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dT7i ., .
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s

Solution: Ti(s) = 1X7, (X1, XI] = ek Xk fuzzy S (Myers 99)
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Lift monopoles to M-theory
= self-dual strings

M2-branes ending on Mb5-branes described by
Basu—Harvey equations: (Basu & Harvey '05)

dT7i . .
— M [T, T T =0 (s = x%
ds

Solution: Ti(s) = \/%X" , X1, X0, XK = e X! fuzzy S37
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Open strings and B-fields
Nahm equations = boundary condition for open strings
(Chu & Smith '09)

Turning on constant 2-form B-field on D3-brane induces shift in
Nahm equations, accounted for by Heisenberg algebra:

(X', X/] = ih6Y, 6 ~ B

Quantization of Poisson bracket on R?
(Chu & Ho '98; Schomerus '99; Seiberg & Witten '99; ...)

Quantization captured by associative Moyal-Weyl star-product of
fields encoded in scattering amplitudes:

(Fxg)(x) = / f(k) g(k') o L KOK (kK ) x
Kk’

Low-energy dynamics described by noncommutative gauge theory on
D3-brane
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Open membranes and C-fields

» Basu—Harvey equations = boundary condition of open membranes

» Modification from constant 3-form C-field on M5-brane accounted
for by Nambu—Heisenberg algebra: (Nambu '73)

(X, X/, X = ihelk O ~C¢C
Quantization of Nambu—Poisson 3-bracket on R3

> Agrees via transgression with noncommutative loop space from
quantization of open membranes: (Bergshoeff, Berman, van der Schaar &
Sundell '00; Kawamoto & Sasakura '00; Samann & RS '12)

i (- . ijk Xk(T) /
X'(r), X (1) = ih©Y — or—71
[Xi(r), XI(+")] Toyp

» Quantization unknown
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propagating in non-geometric flux compactifications probe
noncommutative/nonassociative deformations of geometry
(Blumenhagen & Plauschinn '10; Liist '10; Blumenhagen, Deser, Liist, Plauschinn &
Rennecke '11; Condeescu, Florakis & List '12; Mylonas, Schupp & RS '12; Andriot,
Larfors, Liist & Patalong '12; Davidovi¢, Nikoli¢ & Sazdovi¢ '13; Blair '14; Bakas &
Liist '15; Nikoli¢ & Obri¢ '18; Chatzistavrakidis, Jonke, Khoo & RS '18; ... )

» M = T3 with H-flux gives geometric and non-geometric fluxes via
T-duality (Hull '05; Shelton, Taylor & Wecht '05)

T, . T . T, .
Hje —— ' — Q¥y —= R¥

» Sends string winding (w') € H1(T3,Z) = Z3 to momenta (p;)

> In Double Field Theory: Hy = 03By —%s Rik — jligi

(Andriot, Hohm, Larfors, Liist & Patalong '12)
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Parabolic R-flux model

Twisted Poisson structure on phase space M = T*M (List '10)
. . -23 .. . . .
KX = R pe,  [X,pl = ihé;,  [pipl = 0
Closed string nonassociativity (Jacobiator) [x/,x/, xK] = (3 Rk

Quantization captured by nonassociative phase space star product
(Mylonas, Schupp & RS '12; Bakas & Liist '13; Kupriyanov & Vassilevich '15)

) i3 , . ’
() = [ FRE(K) o Ut o ke e
Kk’

Nonassociative BCH formula captured by 3-cocycle:

. st s i3 s 1! S Sl S
(elkx*elk X)*elk X _ eTRkX(kxka)elkX*(elk X*elk x)

Closure, 3-cyclicity: [ fxg=[fg , [(fxg)xh= [ fx(g*h)
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(Mylonas, Schupp & RS '13; Bojowald, Brahma, Biiyiikcam & Strobl '14;
Bojowald, Brahma & Biiyiikgam '15; Kupriyanov & RS '18; Bunk, Miiller & RS '18)

Phase space quantum mechanics:
» Observables: Real-valued functions f(x, p)
of i
» D ics: — = —[H,f],
ynamics: - h[ ,f]

» States: Normalized phase space wavefunctions 1,
Statistical probabilities p, € [0,1]

Expectation values: (f) = Zua /1/1:*(f*1/)a) = /fS
S =20, tatax i

Positivity, reality, ... using closure, 3-cyclicity,
Hermiticity (fxg)* = g*%f*, and unitality fx1 = f = 1xf

v
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Spacetime quantization

Coarse-graining of spacetime with R-flux: Nonassociating
observables cannot have common eigen-states x/ xS = 'S

Oriented area and volume (uncertainty) operators:
AV = Im([)?’,)?J]*) = —i(?’*)?J—~J*§')
VI = LRe(xX * [x!, % ], + X« [¥ 3], + %7 ¥, %'].)
Shifted coordinates x' := x! — (x/)
Minimal area and volume:
i . . 63 P . 63 .
(0P) = T, (AT = GRM(p (V) = SR

. . . .. ViarT
Quantized spacetime with cells of minimal volume = Riik

Freed-Witten anomaly: No D3-branes on T3 with H-flux —>T'7k
No DO0-branes in R-flux background (wecht '07)
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Nonassociative geometry

Configuration space triproducts (Aschieri & RS '15)
(fFagAh)(x) = (f(x)*g(x)) * h(x)|p:0

o L AL AT R
ko ki kL

Quantizes 3-bracket [f,g,h]n, = Asym(f A g A h) (Takhtajan '94)

[xi,xj,xk]A = ES Rk

Agrees with triproducts of tachyon vertex operators after T-duality
in CFT perturbation theory around flat space with constant H-flux

(Blumenhagen, Deser, Liist, Plauschinn & Rennecke '11)

Violates strong constraint of Double Field Theory

(Blumenhagen, Fuchs, Hassler, Liist & Sun '14)

On-shell associativity: [ fAgah = [fgh
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M-theory lift of R-flux model

(Giinaydin, Liist & Malek '16)
L V|

|

M

S radius A — string coupling g

> Generate string R-flux starting from twisted torus M = T3
fik Ty Rik
» Lift to M-theory on M = M x 5X14: T-duality = U-duality

U v .
> In SL(5) Exceptional Field Theory: C,,, —— Q"7 with
Ruvpeh — HulvQredl (Not a 5-vector!) (Blair & Malek '14)

» Choice R*#vaB = RehvaB preaks SL(5) — SO(4)
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M-theory phase space

> Sends membrane wrapping (w”) € Hy(M,Z) to momenta (p;)
» No DO-braneson M —> ps = 0 along M-theory direction:
Hy(M,Z) = Hy\(T*Z) @ Ho(T?2) = 720 Ly & 72

Restored for R = 0: Hy(T*,Z) = 7°

» RHvPePp = 0 = 7D phase space M:

. 03 p . Iy 3 .
[x’,x’] _ 13725 R iik4 Pr s [x4,x’] _ 1;\h25 RH1234 o
[Xi,pj] = ih&jx4+ ih)\sijkxk s [x4,p,-] = ih)\Qx,-
pip] = —ihXxepp
. 03 . . 22 3 .
[x',xf,xk] _ %R"‘”“x‘ﬂ X, X" = — M%ks R4 o
j Kk ixe 41234 ok k j i 4 iN203 4 ika
lpi, X, x] = S= RV -6 ) [P X" = = RY
[p,-,pj.,xk] = 7ih)\26,-jkx4f ih/\(@kx,'féij) s [p,-,p,-,x"] = iﬁ)\36,'jk)<k
lpispjsp] = 0

» Reduces to string R-flux algebra at A = 0 (with x* = 1 central)
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Octonionic phase space

» Originates from nonassociative, alternative, octonion algebra Q:
(M = (. x*p) = Alea) = & (JANER/3 i, \/XUER/3 &7, —Aher)

» Imaginary unit octonions:

eaes = —dag L+nasc ec, nasc = +1 for ABC = 123, 435, 471,...
» Octonionic commutator [ea,eg] = 2nagc ec has components
(f = es, i=123)
lei,e] = 2ejrer, ler,e] = 2f;
[fi,fl = —2epe, ler, f] = —2e
[ei, ] = 2(0jer — e fi)

» Jacobiator:

[ea, es, ec]

—12nagcop ep = 6((6/4 eg)ec —eales ec))

nagcp = +1 for ABCD = 1267, 1425, 1346,
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» 4 normed algebrasover R: R , C , H , O
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Go-structures
(Kupriyanov & RS '17)

» 4 normed algebrasover R: R , C , H , O

» 4 real inner product spaces with cross product:

(R%0)  (R%,0) (R?, x) (R”, xy)
0 0 (kxp)i =ewkipc (kxyP)a = nasckspc
- - 50(3) G, © S0(7)

» Jacobiator:

In(k K K") = (KX, K'Y K 4 (K X K" ) Xy k4 (kX k") %, K # 0
> Represented on O through X; = k* ea:
X, o = 3 XoXel s Xpgrewn = 1 [XeXe X

: 7o X

> Alternativity (X X)X = X (X X) defines octonion exponential:
sin | k|
K]

e = cos|k| 1+

X
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Octonionic BCH formula

X

» BCH formula eXt eX# = e” 52 F) can be computed explicitly in

terms of vector star sums of p,p’ € B C R":

—

Py p’ = 5z (V1I—1p'PP+V1—[pP B —pxyp")



Octonionic BCH formula

X Xg o C
» BCH formula eXt eX# = e” 52 F) can be computed explicitly in

terms of vector star sums of p,p’ € B C R":
50,5 = o (VIZIFE G+ VITBE 5" — iy ')

» Noncommutativity /nonassociativity:

=/

ﬁ@nﬁ/_ﬁ/®nﬁ = -2 Xn P
’

1

7

= (ﬁ@nﬁ)@np 75@7](P ®n p

—i ﬂ//)

Ay (B, PP



Octonionic BCH formula

X Xg o C
» BCH formula eXt eX# = e” 52 F) can be computed explicitly in

terms of vector star sums of p,p’ € B C R":

PP = s (VI PP B+ VI— PP B —Fx,5')

» Noncommutativity /nonassociativity:

. =/

®pp = —2pX,p
) !

= (P®q P )®n5//*5@n(lj @y P
» Extend to all k € R”:

R, =/
Bk R) = T PR g
hip®;,p’| 5=FKsin(h |K|)/|K|



Octonionic BCH formula

X Xg o C
» BCH formula eXt eX# = e” 52 F) can be computed explicitly in

terms of vector star sums of p,p’ € B C R":

PP = s (VI PP B+ VI— PP B —Fx,5')

» Noncommutativity /nonassociativity:

F@y b — B @ F = -25%,P
Ay B = (Fe,B )@ —F®, (B @, B") = 205, F")
» Extend to all k € R”:
2 (L L Sinil‘ﬁ’@n ﬁ/‘ = =/
Bn(k,k) = _,—_,IP®77P . L
h|p®y,p’| 5—K sin(h|K)/|K|

= k+k —2hkx, k' + O(h?)
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Quantization of M-theory phase space

» Nonassociative phase space star product:

(Frag)(5) = [ FR)g(R) e Amaiass
KR

> Nonassociative BCH formula captured by “2-group addition”:

(eiE-x**/\eik“’-;')*Aeii”.; _ ei,ZU(AE,AE’,AE”) eil;-“*/\(eil?’&'*)\eil?”-)?)
-1 2o 2 @ =1/

S5 o, - sin & ¥ -

AR R = B e g )
h|(P\*>77P )\*\nPN|

ﬁ‘:l?sin(ﬁ \E‘)/‘E‘



Quantization of M-theory phase space

» Nonassociative phase space star product:

(Frag)(7) = [ FR)g(R) e TR0
K,k

,1;

> Nonassociative BCH formula captured by “2-group addition”:

(e iE-x*/\ e 11?’-2)*A e ik _ e i A, (AKAK  AK) e iE'ﬂ*A(e i;’~>2'*)\e lk”»*)
T LD D sin ‘ ) @ ﬁ// ‘ g a7

Ay (k, k' k") = A.(p, P, P
a(k, Kk, ) h|( d%p )j(nﬁ,,| 2P P, P)

F=Fsin(h 1R1)/IF]
» Using x*%\f = x*f+ O(\) reduces to string star product:

lim (1 g)(X) = (fxg)(x)

A—0
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Quantization of M-theory phase space

Nonassociative phase space star product:

(Frag)(5) = [ FR)g(R) e Amaiass
K,k

Nonassociative BCH formula captured by “2-group addition”:

(eii-z*/\eik“ﬂz)ﬂeii”.; _ eiﬂn(AE,AE’,AE”) eiE-**A(eiE’.;*)\elk”ﬂ)
YN Slnl‘( 77 )\*Jﬁp ‘ A
Ay(k K k7)) = e A, F,P")

h|(P\*7P ) ®n p |

F=Fsin(h 1R1)/IF]
Using x* %y f = x*f + O()\) reduces to string star product:

lim (1 g)(X) = (fxg)(x)

A—0

Gauge-equivalent closed, 3-cyclic star product:

fexg = D '(Df xxDg) , D = 1+0())
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Spacetime quantization in M-theory
Using e, we can calculate:

» Minimal areas:

ij i PV
R4,Jk4 <Pk>‘ , <A4> = 3

<Aij> % R41234 <pi>‘
(AP = RIS FAEw (Y, (AP = A2 R(x)

<APi1Pj> = /\h|5ijk <pk>|



Spacetime quantization in M-theory

Using e, we can calculate:

» Minimal areas:

(W) = R (] (AY) = A R (p)]
(APY = RIS A ()], (AP = N2 h(x)
(APPRI) - = /\h’€ijk<P>|

» Minimal volumes:

i [3 i i >\2[3 i
(V) S RO, (v = S RV ()]
b Xk M3 x4 A2 l3 i
<Vpl. > _ {R41234 (51 —() (,Dl>)‘ <VP, ) > — R4 ijk4 <Pk>
R 3,2
(VPRRTy = 2SR e (x|

PPy xK 2 K ok ok
(VPrRTy = A I ) + 65 () = 85 ()
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Nonassociative geometry in M-theory

» Configuration space triproducts:
(f Ax 8§ A h)()_() = ((f*)\g)*)\ h)(XM7p,')|p:0

_ [ F(l?)g(l? ) 71(/?") e i T (KK K )AL g
K

,;/7,;'//



Nonassociative geometry in M-theory

» Configuration space triproducts:
(Forxgmah)(%) = ((Farg)mh)(< )|,

F(E)g(/}" ) 71(!?") e i T (KK K )AL g

Il
vm\;
Xt
e

AR R E)
sin ‘ \’Pyﬁ/)@)nﬁ” x =

— | 55 5" 5/ 57 |2
a h|(PF@®yB') @y p"| (A”'(p’p B) g g1 |B @y B2 B

teppr 1= |P@y B |2 B + 55 /1= |PF®y |2 ””)

p=AK sin(h | AK|)/| AK|



Nonassociative geometry in M-theory

» Configuration space triproducts:
(Forxgmah)(%) = ((Farg)mh)(< )|,

F(l_{)g(l? ) 71([("') e i T (KK K )AL g

Il
X
ES

Ta(k, k' k")
P ‘(_“,\ =/ =11
sin P®,P)®y P | o o = = 5
T T h[(P®,F) @y B ] (As(B.B" 5" ) + epr g \J1= |B" ®0 5" [2 B
n n
teppr 1= |F@n B [2 B +eppr \J1- 500 572 B)

= A(K+ R+ K+ B 247 Ay (AK AR AR

p=AK sin(h | AK|)/| AK|

AR + AR P K+ AR+ AR P K + AR+ AK P E”)+0(A))



Nonassociative geometry in M-theory

» Configuration space triproducts:

(Forxgmah)(%) = ((Farg)mh)(< )|,
_ / FR) g(RYR(R" Y S TA (KRR )AL 7
[(',;/7”//
A R.7)
sin ' |(F®n ) @0 B 0 L L _

— | = 11
a h‘PUﬂP)@ﬂﬁ”} (A"(p7p7p )+65/ﬁ” 17|P 7p ‘ P

teppr V1= B @y B 2B + €55 \/1— |F@n B2 4,,>

= A(K+ R+ K+ B 247 Ay (AK AR AR

p=AK sin(h | AK|)/| AK|
FIAK + AR PR+ AR+ AR P K + AR+ AK *”)+0(A))

> Quantizes 3-bracket [f,g,hln, = Asym(f Ax g Ay h) for As

[x*, x", x%a, = EEREW‘M xP
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Noncommutative M-theory momentum space

> Setting x* = 0 reveals noncommutative associative deformation
of momentum space with x, — x , independent of R-flux:
(Guedes, Oriti & Raasakka '13; Kupriyanov & Vitale '15)

(f*r &)(P) =/ Fg(I') e~ 5 BC21-21)p
NG



Noncommutative M-theory momentum space

Setting x* = 0 reveals noncommutative associative deformation
of momentum space with x, — x , independent of R-flux:
(Guedes, Oriti & Raasakka '13; Kupriyanov & Vitale '15)

(f*r &)(P) =/ Fg(I') e~ 5 BC21-21)p
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Restrict to (x*) € S C R* of radius }
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Noncommutative M-theory momentum space

> Setting x* = 0 reveals noncommutative associative deformation
of momentum space with x, — x , independent of R-flux:
(Guedes, Oriti & Raasakka '13; Kupriyanov & Vitale '15)

2i A

(fxxg)(p) = /”/ IE(/)Q(I’) 0B B(=31-31)p

> Restrict to (x*) € $* CR* of radius

[Pi,pj] — 7ih}\€,‘jkpk, [Xi,pj] = iﬁ)\\/%*|x|25j+ih>\€ijkxk

» Familiar from 3D quantum gravity (Freidel & Livine '06)
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Spin(7)-structures

> Triple cross product of K = (K;) = (ko, k) €R® = R@R:
(K ><¢ K/ ><¢ K” )A = QSAAB(f'ﬁ Ké Ké Kg

(bOABC = TIABC Yagcp = TIABCD



Spin(7)-structures
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Spin(7)-structures

> Triple cross product of K = (K;) = (ko, k) €R® = R@R:

(K X K’ X K" )A = ¢Al§éﬁ Ks KL K

B¢ ™D
®0ABC = TABC , $ABCD = MABCD
K xg K' x¢ K"
= (K- (K xy k"), &Ik, K K" ) = ko (K X K'Y = kg (K % K) = k(K 0 K))

> Preserved by Spin(7) C SO(8), extends representation

XEXnE/ = % [XK,XK/] on octonions Xk = kol + k?* ey € O:

XK><¢K’><¢K” = % ((XK )_<K/) XK” — (XK// XK’)XK)
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> Triple cross product of K = (K;) = (ko, k) €R® = R@R:
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Spin(7)-structures

> Triple cross product of K = (K;) = (ko, k) €R® = R@R:

(K X K’ X K" )A = ¢Al§éﬁ Ks KL K

B¢ ™D
®0ABC = TABC , $ABCD = MABCD
K xg K' x¢ K"
= (K- (K xy k"), &Ik, K K" ) = ko (K X K'Y = kg (K % K) = k(K 0 K))

> Preserved by Spin(7) C SO(8), extends representation

XEXnE/ = % [XK,XK/] on octonions Xk = kol + k?* ey € O:

XK><¢K’><¢K” = % ((XK )_<K/) XK” — (XK// XK’)XK)

» Spin(7) — Go: l?xn K' = kx4 (1,0) x4 K

¢
> Trivector: [€4,85.6¢ls = bapenép for € = (60,€) = (L, ea)
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“Covariant” M-theory phase space 3-algebra

» 8D phase space coordinates X = (x*,p,) = (/15,—%50) have
O(4) x SO(4)-symmetric 3-brackets:

[XiaX/-Xk]w = *QRA'UMXA. [X XI X ]ff) = bk s R4 k4 Xk
[pi,xj,xk]¢ _ )\2 e3 R4 Uk4p4 _ %R["UMP}(

P, X = _ﬁ RA1234 5T b % RY#4 p,

lpivpixle = 2 i x4+ B2 (5 — 5 )

[pir pis x"s = _h22/\3 Eijk X lpis Py Pile = —21° Nejupa
[Py ¥ ¥ = ATEE R b lpay X', X"y = AQ a s R
[, pin ]y = —IEA g4 n2A2 ok,

4 B 72 23 O R2a2 K
[Paspisx"e = —"5=x, [pae,pi,ple = =5 €jkp




“Covariant” M-theory phase space 3-algebra

» 8D phase space coordinates X = (x*,p,) = (/15,—%50) have
O(4) x SO(4)-symmetric 3-brackets:

[XiaX/-Xk]o = *QRA'UMXA. [X XI X ]ff) = A2e s R4 sijk4 Xk
[pi,xj,xk]¢ _ )\2 e3 R* Uk4p4 _ % R4,,'jk4pk

P, X = _@ RA1234 5T b % RY#4 p,

lpivpixle = 2 i x4+ B2 (5 — 5 )

[p”pj’XA]'5’ = _hzz/\z‘ Eijk X [Pis Py Pl = —2/12)\5/'/k P4
lpa, x', Xy = ATZE RYM b o lpay X, X' = Az o S R i

2 i 2,2
RN 5i 4 DN Jjk
777 o X — ’T i Xk

[ps, pi, ]

4 _ 523 22 B
[Pa,pi,x"]le = —"5=xi, [pa,piple = =5 egjxp

> [f,gle¢ = [f,g, G|y for any constraint G(X) = 0;



“Covariant” M-theory phase space 3-algebra

» 8D phase space coordinates X = (x*,p,) = (/15,—%50) have
50(4) x SO(4)-symmetric 3-brackets:

X, %", = 7§R4'/jk4x4. X', 5, x ]¢ = S R
[pi7>(/,xk]¢ _ >\2 o3 RYI p, AZA RY

X Xy = _ﬁ RY:1234 6{ pa — ﬂ RO

[p;.pj,xk]o = /\72 Sfik Xt LR /\ ({5 Xi — () XJ)

Prpxls = B Ipnppde = —202 Aepp
[PA,Xf7Xi]¢> = ATZ;L R4’ijk4 Pk 5 [P47Xi’X4]d> = AQ fg R4 1234 ' s
lpa, piy Xl = *h'ZT’\ & X~ @Sfﬂ(xk

Popiix'le = —220x . [opnple = — 527 epp”

> [f,gle¢ = [f,g, G|y for any constraint G(X) = 0;
eg. G(X) = ﬁp‘; or G(X) = Rmtmaﬁpu



“Covariant” M-theory phase space 3-algebra

» 8D phase space coordinates X = (x*,p,) = (/15,—%50) have
50(4) x SO(4)-symmetric 3-brackets:

X', %, x4
', X,
i X, X1
[Pis P X1
[pis P> x*1s
lpa, X', 1
[ps, pin X1

[pa, pi, X4]o

> [fag]G = [fagv

» SO(4)-invariance:

3 . 22
‘
-5 R& ik 4 [x x’ X ]rb _ 5 R4 k4 X

2,3
)\ 2 4 ijk4 A 4, ijk4
s RV py — 5= RV py
2,3 : 2 43 o
Ac e 4,1234 oj AC L 4, ijk4
—25= R & py — 5= RY7 py

2 2

22 koA RN (g sk

AR el CHE VR R
2

B2 ek [ppnpde = —207 Negop
ATZ;’ RO o pasxy x*e = A lg R12% i
B (pepnple = — 22 e p"

G]s for any constraint G(X) = 0;
eg. G(X) = ﬁp‘; or G(X) = Rmtmaﬁpu

Trivector modelled on negative chirality spinors

S_(R*) (Giinaydin, Liist & Malek '16)
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Vector trisums

» Restrict Xp Xpr = (pop(’)—ﬁ-ﬁ’)]1+p0Xﬁ/+P6X5+Xﬁ><nﬁ’
to P,P'e€S" = Spin(7)/G, C R®:

Xﬁ@ﬂﬁl = Im(XP/XP) ) €557 = Sgn Re(Xp/ Xp)



Vector trisums

> Restrict Xp Xpr = (popé—ﬁ-ﬁ')]L+p0Xﬁ/+P6X5+XﬁXnﬁ’
to P,P'e€S" = Spin(7)/G, C R®:

Xso,50 = Im(Xp: Xp) , €55 = sgn Re(Xps Xp)
> Extend to vector trisum Xzg, 50,57 = Im((Xp Xp:) Xpr):
F®sp ®sp"

= s (G0 V1= 18" @0 8" P Bt ey \/1= 5@y (<57 5
+epp /1= |P®n B [P B + Ay(B. 5 F")
1= 1BR (5" xn B") + /1= 15" (57 xn B) + /1= 5" (5 %0 5'))



Vector trisums

> Restrict Xp Xpr = (popé—ﬁ-ﬁ')]L+p0Xﬁ/+P6Xﬁ+XﬁXnﬁ’
to P,P'e€S" = Spin(7)/G, C R®:

Xso,50 = Im(Xp: Xp) , €55 = sgn Re(Xps Xp)
> Extend to vector trisum Xzg, 50,57 = Im((Xp Xp:) Xpr):
F®sp ®sp"

= i (oo L= 1B @n B [ B+ 5 \J1= |F@n (—5")] 5’
+€ﬁ’5/ \/Wﬁ” +ﬁn(5,ﬁ/7ﬁ//)
+m(ﬁlxnﬁ,/)+m(ﬁu X"ﬁ)+m(ﬁxnﬁ/))

> Spin(7) — Gyt p®,p’ = ﬁ®¢6®¢5/



Vector trisums

» Restrict XPXP/ = (popé—ﬁﬁl)]].+POXﬁ/ +p6X5+Xﬁ><nﬁ’
to P,P'€S" = Spin(7)/G, C RE:

Xso,50 = Im(Xp: Xp) , €55 = sgn Re(Xps Xp)
> Extend to vector trisum Xzg, 50,57 = Im((Xp Xp:) Xpr):
F®sp ®sp"

= s (G0 V1= 18" @0 8" P Bt ey \/1= 5@y (<57 5

+epp /1= |P®n B [P B + Ay(B. 5 F")

VL= 1BI (5" %0 8" ) + 1= 12 (5" %0 ) + /1= 1572 (5 xn 5"))
> Spin(7) — Gu: p®,p" = p®y 0Dy p’

» Nonassociativity: Asym(p®¢ p’ ®¢ p") = Im(Xpx,p/x,pr)
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Phase space nonassociative geometry

» Extend vector trisum to all k € R7 C R&:

=1 = =/ =171
5 7T T o sin ‘P@Q@P ®¢ p ‘ e
Belh ko kD) = R @y 5 @ep] PP ©0P

p=Ksin(h |K|)/|K|



Phase space nonassociative geometry

» Extend vector trisum to all k € R7 C R&:

By(k, k', k")

P 7/ /1
sin" |p@y P ®g B 1

= = — @y P’ By
hp®sp @ep| 0P TP

F=Fsin(ru |K1) /||

Ktk + K"+ (kxy k' + K" %y k+k x, k")

F B QAR K K" )= |K K" PR— |R+K" PR — |k +K[PR")
+0(r)



Phase space nonassociative geometry

» Extend vector trisum to all k € R7 C R&:

so—1 )= =/ =/

- = = - sin @a: ® ¢ . N .
By(k, k' k") = P&, e | P®sp @ p”

' h|p®y P’ ®¢ P | ‘ ' . L

Te P Te =K sin(k |K])/|K|

i‘L(sz,7 K4 K" o k+ Kk x, E")
*( ,EI,E//)7|E/+E”|2E7|E+E” }2;/7‘EI+E|2EU)

—1 >

(fO)\gO)\h)()_(') _ [ f(/?)g’(/?) }'](E//) e igw(/ll?,/llz/,/l;”)‘/l X
k



Phase space nonassociative geometry

» Extend vector trisum to all k € R7 C R&:

B"O(EHE/,E//) - - ’ ﬁ@zhﬁ/ @oﬁ
T hip® Cry-ad i ' ~
P @ B @ P | p=Fsin(h | K1)/ ||
= k4K +K +h(kx,k +Kk x,k+k x, k")
2 -, o - - - - - — =5 =
+%(2 77(k k/ k”)flk/+k”|2k7|k+k”}2klf‘k/+k|2k”)
+O(R?)

» Phase space triproducts:

—1 >

(fO)\gO)\h)()_(') _ /‘_‘ ) f(/?)g’(/?) }'](E//) eig(b(/ll?,/l;/,/il?”)‘/l X
K,k k"

> fxrg = foylong, fA,\gA,\hZ(fOAgO/\hﬂp:o



Phase space nonassociative geometry

» Extend vector trisum to all k € R7 C R&:

—1 5 @, 5
g e e, *(J \/ b — —
B(’)(k)k,,k//) — ‘p ) Q p ‘ Qm (Pp//
ﬁ\pw)p ®¢ P |

p=Ksin(h |K|)/|K|

= k4K +K +h(kx,k +Kk x,k+k x, k")

F QAR R ) < R+ R PR R R PR R RPR
+0(r%)

*//

» Phase space triproducts:

(forgoxh)(X) = /” CF(R)E(K) R(R") e 1B (ARAKLAR) AT
K.k! k'

> fxyg = foyloyng, fA)\gA)\h:(fO,\gO)\h)|p:0
> 3-bracket [f,g,hl,, = Asym(f oy goyh) obeys:

= R

[f,g, 1]<>A = -3 [fvg]*x ) l@o [Xivxjaxk]O,\ p=0



