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We consider new Abelian twists of Poincare algebra describing nonsymmetric generalization of the ones 
given in [1], which lead to the class of Lie-deformed quantum Minkowski spaces. We apply corresponding 
twist quantization in two ways: as generating quantum Poincare–Hopf algebra providing quantum 
Poincare symmetries, and by considering the quantization which provides Hopf algebroid describing 
class of quantum relativistic phase spaces with built-in quantum Poincare covariance. If we assume that 
Lorentz generators are orbital i.e. do not describe spin degrees of freedom, one can embed the considered 
generalized phase spaces into the ones describing the quantum-deformed Heisenberg algebras.
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1. Introduction

Due to quantum gravity (see [2–6]) as well as quantized strings 
effects (see e.g. [7,8]) at Planck distances the notion of classi-
cal space-time can not be maintained. The quantum-mechanical 
space-time localization in the presence of gravitational interac-
tions are constrained by new type of bounds, extending Heisen-
berg uncertainty relations to the measurements of pairs of space-
time coordinates (see e.g. [4]).1 Algebraically DSR uncertainty rela-
tions can be derived from the noncommutative structure of quan-
tum Minkowski space M̂(̂xμ ∈ M̂) with nonvanishing commutator 
[̂xμ, ̂xμ]|μ �=ν proportional to λ2

pl (Planck length λpl � 10−33 cm).
The noncommutative structures linked with quantum-deformed 

dynamical theories (e.g. quantum gravity) appeared recently in 
two-fold way:

i.) as quantum generalization of Lie-algebraic symmetries, de-
scribed by noncommutative Hopf algebras [9],[10],

ii.) as deformed quantum phase spaces, with modified deformed 
canonical Heisenberg relations, described in the formalism of 

* Corresponding author.
E-mail address: jerzy.lukierski@ift.uni.wroc.pl (J. Lukierski).

1 This new type of uncertainty relations will be further called Doplicher–
Fredenhagen–Roberts (DFR) uncertainty relations.
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noncommutative geometry by a generalization of Hopf alge-
bras, called Hopf algebroids [11–13].

Both noncommutative structures can be generated by twist 
quantization procedure. If twist F of classical Poincare–Hopf alge-
bra is generated by classical r-matrix with the terms P ∧ M , where 
P describes the fourmomenta and M the Lorentz generators, the 
noncommutativity of quantum space-time takes the Lie-algebraic 
form (see e.g. [1]). In this paper we shall consider new class 
of such twists and present explicitly twisted quantum Poincare 
symmetries as well as Hopf algebroid structure of corresponding 
quantum phase spaces. We add that Hopf algebroid structures of 
quantum phase spaces with Lie-algebraic space-time sector were 
already discussed (see e.g. [14–17]), however mostly either with-
out considering the twist quantizations [14] or with twisted Hopf 
algebroids considered not explicitly but as a part of general math-
ematical framework [15],[16]; see however [17].

The classical Minkowski space M(xμ ∈ M)2 is fully deter-
mined if it is given as the irreducible four-vector representation 
of Lorentz algebra O(3, 1), with the action of Lorentz generators 

2 Further we shall consider physical D = 4 case, i.e. μ = 0, 1, 2, 3.
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 

https://doi.org/10.1016/j.physletb.2017.12.007
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://creativecommons.org/licenses/by/4.0/
mailto:jerzy.lukierski@ift.uni.wroc.pl
https://doi.org/10.1016/j.physletb.2017.12.007
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2017.12.007&domain=pdf


2 J. Lukierski et al. / Physics Letters B 777 (2018) 1–7
Mμν given by the adjoint action describing the semidirect product 
O(3,1)�M

Mμν � xρ ≡ [Mμν, xρ ] = ηνρxμ − ημρxν . (1)

One can supplement as well the relation

Mμν � pρ ≡ [Mμν, pρ ] = ηνρ pμ − ημρ pν, (2)

by observing that Poincare algebra with classical generators g =
(Mμν, pμ) is also endowed with a semidirect product structure 
O(3, 1) � T (pμ ∈ T ). The relations (1)–(2) can be extended fur-
ther by the formula3

pμ � xρ = −iημρ. (3)

In such a way we obtain consistent classical action of Poincare al-
gebra P on the Minkowski space M, describing the cross product 
P#M.4

Important class of quantum Poincare algebras are described by 
twist quantizations of classical Poincare algebra, with all deforma-
tion located only in coalgebraic sector of Poincare–Hopf algebra H. 
In such a case the twist F ≡F (1)⊗F (2) ∈ U(g) ⊗U(g) depends on 
classical Poincare generators, and the formula for coproducts

�F (g) = F�0(g)F−1, (4)

can be calculated using only the classical Poincare algebra commu-
tators.

The quantum Minkowski space M̂(̂xμ ∈ M̂) in the case of twist 
quantization is again fully specified if it is given as the irreducible 
four-dimensional module of the respective twisted Poincare–Hopf 
algebra HF

HF = (U(P),m,�F , SF , ε), (5)

where SF denotes twisted antipode (coinverse) and ε is a counit.
The standard Hopf-algebraic way of introducing the quantum 

Minkowski coordinates ̂xμ is to consider quantum Poincare group 
and use the Hopf-algebraic duality between the coproducts of pμ

and the coordinates x̂μ and introduce the notion of Heisenberg 
double [10,18]. However, the twist F provides directly the formula 
linking xμ ∈ M with x̂μ ∈ M̂, by means of the relation which is 
a special case of derived in Sect. 2 star-product relation (34) (for 
f (x) = x)

x̂μ =
[(
F−1)(1) 	 xμ

] (
F−1)(2)

, (6)

with the action 	 in (6) provided by the formulae (1), (3). In such a 
way one can express the noncommutative ̂xμ in terms of classical 
phase space coordinates (xμ, pμ) and generators Mμν .

In this paper we plan to consider the generalization of twist 
considered in [1], with arbitrary symmetry of logF as tensor prod-
uct. In such a way we introduce additional real parameter u which 
for u = 1

2 leads to antisymmetric logF tensor and antisymmetric 
classical r-matrix (this was the case considered in [1] and [19]); 
other cases u = 0 and u = 1 correspond to maximally nonsymmet-
ric twists, which for u = 0 was discussed as well in the literature 
[20].

3 The relation (3) can be linked to Hopf-algebraic scheme (see e.g. [10]) if we 
consider P and T as dual bialgebras, in classical case with primitive coproducts.

4 The semidirect product of two Lie algebras is again a Lie algebra, what is gen-
eralized by the notion of smash product, which describes the algebraic structure on 
the vector space H ⊕ V , where H = (MH , �H , εH , 1H ) is (unital and counital) bial-
gebra (in particular Lie bialgebra) and V is a unital H-module algebra, which may 
be noncommutative. Cross-product algebra can be endowed with Hopf algebroid 
structure [11],[12].
The aim of our paper is to describe the twist quantizations in 
two frameworks: first is based entirely on Hopf-algebraic tech-
niques, which provides quantum Poincare–Hopf algebra HF and 
second, which leads for any value of parameter u to the embed-
ding of HF into the Hopf algebroids describing suitably deformed 
smash product T #M. New results in the present paper are pro-
vided by the second method by providing the Hopf algebroid struc-
ture: construction of source, target and antipode maps (for their 
definition see [15],[16]) and by determining the coproduct free-
dom for twisted bialgebroids HF = (P#M)F (so-called coproduct 
gauges, see [21]). We add that the Hopf algebroid techniques were 
extensively studied in mathematics (see e.g. [22],[11–16],[23]) and 
applied to the description of quantum-deformed relativistic phase 
spaces by some of the present authors [24–28],[21]. The novelty of 
our discussion of Hopf algebroid structure in comparison with our 
earlier efforts [24–28] is to consider Lorentz generators Mμν as in-
dependent – we shall not assume the standard orbital phase space 
realization of Mμν

Mμν = i(xμpν − xν pμ). (7)

If relation (7) is valid, the Hopf-algebraic Poincare algebra twist 
F as well as noncommutative Minkowski space coordinates x̂μ

can be expressed in terms of phase space variables i.e. the Hopf-
algebraic formulae are realized in terms of canonical Heisenberg 
algebra, which provides a classical example of Hopf algebroid. The 
noncommutative Minkowski coordinates x̂μ can be expressed as 
the following functions of classical phase space variables (xμ, pμ)

x̂μ = xνϕ
ν
μ(p). (8)

We mention that the formula (8) was considered [20], [29–31]
as well for other Lie-algebraic quantum deformations of Poincare 
algebra, not necessarily described by twist quantization5 (see 
[28,14]).

2. Twist-deformed Poincaré Hopf algebra and quantum 
Minkowski spaces

Poincaré algebra P , generated by Lorentz generators Mμν and 
momentum generators pμ is defined by

[pμ, pν ] = 0, (9)

[Mμν, pρ ] = ηνρ pμ − ημρ pν, (10)

[Mμν, Mρσ ] = ηνρ Mμτ − ημρ Mντ − ηντ Mμρ + ημτ Mνρ, (11)

where ημν = diag(−1, 1, ..., 1).
Classical Poincaré Hopf algebra is defined by the universal en-

veloping algebra U(P) of the Poincaré algebra P , together with 
the coproduct �0, antipode S0 and counit ε0, given by

�0(pμ) = pμ ⊗ 1 + 1 ⊗ pμ, (12)

�0(Mμν) = Mμν ⊗ 1 + 1 ⊗ Mμν,

S0(pμ) = −pμ, S0(Mμν) = −Mμν, (13)

ε0(pμ) = 0, ε0(Mμν) = 0. (14)

Twist F is an invertible element of U(P) ⊗U(P), satisfying the 
cocycle condition

5 Such example of quantization which can not be obtained by using twist is the 
κ-deformation of Poincare algebra [32,33].
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(F ⊗ 1)(�0 ⊗ 1)F = (1 ⊗F)(1 ⊗ �0)F, (15)

and the normalization condition

(ε ⊗ 1)F = (1 ⊗ ε)F = 1 ⊗ 1. (16)

Twists deform coproducts (12) and antipodes (13) of h ∈ U(P)

as follows:

�Fh = F�0hF−1, (17)

SF (h) = χF S0(h)χ−1
F , (18)

where χF = m[(S0 ⊗ 1)F ] and the deformed coproduct �F is 
coassociative due to the cocycle condition (15).

Here we consider the following families of Abelian twists, for 
all dimensions n ≥ 3:

Fu = exp
(
(1 − u)

a · p

2κ
⊗ θαβ Mαβ − uθαβ Mαβ ⊗ a · p

2κ

)
= exp

(
1 − u

2
Kαβ ⊗ Mαβ − u

2
Mαβ ⊗Kαβ

)
,

(19)

where a · p = aμημν pν .
The parameter u ∈ [0, 1], κ is the deformation parameter with 

dimension of mass, a2 ∈ {−1, 0, 1},

Kμν = a · p

κ
θμν, (20)

and the following conditions hold:

θμν = −θνμ, aμθμν = 0. (21)

These twists are a generalization of the twist proposed in [1] – 
being Abelian, they automatically satisfy the cocycle condition. Be-
cause under flip transformation (a ⊗ b)τ = b ⊗ a, we obtain the 
following u-independent formula for universal R-matrix (a ∧ b =
a ⊗ b − b ⊗ a)

R = Fτ
u F−1

u = exp[1

2
(Mαβ ∧Kαβ)]. (22)

Using equation (17) for the family of twists (19) we obtain the 
following deformed coproducts (F ≡Fu)

�F (pμ) = pα ⊗ (e−uK)αμ + (e(1−u)K)αμ ⊗ pα, (23)

�F (Mμν) = Mαβ ⊗ (e−uK)αμ(e−uK)βν (24)

+ (e(1−u)K)αμ(e(1−u)K)βν ⊗ Mαβ

− θαβ

2κ
(aμδ

γ
ν − aνδ

γ
μ)

[
(1 − u)pδ ⊗ Mαβ(e−uK)δγ

−uMαβ(e(1−u)K)δγ ⊗ pδ

]
,

where Kμν is given in equation (20).
Corresponding antipodes (18) are:

SF (pμ) = −(e−(1−2u)K)
α

μpα, (25)

SF (Mμν) = −Mαβ(e−(1−2u)K)αμ(e−(1−2u)K)
β
ν (26)

+ 1

κ
(aμδα

ν − aνδα
μ)

[
S(pα) + (1 − 2u)θαβ S(pβ)

]
,

The counit is trivial:

ε(pμ) = 0, ε(Mμν) = 0. (27)

It is interesting to note that coproduct and antipode of Kμν

remain classical, i.e.
�F (Kμν) = Kν ⊗ 1 + 1 ⊗Kμν = �0(Kμν), (28)

SF (Kμν) = −Kμν = S0(Kμν). (29)

Coproduct and antipode of (eK)μ
ν are

�F (eK)μ
ν = (eK)μ

α ⊗ (eK)α
ν, (30)

SF ((eK)μ
ν) = (e−K)μ

ν. (31)

If noncommutativity is introduced through Hopf-algebraic twist 
quantization one can introduce the star product realization of the 
algebra Â of functions on quantum Minkowski space in terms of 
�-algebra of classical functions f (x), g(x)

f (x) �F g(x) = m
[
F−1(	 ⊗ 	)( f (x) ⊗ g(x))

]
, (32)

where the action � is defined by eq. (1), (3) and ( Â, ·) algebra is 
represented as (A, �) algebra.

Alternatively, one can write equation (32) in the following form

f (x) �F g(x) = f̂F 	 g(x), (33)

where

f̂F = m
[
F−1(	 ⊗ 1)( f (x) ⊗ 1)

]
, (34)

is a noncommutative counterpart of f (x), described as the func-
tions of classical generators (xμ, pν, Mρσ ) ∈ P#M. Because pμ �
1 = Mμν � 1 = 0 one gets that x̂μ � 1 = xμ and subsequently 
f̂F � 1 = f (x).

Following (6), if we put in (34) f = xμ and F = Fu the non-
commutative coordinates are given by

x̂μ = m
[
F−1

u (	 ⊗ 1)(xμ ⊗ 1)
]

= xα(e−uK)μ
α + (1 − u)

iaμ

2κ
θαβ Mαβ.

(35)

The non-commutative coordinates (35) close to a Lie algebra

[x̂μ, x̂ν ] = i

κ
(aμθνα − aνθμα)x̂α. (36)

Note that the structure constants Cμν
α = 1

κ (aμθν
α −aνθμ

α) do not 
depend on the parameter u and satisfy Jacobi identities.

If u = 1 the twist F1 is special, because only such value of u
gives the particular choice described by formula (8)

x̂μ = xα(e−K)μ
α, (37)

for any choice of the Lorentz generators Mαβ . If u = 0, eq. (35)
reduces to

x̂μ = xμ + iaμ

2κ
θαβ Mαβ. (38)

This case was considered in [20] and it was related to twisted 
statistics. For u = 1/2, twist Fτ =F−1 and because F † = Fτ

(where † denotes Hermitian conjugation), for such a choice of u
the twist F 1

2
is unitary. This case was considered in [1],[19]. In 

[19] it was related to non-Pauli effects in noncommutative space-
times.

In order to obtain the coproduct sector and consistent bialge-
broid relations for x̂μ defined by (35) we should look for the Hopf 
algebroid structure of twist-deformed cross product (P#M)F .



4 J. Lukierski et al. / Physics Letters B 777 (2018) 1–7
3. Deformed Heisenberg algebras and twisted cross products in 
algebroid approach

Quantum-mechanical phase-space coordinates xμ and momenta 
pμ describe canonical undeformed Heisenberg algebra, given by:

[xμ, xν ] = 0,

[pμ, xν ] = −iδν
μ,

[pμ, pν ] = 0.

(39)

If we deal with Hopf-algebraic scheme of Poincare symmetries the 
relations (39) can be derived by the identification of xμ ∈M with 
Abelian space-time translations of classical Poincare group and 
pμ ∈ T with the generators of dual Abelian fourmomenta subalge-
bra acting on M. The standard quantum-mechanical phase-space 
with basic algebra (39) is provided by smash product H0= T #M, 
defining Heisenberg double with undeformed (canonical) Heisen-
berg Hopf algebroid structure 6 of two Abelian dual Hopf algebras 
which describe respectively the functions of coordinates xμ and 
momenta pμ . The cross multiplication rules in H0 are given by 
the Heisenberg double formula [10],[18]

pμxν = x(1)
ν 〈p(1)

μ , x(2)
ν 〉p(2)

μ , pμ ∈ T , xν ∈ M, (40)

where 〈·, ·〉 describes the canonical duality pairing, with �0(pμ) =
p(1)
μ ⊗ p(2)

μ given by (12) and

�0(xμ) = x(1)
μ ⊗ x(2)

μ = xμ ⊗ 1 + 1 ⊗ xμ. (41)

The relation (41) follows as well from the coproduct of classi-
cal Poincare group describing space-time translations, after con-
traction of the Lorentz group parameters �μ

ν −→ δ
μ
ν . The action 

pμ 	 xν , given by formula (3), in Hopf-algebraic scheme can be 
identified with the binary duality map T ⊗M−→ C : p ⊗ x →
〈p, x〉, which provides the differential realization of fourmomenta 
pμ

pμ 	 f (x) = 〈pμ, f (x)〉 = 1

i
∂μ f (x). (42)

Finally, one can easily deduce from (40)–(41) and (3) the set of 
canonical commutation relations given by eq. (39).

In H0 one can choose different bases, in particular it is possible 
to incorporate the change xμ −→ x̂μ = xρϕ

ρ
μ(p) (see (8)) and em-

ploy the fourmomenta pμ , satisfying the relations (9) with twisted 
coproduct (23) of pμ denoted as follows

�F (pν) ≡ �
(1)
F (pν) ⊗ �

(2)
F (pν) = �0(pν) + δ�F (pν). (43)

As follows from (35) the deformed Heisenberg algebra basis 
(̂xμ, pμ) satisfies the standard duality relations 〈pμ, ̂xν〉 = −iημν . 
Further one can show that the algebraic relation (36) are dual to 
the coproducts (23) in accordance with Hopf-algebraic duality, e.g.

〈�F (pρ), x̂μ ⊗ x̂ν〉 = 〈pρ, x̂μ̂xν〉. (44)

Subsequently, introducing the coproduct

�(̂xμ) = x̂(1)
μ ⊗ x̂(2)

μ = x̂μ ⊗ 1 + 1 ⊗ x̂μ, (45)

6 It has been shown (see [11], Sect. 6) that Heisenberg doubles are endowed with 
Hopf algebroid structure.
which is dual to commuting fourmomenta pμ , one can show that 
we deal with Heisenberg double H with the basis (̂xμ, pμ) de-
scribing deformed Heisenberg algebra. Therefore, the basic relation 
(40) remains valid, i.e.

pμ̂xν = x̂(1)
ν 〈�(1)

F (pμ), x̂(2)
ν 〉�(2)

F (pμ). (46)

We get from decomposition (43) that the term �0(pν) gives the 
contribution ημν + x̂ν pμ , and relation (46) takes the form of de-
formed canonical commutation relations

[pμ, x̂ν ] = −iημν +
{
(�(1)(p) − �

(1)
(0)

(p)) � x̂ν

}
(�(2)(p) (47)

− �
(2)
(0)(p)),

where due to the duality of coordinates ̂xν and momenta pμ , we 
use the formula

pμ � x̂ν = 〈pμ, x̂ν〉 = −iημν. (48)

The formula (47) can be also written in the form

[pμ, x̂ν ] = −iημν + m[(� − �0)(pμ)(� ⊗1)(̂xν ⊗ 1)], (49)

which was derived in alternative way also in [14].
If we use the formulae (35), (2) and (39) we can directly cal-

culate the commutator (49). Such a method leads to the same 
deformed Heisenberg algebra Ĥ, given by relations (36), i.e. the 
cross commutator [pμ, ̂xν ] which for any u does not depend on 
Lorentz generators Mμν . We obtain

[pμ, x̂ν ] = −i(e−uK)νμ + (1 − u)
iaν

κ
θμ

α pα, (50)

[pμ, pν ] = 0.

Additionally, commutation relations between (eK)μ
ν and x̂λ and 

Mαβ after using (1)–(3) are given by

[(eK)μ
ν, x̂λ] = − iaλ

κ
θμ

α(eK)α
ν, (51)

[(eK)μ
ν, Mαβ ] = aα pβ − aβ pα

κ
(θeK)μ

ν, (52)

and the commutation relations between Lorentz generators Mμν

and non-commutative coordinates x̂ρ are the following form

[Mμν, x̂ρ ] = (δα
μηβν − δα

ν ηβμ)
[

x̂γ (euK)α
γ

−(1 − u)
iaα

2κ
θγ δ Mγ δ

]
(e−uK)ρ

β

+ 1

κ
uθρ

α x̂α(aμpν − aν pμ)

+ (1 − u)iaρ(Mμ
αθαν − θμ

α Mαν).

(53)

The relation (53) in generalized quantum-deformed phase space 
(x̂μ, pμ, Sμν) where

Mμν = i(xμpν − xν pμ) + Sμν, (54)

describe the noncommutativity of translational and spin degrees of 
freedom.

Let us consider now the Hopf algebroid HF with algebraic 
structure described by classical Poincare algebra P supplemented 
by the noncommutative space-time coordinates x̂μ ∈ M̂ satisfying 
the relations (36), (50) and (53)

HF = (A,m;BF , sF , tF , �̃F , ε̃F , SF ). (55)
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The total algebra A with the basis (x̂μ, pμ, Mμν) is given by 
the smash product U(P)#U(M̂) and base algebra BF (x̂μ ∈ BF )

is provided by the algebra of functions on M̂ with the multi-
plication in BF represented by star product formula (32). The 
source map sF : BF→A (algebra homomorphism) and target 
map tF : BF→A (algebra antihomomorphism) introduce in A
the (BF , BF ) bimodule structure, namely for any a ∈ A and 
b, b′ ∈ BF one gets the formula bab′ = sF (b)tF (b′)a, i.e. we con-
sider HF as left bialgebroid [13],[11]. The comultiplication map 
�̃F : A→A⊗BFA with nonstandard tensor product introduced 
firstly in [22] is a coassociative bimodule map with the elements 
a⊗BF a′ ∈ A⊗BFA defined in the description using standard ten-
sor product A⊗A by the equivalence class generated by the fol-
lowing condition [11]

m(IF (b⊗b′)) = 0, IF = (tF ⊗ 1 − 1 ⊗ sF ), (56)

where A⊗BFA= (A⊗A)�IF and sF and tF are respectively 
the twisted source and target maps defined below (see (61)–(62)). 
If we describe coproducts7 �̃F using standard tensor products one 
can treat the elements (a⊗a′) satisfying (56) as defining coprod-
uct gauges, with gauge-invariant elements described by a⊗BF a′ . 
In particular for x̂μ ∈ BF we shall choose the special coproduct 
gauge defined by the formula (see e.g. [11],[21])

�̃F (̂xμ) = x̂μ ⊗ 1. (57)

The canonical choice of the coproduct given by the formula (57)
can be obtained if we insert the twisted coproducts (23)–(24) and

�̃F (xμ) = F�̃0(xμ)F−1, �̃0(xμ) = xμ ⊗ 1, (58)

into the relation (35), in accordance with the equality

x̂μ ≡ x̂μ(xμ, pμ, Mμν) (59)

−→ �̃F (̂xμ) ≡ x̂μ(�̃F (xμ),�F (pμ),�F (Mμν)).

One can check further that the coproducts (57) and (23)–(24) de-
scribe the homomorphic map A →A⊗A of the algebraic rela-
tions (36), (50) and (53) i.e. if a = (x̂μ, pμ, Mμν) ∈ A we get the 
following canonical full set of coproducts for bialgebroid (55) (see 
(57) and (23)–(24))

�̃F (a) = (�̃F (̂xμ), �̃F (pμ) = �F (pμ), �̃F (Mμν) (60)

= �F (Mμν)).

The twisted source and target maps are introduced as follows 
[11],[15],[16]

s0(xμ) = xμ
F→ sF (̂xμ) = m[F−1(� ⊗1)(s0(xμ) ⊗ 1)] = x̂μ,

(61)

t0(xμ) = xμ
F→ tF (̂xμ) = m[(F−1)τ (� ⊗1)(t0(xμ) ⊗ 1)]

= x̂α(eK)μ
α − i

aμ

2κ
θαβ Mαβ. (62)

Due to the model-independent relation (see e.g. [11], proof of 
preposition (2.4))

�̃F (sF (̂xμ)) = sF (̂xμ) ⊗ 1, (63)

7 We denote the bialgebroid coproducts with tilde.
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is 
follows that the formulae (61) and (57) are consistent as ex-
cted. Further, it can be shown that the source and target maps 
tisfy the relations (Cμν

α = i
κ a[μθν]α)

(̂xμ), s(̂xν)] = Cμν
αs(̂xα), (64)

(̂xμ), t (̂xν)] = −Cμν
αt (̂xα), (65)

(̂xμ), t (̂xν)] = 0. (66)

The coproduct �̃F : A→A⊗A is only coassociative when 
⊗A is projected into equivalence classes A⊗BFA generated by 
e ideal IF . The choice of representatives in the equivalence class 
fines the coproduct gauge.
The simplest choice of the coproduct gauge transformation is 

tained by adding to (57) the ideal IF multiplied by a constant α

(α)(̂xμ) = x̂μ ⊗ 1 + α(tF (̂xμ) ⊗ 1 − 1 ⊗ sF (̂xμ)). (67)

One can check that the coproducts �̃(α)(̂xμ) together with the 
pf-algebraic coproducts (23)–(24) satisfy the algebraic relations 

hich are homomorphic to the relations (36), (50) and (53). The 
product gauge can be generalized by introducing powers of ideal 

as well as powers of coproducts (60). In such a case the homo-
orphism between the algebraic and coalgebraic relations of Hopf 
gebroid HF will be only valid in standard tensor notation mod-
o the choices of coproduct gauge transformation [28],[21].

Finally we complete the description of Hopf bialgebroid HF
ructure if we define (ε0(xμ) = xμ for undeformed case) (see e.g. 
8])

(̂xμ) = m[F−1(	 ⊗ 1)(ε0(xμ) ⊗ 1)] = x̂μ, (68)

(pμ) = εF (Mμν) = 0, εF (1) = 1. (69)

pf algebroid is a bialgebroid with antipode (coinverse). In order 
 obtain the antipode SF one can use the formula (a ∈ A) (see 
8))

(a) = χF S0(a)χ−1
F , (70)

ith χF = exp[−(1 − 2u)
a·p
2κ θαβ Mαβ ], one gets

(̂xμ) = (eK)μ
α

x̂α − i
aμ

2κ
θαβ Mαβ = tF (̂xμ). (71)

te that S2
F = 1. The antipodes SF (pμ), SF (Mμν) in Hopf al-

broid (55) remain the same as for the twisted Poincare -Hopf 
gebra (see (25)–(26)) and are also involutive (see (18)). Further it 
n be shown that

SF (tF (̂xμ)) = sF (̂xμ) = x̂μ, (72)

[(1 ⊗ SF ) ◦ �̃F ] = sFεF = εF , (73)

[(SF ⊗ 1) ◦ �̃F ] = tFεF SF . (74)

te that in second formula the introduction of anchor projec-
n γ (�̃F → γ �̃F , where γ is a section of the projection 
⊗A→A⊗BFA, see [11,12]) is not needed.8

Finally we recall that for spinless systems one can introduce the 
bital realization of Lorentz generators Mμν , described by formula 
). Inserting (7) in formula (19) one gets the u-dependent twist of 
nonical Heisenberg–Hopf algebroid HF

u(pμ, Mμν) → F̃u(pμ, xν) = Fu(pμ, i(xμpν − xν pμ)), (75)

The anchor projection restricts the coproduct gauge for which the formula (73)
valid.
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with the coproducts �̃F̃ of xμ and pν obtained from (23) and 
(57) after inserting the substitution (75). Further, it follows that the 
two-cocycle condition of F (see [10]) is becoming a two-cocycle 
condition for bialgebroid twist F̃ (see 9), given by (75).

It is easy to see that after inserting (7) in relation (35) the for-
mula (8) becomes valid for all values of u. Concluding, from the 
Hopf algebroid (55) with independent Lorentz generators by us-
ing (7) one obtains twisted Heisenberg–Hopf algebroid with the 
formulae for source and target maps, antipodes and the ideal de-
scribing coproduct gauges expressed only in terms of phase space 
variables (x̂μ, pμ) or (xμ, pμ).10

4. Final remarks

The cross product algebra P#M, with the algebra basis de-
scribed by generators (pμ, Mμν, ̂xμ), can be named Poincare–
Heisenberg algebra [34] or DSR algebra [35],[36].11 In this paper 
we provide a particular example of quantum twist-deformed DSR 
algebra P#M̂ and present explicitly its algebraic and coalgebraic 
Hopf algebroid structure. It should be observed that DSR algebra 
can be obtained by the contraction of full generalized relativistic 
quantum phase space described as the Heisenberg double (see e.g. 
[21]), i.e. the cross product H#H̃ of deformed Poincare–Hopf alge-
bra H (with basis (pμ, Mμν)) and quantum Poincare–Hopf quan-
tum group H̃ (with basis (xμ, �μν), where �μν (�μα�α

ν = ημν ) 
describe the Lorentz 4 × 4 matrix group elements).

Because D = 4 Heisenberg algebra is described as well by the 
cross-product T4#M4, one can represent D = 4 DSR algebraic 
structure as the following composition of cross products

DSR algebra = S O (3,1)#(T4#M4). (76)

It follows from (76) that the Lorentz generators S O (3, 1) act co-
variantly on the standard (without spin degrees of freedom) quan-
tum phase space T4#M4. We add that the cross-product struc-
tures presented in (76) are preserved for twist quantum-deformed 
phase space (T4#M̂4)F endowed with quantum-relativistic co-
variance under the action of twisted Poincare -Hopf algebra

There remain some questions which should be further studied. 
In particular one should elaborate more on the role of Heisen-
berg algebra twists (see e.g. (75)), in the construction of Hopf 
algebroids which provide the quantum deformed relativistic phase 
space frameworks. In this paper the advantage of our approach to 
quantum phase space formulation is the appearance of spin de-
grees of freedom Sμν as independent phase space coordinates. The 
extension of quantum phase spaces with spin degrees of freedom 
still remains quite open subject, and we plan to study the relation 
of such extended phase spaces (see e.g. [37],[38] in undeformed 
case) with the Hopf algebroid constructions.
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9 The two-cocycle condition for bialgebroid twists is given e.g. in [15],[16].
10 The canonical coordinates xμ can be expressed in terms of ̂xμ if the formula (8)

is invertible.
11 DSR ≡ Doubly Special Relativity or Deformed Special Relativity.
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