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Why 2D Yang-Mills at all?

@ Partition function of 4D BPS black holes (BH) compactified in IlA string theory is
given by the partition function of topological strings (TS):

Zpu ~ | Z1s)?

Zoltan K8kényesi (T T R R ST T ETRBI, Zagreb, 20. March 2019. 2 /31




Why 2D Yang-Mills at all?

@ Partition function of 4D BPS black holes (BH) compactified in IlA string theory is
given by the partition function of topological strings (TS):

Zpu ~ | Z1s)?

@ Zgy is given by the partition function of a g-deformed 2D U(N) Yang—Mills theory
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[Ooguri, Strominger and Vafa '04]
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Zpu = Zj
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~>  Zpu can be used to calculate BH entropy
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Why 2D Yang-Mills at all?

@ Partition function of 4D BPS black holes (BH) compactified in IlA string theory is
given by the partition function of topological strings (TS):

Zpu ~ | Z1s)?

@ Zgy is given by the partition function of a g-deformed 2D U(N) Yang—Mills theory
(aYM)
Zpu = Zj

[Ooguri, Strominger and Vafa '04]

~>  Zpu can be used to calculate BH entropy

o Large N dual of SU(N) qYN is TS on special geometries

SU(N N— oo
Zqu\/I) — 218

~  Large N expansion of qYM should be related to quantities in TS
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@ 2D g-deformed U(N) YM and its large N expansion
o Dualities between BPS BH, TS and 2D U(N) qYM
o Refinement of the dualities
o Macdonald deformation of 2D U(N) YM

Results
Large N expansion of 2D Macdonald-deformed U(N) YM:

o Phase transition in planar limit
Expansion of the partition function on closed surface
New deformation of Hurwitz theory of branched covers

Expansion of the partition function on surface with boundary terms (not in this talk)

Expansion of the expectation value of non-intersecting Wilson loop (not in this talk)
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Basics of 2D U(N) YM

@ Partition function on 2 dim manifold X:

ZYM(N; Z,gYM) = /[DA]e*I/"g;"{M Jx d2x Tr(xFAF)
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ZYM(N; Z,gYM) = /[DA]e*I/"g%M Jx d2x Tr(xFAF)

@ Gluons have no propagating degrees of freedom

@ Zym only depends on the topology and the area: Zvam(N; gym, g, A)

g : genusof © A : areaof ©
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Basics of 2D U(N) YM

@ Partition function on 2 dim manifold X:

ZYM(N; Z,gYM) = /[DA]e*I/"g%M Jx d2x Tr(xFAF)

@ Gluons have no propagating degrees of freedom

@ Zym only depends on the topology and the area: Zvam(N; gym, g, A)

g : genusof © A : areaof ©
genus 0 genus 1 genus 2

= The 2D YM is exactly solvable
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Basics of 2D U(N) YM
Representation theory of U(N):

@ Irreps are labeled by Young diagrams:
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Basics of 2D U(N) YM
Representation theory of U(N):

@ Irreps are labeled by Young diagrams:

/\:[)\1,)\2,...,)\/\1] /\12)\2_

Vv
Y
>
z

\
o

Ai € Zi>o

e Dimension of a representation R):

dm(R) = ] A=At

i
1<i<j<N J

o Quadratic Casimir of the representation Ry:

G(R\) = NZ)\ +Z,\ (A +1—2i)
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Basics of 2D U(N) YM
Representation theory of U(N):

@ Irreps are labeled by Young diagrams:

’\:[)‘17/\27"~7)‘N] AM>X>...> >0 /\jEZZo

e Dimension of a representation R):

dim(R) =[] AN+ i

i
1<i<j<N J

o Quadratic Casimir of the representation Ry:
G(Ry) = NZA +Z>\ (A +1—2i)

~» Heat kernel expansion for closed surface X:

Zvu(Gi g, 82wA) = 3 (dim(Ry))> 2 ¢ SuV2G(RY)
NEAy

[Migdal '90]

Zoltan K&kényesi (T T R R ST T TRBI, Zagreb, 20. March 2019. 5 /31




Basics of 2D U(N) YM
Fundamental building blocks of X:

cup: (D Pants:

Zoltan K8kényesi Large N behaviour of Macdonald-deformed 21



Basics of 2D U(N) YM
Fundamental building blocks of X:

Cup: @ Pants:

7g2 Aca
ZYM(gSZ{MAcap; U) = Z dim(RA)X)\(U)e%pQ(RA)
Nehs

Zoltan K8kényesi (T T R R ST T TRBI, Zagreb, 20. March 2019. 6 /31




Basics of 2D U(N) YM
Fundamental building blocks of X:

Cup: @ Pants:

7g2 Aca
ZYM(gSZ{MAcap; U) = Z dim(RA)X)\(U)e%pQ(RA)
Nehs

-y XA (U1) xa(U2) xa(Us) ewwx)

Zyvm (giMApants; Ui, Uz, U3 dlm R)\)

AEAL

where U = Pe'# %4 is the holonomy along the boundary.
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Basics of 2D U(N) YM
Fundamental building blocks of X:

Cup: @ Pants:

2
—&ypmAcap
ZYM(gYM caps U E dim(Ry) xa(U)e™ 2 C2(Rx)
Nehs

-y XA (U1) xa(U2) xa(Us) ewqm)

Zyvm (giMApants; Ui, Uz, U3 dlm R)\)

AEAL

where U = Pe'# %4 is the holonomy along the boundary.

Gluing two boundaries gives:

/ AU Zvai(g2uAr: U, ) Zva(giuAe: Ul ) = Zvai(@@u(As+ As):. )
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Planar limit of 2D YM on §2
2D YM on S% (g =0)

Zon = E e_steﬂ'(A)
AEAs
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Planar limit of 2D YM on §2
2D YM on S% (g =0)
Zowr = Z e_steﬂ.()\) planar limit /Dhe_steH[h] saddle-point approx. e_steﬂ'[hO]
AeA,

! ! A A 3
Ser(h) = —/ dx/ dy log |h(x) — h(y)| + —/ dx h(x)? — = — 2
0 0 2 Jo 24 2

Solution of the saddle-point equation = matrix model techniques

[Douglas, Kazakov '93]
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Ser(h) = —/ dx/ dy log |h(x) — h(y)| + —/ dx h(x)? — = — 2
0 0 2 Jo 24 2

Solution of the saddle-point equation = matrix model techniques

[Douglas, Kazakov '93]

Phase transition:

@ Non-analytical behavior of the solution = Two phases

2
small area phase : A<

large area phase : A > 7°
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Planar limit of 2D YM on §2
2D YM on S? (g = 0)

— N2 lanar limit _N2 saddle-point approx. —_ N2
Zon = 2 : e N%Seg(N) P /Dhe N=Sesr[h] P PP e N*Scer[ho)
AEAL

! ! A [ A 3
Sesi(h) = —/ dx/ dy log|h(x) — h(y)| + —/ dxh(x)> = = = =
0 0 2 Jo 24 2

Solution of the saddle-point equation = matrix model techniques

[Douglas, Kazakov '93]

Phase transition:

@ Non-analytical behavior of the solution = Two phases

2
small area phase : A<

large area phase : A > 7°

@ Reason: instantons are suppressed in the small area phase

instanton suppression factor : e V7™ with y(A=7%)=0
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Large N expansion of 2D U(N) YM

o For large N, the SU(N) representations factorise to chiral and antichiral parts:
N1
RSU(N) I Rchiral ® Rantichiral

Rehiral = @ @ Ry We work with this!

n>0 AEAT
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o For large N, the SU(N) representations factorise to chiral and antichiral parts:
N1
RSU(N) I Rchiral ® Rantichiral

Rehiral = @ @ Ry We work with this!

n>0 AEAT

® Ryw): Rehira and Rangichiral are coupled

Zoltan K8kényesi (T T R R ST T ETRBI, Zagreb, 20. March 2019. 8 /31




Large N expansion of 2D U(N) YM

o For large N, the SU(N) representations factorise to chiral and antichiral parts:
N1
RSU(N) I Rchiral ® Rantichiral

Rehiral = @ @ Rx We work with this!

n>0 )\E/\"
° RU(N): Rchiral and Rantichiral are COUp|ed

@ Zym factorize for large N

Zym = Z Z Z (dim(R :‘:\’A))2 28 ,—emA/2( (R +C(R

n,n=0 )\E/\" #e/\n

N
2\

S
~

dim(R,R») = dim(R,.) dim(R») {1 +0 (%)} ;

where R, R, is a composite partition.
[Gross, Taylor '93]
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Large N expansion of 2D U(N) YM
o Chiral part of Zvy is

o 2
Zhe = 303 (dim(Ry)*eTE @)

n=0 AEA”
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Large N expansion of 2D U(N) YM
o Chiral part of Zvy is

o 2
Zhe = 303 (dim(Ry)*eTE @)

n=0 XeA]

@ Schur-Weyl duality

RS = @ Ry ® ra
XEAT

R, : fundamental representation of U(N)

rn : irreducible representation of the symmetric group S,
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Large N expansion of 2D U(N) YM
o Chiral part of Zvy is

o 2
Zhe = 303 (dim(Ry)*eTE @)

n=0 XeA]

@ Schur-Weyl duality

RS = @ Ry ® ra
XEAT

R, : fundamental representation of U(N)

rn : irreducible representation of the symmetric group S,

@ The chiral 2, can be expressed with delta functions on CS,

= 1 1 £
+ _ Z 2-2 L o—1,-1
ZYM(A_>0) = W E m(s <Qn gHSI tis; °t; >
i=1

n,i=0 S1,t1,...,5g,tg€Sn
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Large N expansion of 2D U(N) YM
o Chiral part of Zvy is

o 2
Zia = >0 Y (dim(Ry))P e 5 AR

n=0 XeA]

@ Schur-Weyl duality
Rﬁn = @ Ry ®

AENT]

R, : fundamental representation of U(N)

rn : irreducible representation of the symmetric group S,

@ The chiral 2, can be expressed with delta functions on CS,

= 1 1 £
N — E § : 2-2 H —1,-1
ZYM(A — 0) = W m 1 <Qn & sitis; "t; >

n,i=0 S1,t1,...,5g,tg€Sn i=1

(s) = Z dim(rx) xr, (s) Q, = Z NSy K, : #{cycles in v}

AEN] veS,
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Large N expansion of 2D U(N) YM
o Chiral part of Zvy is

o 2
Zia = >0 Y (dim(Ry))P e 5 AR

n=0 XeA]

@ Schur-Weyl duality
Rﬁn = @ Ry ®

AENT]

R, : fundamental representation of U(N)

rn : irreducible representation of the symmetric group S,

@ The chiral 2, can be expressed with delta functions on CS,

= 1 1 £
N — E § : 2-2 H —1,-1
ZYM(A — 0) = W m 1 <Qn & sitis; "t; >

n,i=0 S1,t1,...,5g,tg€Sn i=1

(s) = Z dim(rx) xr, (s) Q, = Z NSy K, : #{cycles in v}

AEN] veS,

~ For A — 0 we get a topological theory
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Branched covers of >,
@ Hurwitz-space :
H(n,B,g;S) is the set of equivalence classes of branched coverings:

f:Ye —
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Branched covers of >,
@ Hurwitz-space :
H(n,B,g;S) is the set of equivalence classes of branched coverings:

f:Ye —

n : degree (number of covering sheets) S :set of L branch locus in X
Aut f : Automorphism group of f B : branching number

G : given by the Riemann-Hurwitz formula:

2G-2=n(2g-2)+8B
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Branched covers of >,
@ Hurwitz-space :
H(n,B,g;S) s the set of equivalence classes of branched coverings:

fiYe — %,

n : degree (number of covering sheets) S :set of L branch locus in X
Aut f : Automorphism group of f B : branching number

G : given by the Riemann-Hurwitz formula:
26—-2=n(2g—-2)+B

o Large N expansion of the chiral part

Hurwitz number:

1
X(Zg.t) Z m

n,B=0 L=0 feH(n,B,g;S)

Zym(N,g,0) =

Orbifold Euler Characters of the Hurwitz space: x,.1,(H(n,B,g;S))

X(Xg,1) is the Euler character of the configuration space of L points on X,
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Topological string theory

o Where does it come from?

N = 2 sigma-model

— 1A string theor
& coupled to gravity } & y
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) —  topological string theory
& coupled to gravity
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Topological string theory

o Where does it come from?

N = 2 sigma-model

— A string theor
& coupled to gravity } & y

topological sigma-model . )
) —  topological string theory
& coupled to gravity

@ Procedure to get the topological sigma-model: ~ topological twisting

twist

N =2 sigma-model —— topological sigma-model
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@ Procedure to get the topological sigma-model: ~ topological twisting
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~» A- and B-models
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Topological string theory

o Where does it come from?

N = 2 sigma-model

— 1A string theor
& coupled to gravity } & y

topological sigma-model . )
) —  topological string theory
& coupled to gravity

@ Procedure to get the topological sigma-model: ~ topological twisting

twist

N =2 sigma-model —— topological sigma-model

@ Two non-equivalent twists:
~» A- and B-models

@ Where does it appear in physical string theory?

a) lIA or 1IB compactifications ~» superpotential
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Topological string theory

o Where does it come from?

N = 2 sigma-model

— 1A string theor
& coupled to gravity } & y

topological sigma-model . )
) —  topological string theory
& coupled to gravity

@ Procedure to get the topological sigma-model: ~ topological twisting

twist

N =2 sigma-model —— topological sigma-model

@ Two non-equivalent twists:
~» A- and B-models
@ Where does it appear in physical string theory?

a) lIA or 1IB compactifications ~» superpotential
b) A compactification ~ entropy of BPS BH
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g-deformed 2D SU(N) YM from TS

@ TS on the Calabi-Yau

X = 0Q2g—-2+p) ® O(—p) — X, (2 line bundles)
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g-deformed 2D SU(N) YM from TS

o TS on the Calabi-Yau
X = 0Q2g—-2+p) ® O(—p) — X, (2 line bundles)

is dual to
g-deformed YM on X, (g=¢e7%)
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g-deformed 2D SU(N) YM from TS

@ TS on the Calabi-Yau
X = 0Q2g—-2+p) ® O(—p) — X, (2 line bundles)
is dual to

g-deformed YM on X, (g=¢e7%)

o Partition function of qYM is

1 -2,
ZQYM(N7g,p) = Z (m) qzcz(RA)

AEA}
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g-deformed 2D SU(N) YM from TS

o TS on the Calabi-Yau
X = 0Q2g—-2+p) ® O(—p) — X, (2 line bundles)

is dual to
g-deformed YM on X, (g=¢e7%)

o Partition function of qYM is

1 -2,
ZQYM(N7g,p) = Z (m) qzcz(RA)

AEA}

dima(Ry) =1 = ] A

1<i<j<N - ']q

Zoltan K&kényesi (T T R R ST ETRBI, Zagreb, 20. March 2019. 12 / 31




g-deformed 2D SU(N) YM from TS

o TS on the Calabi-Yau
X = 0Q2g—-2+p) ® O(—p) — X, (2 line bundles)

is dual to
g-deformed YM on X, (g=¢e7%)

o Partition function of qYM is

1 -2,
ZQYM(N7g,p) = Z (m) qzcz(RA)

AEA}

dima(Ry) =1 = ] A

1<i<j<N - ']q

[x]lg = T is the g-number with [x]g—1 = x

[Aganagic, Ooguri, Saulina, Vafa '05]
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BPS black holes and 2D U(N) qYM

BPS BH
@ Supersymmetric solitons in 4D Sugra (Mgps ~ Mp)
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BPS black holes and 2D U(N) qYM

BPS BH

Supersymmetric solitons in 4D Sugra (Msps ~ Mp)
They have both electric and magnetic charges (dyons)
They are stable: do not emit Hawking radiation

BPS BH comes from compactification of I1A superstrings

Partition function
o Consider X as before and wrap N D4-branes on

O(-p) — X
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BPS black holes and 2D U(N) qYM

BPS BH
@ Supersymmetric solitons in 4D Sugra (Msps ~ Mp)
o They have both electric and magnetic charges (dyons)
@ They are stable: do not emit Hawking radiation
@ BPS BH comes from compactification of I1A superstrings

Partition function
o Consider X as before and wrap N D4-branes on

O(-p) — Zg

@ The BPS BH partition function Zgu: counts BPS states
@ The entropy of the BPS BH can be calculated from Zgy
o Zgy reduces to 2D U(N) qYM:

Zpu = Z;%’/)I

o For large N it factorises to a chiral and antichiral part:

ZBH ~ ‘Ztop, str|2
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Large N chiral expansion of 2D U(N) qYM

o Chiral partition function for zero area

Zaue) = 33 (gikas)

n=0 AeA]
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Large N chiral expansion of 2D U(N) qYM

o Chiral partition function for zero area

Ziulog) = 3 3 (dml(R))

n=0 )\E/\L’r

@ The quantum Schur-Weyl duality for Uy (U(N)) quantum group

RS = @ Ry ® r\ ra : irrep. of Hecke algebra H4(Sn)
XeAn
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Large N chiral expansion of 2D U(N) qYM

o Chiral partition function for zero area

Ziulog) = 3 3 (dml(R))

n=0 XeA?
@ The quantum Schur-Weyl duality for Uy (U(N)) quantum group
RS = @ Ry ® r\ ra : irrep. of Hecke algebra H4(Sn)

XeA]

o Hecke-algebra Hq(Sn)
Generators:
8i8i+18i = 8i+18i 8i+1 gigi=gig for |i—j]>1
and  (gi—q)(gi+1)=0 i=1,...,n—1

Zoltan K8kényesi (T T R R ST T ETRBI, Zagreb, 20. March 2019. 14 / 31




Large N chiral expansion of 2D U(N) qYM

o Chiral partition function for zero area

oo 1 2g—2
Zimu(N,g) = —
il 8) = 3 3 ()
n=0 XeA?
@ The quantum Schur-Weyl duality for Uy (U(N)) quantum group
RS = @ Ry ® r\ ra : irrep. of Hecke algebra H4(Sn)

XeA]

o Hecke-algebra Hq(Sn)
Generators:
8i8i+18i = 8i+18i 8i+1 gigi=gig for |i—j]>1
and  (gi—q)(gi+1)=0 i=1,...,n—1

Linear map h : CS, — Hq(Sn):
h(siy...si,) = i -8
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Large N chiral expansion of 2D U(N) qYM

Expansion of Z},, with delta functions on H,(S,)

0o n(n—1)

1 - s1)
Zinulig) = 3T > g lew)
=0

| (2g—2)n
[N] sl,tl,...,sg,tgGS,,

X 8 (D,, Q2% ﬁ h(si)h(t;)h(s; ") h(ti_1)>

i=1

[de Haro, Ramgoolam, Torielli '06]
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Large N chiral expansion of 2D U(N) qYM

Expansion of Z},, with delta functions on H,(S,)

0o n(n—1)

1 5 (et
Zinulig) = 3T > g )
=0

| (2g—2)n
[N] s1,t1,...,sg,tg€$,,

X 8 (D,, Q2% ﬁ h(si)h(t;)h(s; ") h(ti_1)>

i=1

[de Haro, Ramgoolam, Torielli '06]
@ Delta function on Hq(S»):

o(x) = Z dr(g) xr, (x)

AEN]
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Large N chiral expansion of 2D U(N) qYM

Expansion of Z},, with delta functions on H,(S,)

0o n(nf:l.)
9 1 g~ i (e
Z;YMNg Z [n]I [N]2g 2)n Z ( ' t)
n=0

S1,t1,...,5,tg €Sn

x & | D, Qf,_zgﬁ h(si) h(t:) h(s; ") h(t,_1)>

i=1

[de Haro, Ramgoolam, Torielli '06]
@ Delta function on Hq(S»):

o(x) = Z dr(g) xr, (x)

AEN]

o di(q) is the quantum deformed dimension (dx(1) = dim(r{") = dim(r))
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Large N chiral expansion of 2D U(N) qYM

Expansion of Z},, with delta functions on H,(S,)

0o n(nf:l.)
9 1 g~ i (e
Z;YMNg Z [n]I [N]2g 2)n Z ( ' t)
n=0

S1,t1,...,5,tg €Sn

x & | D, Qf,_zgﬁ h(si) h(t:) h(s; ") h(t,_1)>

i=1

[de Haro, Ramgoolam, Torielli '06]
@ Delta function on Hq(S»):

o(x) = Z dr(g) xr, (x)

AEN]

o di(q) is the quantum deformed dimension (dx(1) = dim(r{") = dim(r))
e D, is given by xr, (Dn) = dx(q) (central)
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Large N chiral expansion of 2D U(N) qYM

Expansion of Z},, with delta functions on H,(S,)

n (nfl)

1 S o (e(sp)+e(2)

Zhu(N, g) 9
o Z [le! [N P52

s1,t1,...,sg,tg€$,,

x & | D, Q?,—Zgﬁ h(si) h(t:) h(s; ") h(t,_1)>

i=1

[de Haro, Ramgoolam, Torielli '06]
@ Delta function on Hq(S»):

o(x) = Z dr(g) xr, (x)

AEN]

d(q) is the quantum deformed dimension (dx(1) = dim(r{") = dim(ry))
D, is given by xr, (Dn) = dx(q) (central)
o Q, is a linear combination of central elements of H4(S»)
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Large N chiral expansion of 2D U(N) qYM

Expansion of Z},, with delta functions on H,(S,)

n (nfl)

1 S o (e(sp)+e(2)

Zhu(N, g) 9
o Z [le! [N P52

s1,t1,...,sg,tg€$n

g

x 6| D, Q2% H h(s:))h(t:) h(s; ) h(t,_1)>
i=1

[de Haro, Ramgoolam, Torielli '06]
@ Delta function on Hq(S»):

o(x) = Z dr(g) xr, (x)

AEN]

d(q) is the quantum deformed dimension (dx(1) = dim(r{") = dim(ry))
D, is given by xr, (Dn) = dx(q) (central)
Q, is a linear combination of central elements of H4(S»)

This formula has not got a nice geometrical interpretation like the original one ®
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Refinement of TS and the BPS BH

@ Non-refined string theory: one string coupling: gs (g = e™#)
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Refinement of TS and the BPS BH
@ Non-refined string theory: one string coupling: gs (g = e™#)

o Refinement: one additional parameter, €1,e2 (g =e™, t = e~ 2)
[lgbal, Kozcaz, Vafa '09]
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[lgbal, Kozcaz, Vafa '09]

o Motivation: M theory on TN x S! x X (TN is the 4D Taub-NUT space):
Zu(TN x4S' x X) = 2%,(g:)
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Refinement of TS and the BPS BH
@ Non-refined string theory: one string coupling: gs (g = e™#)

o Refinement: one additional parameter, €1,e2 (g =e™, t = e~ 2)
[lgbal, Kozcaz, Vafa '09]

o Motivation: M theory on TN x S! x X (TN is the 4D Taub-NUT space):
Zu(TN x4S' x X) = 2%,(g:)
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Refinement of TS and the BPS BH
@ Non-refined string theory: one string coupling: gs (g = e™#)

o Refinement: one additional parameter, €1,e2 (g =e™, t = e~ 2)
[lgbal, Kozcaz, Vafa '09]

o Motivation: M theory on TN x S! x X (TN is the 4D Taub-NUT space):
Zu(TN x4S' x X) = 2%,(g:)

Z/\/](TN X(q,t) Sl X X) = éf top(61762)

@ The gauge theory dual (X as before) is
Macdonald- or (g, t)-deformed 2D SU(N) YM
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Refinement of TS and the BPS BH
@ Non-refined string theory: one string coupling: gs (g = e™#)

o Refinement: one additional parameter, €1,e2 (g =e™, t = e~ 2)
[lgbal, Kozcaz, Vafa '09]

o Motivation: M theory on TN x S! x X (TN is the 4D Taub-NUT space):
Zu(TN x4S' x X) = 2%,(g:)

Z/\/](TN X(q,t) Sl X X) = éf top(61762)

The gauge theory dual (X as before) is
Macdonald- or (g, t)-deformed 2D SU(N) YM

Refined BPS BH partition function:
~ Counts BPS states with spin

with
U(N ref top |2
Zref BH — th(yg/[ and Zref BH ~ |Z p|

[Aganagic, Schaeffer '12]
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The 2D U(N) qtYM

Partition function

dimg(R\)*7%¢ »
Zavu(N,g,p) = > % gz N P (e (A =D (N i)
ey &x i
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The 2D U(N) qtYM

Partition function

dimg (R\)*7%¢ &
Zavu(N,g,p) = Y 72”()1& gz N e (A m) = (i i)
XML &x i
A1 ANi—N+B0(—i)+m
dimg.(Ry) = [ ’ ]q Refined quantum dimension

m=0 1<i<j<N [5(j—i)+m]q
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The 2D U(N) qtYM

Partition function

dimg (R\)*7%¢ &
quYM(Nag?p) = Z z’t()l)\—)g qg ) tP(P)\) ()\,,u) = Z()‘ia/“)
XML &x i
A1 ANi—N+B0(—i)+m
dimg.(Ry) = [ . ]q Refined quantum dimension
m=0 1<i<j<N [B(J_’)"_m]q
= N =X+ B0 — 1)+ m]

q
m=0 1<i<j<N [)"' =N+ B0 —1) - m]q

Macdonald metric
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The 2D U(N) qtYM

Partition function

dimg ¢(RA\)2"26 »
Zavu(N, g, p) = Z % q2 (WA) e (P N) (A p) = Z()\iaﬂi)
AEAL &x -
A=l ANi—XN+B(—-i)+m
dimg.(Ry) = [ . ]q Refined quantum dimension
m=0 1<i<j<N I:/B(J_I)—’_m:lq
At AN—XN+B8(—i)+m
& = [ ’ — ]q Macdonald metric
m=0 1<i<j<N [)"' =N+ B0 —1) - m]q
_logt e N+1
8= ogg o and pi= 5 =i Weyl vector

B can be analytically continued away later
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Planar limit of qtYM on S§?
@ Planar limit with p # 0:

N — oo, €1,62 — 0, 712 =€12N  fixed 't Hooft parameters
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Planar limit of qtYM on S§?
@ Planar limit with p # 0:

N — oo, €1,62 — 0, 712 =€12N  fixed 't Hooft parameters

o Effective action:

Zigy =3 e o
A
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Planar limit of qtYM on S§?
@ Planar limit with p # 0:

N — oo, €1,62 — 0, 712 =€12N  fixed 't Hooft parameters

o Effective action: )
Z3t = Y e

A
o Continuum limit:
i i o Ax) 1
N—>X, N—>)\(X), h(X)— T—*—X 5
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Planar limit of qtYM on S§?
@ Planar limit with p # 0:

N — oo, €1,62 — 0, 712 =€12N  fixed 't Hooft parameters

o Effective action: )
Z3t = Y e

o Continuum limit:

i Ai A
ﬁ—)x, N—))\(x), h(x)z—%—i—x—l

N

Effective action
1,1 _
Sert[h] Z—ﬁ/ / dxdy logsinh M +

/BPTZ/ dx h2 ++26F ( 2)_ /BTZP

24’

F5’5(7): planar Chern-Simons free energy on S3
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Saddle point equation of qtYM on S?

@ Density function
_ dx(h)

@ From the definition of the Young diagram:

0<p(h)<1 and /p(h)dh =1
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Saddle point equation of qtYM on S?

@ Density function
_ dx(h)

@ From the definition of the Young diagram:

0<p(h)<1 and /p(h)dh =1

o Effective action with p(h)

Ser[p] = —B/dh/dh p(h

+ﬂpT2 /dh
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Saddle point equation of qtYM on S?

@ Density function
_ dx(h)

@ From the definition of the Young diagram:

0<p(h)<1 and /p(h)dh =1

o Effective action with p(h)
Ser[p] = —B/dh/dh p(h

@ Saddle-point equation:

+ﬂpT2 /dh

0Ses[h]

5h =0

h=ho

= ph= P/dh’ p(H') coth (%(h - h’))

Zoltan K&kényesi
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Phase transition of qtYM on S?
@ Solution of the saddle-point equation (Using matrix model techinques)

\/eTZ/P — cosh? (%”)

cosh (222)

P P
p(h) — arctan (M) max 2
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Phase transition of qtYM on S?
@ Solution of the saddle-point equation (Using matrix model techinques)

\/eTZ/P — cosh? (%”)

cosh (222)

P P
p(h) — arctan (M) max 2

o But we have p(h) < 1! — Need an extra cutoff — Non-analytical behaviour
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Phase transition of qtYM on S?
@ Solution of the saddle-point equation (Using matrix model techinques)

\/eTZ/P — cosh? (22)

cosh (222)

P P
p(h) - arctan P() ] ma 2

o But we have p(h) < 1! — Need an extra cutoff — Non-analytical behaviour
Phase transition

» p < 2:no phase transition 40

» p > 2: we have a critical line:

Large area phase

A*(p*) = p**log (1 + tan® %) ,

A= Tap

» p — oo: the original |
Douglas-Kazakov phase L
transition

Figure: Phase diagram
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Generalized quantum character and Macdonald polynomials

o Generalized character is defined on the maximal torus of Uy (U(N))
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Generalized quantum character and Macdonald polynomials

o Generalized character is defined on the maximal torus of Uy (U(N))

~> Given by an intertwiner ® : V — V ® W between U, (U(N)) modules
xo(U) = Try (o U) where U =e®"  H;: Cartan-gen.
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Generalized quantum character and Macdonald polynomials

o Generalized character is defined on the maximal torus of Uy (U(N))

~> Given by an intertwiner ® : V — V ® W between U, (U(N)) modules
xo(U) = Try (o U) where U =e®"  H;: Cartan-gen.

[Etingof, Kirillov "93]
@ Macdonald polynomials can be expressed as
Mx(e*; g, t)

N and As=X+(B-1)p

Xy (e(LH)) = TrR/\ﬁ (d))\ e(zyH)) =

where
®y : Ry, = Ry, @ ROPIN
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Generalized quantum character and Macdonald polynomials

o Generalized character is defined on the maximal torus of Uy (U(N))

~> Given by an intertwiner ® : V — V ® W between U, (U(N)) modules
xo(U) = Try (o U) where U =e®"  H;: Cartan-gen.

[Etingof, Kirillov "93]
@ Macdonald polynomials can be expressed as
Mx(e*; g, t)

N and As=X+(B-1)p

Xy (e(Z’H)) = TrR/\ﬁ (d))\ e(zyH)) =

where
®y : Ry, = Ry, @ ROPIN

@ Schur polynomial:
Mx(x; q,q) = sa(x)
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Generalized quantum character and Macdonald polynomials

o Generalized character is defined on the maximal torus of Uy (U(N))

~> Given by an intertwiner ® : V — V ® W between U, (U(N)) modules
xo(U) = Try (o U) where U =e®"  H;: Cartan-gen.

[Etingof, Kirillov "93]
@ Macdonald polynomials can be expressed as
Mx(e*; g, t)

N and As=X+(B-1)p

Xy (e(Z’H)) = TrR/\ﬁ (d))\ e(zyH)) =

where
®y : Ry, = Ry, @ ROPIN

1

@ Schur polynomial:
Mx(x; q,q) = sa(x)

o The refined quantum dimension:
dimg,:(Ry) = xo, (£)
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Quantum Schur-Weyl duality for generalized characters

o Using the quantum Schur-Weyl| duality

R = @ Rion
AENT]
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Quantum Schur-Weyl duality for generalized characters

o Using the quantum Schur-Weyl| duality

R = @ Rion
AENT]

o There exists a Py projector for each irrep \:

Py R:?ln >~ Ry ® ry

PA:qn(f’*ﬁ") S 4y, (h(o ) h(o)

[nlq! ces,

Zoltan K&kényesi
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Quantum Schur-Weyl duality for generalized characters

o Using the quantum Schur-Weyl| duality

RE?:% @ Ry ®
AenT

o There exists a Py projector for each irrep \:
Py RE! = Ry @
d>\ q
P i ) S g, (o) h(o)

[nlq! ces,

@ We choose an intertwiner

®, : RS — RE"@ROP-DN

= @ ¢)\5_2 ® ]]-r>\

AEAT
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Quantum Schur-Weyl duality for generalized characters

o Using the quantum Schur-Weyl| duality

RE?]_"% @ Ry ®
AenT

o There exists a Py projector for each irrep \:
Py RE! = Ry @
d>\ q
P i ) S g, (o) h(o)

[nlq! ces,

@ We choose an intertwiner

®, : RS — RE"@ROP-DN

= @ ¢)\5_2 ® ]]-r>\

AEAT

= We can use this ®, to express the generalized character:

TI‘RS?]"((D,,UP)\) = Xas_,(U)dr(1)
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Refined quantum dimension

e Using Py and take U = t\»H)

nn n(n—1)

dim : R q d)\ +al q) —L(o
ae(R) _ Y @ D (b)) T (@0t h(0)
V8x [nlg!  drg+ar(1) 0ES, -

where a = (8 — 1)L and I =(1,...,1)
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Refined quantum dimension

e Using Py and take U = t\»H)

dimg,:(Rx) qfn drg+a1(q) o o)
’ - r h (0, tP M h
VB m.%Man "X (00 ™) Trgp (@)

where a = (8 — 1)L and I =(1,...,1)
o Reduce the trace Trpen (®, Uh(c)) using cyclicity
w1
Trpen (PaUxy) = Trpen(®aUy x) for x,y € Hq(Sn)
wy w1

to trace of minimal words m,, € S,:

Tr(h(o)) = Y au(o) Tr(h(my))

LLE/\’J’r
A minimal word contains each generator g; of H4(S,) at most once

Tr(g2g1838281) = (¢° — g+ 1)Tr(g1 g283) + q(q — 1)Tr(g2 g3)
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Refined quantum dimension

The expansion with minimal words :

dimg:(R\) g

Z qé(u Xr,\5+an(cu) Tngln (d)n £ h(mu))

vV EX B [n]Q' d>\;3+311(1 pen?
C.=q"" Z RG] G central elements
,ueA”
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dimg:(R\) g

Z qé(u Xr,\5+an(cu) TI'RS?I" (d)n £ h(mu))

vV EX B [n]Q' d>\;3+3]1(1 pen?
C.=q"" Z RG] G central elements
,ueA”

e &, acts as
R®n (¢ UX) = gw;ln/z R(?:(UX)
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Refined quantum dimension

The expansion with minimal words :

dimg:(R\) g

Z ql(# XuﬁHn(CM) TI'RE?I" (d),, £ h(mu))

V8 B [n]Q' d>\/3+3]1(1 pent
C.=q"" Z RG] G central elements
,ueA”

e &, acts as
R®n (¢ UX) = gw;ln/z R(?:(UX)

o While gj acts on Rﬁ,’} ® RL’;*” as PR, where
Plvaw)=w®v flipping operator
N
R:ql/z Z HI®HI+Z H; ® Hj + (ql/z_q—l/z) Z E;®E;
i=1 i#) i>j

is the R-matrix with Ejiex = Jice;.
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Refined quantum dimension

We calculate a minimal world recursively
Tngoln (¢n Ugigo--- gn71)
= (gun) "? Trg,, (U (Trr,, ®1r,, ) ((U® 1R, )81)-..

x (Trg,, ®1§£’:’2))((U®1®(" ) g1) (Tre., ®11®" 2 )((U®]l®" 1))g1)>
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Refined quantum dimension

We calculate a minimal world recursively
Tng@ln (¢n Ugigo--- gn71)
= (gun) "? Trg,, (U (Trr,, ®1r,, ) ((U® 1R, )81)-..

x (Tre,, @ 157 2) (U 1577 @) (Tre, @ 1507 (U@ 1577 1))

Solution of the recurrence equations

n—1
Tnggln (PrUgigz---gn1) = (gur) ™" Z fk(n_l) Tre., (Ukﬂ)
k=0
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Refined quantum dimension

We calculate a minimal world recursively
Tng@ln (¢n Ugigo--- gn71)
= (gun) "? Trg,, (U (Trr,, ®1r,, ) ((U® 1R, )81)-..

x (Tre,, @ 157 2) (U 1577 @) (Tre, @ 1507 (U@ 1577 1))

Solution of the recurrence equations

n—1
Tnggln (PrUgigz---gn1) = (gur) ™" Z fk(n_l) Tre., (Ukﬂ)

k=0
m+1 (m) (k+1 q— 1
Z f t tk+1 —1
flm1) _ (m) tt —q
k+1 - 'k tk+1 -1
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Refined quantum dimension

dimg,:(Rx) _ qfn(n‘_l) drs+a1(q) [BNlg \"
VBl da(D) («gz[mq) Xrag e (2(9, ) J
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Refined quantum dimension

dimg,:(Rx) _ qin(n‘d) drs+a1(q) [BNlg \"
vey  Inlah dhar(1) (mm) Xra gt (9 1) J

Qn(q,t) = ([éﬂ,\],‘]’q)n it IR

,ue/\ﬁr
Ln) ( mi —1. K N]
e (Tt [kBN],
x t" 2 s Gk, ) = 0 G
E { ; CEDICRIERCR (k6] |
£(\) (q—lv t)
Cm(q,t) == Lx A foor m>0,
AEAT 1 (P =1) (tt)x
Co(q,t) =1
k-1 '
(aq):=]] (1-2a¢/) for 0<k<oo  g-Pochhammer symbols
=0

Lx: number of distinguishable orderings of Aj: Lz 1) =2 and L35y =1
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Partition function for zero area

o Chiral part of the partition funciton

> dimg :(R\)\> "%
Z;tYM(N7g>O) - Z (‘7,7
n=0 AEAT VEX
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Partition function for zero area

o Chiral part of the partition funciton

> dimg :(R\)\> "%
Z;tYM(N7g>O) - Z <q,7
n=0 AEAT VEX

o Assembling the central elements:
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Partition function for zero area

o Chiral part of the partition funciton

> dimg :(R\)\> "%
Z;LZYM(N7g>0) - Z <q,7
n=0 X\EAT VEX

o Assembling the central elements:

Xra (C)xra (h(0)) = dr, (1) xrs (Ch(0))  VC € Z(Hq(Sh))

o Using the expansion of the refined quantum dimension gives

oo _n(n=1) \ 2 (2—2¢)n
Mo\ )
25 (N, g.0) = g < [BN]q > g 5 (o)
we(1:8:0) Z( i) emin) 2

X Z d>\[3+a]1(q) X,Aﬁﬁn <DnQﬁ—2g Hh(Si) h(t‘;) h(si_l)h(t,'_l)>

n—aN i=1
AEN]
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Partition function for zero area

@ Step-function ©, on Young diagrams

d.(1) i >(B-1)pi+a Vi

0 otherwise

Xu (e"(av B)) = {

On(a,B) = Z P,
HENT
pi 2(B—1)p;+a
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Partition function for zero area

@ Step-function ©, on Young diagrams

d.(1) i >(B-1)pi+a Vi

0 otherwise

Xu (e"(av ﬁ)) = {

On(a,B) = Z P,
HENT
i =2(B—1)pi+a

o Final expression for Zy\ (N, g,0)

oo _n(n=1) (2—2g)n
q [BN]q -5 (asece)
Z;rtYM(Nvgao) = Z < g = I
| /
n=[aN] [n]q. Bun [ﬁ]q {si ti},€Sn

x (en D, 2% [ [ h(s) h()h(s™) h(rrl))

i=1

~> [ can be analytically continued away from Z>;
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New deformation of Hurwitz theory
Jack polynomial limit : t = g® then g — 1

parametrized Euler characters

oo oo
) 1 \2e-2 —_——
qllnl Z‘;YM(N’g’ 0)|t:q5 = Z Z (N) Xn,d,g,L(8B)
n=[aN] d=0 L=0

= Generating function of xn,d,6,0(5)
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Zoltan K8kényesi

New deformation of Hurwitz theory
Jack polynomial limit : t = g® then g — 1

parametrized Euler characters

d —_——N—
i Zhecns(N, £,0)],_s = > z( ) Xnde.L(B)

n=[aN] d=0 L=0

= Generating function of Xn,4.¢,0(5)

asi®i= Y ) S a8 Au09)
AEAT Jtptent

1#1"), Sk, e (1)=d
X X(Zh,t) Han (X, ut ,ML)

p) pi Mk — ey g()\)l 2(N) r(\ — %)
20 =T13 gy )Z o e sy
w(ﬂ)z% > du(1) xi, ()

pneN]
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Summary 1605.03748; 1306.1707

@ We have studied the phase transition of the planar 2D (g, t)-deformed Yang—Mills
theory: we found two phase and computed the critical line.
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@ Relate the expansion to quantities in refined topological string theory.
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Open questions
@ Relate the expansion to quantities in refined topological string theory.

o Expand the whole partition function Zg:yn, not just the chiral part, the antichiral
part as well.
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Summary 1605.03748; 1306.1707
@ We have studied the phase transition of the planar 2D (g, t)-deformed Yang—Mills
theory: we found two phase and computed the critical line.
@ We have refined the quantum Schur-Weyl duality for generalized characters.

@ We have calculated the chiral large N expansion of the two dimensional
(g, t)-deformed U(N) Yang-Mills theory.

@ We have related it to sum over delta-functions on Hecke-algebras.
@ We have defined a deformed Hurwitz theory of branched covers using the epxansion.

@ We have calculated the large N expansion of Wilson-loops and inserted boundary
defect operators (not presented in this talk).

Open questions
@ Relate the expansion to quantities in refined topological string theory.

o Expand the whole partition function Zg:yn, not just the chiral part, the antichiral
part as well.

o Expand other observable, the defect holonomy punctures on the surface.

o Interpret geometrically the deformed Hurwitz theory.
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Thank you for your attention!
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