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We consider new Abelian twists of Poincare algebra describing nonsymmetric generalization of the ones
given in [1], which lead to the class of Lie-deformed quantum Minkowski spaces. We apply corresponding
twist quantization in two ways: as generating quantum Poincare-Hopf algebra providing quantum
Poincare symmetries, and by considering the quantization which provides Hopf algebroid describing

class of quantum relativistic phase spaces with built-in quantum Poincare covariance. If we assume that
Lorentz generators are orbital i.e. do not describe spin degrees of freedom, one can embed the considered
generalized phase spaces into the ones describing the quantum-deformed Heisenberg algebras.
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1. Introduction

Due to quantum gravity (see [2-6]) as well as quantized strings
effects (see e.g. [7,8]) at Planck distances the notion of classi-
cal space-time can not be maintained. The quantum-mechanical
space-time localization in the presence of gravitational interac-
tions are constrained by new type of bounds, extending Heisen-
berg uncertainty relations to the measurements of pairs of space-
time coordinates (see e.g. [4]).! Algebraically DSR uncertainty rela-
tions can be derived from the noncommutative structure of quan-
tum Minkowski space M (X, € M) with nonvanishing commutator
[Ryu, Ruljuv Proportional to 22 (Planck length A, 21073 cm).

The noncommutative structures linked with quantum-deformed
dynamical theories (e.g. quantum gravity) appeared recently in
two-fold way:

i.) as quantum generalization of Lie-algebraic symmetries, de-
scribed by noncommutative Hopf algebras [9],[10],

ii.) as deformed quantum phase spaces, with modified deformed
canonical Heisenberg relations, described in the formalism of

* Corresponding author.
E-mail address: jerzy.lukierski@ift.uni.wroc.pl (J. Lukierski).
! This new type of uncertainty relations will be further called Doplicher—
Fredenhagen-Roberts (DFR) uncertainty relations.

https://doi.org/10.1016/j.physletb.2017.12.007

noncommutative geometry by a generalization of Hopf alge-
bras, called Hopf algebroids [11-13].

Both noncommutative structures can be generated by twist
quantization procedure. If twist F of classical Poincare-Hopf alge-
bra is generated by classical r-matrix with the terms P A M, where
P describes the fourmomenta and M the Lorentz generators, the
noncommutativity of quantum space-time takes the Lie-algebraic
form (see e.g. [1]). In this paper we shall consider new class
of such twists and present explicitly twisted quantum Poincare
symmetries as well as Hopf algebroid structure of corresponding
quantum phase spaces. We add that Hopf algebroid structures of
quantum phase spaces with Lie-algebraic space-time sector were
already discussed (see e.g. [14-17]), however mostly either with-
out considering the twist quantizations [14] or with twisted Hopf
algebroids considered not explicitly but as a part of general math-
ematical framework [15],[16]; see however [17].

The classical Minkowski space M(x, € M)? is fully deter-
mined if it is given as the irreducible four-vector representation
of Lorentz algebra O(3, 1), with the action of Lorentz generators

2 Further we shall consider physical D =4 case, i.e. n=0,1,2,3.
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M, given by the adjoint action describing the semidirect product
03, 1)« M

Mpy > xp =My, Xp] = NvpXp — NppXv. )]

One can supplement as well the relation

Mpy &> pp=[Mpv, Ppl=NvpPpu — NupPv, (2)

by observing that Poincare algebra with classical generators g =
(M, pu) is also endowed with a semidirect product structure
O@B,1) % T (pu € T). The relations (1)-(2) can be extended fur-
ther by the formula®

PulXp=—1Nyp. (3)
In such a way we obtain consistent classical action of Poincare al-
gebra P on the Minkowski space M, describing the cross product
P#M.?

Important class of quantum Poincare algebras are described by
twist quantizations of classical Poincare algebra, with all deforma-
tion located only in coalgebraic sector of Poincare-Hopf algebra H.
In such a case the twist F = FNDQF? e/ (g) @ U(g) depends on
classical Poincare generators, and the formula for coproducts

Ar(g) =FAo(g)F ', (4)

can be calculated using only the classical Poincare algebra commu-
tators.

The quantum Minkowski space /T/l\()?ﬂ € M) in the case of twist
quantization is again fully specified if it is given as the irreducible
four-dimensional module of the respective twisted Poincare-Hopf
algebra H

Hr =U(P),m,Ar,SF,€), (5)

where S r denotes twisted antipode (coinverse) and € is a counit.

The standard Hopf-algebraic way of introducing the quantum
Minkowski coordinates X,, is to consider quantum Poincare group
and use the Hopf-algebraic duality between the coproducts of p,
and the coordinates X, and introduce the notion of Heisenberg
double [10,18]. However, the twist F provides directly the formula
linking x,, € M with X, € M, by means of the relation which is
a special case of derived in Sect. 2 star-product relation (34) (for

f®) =%)
= [(FN o] P, (©)

with the action > in (6) provided by the formulae (1), (3). In such a
way one can express the noncommutative X, in terms of classical
phase space coordinates (x,, p,) and generators M.

In this paper we plan to consider the generalization of twist
considered in [1], with arbitrary symmetry of log F as tensor prod-
uct. In such a way we introduce additional real parameter u which
for u = % leads to antisymmetric log F tensor and antisymmetric
classical r-matrix (this was the case considered in [1] and [19]);
other cases u =0 and u =1 correspond to maximally nonsymmet-
ric twists, which for u =0 was discussed as well in the literature
[20].

3 The relation (3) can be linked to Hopf-algebraic scheme (see e.g. [10]) if we
consider P and 7 as dual bialgebras, in classical case with primitive coproducts.

4 The semidirect product of two Lie algebras is again a Lie algebra, what is gen-
eralized by the notion of smash product, which describes the algebraic structure on
the vector space H @ V, where H = (My, Ay, €y, 1y) is (unital and counital) bial-
gebra (in particular Lie bialgebra) and V is a unital H-module algebra, which may
be noncommutative. Cross-product algebra can be endowed with Hopf algebroid
structure [11],[12].

The aim of our paper is to describe the twist quantizations in
two frameworks: first is based entirely on Hopf-algebraic tech-
niques, which provides quantum Poincare-Hopf algebra Hx and
second, which leads for any value of parameter u to the embed-
ding of H r into the Hopf algebroids describing suitably deformed
smash product 7#M. New results in the present paper are pro-
vided by the second method by providing the Hopf algebroid struc-
ture: construction of source, target and antipode maps (for their
definition see [15],[16]) and by determining the coproduct free-
dom for twisted bialgebroids H r = (P#M) = (so-called coproduct
gauges, see [21]). We add that the Hopf algebroid techniques were
extensively studied in mathematics (see e.g. [22],[11-16],[23]) and
applied to the description of quantum-deformed relativistic phase
spaces by some of the present authors [24-28],[21]. The novelty of
our discussion of Hopf algebroid structure in comparison with our
earlier efforts [24-28] is to consider Lorentz generators M, as in-
dependent — we shall not assume the standard orbital phase space
realization of M,

My =i(Xppyv — XuPp)- (7)

If relation (7) is valid, the Hopf-algebraic Poincare algebra twist
F as well as noncommutative Minkowski space coordinates %),
can be expressed in terms of phase space variables i.e. the Hopf-
algebraic formulae are realized in terms of canonical Heisenberg
algebra, which provides a classical example of Hopf algebroid. The
noncommutative Minkowski coordinates X,, can be expressed as
the following functions of classical phase space variables (x,,, p;)

Ry =x0",(p). (8)

We mention that the formula (8) was considered [20], [29-31]
as well for other Lie-algebraic quantum deformations of Poincare
algebra, not necessarily described by twist quantization® (see
[28,14]).

2. Twist-deformed Poincaré Hopf algebra and quantum
Minkowski spaces

Poincaré algebra P, generated by Lorentz generators M, and
momentum generators p, is defined by
[pu,pv]=0, (9)
My, Ppl=1nvpPu — NupPv, (10)
[Muy, Mpol=nvpMuz — pupMyr — nueMpp + N Myp,  (11)

where 1y, =diag(-1,1, ..., 1).

Classical Poincaré Hopf algebra is defined by the universal en-
veloping algebra U/ (P) of the Poincaré algebra P, together with
the coproduct Ag, antipode Sy and counit €g, given by

Ao(p) =P ®1+1Qpy, (12)
Ao(Mpp) =Mpy ® 1+1® My,

So(puw) =—Pu,  So(Mpy) =—Mpy, (13)

€o(pu) =0,  €(Myy)=0. (14)

Twist F is an invertible element of U (P) QU (P), satisfying the
cocycle condition

5 Such example of quantization which can not be obtained by using twist is the
k-deformation of Poincare algebra [32,33].
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FODA@DF =0 F)(A® Ag)F, (15)

and the normalization condition

EXNF=1®6)F=1®1. (16)

Twists deform coproducts (12) and antipodes (13) of h e U(P)
as follows:

Axh=FAohF1, (17)
SF() = xFSo() x7". (18)

where x7 = m[(So ® 1)F] and the deformed coproduct A r is
coassociative due to the cocycle condition (15).

Here we consider the following families of Abelian twists, for
all dimensions n > 3:

Fu=exp (01 — S E @09 Moy —u6 Moy & 2 )
2k 2K 19
1—u ap u B (19)

=exp TIC ®Maﬂ—§Maﬂ®/C )

where a- p =a*n,,p°.
The parameter u € [0, 1], « is the deformation parameter with
dimension of mass, a% € {-1,0,1},

a-
jorr = LR gy, (20)
K

and the following conditions hold:

oMY = —9"H,  a,0MY =0. (21)

These twists are a generalization of the twist proposed in [1] -
being Abelian, they automatically satisfy the cocycle condition. Be-
cause under flip transformation (a ® b)* = b ® a, we obtain the
following u-independent formula for universal R-matrix (a A b =
a®b—-b®a)

1
R=FIF, ! :exp[i(Maﬁ A K9Py (22)

Using equation (17) for the family of twists (19) we obtain the
following deformed coproducts (F = Fy)

Ar(pp) =Pa ® (e—ulC)otlL + (9(1_H)K)au ® Pa> (23)
Ar(Mpuy) = Map ® (75 (e7"5)P, (24)
+ (T TP © Mag
60{,3 Y y —ukC\$
— 5@l = a8l [(1 = w)ps & Map(e™ ),

—uMa,g(e“*”)’C)‘sy ® pa] ,

where Ky, is given in equation (20).
Corresponding antipodes (18) are:

Sr(pu) = —(e~ 17205 g, (25)
SF(Myu) = —Mgp(e™ 720K (= (1=20K) P, (26)
+ %(auaﬁ —a,8%) [S(pa) + (1 — 2u)0apS(pP)].
The counit is trivial:
€(pp) =0, €M) =0. (27)

It is interesting to note that coproduct and antipode of Xy,
remain classical, i.e.

A]—'(’C;w) =Ky®1+1Q ’C,uv = AO(K[.LU)! (28)
SF(’C;W) = —’C;w = SO(’CMV)- (29)

Coproduct and antipode of (e*) p' are

AFE)” =), ® )", (30)
SFE) ) =€), (31)

If noncommutativity is introduced through Hopf-algebraic twist
quantization one can introduce the star product realization of the
algebra A of functions on quantum Minkowski space in terms of
*-algebra of classical functions f(x), g(x)

fR*r g =m[F ') (fx) e gx)], (32)

where the action > is defined by eq. (1), (3) and (A, -) algebra is
represented as (A, x) algebra.
Alternatively, one can write equation (32) in the following form

fe0 7 g(x) = freg(0), (33)
where
fr=m[FleoD(f@e1], (34)

is a noncommutative counterpart of f(x), described as the func-
tions of classical generators (x;, pv, Mys) € P#M. Because p,, >
1= My, >1=0 one gets that X, > 1=x, and subsequently
fre1=f®).

Following (6), if we put in (34) f =x, and F = F, the non-
commutative coordinates are given by

Xe=m[F G D, @]

ia (35)
=xa (€7, + (1 —u) =6 Myp.
2k
The non-commutative coordinates (35) close to a Lie algebra
SN i N
[Xp, Xp] = P (auOva — aveua)xa~ (36)

Note that the structure constants Cy,* = %(aﬂeva —a,6,%) do not
depend on the parameter u and satisfy Jacobi identities.

If u=1 the twist F7 is special, because only such value of u
gives the particular choice described by formula (8)

&u. =xa(e_K)pLa’ (37)

for any choice of the Lorentz generators Myg. If u =0, eq. (35)
reduces to

R ia
Ry =xu+ Tl’:eaﬂmaﬁ, (38)

This case was considered in [20] and it was related to twisted
statistics. For u = 1/2, twist F*=F~!' and because F' = F°*
(where T denotes Hermitian conjugation), for such a choice of u
the twist }'% is unitary. This case was considered in [1],[19]. In
[19] it was related to non-Pauli effects in noncommutative space-
times.

In order to obtain the coproduct sector and consistent bialge-
broid relations for X, defined by (35) we should look for the Hopf
algebroid structure of twist-deformed cross product (P#M) r.
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3. Deformed Heisenberg algebras and twisted cross products in
algebroid approach

Quantum-mechanical phase-space coordinates x* and momenta
pp describe canonical undeformed Heisenberg algebra, given by:

[x*,x"]=0
[Py, pv]=0

If we deal with Hopf-algebraic scheme of Poincare symmetries the
relations (39) can be derived by the identification of x;, € M with
Abelian space-time translations of classical Poincare group and
pu € T with the generators of dual Abelian fourmomenta subalge-
bra acting on M. The standard quantum-mechanical phase-space
with basic algebra (39) is provided by smash product Ho= T#M,
defining Heisenberg double with undeformed (canonical) Heisen-
berg Hopf algebroid structure © of two Abelian dual Hopf algebras
which describe respectively the functions of coordinates x, and
momenta p,. The cross multiplication rules in Ho are given by
the Heisenberg double formula [10],[18]

(1)< (1) (2)> (2)

Pu Xy )Pu’s PueT, XveM, (40)

DuXy =X
where (., -) describes the canonical duality pairing, with Ag(p,) =
(l) ® pff) given by (12) and

(1 2

Ao(xp) =x," ®x =X, Q1 +1®xy. (41)

The relation (41) follows as well from the coproduct of classi-
cal Poincare group describing space-time translations, after con-
traction of the Lorentz group parameters A’ —s §%. The action
pp > Xy, given by formula (3), in Hopf-algebraic scheme can be
identified with the binary duality map 7 M —C:p ® x —
(p, x), which provides the differential realization of fourmomenta

Pu

puve fX)=(pu. fO) = —3uf(x) (42)

Finally, one can easily deduce from (40)-(41) and (3) the set of
canonical commutation relations given by eq. (39).

In Hp one can choose different bases, in particular it is possible
to incorporate the change x,, — X, = xpwpﬂ(p) (see (8)) and em-
ploy the fourmomenta p,, satisfying the relations (9) with twisted
coproduct (23) of p, denoted as follows

Ar(p) = AP () @ AP (py) = Ao(py) +8AF(py).  (43)

As follows from (35) the deformed Heisenberg algebra basis
(X", p,) satisfies the standard duality relations (p,,X,) = —inyy.
Further one can show that the algebraic relation (36) are dual to
the coproducts (23) in accordance with Hopf-algebraic duality, e.g.

(AF(Pp), X ®Xy) = (P, XuXv). (44)

Subsequently, introducing the coproduct

AR =R @Y =R, @1+ 107, (45)

6 It has been shown (see [11], Sect. 6) that Heisenberg doubles are endowed with
Hopf algebroid structure.

which is dual to commuting fourmomenta p,,, one can show that
we deal with Heisenberg double H with the basis (X, p,) de-
scribing deformed Heisenberg algebra. Therefore, the basic relation
(40) remains valid, i.e.

1 1 2 2
R =R(AL (0. )AL (b ). (46)
We get from decomposition (43) that the term Ag(p,) gives the
contribution 1, +X,p,, and relation (46) takes the form of de-
formed canonical commutation relations

[Pl = =i + {AV @) = AGE) =R} (AP () (47)

— A (),

where due to the duality of coordinates X, and momenta Pu, we
use the formula

Pu > Xy = (Pu,/x\v) =—inuv. (48)

The formula (47) can be also written in the form

[P, K] = —inuw +mI(A — Ag)(p) (> @D Ey ® 1], (49)

which was derived in alternative way also in [14].

If we use the formulae (35), (2) and (39) we can directly cal-
culate the commutator (49). Such a method leads to the same
deformed Heisenberg algebra A, given by relations (36), i.e. the
cross commutator [pﬂ,?v] which for any u does not depend on
Lorentz generators M. We obtain

N - ia
[Pps Rl = =€)y + (1 = 1) ==, Pa, (50)
[Dp, pv]1=0
Additionally, commutation relations between (e’C)M" and ¥ and
Mgp after using (1)-(3) are given by
K o ia* K
[(e )MV’X 1= _TQ;LO[(‘-’ o (51)
Aopp —app
[(e]C)MU, Maﬁ] — W(Qelc)“v, (52)

and the commutation relations between Lorentz generators M,
and non-commutative coordinates X, are the following form

My, R = @5npw — 8530 [ ()
—(1- r—ﬂﬂms]@”K>
(53)
1 N
+ ;ue,oaxa(au,pv —aypp)
+ (1 —wiap(Mp*Oqy — 0% May).
The relation (53) in generalized quantum-deformed phase space
(R, P, Spv) where
—XvPu) + S, (54)

describe the noncommutativity of translational and spin degrees of
freedom.

Let us consider now the Hopf algebroid Hr with algebraic
structure described by classical Poincare algebra P supplemented
by the noncommutative space-time coordinates X;, € M satisfying
the relations (36), (50) and (53)

My =i(x,py

Hr = (A,m; Br,sr tr, Ax,éx,SF). (55)
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The total algebra A with the basis (&M,pM,M,w) is given by
the smash product L{(P)#Z/{(M) and base algebra Br (X, € BF)
is provided by the algebra of functions on M with the multi-
plication in Br represented by star product formula (32). The
source map sr : Br— A (algebra homomorphism) and target
map tr : BF—~ A (algebra antihomomorphism) introduce in A
the (Br,Br) bimodule structure, namely for any a € A and
b,b’ € Bx one gets the formula bab’ = s z(b)t#(b')a, i.e. we con-
sider Hr as left bialgebroid [13],/11]. The comultiplication map
Ar:A— A®p,-A with nonstandard tensor product introduced
firstly in [22] is a coassociative bimodule map with the elements
a®p3,a" € A®p5 A defined in the description using standard ten-
sor product A® A by the equivalence class generated by the fol-
lowing condition [11]

mZrbeb) =0, Ir=(tr®1-1®sF), (56)

where A®p,A=(A®A),Zx and sx and tx are respectively
the twisted source and target maps defined below (see (61)-(62)).
If we describe coproducts’ A r using standard tensor products one
can treat the elements (a®a’) satisfying (56) as defining coprod-
uct gauges, with gauge-invariant elements described by a®p.a'.
In particular for %, € Br we shall choose the special coproduct
gauge defined by the formula (see e.g. [11],[21])

Ar®y) =%, ®1. (57)
The canonical choice of the coproduct given by the formula (57)

can be obtained if we insert the twisted coproducts (23)-(24) and

Ar(xp) =FAox)F ', Aoxp) =x,®1, (58)

into the relation (35), in accordance with the equality

Xy =R (X, Py M) (59)
— Ar®) =R (AF X)), AF(Pp), Ar(My)).

One can check further that the coproducts (57) and (23)-(24) de-
scribe the homomorphic map A — A® A of the algebraic rela-
tions (36), (50) and (53) i.e. if a = Xy, Py, Myuy) € A we get the
following canonical full set of coproducts for bialgebroid (55) (see
(57) and (23)-(24))

Ar@ = Ar®uw. Ar(pp) = Ar(pp), Ar(Muw) (60)
=Ar(M;w)).
The twisted source and target maps are introduced as follows
[11],[15],[16]
sF®) =mIF (> @1)(so(x) @ D] =Ry,
(61)

f
so(X) =X —

tr®y) =m(FHT (> @) (to(xy) ® 1]

~ .a
=Ra(e"), " — zﬁ@“ﬂmaﬁ. (62)

Due to the model-independent relation (see e.g. [11], proof of
preposition (2.4))

]:
to(xp) =x, —

Ar(r®E)) =sFrRu) ®1, (63)

7 We denote the bialgebroid coproducts with tilde.

it follows that the formulae (61) and (57) are consistent as ex-
pected. Further, it can be shown that the source and target maps
satisfy the relations (C,* = £ap,6,%)

[SG(\[L)’ s@Xy)] = C;Lvas(fa)v (64)
[t(??u)’ t(x\v)] = _C,uvat(x\a)s (65)
[sRXp), t(Xxy)] =0. (66)

The coproduct Ar: A— A® A is only coassociative when
A® A is projected into equivalence classes A®p5,.A generated by
the ideal Zx. The choice of representatives in the equivalence class
defines the coproduct gauge.

The simplest choice of the coproduct gauge transformation is
obtained by adding to (57) the ideal Z multiplied by a constant «

AR =R @1+ atr®) ©1-1857Ry). (67)

One can check that the coproducts A(a) (Xy) together with the
Hopf-algebraic coproducts (23)-(24) satisfy the algebraic relations
which are homomorphic to the relations (36), (50) and (53). The
coproduct gauge can be generalized by introducing powers of ideal
Zr as well as powers of coproducts (60). In such a case the homo-
morphism between the algebraic and coalgebraic relations of Hopf
algebroid H x will be only valid in standard tensor notation mod-
ulo the choices of coproduct gauge transformation [28],[21].

Finally we complete the description of Hopf bialgebroid H r
structure if we define (€o(x,) = x,, for undeformed case) (see e.g.
[28])

€r@®y) =m[F (> ®1)(e0(xy) ® )] =%y, (68)
er(pp) =€rMpy) =0, exr()=1. (69)

Hopf algebroid is a bialgebroid with antipode (coinverse). In order
to obtain the antipode Sr one can use the formula (a € A) (see

(18))
SF@ = xrSo@x7, (70)
with xr = exp[—(1 — 2u) 520%/ My], one gets
o~ .a
SFE®.) =€), R — zﬁeaﬂmaﬁ =tr®,). (71)

Note that S} = 1. The antipodes Sz(p,), Sr(Myy) in Hopf al-
gebroid (55) remain the same as for the twisted Poincare -Hopf
algebra (see (25)-(26)) and are also involutive (see (18)). Further it
can be shown that

SFUtrXp) =sFXu) =Xy, (72)
m(1®SF)oAr]=srer=€r, (73)
m(SFr®1)o Ar]l=trerSF. (74)

Note that in second formula the introduction of anchor projec-
tion y (Ax — yAr, where y is a section of the projection
A®A— A®p, A, see [11,12]) is not needed.?

Finally we recall that for spinless systems one can introduce the
orbital realization of Lorentz generators M, described by formula
(7). Inserting (7) in formula (19) one gets the u-dependent twist of
canonical Heisenberg-Hopf algebroid H =

FuPp, Mpy) — -%u(pua Xy) = Fu(Pu, iXupy —XvDp)), (75)

8 The anchor projection restricts the coproduct gauge for which the formula (73)
is valid.
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with the coproducts Af_ of x, and p, obtained from (23) and
(57) after inserting the substitution (75). Further, it follows that the
two-cocycle condition of F (see [10]) is becoming a two-cocycle
condition for bialgebroid twist F (see ?), given by (75).

It is easy to see that after inserting (7) in relation (35) the for-
mula (8) becomes valid for all values of u. Concluding, from the
Hopf algebroid (55) with independent Lorentz generators by us-
ing (7) one obtains twisted Heisenberg-Hopf algebroid with the
formulae for source and target maps, antipodes and the ideal de-
scribing coproduct gauges expressed only in terms of phase space
variables (X, p) or (X, pp)."°

4. Final remarks

The cross product algebra P#M, with the algebra basis de-
scribed by generators (py, Myuv,X,), can be named Poincare-
Heisenberg algebra [34] or DSR algebra [35],[36].'" In this paper
we provide a particular example of quantum twist-deformed DSR
algebra P#M and present explicitly its algebraic and coalgebraic
Hopf algebroid structure. It should be observed that DSR algebra
can be obtained by the contraction of full generalized relativistic
quantum phase space described as the Heisenberg double (see e.g.
[21]), i.e. the cross product H#H of deformed Poincare-Hopf alge-
bra H (with basis (p;, Myy)) and quantum Poincare-Hopf quan-
tum group H (with basis (X, Apv), where Ay (ApaAS =nu)
describe the Lorentz 4 x 4 matrix group elements).

Because D =4 Heisenberg algebra is described as well by the
cross-product T4#M4, one can represent D = 4 DSR algebraic
structure as the following composition of cross products

DSR algebra = SO (3, 1)#(Ta#Ma,). (76)

It follows from (76) that the Lorentz generators SO(3,1) act co-
variantly on the standard (without spin degrees of freedom) quan-
tum phase space Ta#My4. We add that the cross-product struc-
tures presented in (76) are preserved for twist quantum-deformed
phase space (74#M4)r endowed with quantum-relativistic co-
variance under the action of twisted Poincare -Hopf algebra

There remain some questions which should be further studied.
In particular one should elaborate more on the role of Heisen-
berg algebra twists (see e.g. (75)), in the construction of Hopf
algebroids which provide the quantum deformed relativistic phase
space frameworks. In this paper the advantage of our approach to
quantum phase space formulation is the appearance of spin de-
grees of freedom Sy, as independent phase space coordinates. The
extension of quantum phase spaces with spin degrees of freedom
still remains quite open subject, and we plan to study the relation
of such extended phase spaces (see e.g. [37],[38] in undeformed
case) with the Hopf algebroid constructions.
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9 The two-cocycle condition for bialgebroid twists is given e.g. in [15],[16].

10 The canonical coordinates X, can be expressed in terms of X, if the formula (8)
is invertible.

11 DSR = Doubly Special Relativity or Deformed Special Relativity.
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