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in κ-Poincaré invariant field theories
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I. INTRODUCTION

The history of the cosmological constant starts with
Albert Einstein, where in his first paper on the appli-
cation of general relativity (GR) to cosmology [1], he
aimed to construct a static universe with a finite average
density of matter. In doing so he concluded that one
needs to introduce an additional term to the gravita-
tional equation of motion, namely the cosmological
constant λ.
One can visualize λ as the curvature of the empty space.

However, in GR curvature is connected with energy,
momentum and pressure of matter. If we transfer the
λ-term to the right-hand side of the Einstein equation

Rμν −
1

2
gμνR ¼ 8πGTμν − gμνλ ð1Þ

one sees that the empty space produces the same gravita-
tional field as when the space contains matter (or more
precisely an ideal fluid) with density ρλ ¼ λ

8πG and pressure
pλ ¼ −ρλ. In this sense we can speak of an energy density
and pressure of the vacuum. The quantities pλ and ρλ are
the same in all coordinate systems (Lorentz-transformed
moving relative to one another), so they will never appear
in experiments with elementary particles, neither in atomic
or molecular physics, since the cosmological constant
term will always cancel out in the energy conservation

law [2]. The cosmological constant term only reveals
itself in the gravitational phenomena on a large scale, i.e.,
cosmology.
The first problem with vacuum energy producing a

gravitational effect was identified by W. Nernst [3], and
later it developed into what is nowadays known as the
cosmological constant problem. More precisely, the cos-
mological constant problem is the disagreement between
the observed value of the cosmological constant (vacuum
energy density) and the theoretically large value of zero-
point energy obtained within the quantum field theory
(QFT). Namely, depending on the Planck energy cutoff and
other factors, the discrepancy can go up to 120 orders of
magnitude, being “the worst prediction in the history of
physics.” For more details on the history and development
on the attempts of solving the cosmological constant
problem, the reader is advised to look at some of the
following papers [4–7].
The nature of the vacuum energy in QFT highly depends

on the UV structure of the theory under question [8]. It is
determined that the classical (smooth) notion of spacetime
is no longer adequate at Planck scale in order to reconcile
GR with quantum mechanical axioms [9–11]. Properties of
spacetime at the Planck scale are very different from what
we expect from GR. Namely, various models including
string theory [12], loop quantum gravity [13], and non-
commutative (NC) geometry [14], suggest that the space-
time might have a certain discrete structure at the quantum
gravity scale. Combining together GR and quantum uncer-
tainty principle one can predict a very general class of NC
spaces [9–11]. Once the NC structure of spacetime is
assumed, NC field theories arises very naturally [15–17].
These NC field theories can have features like nonlocality,
UV/IR mixing and completely different UV behavior from
their commutative counterparts [18–26].
Motivated by recent papers [27,28] we want to further

investigate the nature of vacuum energy in NC field
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theories. In [27] the hypothesis that in models with an
explicit breaking of Lorentz symmetry one can cure or
improve the cosmological constant problem was tested.
The result found there is that for certain Lorentz violating
models one indeed obtains an improvement, while for the
NC field theories examined there the result was negative.
Furthermore, in the followup paper [28] it was found that
by examining appropriate measure on Hilbert space one can
indeed obtain improvement of UV behavior of the vacuum
energy in NC field theories. In the present work we will be
interested in a very specific, but widely known Lie
algebraic type of NC space, the so called κ-Minkowski
space [29–31] and the field theories on it.
NC field theories on κ-Minkowski space were widely

investigated [32–45], but only recently the full investiga-
tion of the quantum properties of the 2-point and 4-point
functions was explored in [46,47]. In [46] a natural
⋆-product for κ-Minkowski space was used to investigate
various classes of κ-Poincaré invariant scalar field theories
with quartic interactions. κ-Poincaré symmetry induces a
twisted trace which defines a Kubo-Martin-Schwinger
(KMS) weight for the NC C�-algebra that models the κ-
Minkowski space. It was found that in all examined NC
field theories, the twist generates different one-loop con-
tributions to the 2-point functions which are at most UV
linearly divergent. Some of the theories are free of UV/IR
mixing. The one-loop contribution to the 4-point function is
even found UV finite [47] for some models whose kinetic
operators are related to the square of the Dirac operator
involved in the construction of an equivariant spectral triple
[48] aiming to encode the geometry of κ-Minkowski space.
This is partly due to the large spatial momentum damping
in the propagator which decays as 1=p4. This strong decay
of the propagator at large (spatial) momenta could ensure
the perturbative renormalizability to all orders.
In this paper we will analyze the vacuum energy in

κ-Poincaré invariant field theories for three different
choices of kinetic operators: the Casimir operator [31],
the square of modular Dirac operator [49], and square of
equivariant Dirac operator [48]. Exploiting the κ-Poincaré
symmetry and properties of the ⋆-product for κ-Minkowski
space we formulate action functional and show that in the
case of the square of equivariant Dirac operator one obtains
a significant improvement in the UV behavior of the
vacuum energy. Therefore one needs to revise the cosmo-
logical constant problem accordingly.
The paper is organized as follows. In Sec. II we outline

the standard computation of vacuum energy using partition
function and heat kernel. We present the construction of
the κ-Poincaré invariant field theories in Sec. III. In Sec. IV
the vacuum energy for three different choices of kinetic
operators is calculated. We conclude with some final
remarks in Sec. V. Technical details on construction of
the ⋆-product and appropriate Hilbert product are given in
the Appendixes.

II. VACUUM ENERGY AND
COSMOLOGICAL CONSTANT

Consider a Euclidean bosonic field theory defined by the
partition function

Z ¼
Z

D½ϕ�e−S½ϕ� ð2Þ

where

S½ϕ�¼
Z

d4xðϕFϕÞðxÞ¼
Z

d4xd4yϕðxÞϕðyÞFðx;yÞ ð3Þ

is the action functional and Fðx; yÞ ¼ R
d4peipðx−yÞF̃ðpÞ is

the kernel of a generalized kinetic operator F (and its
Fourier transform). Then the partition function Z is simply
given by Z ¼ ðDetFÞ−1=2 and the effective actionW ¼ lnZ
can be written in terms of the heat kernel [8,50]

W ¼ −
1

2

Z
∞

1

M2

ds
s
HðsÞ ð4Þ

where s is a real parameter, HðsÞ ¼ Tre−sF is the trace of
the heat kernel. The cutoff 1=M2 is introduced because
in the standard field theory the effective actionW is usually
divergent. Recall that the heat kernel Hðs; x; x0Þ ¼
ðxje−sFjx0Þ is defined as a solution of the heat equation

� ∂
∂sþF

�
Hðs;x;x0Þ ¼ 0; Hð0;x;x0Þ ¼ δðx−x0Þ: ð5Þ

It is usually more convenient to perform calculations in the
momentum space, so that the trace of the heat kernel
becomes

HðsÞ ¼ V
ð2πÞ4

Z
∞

−∞
d4pe−sF̃ðpÞ ð6Þ

where V is the volume of the spacetime. The vacuum
energy density ρvac is defined as

ρvac ¼ −
W
V

ð7Þ

and it is often identified with the cosmological constant λ,
but the relation between them is given by λ ¼ 8πGρvac.
For the standard massless bosonic quantum field theory

in 4-d space we have F ¼ ∂μ∂μ, so that the heat kernel
becomes

HðsÞ ¼ V
ð4πsÞ2 ð8Þ

and the vacuum energy is given by
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ρvacðMÞ ¼ M4

64π2
: ð9Þ

If we consider the cutoffM to be proportional to the Planck
massMPl ≈ 1018 GeV, then we have a huge discrepancy of
almost 120 orders of magnitude between the vacuum
energy of the quantum field theory and the observed
cosmological constant ρobvac ≈ 10−47 GeV4, leading to the
“worst prediction of theoretical physics.” However, this is
just an estimate and no physical quantity can be cutoff
dependent, since this dependance should be absorbed in the
renormalized cosmological constant [51]. Since there are
indications that a change in the UV behavior of the kinetic
operator could drastically affect the structure of the vacuum
energy [8,27,28], we will be interested in investigating
κ-Poincaré invariant field theories because they are char-
acterized by kinetic operators which exhibit significant
modifications in the UV regime.

III. κ-POINCARÉ INVARIANT FIELD THEORIES

A. ⋆-product for κ-Minkowski space

κ-Minkowski space [29–31] can be viewed as the
universal enveloping algebra of the Lie algebra g defined by

½x0; xi� ¼
i
κ
xi; ½xi; xj� ¼ 0; i ¼ 1; 2; 3 ð10Þ

where κ > 0 is a deformation parameter of mass
dimension. Furthermore, one can define a Lie group G
by exponentiation1

Wðp0; piÞ ¼ eipixieip0x0 ð11Þ

from which follows the group law

Wðp0; piÞWðq0; qiÞ ¼ Wðp0 þ q0; pi þ e−
p0
κ qiÞ: ð12Þ

A convenient presentation of κ-Minkowski space is pro-
vided by a mere adaptation of the Wigner-Weyl quantiza-
tion scheme giving rise to the celebrated Moyal product
by replacing the Heisenberg group with G. This latter
approach, whose main steps are recalled in the Appendix
(see also [46,52]), leads to the following expressions for the
⋆-product and the adjoint

ðf⋆gÞðxÞ ¼
Z

dp0dy0e−iy0p0fðx0 þ y0; xiÞgðx0; e−
p0
κ xiÞ

f†ðxÞ ¼
Z

dp0dy0e−iy0p0 f̄ðx0 þ y0; e−
p0
κ xiÞ ð13Þ

for any functions f; g ∈ F ðScÞ. Here Sc is the set of
Schwartz functions on R4 with compact support in the first
variable and F is the Fourier transform. For all physical
purposes it will be sufficient to identify the algebramodeling
κ-Minkowski Mκ with the algebra F ðScÞ.

B. κ-Poincaré algebra and invariant action

In the present study, we require the action functional Sκ

to be κ-Poincaré invariant which is a reasonable assumption
regarding the important role played by the (classical)
Poincaré symmetries in standard QFT together with the
fact that κ-Poincaré algebra can be viewed as describing
the quantum symmetries of the κ-Minkowski space-time
[29–31]. These symmetries are encoded algebraically by
the Hopf algebra of κ-Poincaré algebra Pκ. One way to
present Pκ is by using the 11 elements: Pi are the momenta,
Ni are boosts, Mi are rotations, and E is the shift operator

related to time translations E ¼ e−
P0
κ . They all satisfy the

following commutation relations

½Mi;Mj�¼ iϵijkMk; ½Mi;Nj�¼ iϵijkNk; ½Ni;Nj�¼−ϵijkMk

½Mi;Pj�¼ iϵijkPk; ½Pi;E�¼½Mi;E�¼0; ½Ni;E�¼
i
κ
PiE

½Ni;Pj�¼−
i
2
δij

�
κð1−E2Þþ1

κ
p2
k

�
þ i
κ
pipj: ð14Þ

κ-Poincaré algebra can be endowed by a Hopf algebra
structure. Let us define the coproduct Δ∶Pκ → Pκ ⊗ Pκ,
counit ε∶Pκ → C and antipode S∶Pκ → Pκ satisfying

ΔP0 ¼ P0 ⊗ 1þ 1 ⊗ P0; ΔPi ¼ Pi ⊗ 1þ E ⊗ Pi;

ΔE ¼ E ⊗ E

ΔMi ¼ Mi ⊗ 1þ 1 ⊗ Mi;

ΔNi ¼ Ni ⊗ 1þ E ⊗ Ni −
1

κ
ϵijkPj ⊗ Mk ð15Þ

and

εðP0Þ¼ εðPiÞ¼ εðMiÞ¼ εðNiÞ¼ 0; εðEÞ¼ 1

SðP0Þ¼−P0; SðEÞ¼ E−1; SðPiÞ¼−PiE−1;

SðMiÞ¼−Mi SðNiÞ¼−E−1
�
Ni−

1

κ
ϵijkPjMk

�
ð16Þ

The algebra Mκ is a left-module over the Hopf algebra
Pκ which can be viewed as the algebra of quantum
symmetries of the corresponding noncommutative space.

1Here note that we chose the so called time-to-the-right
ordering. Other orderings could be chosen (weyl-symmetric or
time to the left) by simply exponentiating the Lie algebra via
different ordering but this corresponds to different choices of
coordinates system on the group manifold. Accordingly, the
expression of the star product will change but, keeping in mind
that we work within the framework of harmonic analysis,
performing a change of coordinates at the level of (11) will also
imply a modification of the (haar) measure appearing in the
Eq. (13) for the star product.
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κ-Minkowski space2 is a dual of the Hopf subalgebra
generated by Pi and E. The structure of Mκ as a left
module over the Hopf algebra Pκ can be expressed for any
f ∈ Mκ as

ðE⊳fÞðxÞ¼f

�
x0þ

i
κ
;xi

�
; ðPμ⊳fÞðxÞ¼−ið∂μfÞðxÞ;

ðMi⊳fÞ¼−iðϵijkxj∂kfÞðxÞ

ðNi⊳fÞðxÞ¼
��

xi
2

�
κð1−E2Þ−1

κ
∂2
k

�

þ i

�
x0þ

1

κ
xk∂k

�
∂i

�
f

�
ðxÞ: ð17Þ

Notice that the generators of spatial translations are not
derivations of the algebra Mκ due to the coproduct (15).
To define a well behaved field theory we need to find

some reasonable action functional. It is natural to impose
the following three conditions on the physical action
functional Sκ½ϕ�:

(i) The Pκ-invariance of Sκ½ϕ� [33,46,52]

h ⊳ Sκ½ϕ� ¼ εðhÞSκ½ϕ�; ∀ h ∈ Pκ ð18Þ

(ii) The action Sκ½ϕ� is positive and real.
(iii) Sκ½ϕ� reduces to the standard scalar field theory in

the commutative limit κ → ∞.
In order to find an action Sκ½ϕ� invariant under Pκ we
consider functional of the following form

Sκ½ϕ� ¼
Z

d4xL½ϕ� ð19Þ

where ϕ;L½ϕ� ∈ Mκ. Now, by using (17) one can
show [46]

Pμ ⊳ Sκ½ϕ� ¼
Z

d4xPμ ⊳ L½ϕ� ¼ 0; Ni ⊳ Sκ½ϕ� ¼ 0;

Mi ⊳ Sκ½ϕ� ¼ 0; E ⊳ Sκ½ϕ� ¼ Sκ½ϕ�: ð20Þ

This way we have proven that the action of the form (19)
fulfills the first condition and is invariant under the
action of Pκ.
Since the following properties hold [47,53]

Z
d4xðf⋆g†ÞðxÞ ¼

Z
d4xfðxÞḡðxÞ;

Z
d4xf†ðxÞ ¼

Z
d4xf̄ðxÞ ð21Þ

it is easy to see

Z
d4xðf⋆f†ÞðxÞ ≥ 0;

Z
d4xðf†⋆fÞðxÞ ≥ 0 ð22Þ

which defines a positive map
R
d4x∶Mκþ → Rþ where

Mκþ denotes the set of positive elements of Mκ. It is
important to note that the Lebesgue integral does not define
a cyclic trace. Namely

Z
d4xðf⋆gÞðxÞ¼

Z
d4xððσ⊳gÞ⋆fÞðxÞ; σ¼e−

3P0
κ : ð23Þ

The operator σ is an algebra automorphismoften called twist.
It gives rise to a twisted trace Trða⋆bÞ ¼ Trððσ ⊳ bÞ⋆aÞ
which signals the occurrence of a KMS condition. The

operator σt ¼ ei
3tP0
κ defines a group of automorphisms called

the modular group of the KMS weight (for more details
see [46]).
In order to construct real action functional we use a

natural Hilbert product3 given by

hf; gi ¼
Z

d4xðf†⋆gÞðxÞ

¼
Z

d4xf̄ðxÞðσ ⊳ gÞðxÞ; ∀ f; g ∈ Mκ ð24Þ

Notice that the Hilbert product (24) is R-valued for all
f; g ∈ Mκ that satisfy hf; gi ¼ hg; fi. Therefore, the reality
condition for the action functional will be automatically
fulfilled if we use

Sκ½ϕ� ¼ hϕ; Kϕi ð25Þ

where K is some self-adjoint kinetic operator satisfying
hϕ; Kϕi ¼ hKϕ;ϕi. It is straightforward to see that Pμ and
E are self-adjoint with respect to the Hilbert product (24). In
constructing the kinetic operator we assume it to be a
pseudodifferential operator given by

ðKfÞðxÞ ¼
Z

d4yd4pK̃ðpÞfðyÞeipðx−yÞ ð26Þ

for any f in the domain of K dense in the Hilbert space
H ≅ L2ðR4Þ, and K̃ðpÞ is the Fourier transformof the kernel

of K. The self-adjointness of K implies K̃ðpÞ ¼ K̃ðpÞ.
According to the discussion made so far and using (25)

and (26) we can finally define the action functional that
satisfies all three conditions by4

2κ-Minkowski space viewed as the universal enveloping
algebra of Lie algebra g has a natural Hopf algebra structure
with a primitive coproduct, antipode and counit.

3See Appendix for more properties.
4One could also consider the mass term of the form m2hϕ;ϕi,

but we will be focused just on the massless case when calculating
the vacuum energy, because the mass term only affects the IR
behavior of the theory.
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Sκ½ϕ� ¼ hϕ; Kϕi

¼
Z

d4xd4yd4pϕ̄ðpÞϕðpÞeipðx−yÞe−3p0
κ K̃ðpÞ: ð27Þ

If we compare this expression with (3) we get that the
relevant operator for calculating the vacuum energy is
given by

Fðx;yÞ¼
Z

d4peipðx−yÞe−
3p0
κ K̃ðpÞ⇒ F̃ðpÞ¼ e−

3p0
κ K̃ðpÞ:

ð28Þ

So, in order to calculate vacuum energy in various
κ-Poincaré invariant theories we just need to extract the
function F̃ðpÞ.
We have a few natural choices for the explicit form of the

kinetic operator in (27). In this paper we will investigate
three such choices: the Casimir operator, the square of
modular Dirac operator and the equivariant Dirac operator.
The reason to choose the Casimir operator in the so

called Majid-Ruegg [31] or bicrossproduct [54] basis is
because it is a straightforward generalization of the usual
Casimir operator of the Poincaré algebra and its corre-
sponding momentum dispersion relations is one of the most
studied in the literature.
The second example, i.e., modular operator, is motivated

by the NC geometry à la Connes [14]. In this approach the
central object is the so called spectral triple where all the
information about the space can be encoded in the triple
ðA;H;DÞ, where A is the algebra, H the Hilbert space on
which the algebra is represented and D the Dirac operator
[14]. In [49] it was shown that if one wants to build a
spectral triple for κ-Minkowski space one needs to relax
some of the axioms for the corresponding Dirac operator,
due to some boundlessness issue of the commutator
between the Dirac operator and the elements of the algebra.
In order to resolve the boundlessness issue one introduces a
twisted commutator and a weight (related to the KMS
structure [46]) which replaces the usual trace in order to
measure the growth of the resolvent of the Dirac operator.
Then under some reasonable assumptions one can show
that this operator is related to a unique Dirac operator with
bounded twisted commutator, appropriate classical limit
and a spectral dimension equal to the classical one [49].

The third example, that is the equivariant Dirac operator
is interesting because it is singled out by the bicovariant
differential calculus and also it has a typical pattern of
dimensional reduction in which the spectral dimension
decreases from the Hausdorff dimension (in the IR limit)
to a smaller value in the UV regime [53]. This feature of
dimensional reduction in the UV regime is a common
thread for a huge class of very different approaches to
quantum gravity [55]. This operator is also interesting
because it is equivariant under the action of the quantum

Euclidean group and emerges in the construction of
equivariant spectral triple [48].

IV. VACUUM ENERGY IN Pκ-INVARIANT
FIELD THEORIES

We have set up everything for calculating the vacuum
energy. All we need to do now is to evaluate (6) and (4) for
different kinetic operators, that is (28).

A. The Casimir operator

The Casimir operator Cκ commutes with all the gen-
erators of the κ-Poincaré algebra and as such we can use it
as the kinetic operator. This choice fulfills all the conditions
discussed in the previous section.Also this is in the complete
analogy with the commutative case, where the Casimir
operator of the Poincaré algebra serves as the kinetic
operator. The Casimir operator Cκ in the Majid-Ruegg basis
[31] is given by

CκðpÞ ¼ 4κ2 sinh2
�
p0

2κ

�
þ e

p0
κ p2

i ð29Þ

so that the function (28) that we need in order to calculate the
vacuum energy is given by

F̃Cκ ¼ e−
3p0
κ CκðpÞ: ð30Þ

The relevant integral in calculating the heat kernel (6) is
given by

ICκðsÞ¼
Z þ∞

−∞
d4pe−sF̃Cκ

¼4π

Z þ∞

−∞
dp0exp½−sκ2e−

3p0
κ ðep0

κ þe−
p0
κ −2Þ�

×
Z

∞

0

p2dpe−sp
2e−

2p0
κ

¼
�
π

s

�3
2

Z þ∞

−∞
dp0exp

�
3p0

κ
−sκ2e−

3p0
κ ðep0

κ þe−
p0
κ −2Þ

�

¼κ

�
π

s

�3
2

Z
∞

0

dy
y4

e−sκ
2ðy2þy4−2y3Þ ð31Þ

where we used the integral
R
∞
0 dxx2e−ax

2 ¼
ffiffi
π

p
4a3=2

in the first

line and the substitution y ¼ e−
p0
κ in the second line. The

integral in (31) is UV divergent, that is, it is singular for
y → 0. To illustrate this let us put a cutoff on the variable p0

such that �∞ → �Λ, then the integral we need to solve is
given by

lim
Λ→∞

�Z
e
Λ
κ

e−
Λ
κ

dy
y4

e−sκ
2ðy2þy4−2y3Þ

�

≈
Z

e
Λ
κ

e−
Λ
κ

dy
y4

e−sκ
2y2 →

1

3
e
3Λ
κ þOðeΛ

κ Þ: ð32Þ
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Now, one has to be careful with the regularization and
interpreting the cutoff in p0, that is Λ as the UV limit.
Namely, one has to take in account the κ-Poincaré symmetry.
Motivated by theHopf algebra structure of thePκ, especially
the deformed translation algebra generated by Pi and E [see
(15)], it is more natural to interpret y ¼ e−

p0
κ as related to the

physical quantity replacing p0 in the noncommutative field
theory. More precisely, the Casimir operator (29) can be
written as

Cκ ¼ e
p0
κ ðP2

0 þ p2
i Þ; P0 ¼ κð1 − yÞ ð33Þ

so that the relevant quantity for the Pκ-covariant quantum
field theories, which reduces to p0 in the commutative limit
is given byP0. Putting a cutoff jP0j ≤ M enables us to derive
the appropriate cutoff on the variable p0

Λ ¼ κ ln

�
1þM

κ

�
: ð34Þ

Taking the relation between the cutoffs (34) and (32), the
integral in (31) and the corresponding effective action WCκ
reads

ICκðsÞ ¼
κ

3

�
π

s

�3
2

�
1þM

κ

�
3

;

⇒ WCκ ¼ −
κV

144π5=2
M3

�
1þM

κ

�
3

ð35Þ

so that the vacuum energy becomes

ρvacðMÞ ¼ κ

144π5=2
M3

�
1þM

κ

�
3

: ð36Þ

We see that the vacuum energy behaves as ρvac ∝ M6

κ2
in the

UV limit, which is more divergent when compared with the
commutative case. In case that the deformation parameter is
equal to the UV cutoff κ ¼ M we recover the commutative
behavior5 ρvac ∝ M4. The result obtained here is in agree-
ment with the investigation performed in [27,28] where,

even though there they used a different integration measure,
the same behavior for the vacuum energy was discovered.

B. Modular operator

Another choice for the kinetic operator comes from
studying modular spectral triples [49]. It is related to the
Casimir operator by

MðpÞ ¼ e−
p0
κ CκðpÞ ¼ κ2ð1 − e−

p0
κ Þ2 þ p2

i ð37Þ

so that the relevant function is given by F̃M ¼ e−
3p0
κ MðpÞ

and the integral of interest is

IMðsÞ ¼
Z þ∞

−∞
d4pe−sF̃M

¼ 4κ

�
π

s

�3
2

Z
∞

0

dy

y
9
2

e−sκ
2ðy3−2y4þy5Þ

≈ 4κ

�
π

s

�3
2

Z
∞

0

dy

y
9
2

e−sκ
2y3 ð38Þ

where we again use the same strategy as in the previous
subsection. The integral in question is UV divergent so we
regularize it and keep only the most divergent part, keeping
in mind (34)

lim
Λ→∞

IðsÞ ¼ 4κ

�
π

s

�3
2

Z
e
Λ
κ

e−
Λ
κ

dy

y
9
2

e−sκ
2y3

≈ 4κ

�
π

s

�3
2 ðsκ2Þ7=6

3
Γ
�
−
7

6
; sκ2e−

3Λ
κ

�

≈
8κ

7

�
π

s

�3
2

�
1þM

κ

�7
2 ð39Þ

where we used the expansion for the incomplete Gamma
function Γð− 7

6
; ax3Þ ≈ 6

7ðaxÞ7=6 þOðx−1=2Þ. Now, after tak-
ing into account (4), (6), and (39) we get for the vacuum
energy

ρvac ¼
κ

42π
5
2

M3

�
1þM

κ

�7
2

: ð40Þ

The corresponding vacuum energy is ρvac ∝
ffiffiffiffiffiffi
M13

κ5

q
which is

even more divergent that in the case of Casimir operator. In
the limit κ ¼ M we recover the commutative behavior.

C. Equivariant Dirac operator

In this subsection we investigate the square of the
equivariant Dirac operator. This operator comes from
the construction of the equivariant spectral triple for the
κ-Minkowski space [48] and is related to the Casimir
operator by

5Namely, one does not need to set the cutoff to the deformation
parameter scale κ in order to recover the commutative limit. In
doing so, that is by putting M ¼ κ one is left with only one
dimensionful parameter in the theory, κ, and by dimensional
analysis the leading term has to be ρ ∝ ðmass scaleÞ4. So in the
commutative case this scale is provided by the cut-off, and if cut-
off is set to be κ then we get the same behavior which is then just
confirmed by our explicit calculation followed by setting the limit
M ¼ κ in the end. The commutative limit is given by κ → ∞, one
just has to be careful about one subtle point, and this is the fact
that the limits κ → ∞ and M → ∞ may not commute due to
divergences and in general even possible UV/IR mixing, so the
safe way of doing the commutative limit is setting κ → ∞ at the
initial stage [like in Eq. (28)] calculate the lowest order of the NC
correction and then perform the calculation of the integrals and
set the M → ∞ limit (like in [27,28]).
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KκðpÞ ¼ CκðpÞ þ
1

4κ2
C2κðpÞ: ð41Þ

The relevant function is given by F̃KðpÞ ¼ e−
p0
κ Kκ and for

the sake of future convince we write it in the following form

F̃KðpÞ ¼ Aðp0Þ þ Bðp0Þp2
i þ Cðp0Þp4

i ð42Þ
where

A ¼ κ2

4
ðyþ 2y2 − 2y3 þ 2y4 þ y5Þ; B ¼ 1

2
ðyþ y3Þ;

C ¼ y2

4κ2
; y ¼ e−

p0
κ : ð43Þ

The integral we need to obtain in order to calculate the heat
kernel is given by

IKðsÞ ¼
Z þ∞

−∞
d4pe−sF̃K

¼ 4π

Z þ∞

−∞
dp0e−sA

Z
∞

0

p2dpe−sðBp2þCp4Þ: ð44Þ

Wewill first deal with the integral over the radial variable p
and for that we need the following integralZ

∞

0

x2dxe−ðax2þbx4Þ

¼ 1

4b5=4

� ffiffiffi
b

p
M

�
3

4
;
1

2
;
a2

4b

�
−aΓ

�
5

4

�
M

�
5

4
;
3

2
;
a2

4b

��
ð45Þ

where Mða; b; zÞ is the confluent hypergeometric
function. Since we will be interested in the most divergent
parts we look at the limit s → 0 where we have6R
∞
0 p2dpe−sðBp2þCp4Þ ≈ 1

4ðsCÞ3=4 þOðs−1=4Þ so that (44)

becomes

IKðsÞ≈π

�
4κ2

s

�3
4

Z þ∞

−∞
dp0e

3p0
κ −sA¼κπ

�
4κ2

s

�3
4

Z
∞

0

dy

y
5
2

e−sA

ð46Þ
The integral in (44) is once again divergent and therefore
we will proceed with the same strategy as in the former
cases and use the cutoff regularization procedure. In doing
so, we get

lim
Λ→∞

IKðsÞ ¼ κπ

�
4κ2

s

�3
4

Z
e
Λ
κ

e−
Λ
κ

dy

y
5
2

e−sA

≈ κπ

�
4κ2

s

�3
4

Z
e
Λ
κ

e−
Λ
κ

dy

y
5
2

e−
sκ2
4
y

¼ 2κπ

3

�
4κ2

s

�3
4

e
3Λ
2κ þ finite part: ð47Þ

Now, after taking into account (4), (6) and (47) we get for
the vacuum energy

ρvac ¼
4

9π3

�
κ

2

�5
2

M
3
2

�
1þM

κ

�3
2

: ð48Þ

The vacuum energy for the square of the equivariant Dirac
operator has a quite better behavior then the commutative
theory since ρvac ∝ κM3. This improvement in the UV
behavior of the quantum field theory was already demon-
strated in [46] where the properties of the 2-point function
was investigated, and also in [47] where it was shown that
the β-function for the various versions of NC ϕ4-theory
vanishes. In the limit κ ¼ M we recover the usual com-
mutative behavior.

V. FINAL REMARKS

The quantum fluctuations of the vacuum contribute to
the expectation value of the energy-momentum tensor in a
way that mimics the cosmological constant. In QFT the
vacuum energy is highly nontrivial, as in the case of a
simple quantum harmonic oscillator in the ground state,
each mode of every field has its own contribution to the
zero-point energy. This energy arises from virtual particle-
antiparticle pairs, i.e., loops. The corresponding energy-
momentum tensor can be written as hTμνi ¼ −ρvacgμν.
Even though it would appear on the right-hand side of
the Einstein’s equation, vacuum energy has the form of a
cosmological constant, therefore we can absorb it in order
to redefine λ → λren ¼ λþ 8πGρvac. Equivalently, we may
absorb the bare cosmological constant λ appearing in the
Einstein’s equation into the energy density of the vacuum
[56]. This way one turns the cosmological constant
problem into a fine tuning one.
The novelty that the noncommutativity brought to this

problem is the fact that the UV behavior of the theory is
changed, resulting in a different behavior, that is change in
the level of divergence of the vacuum energy. This, of
course, is just a starting point and one should proceed with
renormalization of the vacuum energy in order to absorb the
cutoff dependance into the counterterms [51]. This is an
adventure of its own, since the quantum corrections are
nontrivial [46,47] and furthermore the counterterm should
be steaming from the cosmological constant part of the
gravitational action. Now, in the NC setting even this
procedure should be in some sense modified since the
gravitational part also acquires NC correction which would
give more possible counterterms that are similar to the
cosmological term [57–67]. This we plan to investigate in
future works.
In this work we have presented a construction of

κ-Poincaré invariant field theory and investigated the
vacuum energy for several choices of kinetic operator.
We shown that the behavior of the vacuum energy highly

depends on the choice of the kinetic operator. Our guiding
6Where we used that the confluent hypergeometric function

satisfies Mða; b; 0Þ ¼ 1.
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principles, in how to “naturally” select a kinetic operator
are mostly governed by arguments from NC geometry.
Namely, as illustrated in Sec. III, we extensively used the
properties of the κ-Minkowski algebra in our construction
of the field theory. First we constructed the ⋆-product by
adopting the Wigner-Weyl quantization scheme in III A,
and then in III B we exploited the quantum symmetries of
κ-Minkowski space, i.e., κ-Poincare-Hopf algebra, in order
to construct allowable candidates for a physical action. We
also imposed various other conditions motivated from
physics and mathematics (reality, positivity, commutative
limit, etc.) Unfortunately all this procedures does not
single out a unique action, so we were forced to choose
some examples basically as an “educated guess” steaming
from NC geometry. Even though our three examples
(Casimir, modular and equivariant Dirac operator) are well
motivated from NC geometry point of view, the question of
the “right” choice of the kinetic operator, even after impos-
ing κ-Poincare symmetry, it is still an open one because it
depends heavily on the choice of the differential calculus or
spectral triple one uses.
It is shown that in the case of the square of equivariant

Dirac operator one obtains an improved UV behavior of the
zero-point energy. Therefore one needs to revise the
cosmological constant problem. Even though in the case
of the square of the equivariant Dirac we obtained a
significant improvement in the UV behavior it is still
not sufficient to resolve the cosmological constant problem.
Namely, if we would assume that the UV cutoff is
proportional to the Planck mass M ¼ MPl ≈ 1018 GeV,
and compared the theoretical estimate obtained in (48) with
the observed one ρobsvac ≈ 10−47 GeV4, then we could get a
bound on the deformation parameter κ that would be far too
low, indicating that we should have already observed NC
effects in various experiments. However, one can speculate
that the new energy scale, governed by the deformation
parameter κ, is in the interval κ ∈ ½1 TeV;MPl�. This
assumption is supported by the fact that more or less
above the energy of 1 TeV we did not explore particle
interactions experimentally. In doing so, we would get a
discrepancy with the observations ranging between 10 and
120 orders of magnitude. Therefore one is forced to
understand the expression (48) as a starting point of the
renormalization procedure, i.e., as part that will be reab-
sorbed by the counterterm. In doing so one transforms the
cosmological constant problem into a fine tuning one, but
with a sufficiently better starting point for tuning since it
was shown that the quantum corrections in the NC version
of the ϕ4 theory are finite, namely the β-function vanishes
perturbatively [47].
When introducing curvature in consideration then

things get much more complicated and interesting [68].
One encounters the so called running cosmological con-
stant [69]. In order to provide a small value of the observed
cosmological constant one can also introduce the vacuum

term which cancels the induced one at some point in the
very far infrared cosmic scale [70]. Namely, one can even
show that the renormalized vacuum energy in curved
background is ρvac ≈m2H2, where m is the mass of the
scalar field and H the Hubble scale [71]. Therefore one is
tempted to extend the aforementioned ideas to the NC
setting. We leave this line of research for future work.
There have been other investigations concerning NC

effects on the cosmological constant problem. The impli-
cations to cosmology steaming from the spectral triple
approach to NC geometry was reported in [72]. In [73,74]
the study of the cosmological constant problem as an
eigenvalue problem of a certain Sturm-Liouville problem
was performed. The authors of [73,74] employed the
NC effects into the Weeler-De Witt equation through
minimal length. It would be very interesting and challeng-
ing to accommodate the two aforementioned approaches
for the case of κ-Poincaré symmetry and ⋆-product for
κ-Minkowski space.
One has to be aware that the calculations performed in

this paper are within the framework of NC field theory,
so we are really only able to comment on the NC effect on
the vacuum or zero-point energy and not on the whole
cosmological constant problem. Namely, noncommutativ-
ity also affects the geometric or “pure” gravity side of the
Einstein’s equation. In numerous approaches [57–64] we
have witnessed the NC corrections to Einstein’s equation.
Moreover, in [65–67] it has been indicated that the nature of
the cosmological constant could be entirely noncommuta-
tive. Therefore one needs to find the proper NC correction
to the geometric side of the Einstein’s equation and then
together with the result obtained in this paper investigate
further all the consequences.
One of the most obvious manifestation of vacuum

energy (besides the cosmological constant) is the so
called Casimir effect [75]. It would be very interesting
to calculate the modification of the scalar Casimir force
between two parallel plates due to noncommutativity of the
spacetime and compare it with the existing results in the
literature [76–80].
Finally, we can conclude that the work done in this paper

does not solve the cosmological constant problem, but
rather it shows that the UV behavior of the vacuum energy,
and therefore cosmological constant, can be improved.
This is a first step (at least as far as κ-deformations are
concerned) toward approaching the cosmological constant
problem that gives some properties of the nature of the NC
field theories. It still remains to perform renormalization,
but that requires a careful inspection of the possible
counterterms coming from the NC corrections to the
Einstein-Hilbert action, because this might lead to some
convenient cancellations. Also, one has to note that this is
still very model-dependent, that is even though we have
enforced the κ-Poincaré symmetry from the start we still
have a plethora of possible candidates for the kinetic
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operator to choose from. We have presented only three of
them, from which the equivariant Dirac operator showed an
improvement in the UV behavior, but it is still not excluded
that there is some other choice that would steam from some
other differential calculus or (twisted) spectral triple that
could indeed render a finite value for the vacuum energy.
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APPENDIX A: κ-MINKOWSKI SPACE
AND THE ⋆-PRODUCT

κ-Minkowski space can be viewed as the universal
enveloping algebra of the Lie algebra g defined by

½x0;xi� ¼
i
κ
xi; ½xi;xj� ¼ 0; i;j¼ 1;…;d ðA1Þ

where κ is the deformation parameter usually related to
Planck mass or some other quantum gravity scale. The
coordinates x0 and xi are self-adjoint operators acting on a
suitable Hilbert space. Since the derived algebra ½g; g� is
nilpotent it follows that the Lie algebra g is solvable and
therefore the associated Lie group G is also solvable.
In order to investigate further the κ-Minkowski space it
is useful to use the framework of group algebras and
C⋆-dynamical systems [52,81]. Notice that the group G is
not unimodular and therefore we have a distinct left and
right invariant Haar measure, which we denote by dμ and
dν respectively. These measures are related by a modular
function dνðsÞ ¼ ΔGðsÞdμðsÞ. For the sake of simplicity let
us consider d ¼ 1 case. In doing so, we see that the Lie
group G is completely characterized by defining

Wðp0; p1Þ ¼ eip1x1eip0x0 ðA2Þ

where p0, p1 ∈ R are coordinates on the group manifold
and can be interpreted as momenta. Using (A1) and (A2)
one obtains the group law for the multiplication in the
group G

Wðp0; p1ÞWðq0; q1Þ ¼ Wðp0 þ q0; p1 þ e−
p0
κ q1Þ: ðA3Þ

It is easy to see that the unit element IG and the inverseW−1

are given by

IG ¼Wð0;0Þ; W−1ðp0;p1Þ¼Wð−p0;−e
p0
κ p1Þ: ðA4Þ

Notice that the ⋆-product of 2-dim κ-Minkowski algebra
can be obtained using Weyl quantization [82,83]. To
illustrate this we have to start from L1ðGÞ, that is the
convolution algebra of G and a representation πu∶G →
BðHÞ that is a (strongly continuous) unitary representation
of G, where H is a suitable Hilbert space and BðHÞ is the
C�-algebra of bounded operators on H. We define the
convolution algebra with respect to the right invariant
measure as Ĝ ¼ ðL1ðGÞ; ∘Þwhere the algebra multiplication
is the convolution defined by

ðf∘gÞðtÞ¼
Z
G
dνðsÞfðts−1ÞgðsÞ; ∀ t∈G; f; g∈L1ðGÞ:

ðA5Þ
The unitary representation of the convolution algebra Ĝ is
given by π∶L1ðGÞ → BðHÞ and

πðfÞ ¼
Z
G
dνðsÞfðsÞπuðsÞ ðA6Þ

so that it is a nondegenerate �-representation. One can
easily check that

πðfÞ†¼πðf�Þ; πðf∘gÞ¼πðfÞπðgÞ; ∀ f;g∈ Ĝ ðA7Þ
where the † denotes the adjoint operation acting on the
operators with respect to the Hilbert product (24)

hu;πðfÞ†vi¼ hπðfÞu;vi¼
Z
G
dνðsÞf̄ðsÞhu;πuðs−1Þvi:

ðA8Þ
In order to obtain the ⋆-product we will use the Weyl

quantization map [82]. This way one makes the identi-
fication between the functions on G with functions on R2.
First, let

F ½fðp0; p1Þ� ¼
Z
R2

dx0dx1e−iðx0p0þx1p1Þfðx0; x1Þ ðA9Þ

be the Fourier transform of f ∈ L1ðR2Þ, then the quantiza-
tion map for any f ∈ L1ðR2Þ ∩ F−1½L1ðR2Þ� is defined by

QðfÞ ¼ πðF ½f�Þ ðA10Þ
where π is the unitary representation given by (A6). Since
the quantization mapQmust be a morphism of algebra, one
writes

Qðf⋆gÞ ¼ QðfÞQðgÞ ¼ πðF ½f�ÞπðF ½g�Þ ¼ πðF ½f�∘F ½g�Þ
ðA11Þ

therefore giving us the expression for the ⋆-product
f⋆g ¼ F−1½F ½f�∘F ½g�� ðA12Þ
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and similarly one finds

f† ¼ F−1½F ½f���: ðA13Þ

Finally, by using the fact that the right invariant measure is
dνðp0; p1Þ ¼ dp0dp1 and the expression for right con-
volution product (A5), one obtains

ðf⋆gÞðx0;x1Þ¼
Z

dp0dy0e−iy0p0fðx0þy0;x1Þgðx0;e−
p0
κ x1Þ

ðA14Þ

and

f†ðx0; x1Þ ¼
Z

dp0dy0e−iy0p0 f̄ðx0 þ y0; e−
p0
κ x1Þ ðA15Þ

for any f and g ∈ F ½Sc�, where Sc denotes the space of
Schwartz functions on R2 with compact support.

APPENDIX B: PROPERTIES OF THE
HILBERT PRODUCT

We introduce the following Hilbert product

hf; gi ¼
Z

d4xðf†⋆gÞðxÞ

¼
Z

d4xf̄ðxÞðσ ⊳ gÞðxÞ; ∀ f; g ∈ Mκ: ðB1Þ

The positivity of the Hilbert product (B1) is a consequence
of (22), while hf; gi ¼ hg; fi is guaranteed by (21). The
related Hilbert space H can be obtained canonically from
the GNS construction by completining the linear spaceMκ

with respect to the norm

kfk2 ¼ hf; fi ¼
Z

d4xðf†⋆fÞðxÞ ¼
Z

d4xjf†ðxÞj2:

ðB2Þ

There is a unitary equivalence betweenH and L2ðR4Þ given
by the intertwining map Aκ∶Mκ → L2ðR4Þ defined by

ðAκfÞðxÞ ¼
Z

dp0dy0eiy0p0fðx0 þ y0; e−
p0
κ xiÞ;

ðAκfÞðxÞ ¼ f†ðxÞ ðB3Þ

and it immediately follows

kAκfk22 ¼
Z

d4xðAκfÞðxÞðAκfÞðxÞ

¼
Z

d4xjf†ðxÞj ¼ kf†k2: ðB4Þ

Hence, Aκ defines an isometry which extends to H →
L2ðR4Þ while the subjectivity of Aκ steams directly from
the existence ofA−1

κ together with density ofMκ in L2ðR4Þ
(for more details see [46]).
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