
J
H
E
P
0
3
(
2
0
1
7
)
0
7
0

Published for SISSA by Springer

Received: January 11, 2017

Accepted: February 21, 2017

Published: March 13, 2017

Tensor Galileons and gravity

Athanasios Chatzistavrakidis,a Fech Scen Khoo,b Diederik Roesta and Peter Schuppb

aVan Swinderen Institute for Particle Physics and Gravity, University of Groningen,

Nijenborgh 4, 9747 AG Groningen, The Netherlands
bDepartment of Physics and Earth Sciences, Jacobs University Bremen,

Campus Ring 1, 28759 Bremen, Germany

E-mail: a.chatzistavrakidis@rug.nl, f.khoo@jacobs-university.de,

d.roest@rug.nl, p.schupp@jacobs-university.de

Abstract: The particular structure of Galileon interactions allows for higher-derivative

terms while retaining second order field equations for scalar fields and Abelian p-forms. In

this work we introduce an index-free formulation of these interactions in terms of two sets

of Grassmannian variables. We employ this to construct Galileon interactions for mixed-

symmetry tensor fields and coupled systems thereof. We argue that these tensors are the

natural generalization of scalars with Galileon symmetry, similar to p-forms and scalars

with a shift-symmetry. The simplest case corresponds to linearised gravity with Lovelock

invariants, relating the Galileon symmetry to diffeomorphisms. Finally, we examine the

coupling of a mixed-symmetry tensor to gravity, and demonstrate in an explicit example

that the inclusion of appropriate counterterms retains second order field equations.

Keywords: Classical Theories of Gravity, Gauge Symmetry, Global Symmetries, Field

Theories in Higher Dimensions

ArXiv ePrint: 1612.05991

Open Access, c© The Authors.

Article funded by SCOAP3.
doi:10.1007/JHEP03(2017)070

mailto:a.chatzistavrakidis@rug.nl
mailto:f.khoo@jacobs-university.de
mailto:d.roest@rug.nl
mailto:p.schupp@jacobs-university.de
https://arxiv.org/abs/1612.05991
http://dx.doi.org/10.1007/JHEP03(2017)070


J
H
E
P
0
3
(
2
0
1
7
)
0
7
0

Contents

1 Introduction 1

2 Galileons and graded variables 4

2.1 Preliminaries on anticommuting variables 4

2.2 Scalar and p-form Galileons in the graded formalism 5

3 Galileons for mixed-symmetry tensor fields 8

3.1 Preliminaries on (p, q) mixed-symmetry tensors 8

3.2 The mixed-symmetry Galileon for a single species 10

3.3 Relation to Lovelock gravity 11

3.4 Multiple species and generalized mixed-symmetry Galileons 13

4 Covariant tensor Galileons 15

4.1 Preliminaries on covariant tensors 16

4.2 Covariantization of the mixed-symmetry Galileon 16

5 Discussion and conclusions 19

A Computational details 21

A.1 Scalars in flat space-time 21

A.2 Scalars in curved space-time 22

A.3 Two-forms in curved space-time 22

1 Introduction

When does an action functional lead to field equations which contain only second deriva-

tives of the corresponding field? Given that second order field equations are very popular

in Nature, largely due to the lack of additional ghost-like degrees of freedom [1] that

generically appear in higher order field equations,1 the above question has always drawn

considerable interest.

In the case of a rank-2 symmetric tensor, namely a metric, this question was posed and

answered long ago in any dimension, leading to the Lovelock invariants [8]. Similarly, for

scalar fields this question is answered by Galileons [9–11], the name reflecting the property

that due to these second derivatives there is a Galilean-type of symmetry for the scalar fields

in the equations of motion. More recently, a number of generalizations have been suggested.

1Remarkably, it has recently been found that one can have ghost-free higher-order field equations in

coupled systems, such as tensor-scalar theories [2–5] and classical mechanics [6, 7]; we will restrict ourselves

to second order field equations, however.
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These include scalar theories with field equations containing derivatives up to second order

instead of strictly second order [12]. Secondly, these theories have been coupled to gravity,

leading to covariant Galileons [13]. In four dimensions, this leads to the most general

scalar-tensor theory constructed by Horndeski [14]. Finally, Galileon interactions have been

constructed for other types of fields, such as vectors and p-forms [15–17] and combinations

of fields of different type. These constructions are reviewed in ref. [18].

With the exception of Lovelock, all of these Galileon interactions concern fields with at

most spin-1. Is a similar structure possible for higher-spin fields as well? We will answer

this question affirmatively for all spin-2 fields, and demonstrate that gravity’s diffeomor-

phisms are actually closely related to the Galileon symmetry.

Mixed-symmetry tensor fields are covariant tensors with more than one set of antisym-

metrized indices, relevant in particular for spin ≥ 2. Recalling that p-forms are fully anti-

symmetric covariant tensor fields, mixed-symmetry tensors are a natural generalization of

differential forms, which neither need to be fully antisymmetric nor fully symmetric. From

a different point of view, they correspond to Young diagrams with more than one column.

Such tensor fields were studied by Curtright in [19] in the context of generalizations of

gauge theory. From a more modern viewpoint, interest in mixed-symmetry tensor fields

was sparked due to their appearance in string theory and in studies of the dual graviton. For

example, notably such fields appear naturally in E11 [20–23], but also as fields coupling to

non-standard branes in string theory [24–29], and as exotic duals to standard fields [30–33].

The goal of this paper is twofold. Our first objective is to formulate Galileon action

functionals in an elegant and index-free formalism, rather than the usual formulation which

can be complicated on account of the many indices. Let us recall that the action for the

scalar Galileon π, occuring n+1 times in D ≥ n dimensional flat space, can be written as2

SGal,1
n+1 [π] =

∫
dDxAi1...inj1...jn

(2n) ∂i1π∂j1π∂i2∂j2π . . . ∂in∂jnπ , (1.1)

where

Ai1...inj1...jn
(2n) =

1

(D − n)!
εi1...ink1...kD−nεj1...jnk1...kD−n

, (1.2)

and ε is the totally antisymmetric epsilon symbol in D dimensions. The reason for the

name Galileon is the invariance of this action under the symmetry ∂iπ → ∂iπ + bi and

π → π + bix
i + c, for constant c and bi. Similar action functionals may be written for

differential forms of any even degree, and also for coupled systems of scalar fields and

differential forms of any degree [15].

Noting that the key structure that allows for the construction of Galileons is the

presence of two separate fully antisymmetric Levi-Civita tensors, we suggest that a natural

formalism to account for this feature is in terms of graded, anticommuting variables. Thus

in section 2 we introduce two sets of such variables and also accommodate the degrees

of freedom, here p-forms, in quantities constructed with the aid of these anticommuting

variables. Differential operators acting on the fields are also constructed accordingly. This

2This is not the only possible form of the action for scalar Galileons, since one may wish to perform

additional partial integrations. Other suggested forms are presented for instance in ref. [18].
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results in a formulation where the Levi-Civita tensors are replaced by (Berezin) integration

over the graded variables, no indices appear, and a compact yet full (meaning non-formal)

expression is possible.3 For instance, we will show that the scalar Galileon action (1.1)

with (1.2) may be expressed as

SGal,1
n+1 [π] =

1

(D − n)!

∫
dDx

∫
dDθ dDχηD−n dπ d̃π (dd̃π)n−1 , (1.3)

where the quantities appearing in this action will be explained in the main text.

Our second objective is to generalize these action functionals for mixed-symmetry ten-

sor fields. First we consider a single (p, q) tensor field, meaning that out of its p+q covariant

indices, p and q of them are separately antisymmetrized. The action we find has a similar

structure to (1.1), and leads to strictly second order field equations for the (p, q) tensor field

in flat space-time. This requirement is the guiding principle for our analysis. This is differ-

ent in spirit to [19], where the starting point was a postulated gauge invariance. The actions

we find do have the corresponding gauge symmetries, but we see this as a consequence and

not as a starting point. In fact, there are also symmetries that are not of gauge-type. Using

our formulation in terms of graded variables, we further generalize the mixed-symmetry

Galileons in the directions of (i) requiring field equations up to second order, and (ii) com-

bining arbitrary number of mixed-symmetry tensor fields of arbitrary degree in a coupled

system. We provide some examples to illustrate these generalizations. Notably, in the sim-

plest case of a (1, 1) tensor field, being a rank-2 symmetric tensor, the resulting single-field

action is identified with the linearised Lovelock invariants in any dimension.

An interesting observation that follows from our analysis is that these (p, q) mixed-

symmetry fields can be seen as the natural tensor generalization of scalar fields with Galileon

symmetry. This is akin to the p-form generalization of scalar fields with a shift symmetry,

i.e. which are only derivatively coupled.

Finally, we consider covariant mixed-symmetry Galileons, namely the curved space-

time versions of the action functionals for mixed-symmetry tensor fields. This is interesting

because it introduces higher derivative couplings between an external metric and the spin-2

fields we study. There are two issues regarding this type of theories. One is the question

whether the property of second order field equations can remain intact upon introduction

of counter-terms in the action. The second is whether the resulting theories are consistent,

even when they are safe from the Ostrogradsky ghost. It is known that for a large class of

cases and under rather general assumptions, the latter is hard to achieve [35–37]. Here we

argue that already the first question is not trivial, and is worth investigating. In particular,

we show that starting with a 5D, 3-field Galileon for the (1,1) mixed-symmetry tensor, it

is indeed possible to find compensating terms, which retain the second order nature of the

field equations. We believe that the remarkable cancellations occurring in this particular

case may extend to general mixed-symmetry Galileons coupled to gravity.

3An interesting formulation of scalar-tensor theories in the language of differential forms was suggested

in ref. [34].
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2 Galileons and graded variables

2.1 Preliminaries on anticommuting variables

Given that the actions for Galileons are highly non-linear, they appear rather complicated

and employ a large number of indices. Thus we find it useful to suggest an index-free

formulation, which simplifies the notation and computations and furthermore renders the

properties of the actions more transparent and easier to generalize. Given that we are

dealing with more than one set of antisymmetrized indices, as explained in the Introduction,

it is convenient to introduce two sets of anticommuting, graded variables (θi) and (χi).

Extending the bosonic (degree-0) coordinates (xi) by these degree-1 variables essentially

means that we are going to write down actions on a graded (super)manifold4 M. These

variables satisfy the following properties:

θiθj = −θjθi , χiχj = −χjχi , θiχj = χjθi . (2.1)

The first two properties are the standard Grassmann relations, while the last property

simply means that the two sets of additional variables are mutually commuting. The

latter property is conventional, in the sense that one could have as well chosen mutually

anticommuting variables, which would have led to some adjustable signs in the formulae.

Using the degree-1 variables θi and χi, a p-form ω(p) may be represented as

ω(p) =
1

p!
ωi1...ipθ

i1 . . . θip . (2.2)

(Henceforth we use boldface notation to denote objects that depend on anticommuting

variables.) Alternatively there is a second such object with the same components,

ω̃(p) =
1

p!
ωi1...ipχ

i1 . . . χip , (2.3)

associated to the second set of graded variables. The difference to the standard formalism

for p-forms is that antisymmetrizations are now controlled by the appearance of the graded

coordinates in the corresponding fields. Evidently, for the degenerate case of 0-forms (scalar

fields) it holds that ω(0) = ω̃(0) = ω(0), since no graded variables are involved. For later

convenience, let us also introduce the following objects with the components of the flat

metric ηij or the curved metric gij respectively,

η = ηijθ
iχj , g = gijθ

iχj . (2.4)

The other important ingredient for our purposes are exterior derivatives. One can define

two separate ones, in particular

d = θi∂i and d̃ = χi∂i . (2.5)

4Despite the resemblance to supersymmetry, this does not mean that the theories we consider are

supersymmetric. The role of graded geometry here is that of a tool to formulate the bosonic actions in an

elegant fashion. This should be also clear from the fact that we use the same type of indices to count the

anticommuting coordinates. Supersymmetric Galileons were considered in [38, 39].
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Both derivatives are nilpotent,

d2 = θiθj∂i∂j = 0 and d̃
2
= χiχj∂i∂j = 0 , (2.6)

provided that the bosonic variables xi and the degree-1 variables θi and χi are independent,

which is indeed the case here. In addition, the two derivatives commute

dd̃ = d̃d , (2.7)

as a consequence of our convention of mutually commuting graded coordinates.

Finally, since no θs or χs should appear in the explicit form of the actions we are going

to consider, one has to integrate over them. Let us recall the basic formula for the Berezin

integral, ∫
dθ θ = 1 (2.8)

up to a choice of normalization. This implies that in D dimensions

∫
dDθ θi1 . . . θiD = εi1...iD . (2.9)

This expression is valid in flat space and with the indices referring to the Minkowski

coordinate basis. In curved space and for more general choices of coordinates, the epsilon

symbol is to be replaced by the epsilon tensor, i.e. the value of integrals like (2.9) can

depend on spacetime position. These integral formulas are pivotal in our formulation,

since the Lagrangians will always involve integration over the graded variables.

2.2 Scalar and p-form Galileons in the graded formalism

Let us now use the above formalism to express the actions for scalar Galileons in flat space-

time. The curved case will be examined in the penultimate section. The action for scalar

Galileons in D ≥ n dimensions with n+1 occurences of the scalar field π may be written as

SGal,1
n+1 [π] =

1

(D − n)!

∫
dDx

∫
dDθ dDχηD−n dπ d̃π (dd̃π)n−1

= − 1

(D − n)!

∫
dDx

∫
dDθ dDχηD−n π (dd̃π)n (2.10)

up to a boundary term, where dDθ = dθ1 . . . dθD and dDχ = dχ1 . . . dχD. The desired

property of second order field equations is rather evident. Indeed, using the identities

ddπ = d̃d̃π = 0, we directly obtain that the variation of this action, i.e. the Euler-Lagrange

equation, reads

En+1 = − n+ 1

(D − n)!

∫
dDθ dDχηD−n(dd̃π)n = 0 , (2.11)

which is obviously second order in derivatives. Higher derivatives of the fields cannot occur,

because such expressions would contain d2 or d̃2 and would thus be equal to zero. Despite

its simplicity (2.10) is equivalent to (1.1) as can be seen by evaluating the integrals over

the graded variables (see appendix A).
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The generalization of Galileons for higher-degree differential forms and coupled systems

thereof is straightforward in the index-free formalism presented here. For example, for an

Abelian 1-form ω(1) := A we define

A = Aiθ
i and Ã = Aiχ

i . (2.12)

Then, in the same spirit as above, the corresponding Galileon is given as

S2n[A] =
1

(D − 3n+ 1)!

∫
dDx

∫
dDθ dDχηD−3n+1 dA d̃Ã (dd̃Ã)n−1 (d̃dA)n−1 . (2.13)

The proof of the statement follows the same steps as in (A.1). Moreover, it is known

from [15] that this action is trivial for n > 1. Indeed this is now easily seen, since in the

graded formalism this conclusion is simply due to the fact that A and Ã have degree 1

and thus (see appendix A)

(dd̃A)2 = (dd̃Ã)2 = 0 . (2.14)

However, for n = 1 this is certainly not true. This is expected since we know at least one

non-trivial theory for an Abelian 1-form with second order field equations, namely electro-

magnetism. Its action is thus included in (2.13); standard electrodynamics in e.g. D = 4

may be written in the graded formalism as

SMaxwell[A] = −1

2

∫
d4x

∫
d4θ d4χη2 dA d̃Ã , (2.15)

which amounts to the usual Maxwellian kinetic term.

The above action for vector fields is invariant under the symmetry

δA = dλ+ bijx
iθj . (2.16)

The first term is just a usual gauge transformation, while the second part does not leave

the Maxwell field strength dA invariant - instead, this transforms under the antisymmetric

part of the constant parameter b. However, since the above action leads to purely second

order field equations, these will be invariant under such transformations. Therefore the first

term of the transformation above, with local parameter λ, is the generalization of the shift

symmetry of scalars to forms. The second part, with global parameter b, is the analogon

of the Galileon symmetry. Theories such as Born-Infeld, containing arbitrary functions of

the Maxwell kinetic term, will only be invariant under the first part of this symmetry.

In the general case of a p-form ω we use the expressions (2.2) and (2.3) for ω and

ω̃ respectively. Then the p-form Galileon is given by the same action (2.13) with the

substitution 3n → (p + 2)n. Moreover, for n = 1 one obtains the standard kinetic term

Fi1...ip+1
F i1...ip+1 for an Abelian p-form with (p + 1)-form field strength. For odd p and

n > 1 this action is a total derivative for the same reason as for p = 1, cf. [15], in our case

due to the graded identities

(dd̃ω(odd))2 = (dd̃ω̃(odd))2 = 0 , (2.17)

– 6 –
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which are proven similarly to the 1-form case. Indeed they are just the consequence of the

fact that an odd differential form has odd grading, while the operator dd̃ has grading 2.

Thus dd̃ω has odd grading and its square vanishes.

Note that the general p-form action always has an even number of second derivative

terms (multiplying the leading single derivative terms), while this is not the case for the

scalar action (2.10). Indeed, the latter, which can be seen as the p = 0 case, allows for odd

numbers as well. These additional possibilities arise since the two forms ω and ω̃ coincide

in this case.

A similar action may be written for a collection of an arbitrary number of Abelian

differential form species in flat space-time.5 Let us assume that we have a tower of n gauge

fields of degree p1, . . . , pn respectively; these degrees may be all different or some of them

may be equal as well. Then the general Galileon action with strictly second order field

equations can be written as

S[ω1, . . . , ωn] =
1

(D − k)!

∫
dDx

∫
dDθ dDχηD−kdω

(p1)
1 d̃ω̃

(p2)
2 ×

×
n1∏

r=3

dd̃ω(pr)
r

n∏

s=n1+1

dd̃ω̃(ps)
s , (2.18)

for some n1 ≤ n. Provided that there are no more than one appearances of second deriva-

tives of the same odd-graded field, this action is not a total derivative. Moreover, in order

to have the required number of θs and χs, one has to impose the conditions

p1 +

n1∑

r=3

pr = p2 +
n∑

r=n1+1

pr = k − n+ 1 . (2.19)

For instance, when all species are p-forms of equal degree, the condition (2.19) is satisfied

if and only if n1 =
1
2(n+2), which means that there is an even number of terms coming in

pairs (provided p 6= 0). This is in accord to our previous considerations.

The leading factors of η in (2.18) are related to Hodge duality. Indeed, considering

p-forms A and B, we find

1

(D−p)!
ηD−pÃ(p)B(p) =

1

(D−p)!

1

(p!)2
εj1...jD−p

i1...ipAi1...ipBjD−p+1...jDθ
j1 . . . θjDχ1 . . . χD

= (⋆A ∧B)(D)χ1 . . . χD . (2.20)

To close this discussion of coupled p-form Galileons, we note that in [15] the following

cases were analysed explicitly:

• p1 = p2 = 1, p3 = 0, n = n1 = 3. This is a simple case of a coupled system containing

one scalar π and one 1-form A. The action in D ≥ k = 3 dimensions is given by

1

(D − 3)!

∫
dDx

∫
dDθ dDχηD−3 dA d̃Ãdd̃π . (2.21)

5Early attempts to generalize the scalar Galileons were made in [40, 41].
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• p1 = p2 = 0, p3 = p4 = 1, n = 4, n1 = 3. This is yet another coupled system of a

single scalar and a single 1-form in D ≥ k = 4, with action

1

(D − 4)!

∫
dDx

∫
dDθ dDχηD−4 dπ d̃π dd̃Ã d̃dA . (2.22)

Finally, as an illustration and further generalization, let us consider two actions for a

single 3-form A = 1
6Aijkdx

i ∧ dxj ∧ dxk in nine dimensions that differ in the way how A is

contracted by θ’s and χ’s. Using only A = 1
6Aijkθ

iθjθk and its tilde-dual Ã = 1
6Aijkχ

iχjχk

leads to the trivial action

S[A] =

∫
d9x

∫
d9θ d9χdd̃Ã d̃dAdÃ d̃A . (2.23)

Instead, considering also the other contraction A′ = 1
2Aijkθ

iθjχk and its tilde-dual Ã′ =
1
2Aijkχ

iχjθk, both of which employ the same anti symmetric three-form components, yields

the non-trivial action

S[A] =

∫
d9x

∫
d9θ d9χdd̃Ã d̃dAdÃ′ d̃A′ , (2.24)

that has been previously considered in [16]. Note that this generalization breaks the gauge

invariance discussed above.

3 Galileons for mixed-symmetry tensor fields

3.1 Preliminaries on (p, q) mixed-symmetry tensors

Mixed-symmetry tensor fields were studied by Curtright as generalizations of gauge

fields [19]. They are tensors of total degree m ∈ Z+ with more than one set of separately

antisymmetric indices, corresponding to Young diagrams for different integer partitions of

m. Although these partitions may certainly contain more than two summands, for the

purposes of this paper we focus on the simplest partitions involving just two summands

m = p+ q , p, q ∈ Z+ . (3.1)

In this case we speak of a (p, q) mixed-symmetry tensor.6

Mixed-symmetry tensors may be understood as multi-forms, namely tensor products of

differential forms of generically different degree, which is the approach considered in [30, 31].

In this sense, here we focus on bi-forms. It turns out that this case is the most general one

we can consider for our purposes. Recall that we are guided by the requirement of second

order field equations. Had we allowed more summands in the partition of m, this would

have violated this fundamental assumption, as it will become obvious below.

Due to its nature, such a tensor can be represented in a local coordinate basis (xi) on

space-time M as

T (p,q) =
1

p!q!
T[i1...ip][j1...jq ]dx

i1 ⊗ · · · ⊗ dxip ⊗ dxj1 ⊗ · · · ⊗ dxjq . (3.2)

6Let us stress that here we work with covariant tensors without any contravariant parts.
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Defining the usual antisymmetric product of differential 1-forms,

ω ∧ ω′ = ω ⊗ ω′ − ω′ ⊗ ω , ω, ω′ ∈ Ω1(M) , (3.3)

a (p, q) mixed-symmetry tensor may be equivalently represented as

T (p,q) =
1

p!q!
Ti1...ipj1...jqdx

i1 ∧ . . . ∧ dxip ⊗ dxj1 ∧ . . . ∧ dxjq . (3.4)

The components of GL(D)-irreducible mixed symmetry tensors satisfy in addition the

following two conditions:

T[i1...ipj1]...jq = 0 , (3.5)

T[i1...ip][j1...jq ] = T[j1...jq ][i1...ip] , for p = q . (3.6)

Then (3.5) means that there are no additional antisymmetric properties for the tensors,

while (3.6) states that for p = q there is an additional symmetry under interchanging both

sets of mixed-symmetry fields. Most of what follows is valid also for reducible tensors, i.e.

without having to impose these two conditions. We will state explicitly whenever (3.5)

and (3.6) are assumed.

The cases m = 0 and m = 1 are degenerate, containing only scalar fields and 1-forms

respectively. The first non-trivial case arises when m = 2, whence the two possibilities are

(p, q) = (2, 0) and (p, q) = (1, 1). (Note that there is also an overall symmetry under the

interchange of all χ’s and θ’s. Therefore, there is no need to study (p, q) = (0, 2).) The

former case corresponds to a 2-form and it is already studied in [15]. However the latter

case is not covered by the analysis of [15]. If we focus on irreducible (1, 1) tensor fields,

this corresponds to a spin-2 field, essentially a massless graviton. Similarly, for m = 3 one

obtains a 3-form as well as a (2, 1) mixed-symmetry tensor with components T[i1i2]j1 (in

addition to a fully symmetric (1, 1, 1) case, which corresponds to a partition of m into three

summands and thus is not covered by the framework that we consider here.) For m = 4,

apart from the 4-form there are additional mixed-symmetry tensors of type (3, 1) and (2, 2).

In the spirit of the graded formalism introduced in the previous section, (p, q) mixed-

symmetry (reducible or irreducible) tensors acquire the following simple representations in

terms of the degree-1 Grassmannian variables:

ω(p,q) =
1

p!q!
ωi1...ipj1...jqθ

i1 . . . θipχj1 . . . χjq , (3.7)

ω̃(q,p) =
1

p!q!
ωi1...ipj1...jqχ

i1 . . . χipθj1 . . . θjq . (3.8)

The first entry in the label denotes the number of θ’s, the second denotes the number of

χ’s. The tilde-duality operation “˜” replaces all θs with χs and vice versa and thus maps

the label (p, q) to (q, p).

Important for our purposes are exterior derivatives on (p, q) mixed-symmetry tensors.

In an obvious generalization of p-forms, there are now in fact two independent exterior

derivatives

d : Ω(p,q)(M) → Ω(p+1,q)(M) and d̃ : Ω(p,q)(M) → Ω(p,q+1)(M) , (3.9)
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acting accordingly as

dω =
1

p!q!
∂i0ωi1...ipj1...jqdx

i0 ∧ dxi1 ∧ . . . ∧ dxip ⊗ dxj1 ∧ . . . ∧ dxjq , (3.10)

d̃ω =
1

p!q!
∂j0ωi1...ipj1...jqdx

i1 ∧ . . . ∧ dxip ⊗ dxj0 ∧ dxj1 ∧ . . . ∧ dxjq . (3.11)

The above derivatives satisfy the following useful properties:

d2 = d̃2 = 0 and dd̃ = d̃d , (3.12)

namely they are nilpotent of degree 2 and they commute. As before, one could use different

conventions such that the two derivatives anti commute. These derivations satisfy exactly

the same properties as their graded counterparts d and d̃.

3.2 The mixed-symmetry Galileon for a single species

Our purpose here is to write a general higher-derivative action for a (p, q) mixed-symmetry

tensor field such that it leads to exactly second order field equations. Thus we consider such

a (p, q) mixed-symmetry tensor field ω(p,q) and its graded counterparts given in eqs. (3.7)

and (3.8). Then the action is

S2n[ω] =
1

(D − k)!

∫
dDx

∫
dDθ dDχηD−kdω d̃ω̃ (dd̃ω)n−1 (dd̃ω̃)n−1 , (3.13)

with k = (p+ q + 2)n− 1. We observe that the action is formally the same as the one for

p-forms, but now holds more generally for mixed-symmetry tensors. Variation with respect

to ω directly shows that the field equations are strictly second order in derivatives.

The above action is gauge invariant (up to boundary terms) provided that dd̃(δω) = 0.

For p, q ≥ 1 this implies (in a contractible patch)

δω(p,q) = dλ(p−1,q) + d̃λ′(p,q−1)
+ bi0i1...ip+q

xi0θi1 · · · θipχip+1 · · ·χip+q , (3.14)

with a constant totally antisymmetric p + q + 1 tensor bi0i1...ip+q
. The proof is done by

induction over either p or q and repeatedly uses the ordinary Poincaré lemma. If either

p = 0 or q = 0 the respective gauge parameter λ or λ′ should be omitted. For p = q = 0

(i.e. scalar Galileons) the gauge transformation terms dλ + d̃λ′ should be replaced by a

single constant c. This can be summarized as

δω(p,q) =





dλ(p−1,q) + d̃λ′(p,q−1) + bi0i1...ip+q
xi0θi1 · · · θipχip+1 · · ·χip+q (p, q > 0)

dλ(p−1,0) + bi0i1...ipx
i0θi1 · · · θip (p > 0, q = 0)

d̃λ′(0,q−1) + bi0i1...iqx
i0χi1 · · ·χiq (p = 0, q > 0)

c+ bix
i (p = q = 0)

(3.15)

where b, c are constant and b is fully antisymmetric in all of its indices.

While for p, q ≥ 1 the first two terms are gauge transformations with local parameters,

we would like to argue that this is the natural generalization of the Galileon transformation

of scalars to the case of bi-forms. In particular, the first derivative of the tensor is not
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invariant under such a transformation, since dd̃ 6= 0. Only the second derivatives of

the tensor are invariant, similar to the Galileon case. This again emphasizes the close

connection to the two sets of Grassmann variables and the second order nature of the

field equations. Moreover, it stresses the striking similarity between Galileon scalars and

bi-forms with the above gauge invariance.

Let us now consider GL(D)-irreducible tensors ω and restrict the above transforma-

tions to those that do not leave this category. The last term in (3.14) does not respect (3.5)

for p, q ≥ 1, so we are left with the first two gauge transformation-like terms. An impor-

tant special case arises when p = q, in which irreducibility trivially implies ω = ω̃. Similar

to the scalar case, the structure of the action is enhanced in this case, allowing for more

possibilities. Specifically, it acquires the following form:

Sn+1[ω
(p,p)] =

1

(D − k)!

∫
dDx

∫
dDθ dDχηD−kdω d̃ω (dd̃ω)n−1 , (3.16)

with k = (p + 1)n + p. Let us highlight here the following important difference. In the

general case, for n = 1 one obtains an action with 2 appearances of the field and for n = 2

one with 4 appearances of the field. A 3-field case, or any odd number for that matter, is

not possible. On the contrary, the special p = q case allows for odd field appearances.

Let us now turn to some examples. The first example of a mixed-symmetry tensor field

corresponds tom = 2 and the partition (p, q) = (1, 1). The relation of this case with gravity

will be discussed in the next subsection. Let us also mention an example where p 6= q. We

could start with the simplest p 6= q case of (p, q) = (2, 1). However, the action is then a total

derivative, unless n = 1. The proof is similar to the differential form case and generalizes

to any mixed-symmetry tensor with odd p+ q. In particular, once more it holds that

(dd̃ω(p,q))2|p+q=odd = (dd̃ω̃(p,q))2|p+q=odd = 0 . (3.17)

Thus the first non-trivial single-field case with p 6= q arises for (3, 1). One can then write

the action in 11 dimensions for n = 2, first in the compact graded formalism and then in

index notation,

S4[ω
(3,1)] =

∫
d11x

∫
d11θ d11χ dω(3,1)d̃ω̃(1,3)dd̃ω(3,1)dd̃ω̃(1,3)

=

∫
d11x εi1...i11εj1...j11∂i1ωi2i3i4j1∂j2ωj3j4j5i5∂i6∂j6ωj7j8j9i7∂i8∂j10ωi9i10i11j11 .

The second line indicates the non-trivial distribution of indices in the two antisymmetric

tensors. Then the first line clarifies the elegance of the graded formulation, where one

does not have to worry about the position of the indices.

3.3 Relation to Lovelock gravity

Now let us turn to the (1, 1) case which is special due to its connection with gravity. We

will denote the corresponding gauge field as h := ω(1,1) with

h = hijdx
i ⊗ dxj , h = hijθ

iχj . (3.18)
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This is nothing but a massless spin-2 field, and as such it is the simplest of the special

cases with p = q. It is therefore expected that in this case one can relate the Galileon-type

action (3.16) to linearised Lovelock gravity, which we will shortly recap.

The most general action for a metric theory of gravity in D dimensions with second

order conserved equations of motion can be written as a sum [8]

SL[g] =

∫
dDx

⌊D−1

2
⌋∑

n=0

αnLn (3.19)

over the dimensionally extended Euler densities

Ln =

√−g

2n
δk1l1...knlni1j1...injn

n∏

r=1

Rirjr
krlr , (3.20)

where αn are constants (and in particular the cosmological constant for n = 0). These

Lovelock invariants can be neatly re-expressed in the graded formalism as products of

powers of g = gijθ
iχj and Riem = θiθjχkχlRijkl:

Ln =

√−g

(D − 2n)!

∫
dDθdDχ gD−2n

(
1

2
Riem

)n

. (3.21)

Indeed, integrating over θ and χ and using the D−2n copies of the metric to lower indices,

we obtain from (3.21):

Ln =

√−g

(D − 2n)!
ǫk1l1...knlns2n+1...sDǫi1j1...injns2n+1...sD

n∏

r=1

1

2
Rirjrkrlr , (3.22)

which is equal to (3.20).

Turning to the linearised version of these fully non-linear gravitational theories, we will

think of h as a symmetric tensor fluctuation to the Minkowski metric such that hij(x) ≪ 1.

The linearised Einstein-Hilbert action in four dimensions becomes

SLEH[h] = −1

2

∫
d4x hij

(
Rij −

1

2
ηijR

)
, (3.23)

where Rij = Rk
ikj is the linearised Ricci tensor and R = ηijRij is the linearised Ricci scalar.

Both follow from the linearised Riemann curvature expressed in terms of linearised metric:

Ri4i3j3j4 =
1

2
(∂i3∂j3hi4j4 + ∂i4∂j4hi3j3 − ∂i3∂j4hi4j3 − ∂i4∂j3hi3j4) , (3.24)

or, in graded notation, R = Ri1i2j1j2θ
i1θi2χj1χj2 = −2dd̃h. Indeed, one can express this as

SLEH[h] = −1

4

∫
d4x

∫
d4θ d4χη hdd̃h , (3.25)

in our graded formalism, coinciding with the lowest order Galileons for a (1, 1) field. This

is in fact the massless Fierz-Pauli action.
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Moving on to cubic interactions, the lowest number of dimensions that we encounter a

non-trivial action with more than two fields is five. In five dimensions there exists a non-

trivial Lovelock invariant beyond the Einstein-Hilbert term, the Gauss-Bonnet invariant.

Again the linearised Lovelock invariant, in this case the Gauss-Bonnet term, coincides with

the Galileon invariant for h, in this case at cubic order:

SLGB[h] = −1

4

∫
d5x

∫
d5θ d5χh (dd̃h)2

= − 1

16

∫
d5x εi1i2i3i4i5εj1j2j3j4j5 hi1j1 Ri2i3j2j3 Ri4i5j4j5

=
1

2

∫
d5xhij

(
Hij −

1

2
ηijLGB

)
, (3.26)

where

LGB = R2 +RijklR
ijkl − 4RijR

ij , (3.27)

Hij = 2(RijR− 2RikjlR
kl − 2RikR

k
j +R mkl

i Rjmkl) , (3.28)

both involving linearised curvature tensors in the present context. Note that the tensor Hij

appears in the field equations derived from the Gauss-Bonnet term [42]. Its trace yields

the Gauss-Bonnet term, in the same way that the Ricci tensor yields the curvature scalar.

In general, for any space-time dimension D ≥ 2n+ 1,

− 1

4
Sn+1[h] = SLL

n [h] , (3.29)

where Sn+1 on the left is the action (3.16) for p = 1 and SLL
n is the linearised n-th order

Lovelock action:7

SLL
n [h] = −1

4

1

(D − 2n− 1)!

(
−1

2

)n ∫
dDx

∫
dDθ dDχηD−2n−1 hRn

= −1

4

1

(D − 2n− 1)!

∫
dDx

∫
dDθ dDχηD−2n−1 h (dd̃h)n . (3.30)

This is the lowest order expression in h with a non-trivial action. (The version with D−2n

powers of η and no lone h is a total derivative.)

We conclude that the Galileon-type action (3.16) yields an elegant formula for the

linearised version of Lovelock terms in any dimension. Moreover, the gauge transformations

of tensor Galileons in this case correspond to the linearised version of diffeomorphisms.

Thus gravity can be seen as a non-linearised completion of the first non-trivial tensor

Galileons with (p, q) = (1, 1).

3.4 Multiple species and generalized mixed-symmetry Galileons

It is now fairly obvious what is the Galileon action with strictly second order field equations

in the case of an arbitrary number, say n, of mixed-symmetry tensor fields ω
(pk,qk)
k (includ-

7A connection between the Lovelock invariants and covariant Galileons has been discussed in [43] in a

Kaluza-Klein compactification setup.
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ing the degenerate cases of differential forms and scalar fields as special ones) of any degree:

S[ω0, . . . , ωn] =
1

(D − k)!

∫
dDx

∫
dDθ dDχηD−kω

(p0,q0)
0

n∏

j=1

dd̃ω
(pj ,qj)
j . (3.31)

As before, the criterion based on the identities (3.17) controls when the action is non-

trivial. Moreover, the action is non-vanishing only for the correct number of θs and χs,

which in the present case boils down to the conditions

n∑

k=0

pk =
n∑

k=0

qk = k − n . (3.32)

The tensor fields ωk in (3.31) do not all need to be different, some or all may coincide,

or could be tilde-duals (see (3.7), (3.8)) of one another, or they could be related by

Hodge duality, etc.. The action (3.31) is invariant (up to boundary terms) under the

Galilean-style transformations (3.15) of any of its fields ω
(pk,qk)
k .

In (2.18) the leading factors of η were related to the usual Hodge duality of dif-

ferential forms, see equation (2.20). In the present notation this reads (⋆ω)(D−p,D) =
1

(D−p)!η
D−pω̃(0,p), where a factor χ1 . . . χD is included in (⋆ω)(D−p,D). The appropriate

generalization of Hodge duality to a mixed-symmetry (p, q)-tensor field with p+ q ≤ D is

(⋆ω)(D−p,D−q) =
1

(D − p− q)!
ηD−p−qω̃(q,p) (3.33)

and is in general not equal to naive Hodge dualization in each of the two tensor factors.

In fact, this prescription works not only for individual tensor fields but also for composite

expressions involving several fields of overall degree (p, q), i.e. including interacting fields.

Let us now examine a couple of non-trivial examples. Starting with n = 3, we consider

three mixed-symmetry tensor fields of different degree, (2, 1), (3, 1) and (3, 2) respectively.

This guarantees that (3.32) is satisfied. Moreover, the minimal amount of dimensions for a

coupling of these fields is 8. To avoid confusion we use the notation ω
(2,1)
1 = A, ω

(3,1)
2 = B

and ω
(3,2)
3 = C. The corresponding Galileon is then simply given as

S[A,B,C] =

∫
d8x

∫
d8θ d8χdA d̃B̃ dd̃C , (3.34)

which in the indexed formalism translates into

S[A,B,C] =

∫
d8x εi1...i8εj1...j8 ∂i1Ai2i3j1 ∂j2Bj3j4j5i4 ∂i5∂j6Ci6i7i8j7j8 , (3.35)

which shows once more the non-trivial distribution of indices in the antisymmetric tensors.

As a second example, let us consider another case with n = 3 and couple a scalar field π

with a mixed-symmetry tensor N with degree (7, 1). By counting, the relevant action is

one in 10 dimensions and it reads as

S[π,N ] =

∫
d10x

∫
d10θ d10χdπ d̃Ñ dd̃N . (3.36)
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The indexed version of this action is

S[π,N ] =

∫
d10x εi1...i10εj1...j10∂i1π ∂j1Ni2i3i4i5i6i7i8j2 ∂i9∂j3Nj4j5j6j7j8j9j10i10 . (3.37)

An interesting feature of a mixed-symmetry tensor with (7, 1) degree is that in ten dimen-

sions it is dual to the graviton, at least at the linearised level.

In the present formalism, it is now simple to generalize the above actions in the case

when the field equations are required to be up to second order in derivatives. In particular,

suppose we have a tower of n mixed-symmetry tensor fields, as above. Requiring field equa-

tion with second or less derivatives and an action which is polynomial in all fields, we write

S[ω0, . . . , ωn] =
1

(D − k)!

∫
dDx

∫
dDθ dDχηD−k

∏

i

ω
(pi,qi)
i ×

×
∏

j

dω
(pj ,qj)
j

∏

k

d̃ω
(pk,qk)
k

∏

l

dd̃ω
(pl,ql)
l . (3.38)

In order for terms in the action to be non-zero, all odd variables θ1, . . . , θD, χ1, . . . , χD

need to appear exactly once. This action will in general no longer be invariant under the

Galilean transformations (3.15).

Of course this is not the most general action in case non-polynomial scalar couplings

are allowed. This can be invoked already from the analysis of [12], generalized here to the

case of an arbitrary tower of mixed-symmetry tensors. In case some of the species in the

theory are scalar fields, say π, one may just include in (3.38) an arbitrary function f(π,X),

where X = (∂π)2. In this latter case one ends up with undifferentiated fields as well, apart

from once and twice differentiated ones. Similarly, one can envision Born-Infeld-type of

theories for any tensor field, containing interaction terms that consist of arbitrary functions

of the canonical kinetic term for these.

4 Covariant tensor Galileons

We would now like to explore the generalization of the actions we wrote in the previous

section for single mixed-symmetry tensor fields in curved space-time. This has proven

possible in the case of scalar and p-form Galileons [13, 15]. Thus one could anticipate that

it would work smoothly in the mixed-symmetry case too. However, there are a couple of

reasons that render this hypothesis a bit too quick. First, in the very simplest case of the

(1, 1) field h, we encounter a massless spin-2 field. Thus the task would be to couple it

to an external graviton gµν , which is independent of h.8 However, it is known that under

certain rather general conditions, it is impossible to couple two massless gravitons non-

trivially [35]. We shall comment on this below. Secondly, although scalars and p-forms are

already covariant fields, in the sense that the exterior derivative acting on them is already a

covariant one, this is no longer true for mixed-symmetry tensor fields. This has non-trivial

consequences as will become clear in the ensuing.

8To avoid confusion, in this section h is not the linear fluctuation of g around a flat background.
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4.1 Preliminaries on covariant tensors

The Grassmann variables θi and χi transform like differentials dxi and the exterior deriva-

tives d and d̃ hence map scalar fields to 1-tensors. For mixed tensors we however need to

introduce covariant derivatives ∇i. Their action on the Grassmann variables is

∇iθ
k = −θjΓk

ij and ∇iχ
k = −χjΓk

ij . (4.1)

Note that Γi
jk are the Christoffel symbols for the external metric g. The same holds for all

covariant derivatives that appear in this section. For simplicity we assume in the following

that the torsion T k
ij = Γk

ij − Γk
ji is zero. For the covariant graded exterior derivatives

∇ = θi∇i and ∇̃ = χi∇i we obtain

∇θk = −θiθjΓk
ij = 0 , ∇̃χk = −χiχjΓk

ij = 0 , (4.2)

∇χk = −θiχjΓk
ij =: −Γk , ∇̃θk = −χiθjΓk

ij = −Γk . (4.3)

Acting once more with either of the covariant derivatives gives terms involving the Riemann

curvature tensor as can be seen from the relations

∇Γj =
1

2
χiθkθℓRj

ikℓ =: Rj (4.4)

∇̃Γj =
1

2
θiχkχℓRj

ikℓ =: R̃j . (4.5)

The difference to the derivations formed with the partial derivative is evident. In the present

case nilpotency is violated; the square and commutator of the covariant derivatives are

∇
2 =

1

2
θiθj [∇i,∇j ] =: R and ∇̃

2 =
1

2
χiχj [∇i,∇j ] =: R̃ , (4.6)

[∇, ∇̃] = χiθjRij =: R
′

, (4.7)

where R, R̃ and R
′

are understood as curvature operators acting on tensors. Moreover,

recall that we have previously defined

Riem = Rijklθ
iθjχkχl , (4.8)

with the components of the Riemann tensor; the symmetries, e.g. antisymmetrization of

the first two and the last two indices, are naturally implemented.

On (p, 0) tensors, namely standard differential p-forms, ∇ reduces to d and the same

is true for ∇̃ on (0, q) tensors (assuming vanishing torsion). For all other tensors we do

need in general non-trivial connection coefficients Γk
ij .

4.2 Covariantization of the mixed-symmetry Galileon

As clarified above, the main difference in the case of mixed-symmetry tensor fields comes

from the fact that d 6= ∇, unlike scalars and p-forms. In attempting to covariantize the

action (3) by replacing partial derivatives by covariant ones, this will play a crucial role.

Since the general case is rather involved, let us focus on the special case of p = q. We

comment on the general case in the concluding section.
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First, let us consider the simplest possible case of the (1, 1) tensor field h, which was

already found to correspond to a linearised graviton for any Lovelock term. The 4D case

is rather simple to handle. The candidate covariant action is

S2[h, g] = SL[g] +

∫
d4x

∫
d4θ d4χ

√−g g∇h ∇̃h . (4.9)

This action has evidently only second order field equations, and therefore no dangerous

higher derivatives appear either for the linearised graviton h or for the external graviton g.

However, a more careful analysis reveals that such a theory is not consistent [36, 37]. The

main reason is that the divergence of the field equations for this action does not vanish.

This leads to the problematic feature that the corresponding equation is only satisfied by

a vanishing field hij . This is also in accord with the general theorem of [35], stating that

under general assumptions there is no consistent coupling of two massless gravitons for

which the free field limit is a non-interacting sum of massless Fierz-Pauli actions. This

clearly shows that the requirement of second order field equations is a necessary but not

sufficient one in order to consistently couple two fields.

Despite these consistency issues, it is interesting and meaningful to examine whether

non-linear actions containing higher derivatives can be covariantized. If for example one

considers pure Gauss-Bonnet gravity in five dimensions, the linearised theory has nothing

to do with the massless Fierz-Pauli action and thus it does not fall within the realm of

the theorem of ref. [35]. One could thus ask whether it is possible to couple two massless

gravitons in Gauss-Bonnet gravity. Secondly, already the requirement of second order field

equations for such higher derivative theories is highly non-trivial and even more so in the

mixed-symmetry case. Indeed, exactly because ∇ω(p,q) 6= dω(p,q) for mixed-symmetry

tensors, many more dangerous terms will appear as compared to p-forms. Compensating

these dangerous terms is highly non-trivial.

Let us therefore pursue the covariantization of the action (3.26), as motivated by the

above arguments. First we state the net result. The action

S3[h, g] = SL[g] +

∫
d5x

∫
d5θ d5χ

√−g
(
∇h ∇̃h∇∇̃h+ ∇̃h h̃l H

l Riem
)
, (4.10)

where h̃l = hliθ
i, Hl = Hlijθ

iχj and Hlij = 3
4∇lhij − ∇(ihj)l, has second order field

equations, both with respect to h and to g. (Indices here are raised and lowered using g.)

We remind once more that the covariant derivative is taken with the metric g. Thus its

action on h introduces a potential interaction among the two.

Let us present some steps of the calculation in order to highlight the differences to the

scalar and p-form Galileons. Although the calculation can be performed directly in the

graded formalism, it is more instructive to follow it in components. Thus, in order to avoid

carrying along quantities that play no role, we first define the shorthand notation

∫

M
:=

∫
d5x

∫
d5θ d5χ θi1θi2θi3θi4θi5χj1χj2χj3χj4χj5

√−g . (4.11)
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The main operations that may be freely performed are (a) exchange of all dummy indices

i ↔ j and (b) a minus sign for any exchange of two i or two j indices. Then our action is

S3 = SL[g]−
∫

M
∇i1hi2j2∇j1hi3j3∇i4∇j4hi5j5 +

∫

M
H l

i1j1
∇j2hi2j3hli3Ri4i5j4j5

:= SL[g] + S(1)[g, h] + S(2)[g, h] . (4.12)

The second term is the covariantization of the corresponding flat space-time action, while

the third term is a counter-term or compensator, responsible for canceling third order

derivatives on h and g. (There are no fourth order derivatives.) First we examine the

variation with respect to the field h. Since we are not interested in the second order terms,

we present only the third order ones; this is denoted by a ∼ sign, as in ref. [13]. Using the

basic formula

[∇i1 ,∇i2 ]hij = −Rl
ii1i2

hlj −Rl
ji1i2

hli = −Rl
ji1i2

hli , (4.13)

due to the first Bianchi identity Ri[jkl] = 0, and the symmetries of the Riemann tensor, we

find

δhS
(1) ∼ −3

∫

M
δhi2j3∇i1hi3j1∇i4R

l
i5j2j4

hlj5 . (4.14)

On the other hand, using repeatedly the second Bianchi identity ∇[iRjk]lm = 0 and once

more the symmetries of the Riemann tensor, we compute

δhS
(2) ∼ −δhS

(1) . (4.15)

Thus the variation with respect to h is free of higher derivatives.

Now we turn to the variation with respect to the metric g. Here we encounter the

main difference to the scalar and p-form case, in that

δg(∇ihjk) = −δgΓ
l
ijhlk − δgΓ

l
ikhlj . (4.16)

It is largely due to this fact that both third derivatives in the field h as well as third

derivatives of the metric g will appear in the variations. For example we first find that

δgS
(1) ∼ δgΓ

l
i2j2

∇i1hi3j1

[
hlj3 (2∇i4∇j4 +∇j4∇i4)−

1

2
hli4 [∇j4 ,∇j3 ]

]
hi5j5 . (4.17)

Note that δgΓ
l
ij = gll

′
(
∂i(δgl′j) + ∂j(δgl′i)− ∂l′(δgij)

)
and by partial integration third

derivatives will appear in δgS
(1). Similar considerations hold for δgS

(2). The full cal-

culation is tedious, but in order to understand the structure and the non-triviality of the

cancellations, let us schematically express the variation of the full action as

δgS3 =

∫

M
δgij ×Kij +

∫

M
δgil × Lil , (4.18)

where K and L are long expressions containing third derivatives of g (both) and third

derivatives of h (only K).9 Now let us take a step back and return for a moment to the

9A term with δgjl can be absorbed in L by an i ↔ j exchange, while a potential δglm term vanishes

identically due to the second Bianchi identity.
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h variation. The two terms cancelled by virtue of the factor 3/4 in the first term of Hlij .

It turns out that the same factor is responsible for the vanishing of the third derivatives

on h in the term K. Thus what remains is the third derivatives of g in both K and L.

These have to cancel separately because there is no way to relate these two variations,

due to their index structure. In fact L is easier and it indeed cancels out by means of the

chosen coefficient in front of the second (symmetrized) term in Hlij . This leaves no more

tunable factors and the term involving K constitutes a non-trivial test. Fortunately, a long

calculation establishes that indeed all terms within K cancel out as well. Thus, indeed

the action (4.10), or equivalently (4.12), leads to second order field equations. We further

comment on this result and on the general case in the concluding section.

5 Discussion and conclusions

Galileons for scalar fields were introduced in the spirit of avoiding higher than second order

derivatives in the field equations. In flat space-time, the structure of such actions has been

clarified in recent years and also generalized in several directions, e.g. for Abelian p-forms.

In this paper we introduced an alternative formulation for such theories, using two

sets of graded, anticommuting variables. This formalism serves two purposes. One is that

all known Galileons are expressed in an elegant, index-free form, with clear properties and

a simple way to test the instances when they become trivial - just by examining whether

there is a square of an oddly graded variable involved.

Interestingly, our approach reveals yet another generalization, in that it works also

for mixed-symmetry tensor fields of type (p, q). This is possible because such fields have

two sets of antisymmetrized indices, which can be attributed to each of the two sets of

anticommuting Grassmann variables - or, in the standard formulation, distributed evenly

among the two epsilon tensors. In addition, we find that in the simplest case of a (1, 1)

tensor field h, the corresponding Galileon-type action is identified with linearised gravity, in

particular with linearised Lovelock terms in diverse dimensions. In fact all bosonic actions

that are of importance in physics can be elegantly expressed in the graded formalism

introduced in this paper.

The central property of second order field equations is ensured by the generalization of

the Galileon symmetry, which for mixed-symmetry tensors is given in (3.14). Remarkably,

for the gravity case, these are simply linearised diffeomorphisms, underlining the close

similarity between Galileon scalars and Lovelock gravity. The natural gauge-invariant field

strength for a mixed symmetry tensor is given by the (p + 1, q + 1) tensor dd̃ω. Upon

Hodge dualization, this yields

field : (p, q) → (D − p− 2, D − q − 2) ,

field strength : (p+ 1, q + 1) → (D − p− 1, D − q − 1) . (5.1)

This is the bi-form extension of the usual Hodge duality between forms (of which a

shift-symmetric scalar is the special case with p = 0). As a consequence, a scalar with

Galileon invariance can similarly be described by a (D − 2, D − 2) bi-form. Similarly,
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linearised gravity is dual to (D − 3, D − 3). Note that D = 4 gravity is clearly a special

case, allowing for self-dual gravity.

An intriguing question is whether Galileon-type theories for mixed-symmetry tensor

fields can be covariantized, as happens for their scalar and p-form counterparts. In general,

when one covariantizes the flat Galileon action for a field, variation with respect to the field

generically leads to higher than second order derivatives acting on the metric, while the

field itself is safe from being acted upon by third or higher derivatives. On the other hand,

when the action is varied with respect to the metric, third derivatives on the field are

encountered, and depending on the type of field one is working with, third derivatives on

the metric itself occur too. The notable feature in the scalar and p-form case is that the

latter issue does not appear, effectively due to the use of the Levi-Civita connection. Thus,

in those cases the equation of motion for the field suffers from third order derivatives on the

metric — but not on the field, while the equation of motion for the metric suffers from third

derivatives on the field — but not on the metric. Elimination of such dangerous terms is

achieved by the introduction of compensating actions with explicit curvature dependence.

For covariant mixed-symmetry tensor fields the situation changes, due to the fact

that their covariant derivative contains Christoffel symbols, unlike the scalar and p-form

case. The consequence is then that the variation with respect to the metric leads to third

derivatives on the metric itself. This is a new feature, and it makes the task of determining

compensating actions much harder. However, in this paper we showed that in the case of

(1, 1) field, thrice appearing in a five-dimensional action, a single simple compensator is

enough to cancel simultaneously the third derivatives on the field and on the metric. In

fact, this seems possible for any (p, p) field, a special case of (p, q) for p = q, while the

p 6= q case is in principle analogous but this is less clear at the moment.

We find this result remarkable, even though it does not guarantee the full consis-

tency of the theory, but only the absence of an Ostrogradsky ghost. There are certainly

reasons why such a theory might end up having consistency issues. For example its four-

dimensional analogs are doomed to either freeze the field or violate unitarity [36, 37]. Re-

calling that such four-dimensional theories should lead to the massless Fierz-Pauli action in

the free-field limit, the general theorem of ref. [35] applies, stating that interactions between

massless gravitons are impossible. Whether this remains the case in the presence of higher-

derivatives, for example in the five-dimensional theory we discussed, is left for further study.
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A Computational details

A.1 Scalars in flat space-time

Let us first provide some more details in order to justify the statements of section 2. We

begin with the equivalence of the action (2.10) to the standard scalar Galileon action (1.1).

Using the definitions from section 2.1, the action (2.10) becomes

SGal,1
n+1 [π] =

1

(D − n)!

∫
dDx

∫
dDθ dDχ (ηklθ

kχl)D−n(θi1∂i1π)(χ
j1∂j1π)(θ

iχj∂i∂jπ)
n−1

=
1

(D − n)!

∫
dDx

∫
dDθ dDχηkn+1ln+1

. . . ηkDlDθ
kn+1 . . . θkDχln+1 . . . χlD ×

× θi1 . . . θinχj1 . . . χjnπi1πj1πi2j2 . . . πinjn

=
1

(D − n)!

∫
dDx

∫
dDθ dDχ θ1 . . . θDχ1 . . . χDεi1...inkn+1...kDεj1...jnln+1...lD ×

× ηkn+1ln+1
. . . ηkDlDπi1πj1πi2j2 . . . πinjn

=
1

(D − n)!

∫
dDx εi1...inkn+1...kDεj1...jnkn+1...kD

πi1πj1πi2j2 . . . πinjn , (A.1)

which is indeed the desired action (1.1) in the notation πi = ∂iπ and πij = ∂i∂jπ. For this

derivation we used the following two properties:

θi1 . . . θiD = εi1...iDθ1 . . . θD ,

∫
dDθ dDχ θ1 . . . θDχ1 . . . χD = 1 , (A.2)

and we recall here that

εi1...iD = δi1...iD1...D and εi1...iD = δ1...Di1...iD

are the Levi-Civita symbols. All other actions are obtained in a similar fashion, after

integrating out the graded variables.

The property (2.14) is easily proven as follows:

(dd̃Ã)2 = (θiχjχk∂i∂jAk)(θ
lχmχn∂l∂mAn)

= θiθlχjχkχmχn∂i∂jAk∂l∂mAn

=
1

2
θiθlχjχkχmχn∂i∂jAk∂l∂mAn +

1

2
θlθiχmχnχjχk∂l∂mAn∂i∂jAk

=
1

2
(θiθl + θlθi)χjχkχmχn∂i∂jAk∂l∂mAn = 0 , (A.3)

and similarly for A.

For completeness, let us mention that (1.1) is not the only possible expression for scalar

Galileon actions. Alternative expressions are known [18] and in the graded notation take

for example the following form:

SGal,2
n+1 [π] =

1

(D − n+ 1)!

∫
dDx

∫
dDθ dDχηD−n+1 ∂iπ d̃(∂iπ)dπ (dd̃π)n−2 , (A.4)

SGal,3
n+1 [π] =

1

(D − n+ 1)!

∫
dDx

∫
dDθ dDχηD−n+1 ∂iπ ∂iπ (dd̃π)n−1 . (A.5)

The appearance of contracted terms in these expressions can be understood as arising from

the fact that ηD−n d̃π is related to the Hodge-dual of dπ.
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A.2 Scalars in curved space-time

For completeness, let us also review the scalar case in curved space-time. In the graded

formalism, the natural would-be covariantization of the scalar Galileon is

Sn+1[π, g] = SEH[g]−
1

(D − n)!

∫
dDx

∫
dDθ dDχ

√−g gD−n π (∇∇̃π)n , (A.6)

where the first term is the Einstein-Hilbert action. Varying with respect to the scalar field

π, one encounters the following non-vanishing, higher-than-second-order terms:

∇̃π(∇∇̃π)n−2
∇

2
∇̃π , ∇π(∇∇̃π)n−2

∇̃∇∇̃π , ∇π∇̃π(∇∇̃π)n−3
∇̃∇

2
∇̃π . (A.7)

The first two do not spoil the property of second order field equations, since they correspond

to a curvature tensor (second derivatives on g) multiplying a covariant scalar field (first

derivative on π). However, the third term indeed induces higher-derivative terms in the

field equation. As suggested in [11, 13], one can remedy this by adding compensating

terms in the action in order to eliminate such higher-derivative contributions to the field

equations. In the present formalism this is simply implemented via the couplings

Sn+1,r[π, g]=
1

(D−n)!

∫
dDx

∫
dDθ dDχ

√−g gD−n
∇π ∇̃π (∇∇̃π)n−2r−1(∇iπ∇iπRiem)r.

(A.8)

Then, as proven in [11], the action

S[π, g] =

⌊n−1

2
⌋∑

r=0

C(n+1,r)Sn+1,r[π, g] , (A.9)

with Sn+1,0 := Sn+1, has second order field equations for both π and g. The coefficients

are given as

C(n+1,r) =

(
−1

8

)r (n− 1)!

(n− 1− 2r)!(r!)2
, (A.10)

so that in particular C(n+1,0) = 1.

A.3 Two-forms in curved space-time

Let us now review the case of a 2-form in curved space-time, proven in [15]. The covari-

antized action at 7 dimensions is

S4[B
(2,0), g] =

∫
d7x

∫
d7θ d7χ

√−g ∇B ∇̃B̃ ∇∇̃B̃ ∇̃∇B . (A.11)

When Levi-Civita connection is assumed, which consequently means ∇B = dB,10 the

action becomes

S4[B
(2,0), g] =

∫
d7x

∫
d7θ d7χ

√−g dB d̃B̃ ∇d̃B̃ ∇̃dB . (A.12)

10A normalized totally antisymmetric 3-form, H := dB, or equivalently H̃ := d̃B̃ can be defined.
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The only higher-than-second-order term resulting from the variation of the action (A.12)

with respect to the 2-form tensor field is 2dB d̃B̃ d̃∇∇̃dB, which contains four deriva-

tives, that is, third derivatives on g. One remedies this by adding to the action (A.12) the

compensating term

S4,1[B
(2,0), g] = −9

4

∫
d7x

∫
d7θ d7χ

√−g H H̃ H̃ℓHℓ Riem , (A.13)

where Hℓ = Hℓi1i2θ
i1θi2 and H̃ℓ = Hℓj1j2χ

j1χj2 .
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