀ i¼1, 2, 3
[14], which is regarded as being acceptable with respect to
the general unitarity condition of quantum field theories
(QFTs) on noncommutative spaces. For Moyal geometry,
recently it was proven that there exists a θ-exact formu-
lation of noncommutative gauge field theory based on the
Seiberg-Witten map [15–20] that preserves unitarity [14],
and has improved UV/IR behavior at the quantum level in
its supersymmetric version [21–23]. Noncommutativity
may also have implications on cosmology, as for example
through the determination of the maximal decoupling/
coupling temperatures of the right-handed neutrino species
in the early universe [24,25]. Finally, an important require-
ment is that the quantum theory must be formulated without
expansion/approximation with respect to Θ, which adds
considerable difficulties especially when the Seiberg-
Witten map is turned on, while yielding most trustable
answers as payback.
The exact mathematical formulation of classical field

theories on geometries, like κ-Minkowski [26–31] and
Snyder [32], with respect to deformation parameters κ
and β, respectively, is also very important. However,
quantum properties of these sibling theories are not as
easy to characterize as the Moyal theories [29,31].
In his seminal paper, Snyder [32], assuming a non-

commutative structure of spacetime and hence a deforma-
tion of the Heisenberg algebra, observed that it is possible
to define a discrete spacetime without breaking the Lorentz
invariance. This is in contrast with the Moyal and κ-
Minkowski case, where the Lorentz invariance is either
broken or deformed. It is therefore interesting to investigate
the Snyder model from the point of view of noncommu-
tative geometry. Meanwhile, new models of noncommu-
tative geometry have been introduced [26], and new
methods, like the formalism of Hopf algebras, have been
applied to their study [33].
Snyder spacetime [32], the subject of the present inves-

tigation, belongs to a class of models that have been
introduced and investigated using the Hopf-algebra
formalism in [34–38]. These generalizations can be
studied in terms of noncommutative coordinates x̂μ and
momentum generators pμ, that span a deformed Heisenberg
algebra [37]

½x̂μ; x̂ν� ¼ iβMμνΨðβp2Þ; ½pμ; x̂ν� ¼ −iΦμνðpÞ;
½pμ; pν� ¼ 0; ð2Þ

where Lorentz generators Mμν satisfy standard commuta-
tion relations and β is a real deformation parameter of

dimension length2 ðβ ∝ l2
PÞ, with lP being the Planck

length.1 Functions Ψðβp2Þ and ΦμνðpÞ are constrained so
that the Jacobi identities hold. Detailed computations and
discussions of the Snyder realizations are given in previous
works [35,37]. The Snyder model has also been treated
from different points of view in [39–43]. Most recently, in
[37] the construction of QFT on Snyder spacetime has
finally started and some general formulation is proposed,
but limited to the perturbative expansion with respect to
deformation parameter β only [44].
A few general comments are in order. First, from the

underlying mathematics, like L∞ algebras (see [45] and
references within [46]), new structures arise, for example
the star-product algebra of functions, which were studied
through nongeometric strings, probing noncommutative
and nonassociative deformations of closed string back-
ground geometries [47–49], see also the celebrated paper
by Kontsevich [50]. Second, the quantization of these
backgrounds through explicit constructions of phase space
star products were provided in [51,52], and subsequently
applied to construct nonassociative theories [53]. In this
article, we show the active role originating from the
nonassociativity of the star product. The impact of these
nonassociative structures on the correlation functions is
also expected, so that their physical significance will be
clearly visible.
In this paper, we construct the β-deformation exact

Snyder ϕ4 action, based on the β-exact star product.
This should give the same results as a summation over
all orders in a perturbative expansion in β, like the one of
[44]. We expect nonperturbative quantum effects like the
celebrated UV/IR mixing in Moyal space [12] to reappear
in this approach. Thus, the main purpose of this article is to
see whether for the β-exact Snyder ϕ4 action these effects
really occur. UV/IR mixing is, in principle, a very impor-
tant quantum property and among other things, connects
the noncommutative field theories with holography in a
model-independent way [54,55]. In the literature, both
holography and UV/IR mixing are known as possible
windows to quantum gravity [55]. In addition, recently,
by using results from [56], the very notion of UV/IR mixing
was interconnected with the weak gravity conjecture with
scalar fields in the Lust and Palti article [57]; it manifests
itself as a form of hierarchical UV/IR mixing and is tied to
the interaction between the weak gravity conjecture and
nonlocal (possibly noncommutative) gauge operators [57].
The paper is organized as follows: in Sec. II we introduce

the Hermitian realization of the Snyder algebra, the star

1For one of the μ, ν indices being a timelike Lorentz generator,
Mμν become boost operators. However for the specific lightlike
noncommutativity defined as Θ0i ¼ −Θ1i [14] we get that the
boost operators M0i ¼ −M1i ≡ −x1pi þ xip1, ∀ i ¼ 1, 2, 3,
become pure spacelike operators of the type x⃗ × p⃗, where explicit
time dependence disappears and the unitarity condition is
satisfied.
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product corresponding to this realization, and the Snyder-
deformed ϕ4 action based on that star product. The one-
loop two-point function evaluation is given in Sec. III.
Next, in Sec. IV we present our arguments regarding the
existence of the UV/IR mixing in Snyder ϕ4 theory. We
discuss the effect of negative β value on the two-point
function and general properties of the one-loop quantum
corrections in Snyder ϕ4 theory at zero-momentum limit in
Sec. V. Finally, conclusions are given in Sec. VI.

II. EXACT ϕ4 SCALAR THEORY IN THE
HERMITIAN REALIZATION OF THE

SNYDER SPACE

Considering a simplified version of Eq. (2), we write the
following deformed Heisenberg algebra associated with the
Snyder model as

½x̂μ; x̂ν� ¼ iβMμν; ½pμ; x̂ν� ¼ −iðημν þ βpμpνÞ;
½pμ; pν� ¼ 0: ð3Þ
The star product for the Hermitian Snyder realization is

given by [36,37]

eikx ⋆ eiqx ¼ eiDðk;qÞxeiGðk;qÞ; ð4Þ
with the following exact expressions for Dμðk; qÞ and
Gðk; qÞ:

Dμðk; qÞ ¼
1

1 − βk · q

×

��
1 −

βk · q

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ βk2

p
�
kμ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ βk2

q
qμ

�
;

ð5Þ

Gðk; qÞ ¼ i
Dþ 1

2
ln ð1 − βk · qÞ; ð6Þ

where D is dimension of the spacetime.
The Snyder momentum addition Dμðk; qÞ satisfies the

following relations

Dμðk;−kÞ¼0; Dμðk;0Þ¼k; Dμð0;qÞ¼q: ð7Þ
Taking into account the integration by part identity, there

are three possible candidates for the Snyder-exact ϕ4

interaction:

S1 ¼
λ

4!

Z
ϕðϕ ⋆ ðϕ ⋆ ϕÞÞ; ð8Þ

S2 ¼
λ

4!

Z
ϕððϕ ⋆ ϕÞ ⋆ ϕÞ; ð9Þ

S3 ¼
λ

4!

Z
ðϕ ⋆ ϕÞðϕ ⋆ ϕÞ: ð10Þ

The arbitrary linear combination of these three terms can be
taken to write the general Snyder-exact ϕ4 interaction:

S ¼ c1S1 þ c2S2 þ c3S3; c1 þ c2 þ c3 ¼ 1: ð11Þ

Normalization c1 þ c2 þ c3 ¼ 1 is introduced to recover
the conventional ϕ4 interaction in the commutative limit.

III. ONE-LOOP TWO-POINT FUNCTIONS

Using the functional method in momentum space, the
generating functional of the scalar field theory with ϕ4

interactions on the Snyder deformed Euclidean space can
be defined [44]. Considering Figs. 1 and 2, the one-loop
two-point function is then given by

G1−loopðx1; x2Þ

¼ −
1

2

λ

4!

Z
dDp1

ð2πÞD
dDp2

ð2πÞD
dDl
ð2πÞD

eip1x1

p2
1 þm2

eip2x2

p2
2 þm2

ð2πÞD
l2 þm2

·
X
σ∈P4

δðD4ðσðp1; p2;l;−lÞÞÞ · g3ðσðp1; p2;l;−lÞÞ:

ð12Þ

The general definitions of δðD4ðσðp1; p2;l;−lÞÞÞ and
g3ðσðp1; p2;l;−lÞÞ are given in [44]. In particular, σ
denotes a permutation P4 over the momenta in both
arguments, respectively. We are going to compute some
of them for each of the interactions S1, S2, and S3 in the
following subsections.

FIG. 1. Four-point Feynman rule.

FIG. 2. The one-loop tadpole contribution to the two-point
function.

UV-IR MIXING IN NONASSOCIATIVE SNYDER ϕ4 … PHYS. REV. D 97, 055041 (2018)

055041-3



A. Momentum-conserving integrals

1. The one-loop two-point function from the action S1
Out of 24 P4 permutations, we observe that the equation

D4 ¼ 0 for the arguments, ðp1; p2;l;−lÞ, ðp1; p2;−l;lÞ,
ðp2; p1; l; −lÞ, ðp2; p1; −l; lÞ, ðl; −l; p1; p2Þ,
ð−l;l; p1; p2Þ, ðl;−l; p2; p1Þ, and ð−l;l; p2; p1Þ admit
the same unique solution p1 ¼ −p2. The remaining sixteen
can be shown to be momentum nonconserving by checking
the iterative solution to the δ functions up to the β2 order.
We then work on the Jacobian determinant with respect to
p2 and the g3 factor. For the first four cases we have

det

�∂D4μ

∂p2ν

�����
p2¼−p1

¼ 1; g3 ¼ ð1þ βl2Þ−Dþ1
2 ; ð13Þ

while, for the others,

det

�∂D4μ

∂p2ν

�����
p2¼−p1

¼ det

�∂Dμ

∂qν
�����

q¼0
k¼�l

· det

�∂Dμ

∂kν
�����

q¼−k
k¼�p1

¼ det

�∂Dμ

∂qν
�����

q¼0
k¼�l

· det

�∂Dμ

∂qν
�����

q¼−k
k¼�p1

¼ ð1þ βl2ÞDþ1
2 ð1þ βp2

1Þ−
Dþ1
2 ;

g3 ¼ ð1þ βp2
1Þ−

Dþ1
2 : ð14Þ

Thus, all eight integrals take the same form and sum to

−
λ

6

Z
dDp1

ð2πÞD
dDp2

ð2πÞD
dDl
ð2πÞD ·

eip1x1

p2
1 þm2

eip2x2

p2
2 þm2

×
1

ðl2 þm2Þð1þ βl2ÞDþ1
2

: ð15Þ

We then extract a universal tadpole integral for
the momentum-conserving part of the Snyder two-point
function

I1 ¼
Z

dDl
ð2πÞD

1

ðl2 þm2Þð1þ βl2ÞDþ1
2

: ð16Þ

One can immediately notice that this integral is UV finite in
any dimension because of the fast Oðjlj−ðDþ1ÞÞ damping
term ð1þ βl2Þ−Dþ1

2 . For general D the integral can be
expressed analytically using hypergeometric functions

I1 ¼ ð4πÞ−D
2β1−

D
2

� ffiffiffi
π

p
ΓðDþ1

2
Þ

1

m2β 2F1

�
1;
D
2
;
1

2
;

1

m2β

�

−
ðm2βÞD2−1

ðm2β − 1ÞDþ1
2

π

ΓðD
2
Þ
�
: ð17Þ

Further simplifications occur for specific values of D.
When D ¼ 4,

I1jD¼4 ¼
1

ð4πÞ2β
2

3

�
1þ 2m2β

ð1 −m2βÞ2

−
3m2βffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðm2β − 1Þ5
p sec−1

ffiffiffiffiffiffiffiffiffi
m2β

q �
; ð18Þ

and when D ¼ 3

I1jD¼3 ¼
1

8π
ffiffiffi
β

p 1

ð1þm
ffiffiffi
β

p Þ2 : ð19Þ

2. The one-loop two-point function from the action S2
We now move from S1 to S2. There are again

eight momentum-conserving permutations for S2: they
are ðp1;l;−l; p2Þ, ðp1;−l;l; p2Þ, ðp2;l;−l; p1Þ,
ðp2;−l;l; p1Þ, ðl; p1; p2;−lÞ, ð−l; p1; p2;lÞ,
ðl; p2; p1;−lÞ, and ð−l; p2; p1;lÞ. The first four of them
have Jacobian equal to one and g3 ¼ ð1þ βl2Þ−Dþ1

2 , while
the others satisfy

det

�∂D4μ

∂p2ν

�����
p2¼−p1

¼ det

�∂Dμ

∂kν
�����

k¼0
q¼�l

· det

�∂Dμ

∂kν
�����

k¼−q
q¼∓p1

¼ det

�∂Dμ

∂kν
�����

k¼0
q¼�l

· det

�∂Dμ

∂qν
�����

k¼−q
q¼∓p1

¼ ð1þ βl2Þð1þ βp2
1Þ−

Dþ1
2 ;

g3 ¼ ð1þ βp2
1Þ−

Dþ1
2 : ð20Þ

We then have a second type of tadpole integral

I2 ¼
Z

dDl
ð2πÞD

1

ðl2 þm2Þð1þ βl2Þ ; ð21Þ

which converges only when D < 4. This integral can
nevertheless be evaluated using the standard dimensional
regularization prescription

I2 ¼
Z

dDl
ð2πÞD

1

ðl2 þm2Þð1þ βl2Þ

¼ β1−
D
2

Z
dDl
ð2πÞD

1

ðl2 þ βm2Þð1þ l2Þ

¼ β1−
D
2

Γð2 − D
2
Þ

ð4πÞD2
Z

1

0

dxð1 − xð1 − βm2ÞÞD2−2

¼ −β1−D
2

Γð1 − D
2
Þ

ð4πÞD2
1 − ðβm2ÞD2−1

1 − βm2
: ð22Þ

In the D → 4 − ϵ limit this integral reduces to
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I2jD→4−ϵ

¼ 1

ð4πÞ2β
�
2

ϵ
þ 1 − γE þ lnð4πβÞ þ m2β

1 −m2β
lnðm2βÞ

�

þOðϵÞ: ð23Þ

On the other hand, when D ¼ 3, I2 takes a simple finite
value

I2jD¼3 ¼
1

4π
ffiffiffi
β

p 1

1þm
ffiffiffi
β

p ; ð24Þ

which is regularization independent.

3. The one-loop two-point function from the action S3
An even more complicated situation occurs with the third

term of the interaction (11). There we have 16 different
momentum-conserving permutations. Twelve of them take
the same form as I1. There are four other momentum-
conserving permutations ðp1;l; p2;−lÞ, ðp1;−l; p2;lÞ,
ðp2;l; p1;−lÞ, and ðp2;l; p1;−lÞ which are different,

because the determinant detð∂Dμ

∂kν Þ must be evaluated at a
general point ðk ¼ �p; q ¼ �lÞ with p being an external
momentum, as shown in Appendix A. The result leads to
the following loop integral:

I3¼
Z

dDl
ð2πÞD

1

ðl2þm2Þð1þβl2Þ
�
1−

βp ·l

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þβp2

p
�

1−D
:

ð25Þ

This integral can be evaluated using dimensional regulari-
zation techniques, as demonstrated in Appendix B. The
result clearly shows that there is no 1=ϵ UV divergence in
the D → 4 limit; however, a logarithmic IR divergent term
lnðβp2Þ does emerge in the same limit. Since taking away
the last, momentum dependent factor from (25) simply
turns I3 back to I2, we conclude that an effect of this factor
is to turn the UV divergence in I2 into an IR divergence, or,
in other words, to induce UV/IR mixing.

B. Momentum nonconserving integrals

1. General considerations of the momentum
nonconserving integral

In previous subsections, III. A. 1, III. A. 2, and III. A. 3,
we have only considered the momentum-conserving inte-
grals I1, I2, and I3, respectively. There are, as already
discussed in [44] and in the prior parts of this article, a
number of momentum nonconserving ones as well. Unlike
the momentum-conserving integrals, we do not have an
explicit integrated expression for such integrals.
Nevertheless, we shall presently discuss certain of their
properties which may be accessible without full integration.

Before we start our technical discussion it is also worth
mentioning that momentum nonconservation, causing loss
of translation invariance, could be a much more funda-
mental issue regarding a certain basis of quantum field
theory, which we are not going to study in this article.
Instead we follow the prescription in [44] to eliminate the
deformed δ functions in (12) by an integration over one
fixed external momentum, here p2, i.e., making it a
function of ðp1;lÞ: pσ

2ðp1;lÞ with σ permutations. The
to-be-evaluated loop integral would formally bear the
following form:

G1−loopðx1; x2Þ ¼ −
1

2

λ

4!

Z
dDp1

ð2πÞD
dDl
ð2πÞD

·
eip1x1

p2
1 þm2

1

l2 þm2
·
X
σ∈P4

eip
σ
2
ðp1;lÞx2

pσ
2ðp1;lÞ2 þm2

× g3ðσðp1; pσ
2ðp1;lÞ;l;−lÞÞ

�
δD4

δp2

�
−1
:

ð26Þ
At this point, the remaining task is to solve each of the σ-
permuted functions pσ

2ðp1;lÞ explicitly, which is not really
easy though. What one could try is to use the fact that star
product (4) contains only vector objects (vectors and scalar
products), therefore it could be convenient to project l and
p2 momenta to the external moment p1 component and to
the perpendicular component l⊥ of loop moment l,
making it l ¼ ðxp1;l⊥Þ, and set up a simple ansatz for
p2 as: p2 ¼ f1ðx; p1;l⊥Þp1 þ f2ðx; p1;l⊥Þl⊥. With this
setting the Snyder-deformed momentum conservation in a
one-loop two-point function becomes a set of algebraic
equations with respect to f1 and f2, respectively.

2. Superficial UV divergence of the momentum
nonconserving integral

As an example, we study the nonconserving integral with
modified δ function δðDðp2;−lÞ þDðl; p1ÞÞ coming
from S3 term (10). In this case momentum p2 is not equal
to −p1 from Fig. 2, and the difference starts at β1 order. The
relevant integral is given below:

I ¼
Z

dDl
ð2πÞD

1

l2 þm2

eip2x2

p2
2 þm2

×
1

1þ βl2

�
1þ βl · p2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ βp2

2

p
�

1−D
�
1þ βl · p2

1− βl · p1

�Dþ1
2

;

ð27Þ
where defining an equation for p2, in accordance to the
ansatz setup,

pσ
2ðp1;lÞ ¼ fσ1ðx;l⊥; p1Þp1 þ fσ2ðx;l⊥; p1Þl⊥;

∀ σ ∈ P4 − permutations; ð28Þ
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is resolved by using the Snyder momentum addition relations (7)

Dμðp2;−lÞ ¼ −Dμðl; p1Þ: ð29Þ

The above simple equation (29) then, after using (28), transfers into two complicated algebraic relations for, generically f1
and f2, respectively,

1

1þ βðxf1p2
1þf2l2⊥Þ

�
f1 − xþ βl2⊥ðf1f2−f22Þ

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ βðf21p2

1þf22l
2⊥Þ

p
�
¼−

1

1− xβp2
1

�
1þ xþ βl2⊥

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ βðx2p2

1þl⊥Þ
p

�
; ð30Þ

1

1þ βðxf1p2
1 þ f2l2⊥Þ

�
f2 − 1þ βp2

1ðxf1f2 − f21Þ
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ βðf21p2

1 þ f22l
2⊥Þ

p
�

¼ −
1

1 − xβp2
1

�
1 −

xβp2
1

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ βðx2p2

1 þ l⊥Þ
p

�
: ð31Þ

While it is hard to obtain closed form solution for f1 and f2
from these two equations, one can use them to analyze
the large jlj behavior of f1 and f2 by realizing that
x ∼ l⊥ ∼ jlj1. Using an ansatz fi ∼ jljki for large jlj,
we find that k1 ¼ 1 and k2 ¼ 0, i.e., p2 ∼ jlj1. Using this
scaling we find that (27) is superficially UV finite for
D < 9. Thus the integral (27) is superficially UV finite at
four dimensions.
Finally, full solutions, if obtainable, are lengthy and yet

the analytical solution to the integration over l in (27) is
still at large. We hope such integral could be solved in near
future.

IV. UV/IR MIXING

Generally speaking, when a UV-divergent loop integral
is regularized by deformation, turning off the deformation
would lead to divergences in the commutative limit at the
quantum level. For example, in the Moyal ϕ4 theory, the
nonplanar/regularized integral of the two-point function
reads

Iðp; θÞ ¼
Z

dDl
ð2πÞD

e−
1
2
lμθμνpν

l2 þm2
: ð32Þ

When either θ or p goes to zero in the integrand, this
integral becomes the UV divergent commutative tadpole

Iðp; 0Þ ¼ Ið0; θÞ ¼
Z

dDl
ð2πÞD

1

l2 þm2
: ð33Þ

For this reason one expects that the integral Iðp; θÞ would
exhibit a ðθpÞ-dependent divergence, which was indeed
found [12].
A more careful look at the discussion above forces us

to conclude that we are here actually considering two
divergences, θ → 0 and p → 0. The first divergence,
occurring at the commutative limit θ → 0, is less surprising
since an UV divergence is already present in the

undeformed theory. So, this limit could be simply inter-
preted as a recovery.2

The second divergence p → 0 is more intriguing. It shifts
the UV divergence in the commutative/undeformed theory
to the IR regime (p → 0), which is a big modification to the
quantum field theory, and leads to the (in-)famous UV/IR
mixing. It is not hard to see that the reason why these two
divergences become associated with each other in the
Moyal theory is the regulator momentum dependence,
which is a consequence of the tensorial nature of the
Moyal deformation parameter θμν.
Now we move fromMoyal to the Snyder ϕ4 theory. First,

we consider the same vanishing external momentum limit
of (12). Since such a limit brings (32) to (33), it could be
considered as an indicator of the UV behavior without
momentum-dependent regularization. Using (7) it is not
hard to find that, in the limit of vanishing external momenta
and for any normalized combination of c1, c2, and c3, the
integrand of (12) satisfies the following relation:

lim
p1→0

−
1

2

λ

4!

Z
ð2πÞD dDp2

ð2πÞD
dDl
ð2πÞD

eip1x1

p2
1 þm2

eip2x2

p2
2 þm2

ð2πÞ4
l2 þm2

·
X
σ∈P4

δðD4ðσðp1; p2;l;−lÞÞÞ · g3ðσðp1; p2;l;−lÞÞ

∼−
λ

6
ð2I1 þ I2Þ: ð34Þ

In other words the 4! ¼ 24momentum permutations reduce
to only two types: 16 I1 and 8 I2, respectively. Therefore,
the zero-momentum limit is UV divergent because of the
I2 integral. However, I2 is, unlike the Moyal theory,
regulated from the commutative quadratic to logarithmic
UV divergences. From this observation we conclude that
the commutative and IR limits discussed above become

2The situation is different when the interaction is purely
noncommutativity originated, for example in the Moyal U(1)
(S)YM. There the UV divergence at the commutative limit is also
an anomaly, since the undeformed theory is free.
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independent from each other in Snyder theory, since the
Snyder deformation parameter β is a scalar. The β → 0 limit
of the integrals I1 and I2 is divergent, which is the
expected recovery of the divergence of the commutative
theory.
Next we turn to the momentum dependence of the

Snyder one-loop two-point functions. We have only com-
puted one part of it as the integral I3. When D ≥ 4, this
integral is superficially UV finite only when the external
momentum p ≠ 0, and therefore it can exhibit an infrared
divergence when p → 0. Indeed, once we evaluate I3

properly, we find in the limit p → 0,3

I3jD¼4
p→0

∼ −
1

ð4πÞ2β lnð−βp
2Þ; ð35Þ

and hence a lnp2 divergence when p → 0. (See
Appendix B for more details.) This UV/IR mixing may
be considered as a new type induced by nonassociativity in
comparison with the Moyal ϕ4 theory, since the corre-
sponding UV divergence is of the I2 type, i.e., already
regulated by the Snyder deformation when compared with
the commutative theory, while the additional momentum-
dependent regulator in I3 (25) comes as a consequence of
the nonassociativity of the Snyder star product.
More generally speaking, the full four-dimensional

Snyder one-loop two-point function, including the momen-
tum nonconserving integrals, depends on the external
momentum. Although we do not know explicitly the results
of the momentum nonconserving integrals, we do know
that when taking the external momentum zero limit at the
integrand level, part of them, for example (27) discussed in
Sec. III. B. 2., becomes the UV divergent integral I2 (21) in
accord with the aforementioned universal zero-momentum
limit (34). On the other hand, when p ¼ p1 ≠ 0, this
integral exhibits a superficially finite UV power counting
divergence as shown in Sec. III. B. 2., so we may quali-
tatively conclude that (some of) those integrals in the full
one-loop two-point function, which converge to I2 in the
p → 0 limit, would exhibit IR divergence in 4D if they are
finite, at finite nonzero value of the momentum p.
Therefore, we consider UV/IR mixing as a general property
of the Snyder one-loop two-point function.

V. DISCUSSIONS

Before concluding the article, it is worth noting that a
variant of our model exists for β < 0 [58]. In such a case,
the momenta are bounded by p2 < 1=β and the integrals
run over a finite range. We can express the external
momentum-independent integrals I1 and I2 in this case
by introducing the adimensional loop momenta Lμ ¼ffiffiffiffiffiffijβjp

lμ. The integrals then run from L ¼ jLμj ¼ 0 to
L ¼ 1. It is not hard to show that in this setting I2 reduces
to the following expression:

I2 ¼
2β

ΓðD
2
Þ ð4πβÞ

−D
2

Z
1

0

dL
LD−1

ðL2 þm2Þð1 − L2Þ : ð36Þ

The integral above is divergent at its upper limit for any D,
and therefore it is not regularizable by dimensional regu-
larization. Similarly, I1 becomes

I1 ¼
2β

ΓðD
2
Þ ð4πβÞ

−D
2

Z
1

0

dL
LD−1

ðL2 þm2Þð1 − L2ÞDþ1
2

: ð37Þ

This integral is still superficially divergent at the upper
limit, and one can only assign it a dimensionally regular-
ized value in terms of the Gauss hypergeometric function:

I1 ¼
Γð1−D

2
ÞΓðD

2
Þ

2m2Γð1
2
Þ 2F1

�
1;
D
2
;
1

2
;
−1
m2

�
: ð38Þ

This expression is finite for even dimensions, but divergent
for odd dimensions as Γð1−D

2
Þ. Technically, the complicated

divergences we have encountered in this section are not
surprising as the cutoff at L ¼ 1 still leaves the same pole at
the upper boundary of the integral. It appears that the
negative β case could be more difficult to handle at loop
level than positive β. Thus, we leave this issue for future
investigation.
Another technical possibility is to define and compute an

analogue to the Coleman-Weinberg effective potential [59]
by using the same zero external momentum limit integrand
in Eq. (34),4 which yields

VeffðφÞ ¼
λ

4!
φ4 þ β−

D
2

Z
dDl
ð2πÞD

1

2

X∞
n¼1

ð−1Þnþ1

n

�
βλφ2

6l2ð1þ l2Þ
�
1þ 2

ð1þ l2ÞD−1
2

��
n

¼ λ

4!
φ4 þ 1

2
β−

D
2

Z
dDl
ð2πÞD ln

�
1þ βλφ2

6l2ð1þ l2Þ
�
1þ 2

ð1þ l2ÞD−1
2

��
; ð39Þ

where φ denotes the constant-valued field in the zero-momentum limit.

3A concern remains that the logarithm is complex in Euclidean spacetime. It is not so for timelike momenta (p2 < 0) in the
Minkowski spacetime with the (−þþþ) metric which is compatible with the deformation we use [37].

4This means that here we completely ignore the UV/IR mixing issue, yet, as we will see, there is still another impact from Snyder
deformation. We also consider zero mass for simplicity.
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As already suggested by (16) and (21), the above loop
integral (39) is finite and computable for D ¼ 3, giving

VeffðφÞjD¼3 ¼
λ

4!
φ4 þ 1

12π2
ffiffiffiffiffi
β3

p
�
2π −

X6
i¼1

fðxiÞ
�
; ð40Þ

where

fðxÞ ¼ 2ða − 1Þx4 þ ð7a − 2Þx2 − 6a
3x5 þ 4x3 þ ð1þ aÞx lnð−xÞ;

a ¼ 1

6
βλφ2; ð41Þ

and x1;2;…;6 are the solutions to the sixth-order polynomial
equation

x6 þ 2x4 þ ð1þ aÞx2 þ 3a ¼ 0: ð42Þ

Once we analyze (40) numerically, it is not hard to find out
that the aforementioned β → 0 divergence could be con-
sidered as enhancing the one-loop contribution against the
tree level at small β values, as illustrated in Fig. 3. In general,
large loop corrections suggest that certain nonperturbative
effects may occur [60]. One natural question is then whether
it is possible to follow the Wilson-Fisher 4 − ϵ analysis
[61–63] instead of going naively to dimension three, as the
Wilson-Fisher approach is long proven to be correct in
extracting the critical behavior of ϕ4 and related theories in
lower dimensions. Besides the large perturbation issue, this
procedure is not yet possible since we do not really know
how to define thewave function renormalizationwithout the
full two-point function solution. One may, however, notice
two properties if we choose to use the zero-momentum limit

at integrand level as in the naive effective potential analysis
above. First, the four field vertex at zero-momentum limit,
i.e., the second term of the sum in the first line for (39),
remains finite when D → 4. Also, the UV divergence in
(23), when compared with usual mass renormalization,
receives its corresponding mass dimension via β−1 instead
ofm2. Onemaywander how suchmodificationwould affect
the usual renormalization group analysis. All these obser-
vations seem to hint that Snyder deformed ϕ4 theory could
possess more complicated quantum behavior than the
UV/IR mixing analyzed in the prior sections and require
analysis beyond the fixed order loop calculations too.

VI. CONCLUSIONS

In this article we have studied the effect of Hermitian
realization of the nonassociative and noncommutative
Snyder deformation of the scalar ϕ4 quantum field
theory, by computing tadpole diagram contribution to
the one-loop two-point function. We have shown that the
nonassociativity increases the number of different possible
terms in the action with respect to the associative case and
affects the results at the quantum level.
We have calculated the momentum-conserving tadpole

integrals for the three different inequivalent terms S1, S2,
and S3 that can appear in the general β-exact Snyder ϕ4

interaction (11). They are found to possess remarkably
different properties. Of the three integrals I1, I2, and I3

coming from the three terms S1, S2, and S3, I1 is finite in all
dimensions, I2 is finite when D < 4 but logarithmically
divergent when D ¼ 4, whereas I3 is finite for finite
momentum, yet exhibits a logarithmic IR divergence when
p → 0 in the D ¼ 4 case.
The integrals I1, I2, and I3 exhibit uniform divergent

behavior in the commutative limit when β → 0, as
expected. On the other hand, their infrared limits can be
quite different: I1 and I2 are independent of external
momentum, and therefore remain unchanged in the IR
limit. However, I3 is momentum dependent and exhibits a
logarithmic infrared divergence when D ¼ 4. The loga-
rithmic IR divergence of I3 matches the logarithmic UV
divergence of I2 at D → 4, which, at the integrand level, is
exactly the p → 0 limit of I3. For this reason we conclude
that a new type of UV/IR mixing, induced by nonasso-
ciativity on top of noncommutativity, occurs in I3 and
represents a general quantum feature of Snyder deformed
scalar ϕ4 field theory at the level of the one-loop two-point
function. We also extend our analysis on UV/IR mixing
into the momentum nonconserving integrals (26) by
obtaining UV power counting as qualitative evidence that
UV/IR mixing also emerge in momentum nonconserving
integrals and therefore should be considered as a general
property of the Snyder deformed ϕ4 theory.
At present, the problem of computing complete momen-

tum nonconserving parts of the two-point functions is still

FIG. 3. The one-loop corrected effective potential of Snyder
deformed three-dimensional ϕ4 theories for λ ¼ 0.1 and β ¼
0.001 (solid line), λ ¼ β ¼ 0.1 (dashed line), and the tree level
effective potential for λ ¼ 0.1 (dotted line). The smaller β value
clearly increases the deviation from the tree level value. One may
also notice that unlike the commutative theory [60], no artificial
new minima emerge despite large loop correction.
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open. The method presented in Sec. III. B. does allow us to
integrate over deformed δ functions explicitly or implicitly,
as well as to analyze certain properties of the loop integrand
by using the UV power counting. Yet any analytical
solution in closed form of the final integration over the
loop momentum is still too far to reach. It is without a doubt
that knowing some of such solutions would efficiently
improve our overall understanding of the one-loop quan-
tum properties of Snyder ϕ4 theory. However many
questions, both practical ones (like what would be the
total sum of UV/IR mixing term, and/or whether certain
cancellation mechanism for UV/IR mixing could emerge),
and conceptual ones (like whether the full one-loop
corrected two-point function can bear sound meaning as
a QFT), unfortunately still remain unanswered. Anyway,
we hope that some of the above issues could be settled in
the future.
While the full one-loop two-point function is not yet

available, its zero-momentum limit at integrand level could
be completely defined. We exploit this fact by discussing an
analogue to the Coleman-Weinberg effective potential,
where we notice that finite one-loop result can be obtained
analytically for three-dimensional theory. Also the UV
divergence is clearly reduced when D ¼ 4. The loop
correction tends to diverge when β → 0 and therefore
could become large when β is small. We consider these
findings as suggestions towards nonperturbative studies on
the Snyder ϕ4 quantum field theory.
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APPENDIX A: THE DETERMINANTS

We present here an evaluation for the determinants

detð∂Dμ

∂kν Þ and detð∂Dμ

∂qν Þ. We start with an ansatz for
Dμðk; qÞ, which contains only scalar and vector objects
but not pseudovectors and pseudoscalars, i.e.,

Dμðk; qÞ ¼ fðk2; k · q; q2Þkμ þ gðk2; k · q; q2Þqμ: ðA1Þ

It is then easy to find that

∂Dμ

∂kν ¼ δνμfðk2;k ·q;q2Þ

þkμð2kνfð1;0;0Þðk2;k ·q;q2Þþqνfð0;1;0Þðk2;k ·q;q2ÞÞ
þqμð2kνgð1;0;0Þðk2;k ·q;q2Þþqνgð0;1;0Þðk2;k ·q;q2ÞÞ;

ðA2Þ

∂Dμ

∂qν ¼ δνμgðk2;k ·q;q2Þ

þqμðkνgð0;1;0Þðk2;k ·q;q2Þþ2qνgð0;0;1Þðk2;k ·q;q2ÞÞ
þkμðkνfð0;1;0Þðk2;k ·q;q2Þþ2qνfð0;0;1Þðk2;k ·q;q2ÞÞ;

ðA3Þ

where fð1;0;0Þðx; y; zÞ ¼ ∂
∂x fðx; y; zÞ, fð0;1;0Þðx; y; zÞ ¼

∂
∂y fðx; y; zÞ and fð0;0;1Þðx; y; zÞ ¼ ∂

∂z fðx; y; zÞ.
Now, using the Sylvester’s determinant identity,

detðIm þ ABÞ ¼ detðIn þ BAÞ; ðA4Þ

one can show that

det ðδνμ þ a1μb
ν
1 þ a2μb

ν
2Þ ¼ 1þ a1 · b1 þ a2 · b2

þ ða1 · b1Þða2 · b2Þ
− ða1 · b2Þða2 · b1Þ: ðA5Þ

Therefore,

det

�∂Dμ

∂kν
�

¼ fDð1þ f−1ð2k2fð1;0;0Þ þ k · qðfð0;1;0Þ þ 2gð1;0;0ÞÞ þ q2gð0;1;0ÞÞ

þ 2f−2ðk2q2 − ðk · qÞ2Þðfð1;0;0Þgð0;1;0Þ − gð1;0;0Þfð0;1;0ÞÞÞ; ðA6Þ

det

�∂Dμ

∂qν
�

¼ gDð1þ g−1ðk2fð0;1;0Þ þ k · qðgð0;1;0Þ þ 2fð0;0;1ÞÞ þ 2q2gð0;0;1ÞÞ

þ 2g−2ðk2q2 − ðk · qÞ2Þðgð0;0;1Þfð0;1;0Þ − fð0;0;1Þgð0;1;0ÞÞÞ: ðA7Þ
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Finally, we insert the Snyder realization (5), and after some
algebra we get

det

�∂Dμ

∂kν
�

¼ 1þ βq2

ð1 − βk · qÞDþ1

�
1 −

βk · q

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ βk2

p
�

D−1
;

ðA8Þ

and

det

�∂Dμ

∂qν
�

¼ ð1þ βk2ÞDþ1
2

ð1 − βk · qÞDþ1
: ðA9Þ

We list a few special values of these two determinants
which are relevant for the calculation in the main text:

k ¼ 0∶ det

�∂Dμ

∂kν
�
¼ 1þ βq2; det

�∂Dμ

∂qν
�
¼ 1;

q ¼ 0∶ det

�∂Dμ

∂kν
�
¼ 1; det

�∂Dμ

∂qν
�
¼ ð1þ βk2ÞDþ1

2 ;

k ¼ −q∶ det

�∂Dμ

∂kν
�
¼ det

�∂Dμ

∂qν
�
¼ ð1þ βk2Þ−Dþ1

2 :

ðA10Þ

APPENDIX B: DIMENSIONAL
REGULARIZATION OF I 3

In this section we present the detailed evaluation of (25).
We start by rescaling themass andmomentawith respect toβ:

L ¼ l
ffiffiffi
β

p
; P ¼ p

ffiffiffi
β

p
; M ¼ m

ffiffiffi
β

p
: ðB1Þ

Then, after a further redefinition P ¼ P

1þ
ffiffiffiffiffiffiffiffi
1þP2

p , (25)

reduces to

I3 ¼ β1−
D
2

Z
dDL
ð2πÞD

1

ðL2 þM2Þð1þ L2Þ ð1 − P · LÞ1−D:

ðB2Þ

The integrand can then be parametrized by two parameters,
one for the L-quadratic factors while the other for the
L-linear factor, i.e.,

I3 ¼ β1−
D
2

Z
1

0

dx
Z

∞

0

dy
ΓðDþ 1Þ
ΓðD − 1Þ

×
Z

dDL
ð2πÞD

yD−2

ðL2 þ 1þ xðM2 − 1Þ þ y − yP · LÞDþ1
:

ðB3Þ

It is then straightforward to integrate over L using the
(Schwinger) α parametrization

I3 ¼
β1−

D
2

ΓðD − 1Þ
Z

1

0

dx
Z

∞

0

dy
Z

∞

0

dα
Z

dDL
ð2πÞD yD−2αD exp

�
−α

��
L −

y
2
P
�

2

þ xðM2 − 1Þ þ 1þ y − y2
P2

4

��

¼ βð4πβÞ−D
2

ΓðD − 1Þ
Z

1

0

dx
Z

∞

0

dy
Z

∞

0

dαyD−2α
D
2 exp

�
−α

�
xðM2 − 1Þ þ 1þ y − y2

P2

4

��

¼ βð4πβÞ−D
2

ΓðD
2
þ 1Þ

ΓðD − 1Þ
Z

1

0

dx
Z

∞

0

dyyD−2
�
xðM2 − 1Þ þ 1þ y − y2

P2

4

�
−1−D

2

¼ βð4πβÞ−D
2

ΓðD
2
Þ

ΓðD − 1ÞÞ
1

1 −M2

�
F
�
M2;−

P2

4

�
− F

�
1;−

P2

4

��
ðB4Þ

where

F ða; bÞ ¼
Z

∞

0

dy
yD−2

ðaþ yþ by2ÞD2 ¼
Z

∞

0

dt
1

ðat2 þ tþ bÞD2 : ðB5Þ

The integral (B5) can then be expressed in terms of the Gauss hypergeometric function

F ða; bÞ ¼ ð4aÞD2−1 2

D − 1 2F1

�
D − 1

2
;
D
2
;
Dþ 1

2
; 1 − 4ab

�
: ðB6Þ

The expansion of F ða; bÞ within the small b regime can be done by using the analytical continuation formula of
hypergeometric functions, which yields a finite expansion in the D → 4 limit,
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F ða; bÞ !
D→4

1

b
þ 4a

X∞
n¼0

ð4abÞn Γðnþ 3
2
Þ

Γð1
2
ÞΓðnþ 1Þ

�
ψ

�
nþ 3

2

�
− ψðnþ 1Þ þ lnð4abÞ

�
: ðB7Þ

Thus, the IR limit of I3 at D ¼ 4 boils down to

I3 ¼ −
1

16π2β
lnð−βp2Þ þOð1Þ: ðB8Þ

By using the same method it is straightforward to show that, when D ¼ 3, in the zero external momentum limit I3 does
converge to I2 from (24).
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