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1 Introduction

One of the greatest puzzles of modern theoretical physics is that two highly successful
physical theories, namely quantum mechanics and general relativity persistently refuse to
reconcile with each other, meaning that we still have to wait for a satisfactory theory of
quantum gravity. A complementary approach towards quantum gravity is to construct
effective theories as an intermediate step between general relativity and a full theory of
quantum gravity, and study its physical applications. These results can then be used to



unravel some aspects of quantum gravity, particularly those that emerge in the low energy
limit and relate them to observable physical phenomena.

Among many approaches in this direction we chose the approach of noncommutative
(NC) gravity and field theory based on deformations of symmetry [1-8]. The main idea
behind this formalism is to replace the classical symmetries of general relativity (i.e. dif-
feomorphisms) with a twist deformed Hopf algebra of diffeomorphisms. In a similar way
the symmetry of the field theory, which is the Poincaré symmetry, is replaced by its twist
deformed version. Both symmetry deformations can be interpreted as quantum symmetries
and the mathematical framework for their study is the theory of quantum groups and Hopf
algebras [9-14].

One of the most extensively studied Hopf algebras in the context of physics is the x-
Poincaré algebra [1-3, 15, 16] where k denotes the mass-like deformation parameter usually
associated with the Planck mass. Following the above idea, application of Einstein’s theory
of gravity together with the uncertainty principle of quantum mechanics leads to a class of
models with spacetime noncommutativity implying that the smooth spacetime geometry of
classical general relativity has to be replaced with a noncommutative geometry at distances
of the order of the Planck scale [17, 18].

There are many examples of such geometries including the Groenewald-Moyal plane, x-
Minkowski space and Snyder space. As a consequence of different approaches to quantum
gravity, various phenomenological models have emerged. The most interesting are the
Lorentz invariance violation (LIV) and Doubly special relativity (DSR) models [19-22].
Unlike the LIV models where there exists a preferred reference frame that is singled out,
thus manifestly violating the Lorentz invariance, in DSR models the postulates of relativity
may be reformulated in such a way as to keep the relativity principle (i.e. equivalence of
all inertial observers) intact, while simultaneously allowing the speed of light to depend on
its wavelength. One way to do this is through the introduction of yet another invariant
parameter (besides that of the speed of light) and by modifying the dispersion relation.

That the possible existence of signals indicating quantum gravity effects is not merely
an academic issue neither a matter of speculation has become evident in astrophysical
observations of certain ultra-high energy cosmic rays which seemingly contradict the usual
understanding of the high-energy physical processes. These processes include electron-
positron production in collisions of high energy photons [23, 24| as well as the observed
data from gamma ray bursts [25, 26] which indicates occurrence of time delay between two
photons having different energies. It turns out that deviations of this kind can be explained
within the DSR framework [27-29] by modifying the special relativistic dispersion relation
with additional terms linear or proportional to some power of the Planck length.

Among quantum symmetries the xk-Poincaré symmetry is one of the most extensively
studied together with the x-deformed Minkowski space emerging out of it through the cross
product algebra construction [3|. The reason for this is two-fold. First, the quantum field
theory with x-Poincaré symmetry springs out in a certain limit of quantum gravity coupled
to matter fields after integrating out the gravitational /topological degrees of freedom [30—
34|. This amounts to having an effective theory in the form of a noncommutative field
theory on the k-deformed Minkowski space. The second reason is that the DSR models



are mostly studied within the framework of the k-Poincaré algebra, where the k-deformed
Minkowski spacetime provides the arena for studying the particle kinematics.

An important question arising from the noncommutative nature of spacetime at the
Planck scale is how does this noncommutativity affect the very basic notions of physics
such as particle statistics, particularly the spin-statistics relation and how these changes
can be implemented into a quantum field theory formalism. One of the approaches to
the above question uses the framework of quantum groups [9-14|, i.e. Hopf algebras and
particularly the notion of its quasi-triangular bialgebra structure (i.e. universal R-matrix).
This structure is important since it is closely related to the corresponding modified algebra
of creation and annihilation operators which defines statistics. One could expect that the
k-deformed oscillator algebra will lead to violation of the Pauli principle, thus indicating
the need for reformulating the spin-statistics theorem in the presence of noncommutative
geometry [35-38|.

In formulating field theories on NC spaces, differential calculus plays an essential role.
The requirement that this differential calculus is bicovariant [39] and also covariant under
the expected group of symmetries leads to some problems. Regarding the problem of
differential calculus on x-Minkowski space, Sitarz has shown [40] that in order to obtain
bicovariant differential calculus, which is also Lorentz covariant, one has to introduce an
extra cotangent direction (calculus has one dimension more than the classical case) for the
time-like deformations. While Sitarz considered 3 + 1 dimensional space (and developed
five dimensional differential calculus), Gonera et al. generalized this work to n dimensions
in [41]. In [42] it was discussed that by gauging this extra one-form, one can introduce
gravity in the model, and in [43] this framework is adapted to formulate field theories.
Besides that, the physical interpretation of this extra one-form with no classical analogue
remains unclear and one is further motivated to construct a NC differential calculus of
classical dimension.

Another attempt to deal with this issue was made in [44] by the Abelian twist defor-
mation of U[igl(4,R)]. Bu et al. in [45] extended the Poincaré algebra with the dilatation
operator and constructed a four dimensional differential algebra on the x-Minkowski space
using a Jordanian twist of the Weyl algebra. Differential algebras of classical dimensions
were also constructed in [46] and [47], from the action of a deformed exterior derivative.

There is a construction [48, 49] of a unified graded differential algebra generated by NC
coordinates ,, Lorentz generators M, and anticommuting NC one-forms éu- Enlarging
this algebra by introducing a new generator related to the exterior derivative, the authors
have found a new unique algebra that satisfies all super-Jacobi identities. This new graded
differential algebra is universal, i.e. it is valid for all type of deformations a, (time-like,
space-like and light-like). When a, = (ap, 0), the obtained algebra corresponds to the
differential algebra in [40] if the extra form ¢ is related to the exterior derivative operator
d. Different realizations of this differential algebra in terms of the super-Heisenberg algebra
SH have been presented, and it has been shown that the volume form vol is undeformed.
For light-like deformations a?> = 0 the 4D bicovariant calculus (compatible with [50-52])
was derived, along with the corresponding Hopf algebra structure (which is the x-Poincaré-
Hopf algebra), and the corresponding twist operator. In [48, 49| it has been also shown



that this twist in a? = 0 case can be written in a new covariant way and can be expressed
in terms of Poincaré generators only.

We will study the classification of all possible bicovariant differential calculi of classical
dimension (the number of one-forms & € Q! is equal to the number of coordinates &)
on deformed Minkowski spacetime A. More precisely, we propose to investigate algebraic
structures underlying differential geometry on the k-Minkowski space. As mentioned earlier,
differential calculus on this type of space has been studied by several authors [40, 43, 46, 47,
53]. One way of constructing differential calculus is through the differential graded algebra
approach |54, 55| or bicovariant differential calculus on Hopf algebras [56]. Bicovariance
condition states that one-forms éu are simultaneously left and right covariant [39, 40]. We
will see that the sufficient condition for bicovarince is given by

€] = iK%, Ku®€R, (1.1)

that is, that this commutator is closed in one-forms (and the differential calculus is of
classical dimension). Extension of the first-order calculus to the entire differential algebra
is not unique which results in different nonequivalent constructions depending on the type of
covariance conditions imposed. In this paper we will give all possible bicovariant differential
calculi (1.1) that are compatible with k-Minkowski algebra and investigate their symmetries.
It turns out that there are four types of bicovariant differential calculi that we denote by Cq,
Co, C3 and C4. The first three are a one parameter family of algebras and are in general igl(n)
covariant, while the fourth, that is Cy, is valid only for light-like deformations (a? = 0) and
is Lorentz and k-Poincaré covariant. Related new class of new Drinfeld twists is proposed.
The Cy4 algebra is the only bicovariant differential calculus that is Lorentz covariant. For
this case we present a Drinfeld twist and the whole k-Poincaré-Hopf algebra.

The paper is organized as follows. In the second section, the bicovariant calculus of
classical dimension that is compatible with x-Minkowski is analyzed. We present all pos-
sible covariant solutions by imposing super-Jacobi identities and the consistency condition
for time-like, space-like and light-like deformations. In section 3, we give a realization of dif-
ferential algebras obtained in the previous section by embedding into the super-Heisenberg
algebra SH. In section 4, an algebraic formulation of differential geometry is presented
and the formalism for the NC version of the differential calculus is adopted. NC forms are
introduced and all (anti-)commutation rules between forms and coordinates are obtained.
In section 5, we propose a class of new Drinfeld twists. In section 6, the super-Hopf algebra
structure is presented, which enables the investigation of the symmetries of obtained differ-
ential algebras. In section 7, field theories in the NC setting are analyzed. Using the setting
established in section 4, the undeformed field theory is analyzed, and after obtaining the
Hodge-* operation and integration map, the NC version of free field theories is discussed.
We conclude that there is a change in the dispersion relations and final remarks are given
in section 8.



2 k-Minkowski spacetime and the classification of differential calculi

2.1 k-Minkowski space

r-Minkowski spacetime [1-3| is usually defined by
[&i,2;] =0, [Zo,&i] = iao, (2.1)

where ag % is the deformation parameter usually related to some quantum gravity

scale or Planck length |60, 61]. Eq. (2.1) represents the time-like deformations of the
usual Minkowski space. We can also look at more general Lie algebraic deformations of
Minkowski space

(&, ] = iC o, (2.2)

where #, = (#0,4;) and structure constants C),,* satisfy

Cp,o/BCV)\a + Cua'BC)\,ua + C)\aﬁcu)\a = 07 (23)
C;WA = _CV;L)\- (24)

For C'm,)‘ = audg\ - aV(Sl/) we get
(2, 2] = i(audy — ay®y,). (2.5)

For a, = (ao, 0) we get back to eq. (2.1) as a special case. Generally, a, € M, (Minkowski

2 = —1 for time-like deformations, u? = 0 for light-like

space My), a, = %u# (where u
deformations and u? = 1 for space-like deformations). In this paper we will be working
in arbitrary dimensions and Minkowski signature 7, = diag(—1,1,...,1) (i.e. the spatial

eigenvalues of the metric are positive).

2.2 Differential calculus of classical dimension

We want to construct the most general algebra of differential one-forms éu = Eifcu e 0!
compatible with k-Minkowski spacetime that is bicovariant, i.e. closed in differential forms
(the differential calculus is of classical dimension). We define

b} =0, i) = iKu e, (2.6)

where K,,“ € Ris a tensor with respect to the Lorentz algebra and generally it is expressed
in terms of a, and 7y, for n > 2.1 After imposing super-Jacobi identities the only condition

we have for K,,,* comes from [i'm [iy,ép]] + [i’l,, [ép,fcu]] + [ép, (%), ﬁ;y]] =0 and it gives
Ky Ko — K" Koy’ = Cu KygP. (2.7)

Other super-Jacobi identities are trivially satisfied by using (2.2) and (2.6). Eq. (2.7) is valid
for general Lie algebraic deformations of spacetime (2.2). We also introduce the exterior
derivative d = [f), ] in a natural way

di, = [, 8, =& 72 =0, 7€ SH. (2.8)

'For n = 2, K,,” is expressed in terms of a,, 7., and €.



When we apply d = [7,] on (2.2) we get
@] — [60s ) = iCL N — Kuw® — K, ® = O™ (2.9)

We call eq. (2.9) the consistency condition.

In order to completely classify differential algebras compatible with x-Minkowski space
we have to solve (2.7) and (2.9) for K,% We demand that K,,* € R, that in the limit
a, — 0 the problem reduces to commutative case i.e. limg, 0 K, = 0 and that the tensor
K,,* has the dimension of length. Therefore, it follows that the most general ansatz (for
n > 2) is given only in terms of 7, and a, via

K;wa = A()auayaoz + Al"?uuaa + AQnuaau + A3"7uo¢au7 (2'10)

where Aj, Ag, A3 € R are dimensionless parameters and Ag is of dimension (lenght)~2
hence Ag = -5, c € R for a? # 0 and Ag = 0 for a®> = 0. After we impose (2.9) we get

A3 = 1+A2. (211)
Equation (2.7) gives
As(a®Ag + A3 —1) =0, (2.12)
Ay(a®Ag+ Ay +1) =0, (2.13)
Ay Aza® = 0. (2.14)

We have four different solutions?

2. Ay =0, Ay=—c¢c, Az3=1—-¢, da*Ay=c

3. Ai=—1—¢, Ay=-1, A3=0, da’Ay=c

4. Ay =—-1, Ay=0, A3=1, a*=A4,=0
where ¢ € R is a free parameter. We will denote these four algebras by Cy, Co, C3 and
C4 respectively.? It is important to note that the first three solutions C1,2,3 are valid for

all a®> € R. There are two cases: when a® = 0 then Ay = ¢ = 0, and when a? # 0 then
Ao = c¢/a?. The fourth solution C4 is only valid in the light-like case a® = 0. Explicitly for

ap ay

2For n = 2, there are other covariant solutions, for example K, = e (craa + czeagaﬁ) — Napluy,

where ¢1, ¢z € R are parameters and a® # 0.
3Where C stands for covariant.



the tensor K, we have

c
e 92

c % ﬁauauaa — NuaGy, ifa®#0
1 proa =

—TNualy, if a® = 0.
c .
—5Auay Qe — CTualy + (1 —=c)npaay, if a?#0
Cy: Kuya =g a
Nva by, if a2 =0. (2.15)
c .
—5 A0y Ao — 1+ o)nuwaa — Nuaay, if a’?#0
Cs: K,Lwa =g a
N a — Nualu, if a? = 0,
Cs: Kuva = —Nuwaa + Muaay, only for a?=0.

Inserting (2.15) into (2.6) we have

c 2 .2 .
’La2 apay(ag) —iay€,, if a®> #0

Cl : 5 axu ~
! —1a,&,, if a2 =0
i 62 a#a,,(aé) — ica,,éu +i(1— c)auél,, if a2 # 0
CQ : §u7$1/ a ~
iauéy, if a> =0 (2.16)
c £ i 62 a“al,(aé) —i(1+4 c)n,ﬂ,(aé) - iayéu, if a®? #£0
3 7‘TV A N
: —inu(ag) —ia,&,, ifa2=0

Cy: {mwy = znuy(af) —i—zauf,,, a’>=0

where we used aé = aaéa.
There are also some special cases when ¢ = 0 and Ag = 0 in (2.15). We denote these

three special cases by? S, So and S3

Si: [éu,ﬁl,] = —ial,éu, a?eR
So: €y, i) =iaul,, @’ €R (2.17)
Ss3: [éu,fv | = —mW(ag) z'ayéu, a’ eR

In section 6 we will relate the algebra S to right covariant realization, the algebra S to
left covariant realization, the algebra S3 to Magueijo-Smolin realization and C4 to natural
realization (see [65-69| for more details on realizations). It is important to note that the
algebra C4 is valid only for light-like deformations a® = 0 and is equivalent to the algebra
obtained in [48, 49].

Solutions Cy, Co, C3 are new and each of them corresponds to time-like, light-like and
space-like deformation parameter a,. For time-like deformation a, = (ao,0,0,...), differen-
tial algebras Dy, Dy were constructed in |53], while D3 obtained from Cs is a new solution.
For ¢ = 1 we see that algebras D{~! and D§~! coincide. This case was in detail investigated
in [62]. In [63] (see Corollary 5.1.) the cases D{=° and DS~ were obtained from a different

4“Where S stands for special.



construction. For light-like deformation a? = 0, we have also found three new solutions (see
eq. (2.16) for a® = 0). The important properties related to twisted super Hopf algebras are
presented in section 6.

Remark. The solution C4 holds only for light-like deformation a? = 0. This solution
was constructed first in [48, 49]. In [48, 49|, we have constructed universal x-Poincaré
covariant differential calculus over x-Minkowski space. This universal algebra has been
generated by {iu, M, 1, fu} (where M, are Lorentz generators) for time-like, light-

like and space-like deformation parameter a,. If a® # 0, bicovariant calculus implies that,
besides one-forms éu, there is an additional one-form proportional to 7. Only in case of
light-like deformation a? = 0, the one-forms have classical dimension, i.e. the additional
one-form does not appear. However, in present paper we start with x-Minkowski space,
bicovariance and demand classical dimension for one-forms. Among all the solutions for
light-like deformation (a? = 0), only solution C4 coincides with light-like case constructed
in [48, 49]. It follows that solution C4 is compatible with x-Poincare Hopf algebra, which is
demonstrated in sections 5.1 and 6.3.

3 Embedding into the super-Heisenberg algebra

3.1 Realizations via super-Heisenberg algebra

We can enlarge the x-Minkowski and differential algebra by introducing derivatives d,, (we
could also use the physical momenta p, = —id,) and Grassmann derivative g, with the
following properties

[8u7al/] = {QM’QV} = [8#7%/] =0 <3'1)

Then the most general algebra between NC coordinates, forms and derivatives that satisfies
super-Jacobi identities is given by

[aua iu] = ‘Puu(a)7 [8u7 éu] =0, (3.2)
[Q,ua i‘u] = qﬁSb,uBu(a)a {Quaéu} = U,uz/(a) .
where ¢, and vy, are invertible matrices satisfying following differential equations
8900;1, 097, .
oay _ @ _— i Voc O’a
BT v glanyt m T ¥
058, 0™, o 8 =B sap i+ AsaB
8(8[,)90 v a(ap)¢u+@ P v — Pp uP V—ZC;W 2D (33)
v o ~ o . «
a(a:)*‘) v = ot = K v

where for a, — 0 we have the undeformed super-Heisenberg algebra, that is ¢, = 1.,
Papy = 0, vy = N and Kyg, = 0. The above egs. (3.3) are complicated and have
infinitely many solutions, but we can analyze some special cases. If we take that ¢,,, =0

P
o’

then the third equation yields o 8a)<,0‘7y =1K,, v, which for fixed ¢ and K determines

the unique deformation of differential forms, i.e. v, # 7,,. On the other hand, if we take



that the algebra of differential forms is undeformed {qu, él,} = N, that is vy, = 7, then

we have a unique solution for ¢”,, = —iK,,”. In both cases the function ¢ is determined
only by the first relation in eq. (3.3) and the general solutions are analyzed in [72].
The exterior derivative d introduced in (2.8) can be written as

d=1[n,], (3.4)

where the generator 7 € SH is given by
i = €ad. (3.5)
The definition of exterior derivative (2.8) and (3.4) fixes the realization ¢, (0) and we have
O = 0p) — 1Ko, 0% (3.6)

Since Kyq is determined by (2.15), we see that for fixed algebra of differential forms and
NC coordinates we have a unique linear realization for &, given by (3.6).

We can embed the whole algebra (2.1), (2.6), (3.1), (3.2) into the super-Heisenberg
algebra defined by

[Ty 2] = [0, O] = 0, (O T0] = Ny
{gwfv} = {qwa/} =0, {{y,Qu} = Nuv; (3~7)
[xua@/] = [ﬂfuvqy] = [@ufu} = [auaqt/] =0,
and find the realizations for all NC generators in terms of the generators of super-Heisenberg
algebra via
Ty = o™y + EaP™ 145, éu = &%y (3.8)

It is straightforward to verify equations (3.2)—(3.8) with given realization (3.8). In [58, 59]
we have analyzed the realization of NC coordinates by embedding the whole algebra into the
Heisenberg algebra and there we have outlined the relations between different realizations
(that is all the bases of Heisenberg algebra) by similarity transformations. Similarly, we
can relate two realizations {2/, ', ¢, ¢'} and {z,0,&, ¢} of super-Heisenberg algebra

), = Ex,&1 = 20, (0) + fa@aﬁu(a)qﬁ
0, = E9,E7" = Nu(0)

&, = EEET = 6w ,(0)

QL = &Iug_l = ¢"Wua(0).

(3.9)

Hence, if we have one solution of (3.3) we can generate another solution via similarity

transformations £.

3.2 Class of differential calculi with undeformed exterior derivative and 1-

forms
In the special case when v, = 1, we have o’ w = —1iK Wp which leads to
By =1, — 1Ko P (2,0% + 6,0%) = 2, — iKayPL,%, & =&u )= £,0% (3.10)



where L, generates the gl(n) algebra (see section 5 for further discussion). Note that,
because :BL =z, 3;2 = —0u, qL = Qu: EL =&, and [0y, 2] = {&u, @} = N, it follows that
L, is antihermitian, so the realization (3.6) is hermitian.

We have only four classes of covariant realizations for NC coordinates

i —a s Laronl@)(@)+ @) +aul@d) + (€)@ #0
T @)+ (€a)), a2 =0

Cn S aul(az)(ad)+(a€) (aq)|+ea, [(0) +(§9)] — (1 = O)lwu(ad) +Eu(ag)], a* #0
T —e(ad) — €u(ag)), a2 =0

o = aul(az)(ad) +(a€) (aq)] + (1+0)[(a2)3, + (@), +a,[(20) + (0] a® #0
T (a2)d+ (a€) gu) +a,[(20) + (€q)], a? =0

Ca: & = wy+il(az) 0+ (a)lqu — iz (ad) +&u(aq)] = zy+ia® Moy, a® =0,
(3.11)

where M,,, = L,, — L,, are Lorentz generators (see section 5). It is important to note
that (3.11) are all possible covariant linear realizations of (2.2). Namely, if we take (3.10)
as an ansatz and just insert it in (2.1) or (2.2), we would get that the tensor K, has to
satisfy (2.7) and (2.9) (without refering to differential forms & or exterior derivative d) [81].
In other words only for linear realizations of k-Minkowski space, one can have undeformed
differential forms éu =&,

3.3 Action of SH on S A

Let us mention the k-deformed super-Heisenberg algebra SH which is generated by NC
coordinates &, one forms ém derivatives 0, and Grassmann derivatives g,, and SA C
SH which is a unital subalgebra generated by NC coordinates , and one-forms éﬂ. We
can define the action (for more details see [58, 59, 62, 64]) » SH ® SA — SA, where,
symbolically, SH = SAST, and ST is a unital subalgebra of 7 generated by Oy and gy

By §(2,6) = 2,9(2,6),  uw» 1=0,

£, G(2,€) = £,9(2,€), g > 1=0,

Al A) n(#:¢) e (3.12)
8u’$u:77,uua %L’gu—nw/a
u» & =0, Qu» iy =0

4 NC differential calculi over k-Minkowski space

In section 2 we have found all possible differential algebras of classical dimension that are
compatible with x-Minkowski space. Our goal is to develop a differential calculus, that is,
to define the exterior derivative and higher order forms. First we will outline the usual
undeformed differential calculus over undeformed Minkowski space, but using our algebraic
approach. Then the NC analog is developed.

Let us first analyze the usual undeformed differential calculus in the more algebraic
language. In the usual, undeformed differential geometry we would have a unital Abelian

,10,



algebra A generated by z, and algebra Q¥ C SA, p € {0,1,...,n}, generated by p-forms
W= Way..ap§™ ... §97, where Wy, ..o, € A and OV = A. Then the exterior derivative is a
map d : QP — QP! that satisfies the Leibniz rule

d(fg) = (df)g + f(dg), (4.1)

where f, g € A and is simply realized by d = [n, -] and n = £*0,. Of course, since [z,,,&,] =0
we have that one forms are given by

df =& (0a® f) = (Oa® [)E7, (4.2)

where 0, > f =

Now we analyze the noncommutative case. Let A be a unital algebra generated by &,
and QP C SA an algebra generated by NC p- forms w = wal apfal . éo‘f’ where Wq,..q, €
A and Q° = A. The exterior derivative d is a map d: Qr — QP! that satisfies the
Leibniz rule

= 8 I Usually one forgets about > and simply writes df = an; dx®.

d(fg) = (df)g + f(d9), (4.3)
where f, § € A. Eq. (4.3) is easily fulfilled by choosing d= [7,-] and ) = £29,, as mentioned
in the previous sections (see (2.8), (3.4)). The commutation relations between differential
forms éu and an arbitrary element of A can be written as

Euf = (Mo » )EY, féu=E(N0a» /), (4.4)

where A, is expressed in terms of derivatives 0,, and Am/l = (A1), denotes the inverse

matrix, i.e. A;;AO‘,, = 7. Since df = [, f] € Ql C SA it follows

df =i, f] f I f=E0a > ). (45)
That is we have o A o
Af = €20 > [) = (05070 > )€™, (4.6)
Furthermore, eq. (4.6) and Leibniz rule (4.3) imply
Ao (43) . L (46) . .
d(fg) =" (df)g+ f(dg) =" &0 » (f9)
4.6 .
) o w 1+ 7600w 4) (47)
(4.4)

E(0a » )G+ (Mg » )" > 9)]
and by comparing the first and last line in (4.7) we get the Leibniz rule for 9,

0o ® (£3) = (0 ™ g+ (Az0 » /)" > g). (4.8)

The Leibniz rule and coproduct are related via 9, » (f§) = m[Ads » (f ® §)], where
m(a ® b) = ab, so that the coproduct for 9, is given by

Ady =0, @1+ A ) ® 0%, (4.9)
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and since 0,, generates a Hopf algebra of translations it follows that its antipode and
counit are

S(8,) = —0aA%,,  €(8,) = 0. (4.10)

The associativity of the product between forms and elements of A gives

= [Aua » (FRIE" = (Mo » )75 = (4.11)

We can read out the Leibniz rule for A, as
Ao » (f3) = (Ays » FHA% > ), (4.12)
and extract the following coproduct
ANy = Njo @ A%, (4.13)

Additionally we have
S(AMV) =A,, G(Auu) = Nuv- (4.14)

(128

It is important to note that the constructed differential calculus is bicovariant, meaning

that all products of higher forms are again differential forms regardless of the way they are

multiplied. To illustrate this more closely let us consider two different forms: @ € (7 and
6 € QP. Written in basis we have

b = By g1 B = BB,

) i i g (4.15)
9#1---Mp§ : f P= f e 5 peul---upv

D>
I

where @y gy Opy.opgs Oy, and 0#1;-/@ € A. There is a relation between WOpy..pg and

‘ffmmuq via (4.4) (same for émm”p and émmup ). Of course if we multiply @ with 0 it is easy
to see that wl # Ow, but because of bicovarince we have

~ A_ ~ 2 2 o z 2 2 A +
WO = Gy gy, 81 G =0 Rty € QITP

. 4.16

00 = /3#1-~-Nq+pé#1 - 'éﬂq-!—p — ém - 'éﬂﬁpﬁm..-uﬁp c Qatp ( )
where &y gty o:zmm“qﬂ,, Bu1muq+p and Bm--#qﬂ) € A and they are interrelated with
Wpy.opny and éﬂln-ﬂp by using (4.4). Bicovariance leads to condition (2.6) which enables us
to find (4.4) and define all the higher forms in a consistent way (as illustrated above).

In formulating differential calculus it is important to know all the commutation rules
for (and between) the elements of A and OP. The commutation rule between one form éu
and an arbitrary element of A is determined by A, (4.4). The commutation rule between
NC coordinate Z,, and an arbitrary element of A is determined by O (see appendix A)

iuf = (Opa» )%, fi,=i*([0 o » ). (4.17)

— 12 —



We point out that
Ow = () o € = iCa(@™), (4.18)
Qv

and similarly A, is given by®
N = (%) 0 Ky = 1B (0" (4.19)
1%

where 0" is the derivative corresponding to the Weyl ordering [65] (see also appendix A
and B):

jadV ia, 0/ a0V
O &) = s — o e <1 - ww> , (4.20)
etadV _ 1 1aOW etadV _q
where we used ad"' = a®9}¥'. We also have
[A/wm ‘/IA:V] = iKMVBABaa (421)
[0y #] = 10, O (4.22)
In k-Minkowski space it is useful to introduce the shift operator Z, defined by
Z, 3, =ia,7, Z,0,] =0,
[ Au] I [Z, 0] (4.23)
[Za gu] =0, [Z7 Q,u] =0,
where
7 = ¢l0" (4.24)
The expression for Oy, is:
_ —1 . aW 1-— Zil
O/,w = nuuZ +a,0, W (425)
Explicit expressions for A, (and its inverse), 8}7 and Z for Sy, S, S3 and Cy are:
o 811
Nw=nwZ" A YW =07, (4.26)
InZ - aW
W _ aR _ o - AR
9, _8“2—1’ Z =¢e"7% =1+1ia0d (4.27)
o 821
w4 —1 PN -1 AL
Ay = Ny +ia,0, g = +ia,0,7, [N = N —ia,0,, (4.28)
InZ 1
H H1-—Z-1 1 — iad% ( )

®For a different derivation of A, using realization and coproduct see [81].
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1—2z1 2(Z - 1)
; w -1 —1 . w
AII,V - (n/LV - Za”au h’lZ ) Z 5 [A ]/LV = 77/wZ + la”aﬂ v
(4.30)
2= \JZ2=a2(0M5)2\ InZ )
w MS _
O, = <3u — iy, " 1 7= /(1 +iadM5)2 + a2(0M5)2
(4.31)
9 !
e Cy (a®=0)
Z-1 7' 1 aua 712 _ 7-1/2\*
Ay = i OWE T LW e T v gw2 (2 T8 T
po = Ty + 100,77 a0 = 4+ == (07) ( nZ )
= N — 10, Dy + iay, (D,, - ;a,,DQ) zZ (4.32)
A, = 1w — ia, D, +ia, (D# — ;a#D2> Z
) InZ 1
w — D — mJDZ _— Z = 4.
% ( o2 1-Z-1 1—iaD (4.33)

where 85, 85 , aﬁ/f S and D,, correspond to Si, Sz, S3 and Cy4 respectively (for the derivation
see appendix B).

The commutation rule between NC coordinate Z, and an arbitrary element y =
§ir---&i,, p<nis
(X 2] = €7 (iKapsa™ » %) (4.34)

From 2, =z, — iKqa, (x,0% + £pq%) = v — 1Ko, " L,", where L," generates the gl(n)
algebra (see eq. (74a) in section 6), it follows

G, 2] = —i¢° Kpyy (4.35)

and we find

~

auf = (qu » f) + (A;ﬁ > f)qa (4.36)

from which we get the Leibniz rule for ¢, and extract the following coproduct
AQM =qu® 1+ (_)Nl [A_l]au ® q°, (4-37)
where [Ni1,2,| = [N1,0,] = 0, [Nl,fﬂ] = éu and [N1,q,] = —qu. Note that d,, g, 7 and
Ni generate a super-Hopf algebra. From the undeformed Leibniz rule for 7 it follows that

A7 is undeformed, i.e. A = Agi = 7@ 1+ (=) @75 and ANy = Ny ® 1+ 1® Ny (see
section 6).
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5 Related class of Drinfeld twists

Here we present Drinfeld twists leading to equations (3.10) and (3.11) which generate super
Hopf algebra structure (sections 4 and 6). These twists can be obtained using a method
that has been developed for constructing a Drinfeld twist from linear realizations (3.10) [81]

F =exp (nga ® Laﬁ) (5.1)

where L,, generate gl(n) algebra, see equations (6.3) and K, = K0, (0")?, see equa-
tion (4.19). They lead to the super-Hopf algebra structures defined by AP,, AQ,, AL,
where the coproduct, antipode and counit are:

Ag = ]-"Aog]:_l,
S(g) =x So(g) x ', x=m[(1®Sy)F], (5.2)
e(g) =0,

where Agg = g ® 1 +1® g is the undeformed coproduct for P, and L,,, AoQu = Qu ®
1+ (=)M ®Q, and Sy(g) = —g is the undeformed antipode for P, and L,, and Sp(Q,) =
—(—)MQ, = Qu(—)™. Drinfeld twists (5.1) are new and lead to deformed super Hopf
algebra in section 6.

For Cy, Ca, C3 and C4, twists are:

Fe, = exp { (nag - aaa ) InZ® LO‘B} = exp {an ® (D - C%Laﬁ)} ) (5.3

Fe, = exp { [ (77,13 - 7) InZ + mg@W] ® LO‘B} (

Fe, = €exp { [(Uaﬁ ) InZ + (1 + ¢)iaadp ] LO‘B} , (
(

Fe, = exp { maaﬁ - mg@w) Laﬁ} = exp {maagV ® MO‘B} (5.6

ot
=

ot
ot

)
)
)
)

where M, = L,, — L,,. Note that in [62] the extended twist was used to obtain the
differential algebra D=1 = Ds=L.
Starting from the twist operator, the realization can be obtained using

Zp=m[F e 1)(z,®1)] =2, — iKguL* (5.7)

Using twists (5.3), (5.4), (5.5) and (5.6) yields realizations Cy, Ca, C3 and C4 respectively,
which satisfy k-Minkowski algebra.
5.1 Twist leading to k-Poincaré Hopf algebra

Here we point out that only the case C4 is k-Poincaré covariant and that the corresponding
twist operator can be written in a covariant form [48, 49|

aPIBIH(1+CLP)

fc4:exp{a P

® Mag} . a’=0, (5.8)

which is expressed in terms of Poincaré generators only and satisfies the cocycle condition.
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We point out that the twist in eq. (5.8) is a unique covariant Drinfeld twist, expressed
in terms of Poincaré generators, compatible with x-Minkowski space (2.5) and k-Poincaré
(super) Hopf algebra:

AP, = AoP, + [Puaa —ay, <Pa + ;aazﬂ) Z} ® Py
1
AQ, = AoQ, + (—)Nl {Puaa —ay (Pa + 2aaP2> Z] ® Qa

1
AM,, = AoM,y, + (67 a, — 67 ay) <Pﬁ + 2a’8P2> Z @ Mg

: (5.9)
570 = [~Pu— o (Pat Joar?) 1] 2
1
S(Qu) = (—)™ [—Qu — Ou (Pa + 2aaP2> Qa] zZ
B B 67 1 a p2
S(Muu) = _M/uz + (_aM(SV + a,,éu) P* + ia P Maﬁ
and the algebra is given by
[MMV7 M)\p] = _i(nVAMup - 77,u)\Ml/p - T]VpM;LA + nupMy)\)
My, P\] = nuaBu — P,
[ 7 N = A o M (5.10)
[M,ul/a QA] = nVAQu - nuAQu
]

[P @] = [Bus B)] = {Qpu @} = 0.

6 Super-algebra £ and deformed super-Hopf algebras

The differential calculi that we developed so far is bicovariant. Bicovariance condition
states that oneforms &, are simultaneously left and right covariant [39, 40]. The sufficient
condition for bicovariance is given by

[éli’@V] - iK,ul/aéa7 (6.1)

that is that the commutator (6.1) is closed in one-forms (and the differential calculus is
of classical dimension). Of course conditions (2.7) and (2.9) naturally hold. Covariance
of differential calculus under a certain symmetry algebra G C SH generated by ¢g; € G is
defined in the following way

gi > (3,6)=m (Agi(b ® ») (i ® éy)) . and g » (Edu)=m (Agi(b 2 »)(, @:ﬁu)) .

(6.2)

The question that remains is what are the symmetries of our differential calculi. To

answer this question we will consider an algebra £ which is generated by L., O, qu, 1, No
and N7 and has a super-Hopf algebra structure.
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6.1 Undeformed super-Hopf algebra structure of £

The super-algebra L is generated by gl(n) generators L, translations d,, and g,,, generators
1, No and Ny satisfying

[L vy L apl = Mol — NupLawv, (6.3a)
[Lyvs Op] = [Lpws @pl = —Nppdu [Lyw,m] =0, (6.3b)
[0, 0] = {qmqV} = [Op, 0] = 0, (6.3¢)
' =0, {n: 9} = Oy, [1,0,] =0,  (6.3d)
[NO,LW] = [N1, L) = [No, N1] = 0, (6.3¢)
[No,Ou] = =0, [No,qu) = [N1,0,] =0, (6.3f)
(N1, qu) = —ap, [No,n] = —n, [Ni,n)=n.  (6.3g)

There exists an undeformed super-Hopf algebra structure defined by the coalgebra structure
Ayg=g®l+1®g, (6.4)
where g € {L,,, 0y, No, N1}, with grade |g| = 0 and coproducts for ¢, and 7 are given by

AOQ;L =qu® 1+ (_)Nl & qu, (6'5)
Am=nel+ (=) en, (6.6)

with grade |¢| =1 and |n| = 1.
The antipode Sy is defined by
So(9) = —yg (6.7)
for g € {Ly,0,, No, N1} and
So(au) = —(=)"Mgu = gu (=)™, So(n) = —(=)V1n = n(—)™. (6.8)

The counit € is defined by

for all generators, and €p(1) = 1.

6.2 Deformed super-Hopf algebra structure of £

Using Drinfeld twists from section 5 we construct deformed super-Hopf algebras which are
defined by the coalgebra structure A

ALy, =Ly, @1+ <Amlg(a“)8 +Ag A, ) ® L%, (6.10)
Ady =0, ®1+ A} ® 0% (6.11)
Agu =gy @1+ (=) A, ® %, (6.12)

Anp=nel+ (=) an, (6.13)
ANy = AgNp + Ay gé\@ )8 ® L (6.14)
ANi =N @1+1® Nip = Ay (6.15)
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where Ay, = (ex)w and X, = iKMa,,((?W)O‘. Antipode S for all generators is obtained
by using S(@ZV) = —8}7, S(Kuw) = K, S(Aw) = Ay, S(Aljyl) = Ay, and S(0,) =

pv
—0,A%,. The counit € is unchanged, i.e. € = €y. This defines the deformed super-Hopf
algebra structure of L.

Since £ C SH for the action » (see (3.12)) we have

Lul/ > 1) = 771/)\«%/17 L,ul/ > é)\ = ﬁuxé;u n» i,u = é}u n» éu =0,
No » &y = iy, No» &, =0, Ni»2,=0, Ni»& =6, (6.16)

3y>:%y="7um a,u’éu:oy qu » Ty, =0, %L’ézz:n,uu

and g» 1 =0, Vg e L.

In order to calculate the action of the generators of £ on an arbitrary element of SA,
we use commutation relations [L,,, Zx] = mua (24 —G—iKB,mLO‘B) — iKgAI,L“B +iK oL, and
[Lm,,é,\] = m,,ém which are obtained using L, = 2,0, + £uqu, T, = T4 — iKguaLafB and
é,u = ‘f,w

The covariance property under the super-Hopf algebra £ holds:

g» (fo)=m(2g(f®q)), geL fgesa (6.17)

For example, one can easily check

Ly » (Saitp) = valuds + mupladn = m (ALW > (o ® @5)) : (6.18)
Ly » (iﬁéa) = Nva (iﬁéu + iKuﬁvév) + s (iuéa + iKauwév) - iKaﬁvéu
=m (AL » (i3 )). (6.19)
and
Ly ® (S 5] = iKog'& = m (ALW > (ba® i — 25 @ éa)) : (6.20)

The deformed super-Hopf algebra acting on %, ® 1 and éu ® 1, ie. using gf =
m (Ag(> 1) (f @ 1)), Vg e £ and f € SA, leads to

(Lo, Zv] = NovZp + iNov K ypa LM — iKWULp“ + 1K ,0 L%, (6.21)
[L,u,ua é)\] = nu)\éua (622)
[a,ua fu] = Nuv — iKﬂuuaﬁa [8ﬂ7 éy] =0, (6.23)
[qlu fiu] = _iKﬁupqﬁv {Q;uéu} = Nuv, (6-24)
0. ] = {né}=0 (©62)
which also leads to
[i'uyju] = auly — ayTy, (6.26)
{éu,éu} =0, [{ud] =iK,, "%, (6.27)
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The realization for Z,,, é#, L,., No, N1 and 7 in terms of the super-Heisenberg algebra
SH follows from (6.21)—(6.27) and is given by

Gy =1, — iKpgua L, (6.28a)
€y =&, (6.28D)
Ly = 2,0, + £uqu, (6.28¢)
No = 24,0%, (6.284)
Ny = £.4°, (6.28¢)
n = £,0%. (6.28f)

This proves the consistency of our approach.

We point out that generators [, = &, — x, = —iK WaLaﬂ close k-Minkowski algebra
(when a,, — 0 then [, — 0). Since [, € £ and Agl, =1, ® 1 +1®[,, we can apply twist
F from equation (5.1)

Al, = FAol, F 1. (6.29)

From general structure of twist F = exp (K,ga ® Laﬁ) = exp (—821 ® la) it is clear that
Al is closed in [, and .. This is the main feature of all solutions in the present paper.
6.3 Symmetries of differential algebras &1, S2, S3 and C4

Our differential algebras (obtained in section 5) are covariant under certain x-deformation
of the igl(n) algebra, but in the special case of S; we have Poincaré -Weyl, and in the case
of C4 k- Poincaré covariance.

For 81 defined by Ko = —nuaa, we get &, =z, +ia,D and we have
[Lpaa -%1/] = no'ujjp - inauapDv (630)

where D = L,“ = Ny + Ny. If we define the Lorentz(SO(1,n — 1)) generators by M, =
L,, — Ly, we have

[Mpda 551/] = ndl/jp - npuj:a - i(nauap - npl/aa')Da [D, JA:)\] =) —tapD. (631)

Note that eq. (6.31) includes the dilatation operator D. This implies the Poincaré -Weyl
algebra, which is the underlying symmetry of the differential algebra &1 and is compatible
with [44, 45].

For Sy defined by Ko = Nuaa, we get £, = v, —ia“ L, and we have

[Lpo, i’u} = noui'p + iapLzlm (6'32)

which illustrates that the underlying symmetry of the differential algebra Sy is described
by the k-deformed igl(n)-algebra and is compatible with [70, 71].
For 83 defined by K0 = =100 —Nuaty we get T, = x,+1a* Ly, +ia, D and we have

[Lpa'a i’u] = nauip - i"?ouaaLap + Z.a’O'LpV - Z.77,m/aaLOé - inal/apDa (6'33)

(e
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which illustrates that the underlying symmetry of the differential algebra Ss is described by
the r-deformed igl(n)-algebra and is compatible with the Magueijo-Smolin realization [64].

For C4 defined by Ko = —1uwa + Nvaty, a® =0, we get &y =, —1a®(Lya — Lap)
and we have

[Lpos Tv] = NovTp — Neva® Lap + 06 Ly — i1pya” Log 4 iapLyq. (6.34)

If we define the Lorentz(SO(1,n — 1)) generators by M,, = L, — L,,, we get Z, =
xy — 1a*Myo (where [Py, X,)] = —inu, (X, Xy] = [Py, P,)] = 0 and X, and P, transform
vectorlike under M,,,) and we have

(Moo, Zv] = NovZp — NpwTo + i0e My, — iayMy,. (6.35)

Note that eq. (6.35) is expressed in terms of Lorentz generators M. This implies the
k- Poincaré algebra, which is the underlying symmetry of the differential algebra C4. It
is important to emphasize that the differential algebra C4 is the only algebra of classical
dimension compatible with the x-Poincaré -Hopf algebra (5.9) (see also subsection 5.1.).
We note that this section can be generalized to the super-Hopf algebroid structure.

7 Field theory

The study of field theory over k-Minkowski space is relevant for physics, since it may provide
an interface between quantum gravity, NC geometry and their physical manifestations.
Until today there is fairly large literature on k-deformed field theory [43, 67, 68, 73-77],
but all of these theories are very special, since they can be related to a specific realization or
they are using the differential calculus with one extra form. Our goal is to give a framework
for constructing field theory with differential calculus of classical dimension. In order to do
this we need to introduce higher-degree forms, the Hodge-* operation and an integral to
define an action for the fields.

In the usual undeformed differential geometry the higher-degree forms are defined via
wedge product A, but since one-forms in our approach generate a Grassmann algebra we
have w = Way..a,dT A ... AN dZ = Wy 0,8 ... P € QOP. The Hodge-* operation is
defined as a mapping * : QF — Q"7P via

aANf*=a"NB=a (B)" =(a)" B=oayu. uB" " vol, (7.1)

where o, 8 € QF and vol = dz®A.. . Adz" ! = €0, .. ¢ 1 is the volume form. The integral
is defined as a linear map

/ Q"= C (7.2)
and it is closed in the sense that [dw =0, VYw € Q™

7.1 NC field theory

So far we have established the connection between the usual methods of differential geometry
and our algebraic approach. Now, we want to investigate the NC generalization and apply
it to construction of NC field theories.
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The higher degree forms in NC case are defined via
W = Way...ap® ... £ € QP
The Hodge-* operation is defined as a mapping * : Qp — Qe by
& (B)" = (&)" B = Gy B vol,
where d,,@ e OF and vol = €0...¢" 1 is the volume form. For n = 4 we have
& - 01228 1 S iy pé
(1) = vol = €O§1€2§3 = Ieuypagugugpgo'?
a1 o
(é-,u) = ?6'“ a1a2a3§a1€a2€a37
(éﬂé’/)q‘ = 76#1}(11&25&15&27
(@rivioy = o,
CE
The integral is defined as a linear map

/:Q"—>C.

where the integral is closed in the sense that
/aw:o, Vo e Q.

It is easy to see that for n = 4 we have

(7.3)

(7.4)

(7.5)

/&G) = /é#(aﬂ > @a1a2a3a4)éaléa25agéa4 = /(aUAU,u > ®a1a2a3a4)éuéaléa25aséa4 =0.

(7.8)

At this level, the integral symbol defined by (7.6) and (7.7) is just a formal notation.
However, in the C4-case the integral is invariant under the action of k-Poincaré algebra, so

that the integral introduced here is the standard Lebesque integral applied to the functions

which give a realization of the k-Poincaré algebra through the *-product [43, 78, 79].

Now, we are ready to write an action S for a real NC scalar field qg e A. We have

§= [40 (@3 +m (&)
Since d¢p = (a@Aﬁa > $)E* and using (7.4) we have

AA A

dé (dg)* = (95A”, » )(0,A*™ » $)vol
(9)* = dovol,

SO

§— / ((958% » 3)(@pA%% » &)+ m?35) vol
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To find the equation of motion we impose §S =0, that is

which leads to

A@dd)* | =m? (7.13)
where we used
[ @iy1=o= [ass @iy + [ @y
/a[ag’ (68)°] :02/3(3@* 5<13+/&<$ (d56)*, (7.14)

Eq. (7.13) represents the NC generalization of the Klein-Gordon equation. Let us investigate
the Lh.s. of eq.(7.13). We have

¥

48] = [ (@0% » dée)’
o] = |a( )]

- 1 o 3
=1|d <(85A6a > ¢)§6a P1P2P3§p1§p2§p3>:|

I 1 . * (7.15)
= [(@,07,0507 » é)viﬂ]*
= 0,A7;05A% » .
So, for the equation of motion we have
Du03A A7 > b —m2p = 0. (7.16)

7.2 Dispersion relations

We can look at some specific examples for A% and derive the NC dispersion relations. For
example for S; we have Ao = 102 ~1 50 for the NC Klein-Gordon equation we get

~ A~

Si: (0272w p—m?p=0, (7.17)
and for Sz, where Ao = Ny + ialﬁéZ we get

So: (092 Z%w p—m?p=0 (7.18)
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where Z is given in (4.24). We see that the main new NC feature is the modification of
dispersion relations

Si: E*—pP=m2)?* Z=1-ap
2 1 (7.19)
. E?-p?= <E> Z = .
S2 b z)’ 1+ap

It is interesting to examine C4, where A, = 1., +ia,D, —ia, D, + %aual,DzZ leads to
D*» ¢ —m?p = 0. (7.20)

We see that in the case of C; we get D? = [ (a® = 0), that is the Casimir operator of the
Poincaré algebra. This was expected, since Cy4 is compatible with the Poincaré algebra, and
only the coalgebraic sector is deformed.

The dispersion relations we obtain here are in general different from the ones usually
found in the literature. It is usual to investigate the operator [J in different realizations.
Operator [ is the generalized d’Alembert operator and it commutes with the Lorentz
generators M), and translation generators p, = —i0, for any realization of M,, and p,,
which means that it is a Casimir operator of the deformed Poincaré algebra and we can
assign to it an invariant mass m in the following way

O =m? (7.21)

The generalized d’Alembert operator is given by:

0=2 (1 V1o a2D2) . (7.22)

a2

We will use the following notation for the partial derivatives in each realization:

right covariant : oy = 817
left covariant : oy = (‘35 (7.23)
Magueijo-Smolin : Oy = 8})” S

where the superscripts R, L, M S denote the right covariant, left covariant and Magueijo-
Smolin realizations respectively, and D, stands for the natural realization or classical basis
(for more details on realizations see [65-69| ). All four realizations are connected via simi-
larity transformations (see section 3 and [58, 59, 65-69|) and they are explicitly connected
in the following way

R _ qL

A

D, = ok + 0 7.24

L= ok + 0 (7.24)
MS 7—1

D, =oM57,

where D? = (1 — %QD) and Z is the shift operator given by

Z =1+ iad" = ﬁ — /(1 +iadM5)2 4 (952 =

1
—iaD + V1 —a2D?’

(7.25)
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Using (7.24), (7.25), (7.21) and p, = —i0, we get the following dispersion relations

right covariant : (pf)?2 = —m?Z = —m2(1 — ap™)
left covariant : P2 = —m2Z7 = —m?(1 + ap) (7.26)
Magueijo-Smolin : (pM9)? = —mZ5(1 — ap™®)?
) m? (1445 m? o . . .
where mZ, = s+ . For the time-like deformations of Minkowski space (2.1) we
eff ™ 1 a2m2 (1+%m2)
get
right covariant : E? — > =m*(1 — aoF)
left covariant : E? - =m?*(1 + aoE) (7.27)
Magueijo-Smolin : E? — p* =m?%;(1 — aoE)?

where we used a,, = (ag, 0) and p" = (E, p), where ag = 1. The difference between these two
approaches is mainly in the fact that the operator in the NC Klein-Gordon equation (7.13)
is not related to the d’Alambertian invariant under the x-Poincaré algebra, but rather an
operator invariant under certain x-deformation of the igl(n) algebra.

8 Final remarks

The framework developed so far will enable us to describe and further investigate the physics
of other field theories. For example we can also examine k-deformed electrodynamics via

~ 1 A A n
S = —4/F (F)™, (8.1)
where F = dA. The equations of motion are given by 6S = 0, that is
d(dAY =0, < d(F)* =0 (8.2)

The NC version of Bianchi identity also holds dF = d(dA) =72 » A = 0.
Similarly, for the NC generalization of the Abelian Chern-Simons theory in n = 3 the
action is given by
S—[A dA (8:3)
and the corresponding equation of motion is
dA=0 < F=0. (8.4)
Further investigations of field theories in this NC setting will be reported elsewhere.

So far we have analyzed the NC version of the free classical field theory. The new
physical contribution is the modification of dispersion relations (7.19). The next step would
be to investigate the interacting classical field theory, by adding additional terms in the
action, and then analyze the case of quantum field theory. In order to do this , we have to
investigate the R-matrix which would modify the quantization procedure, that is we have
to modify the algebra of creation and annihilation operators via

¢(x) ® d(y) — Ro(y) ® ¢p(x) =0 (8.5)
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which will modify the usual spin-statistics relations of free bosons at Planck scale. The R-
matrix is defined by the twist operator R = FF 1. The issue of star-product quantization
is still under investigation. The idea is that the R-matrix will enable us to define particle
statistics and to properly quantize fields, while the twist operator will provide star-product,
which is crucial for writing the action in terms of commutative variables, which will in the
end enable us to derive the Feynman rules and see the NC correction to the propagator
and vertex.

The general plan for future work is to study differential calculus on xk-Minkowski space
and related concepts (e.g. vector fields, Lie derivative, exterior derivative, Hodge star-
operator and integration) using two approaches: the twist deformation method [57] and the
method of realizations [46]|. Using a Drinfeld twist operator (or a twist in the Hopf algebroid
setting [58, 59]) one can introduce noncommutativity via star-product on the algebra A of
complex-valued functions on the classical Minkowski space. We want to study the induced
deformations of A-modules of vector fields and one-forms on k-Minkowski space as well
as deformations of the related morphisms. An alternative approach to deformation of the
differential algebra is based on realizations of coordinates and one-forms on k-Minkowski
space as power series in a formal parameter with coefficients in the super-Heisenberg algebra.

In this paper we have not discussed the issue of NC vector fields. Usually, in NC
geometry |54, 55, 82, 83| vector fields are replaced with derivations of the NC algebra. We
prefer to define NC vector fields via V = V”@M, where V# € A and V satisfies a deformed
Leibniz rule because of (4.9). This choice would be the natural generalization of the usual
vector fields in the commutative case and it is easy to see that this definition reduces to
the usual definition of vector field on commutative manifold after a, — 0. The duality
between NC differential forms and NC vector fields is of immense importance and is a work
in progress.

The existence of Cartan operations, i.e. exterior derivative, Lie derivative and in-
ner derivative and their mutual commutation relations is under our current investigation.
Namely, the exterior derivative is defined by (3.4), while the inner derivative is related to
the action of the generator g,. The Lie derivative in our approach was first discuss in [62]
(see the text after eq. (11) in [62]).
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A Universal formula for Lie algebras
Let us define a Lie algebra generated by

[, ] = iC 2. (A1)
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The Heisenberg algebra is defined by
[xwxv} = [8“,&,] =0, [auv%/] = Nuv- (A.2)

One can find the realization of the Lie algebra (A.1) in terms the of the completion of the
Heisenberg algebra (A.2) in first order in €}, which is related to the Weyl ordering [65]:

=+ %xacuﬂaaﬁ +0(C2). (A.3)
In [80] is the construction of the universal formula for Z,, valid in all orders in C),q

e
ﬂfu =X (1 — e_e>ua (A4)

where €, = z‘CW(aW)a. This realization corresponds to the Weyl ordering.

We can introduce another Lie algebra generated by g, and satisfying [58, 59

[ngu] = _Z'C;WAQA' (A5)

Now, the realization of g, is also given by the universal formula

¢
g, = x° . A6
= () (A6)

There is an antisomorphism between Lie algebras (A.1) and (A.5) defined by & — g.

In the Heisenberg algebra there exist an identity among the realization of & and ¢ given by
2y = 9" Opa (A7)
where O, is given by
O = [e@} , (A.8)
nv

and it can be shown that %, and §* commute

[T, 9%] =0 (A.9)
We restrict ourselves to the special case when

C/,LI/)\ = auMux — QuTlp\- (A.10)

It follows that combining (A.8) and (A.10) we have (we shall omit the label W for the sake
of simplicity)

O = |¢]

= nuwZ " +ia,(0"),,

1a0

—iad
— i)y aD+iay, O — ity ad ia,d —iad ' —¢©
=€ My G0+1apOy =e v @ ela# V= n,U«ae " <7701V +Zaaau>
v

(A.11)

where ad = a,0% and we used Z = €9 and (9%), = 9, l—fagaa
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Note that ¢, can be interpreted as the right multiplication
Juw» f=f2,, Vfed (A.12)
We also have (4.17), (4.22) and
(O 9] = i(apm — axOp), (A.13)

and similarly for [O71],,,.

B Explicit calculation of A,

Here we will explicitly illustrate the above construction for the special cases of covariant
differential algebras introduced in section 2.

Differential algebra Si: & is defined by
Kyva = —Npatw (B.1)
and corresponds to the right covariant ordering. Using (4.19) we have
Ao = €0 = n,mel, (B.2)
where pq = —inuaad". Obviously [A™1],0 = NuaZ, so using (4.9) and (4.37) we get
A =001+ Z00), Agu=q@1+(—)MZ®q,, (B.3)
where we used Z = %" =1 + jad~.
Differential algebra Ss: s is defined by
Kyva = mvaay (B.4)
and corresponds to the left covariant ordering. Using (4.19) we have

A;wc - [ep];wc (B5)

where p,q = ia,ﬁxv. Note that p" = pA"! where Ay = iadV, so e? = 1 + peAx/iw*l,
that is
Aw _ 1

. €
A,ua = Ny + zaﬂagvi

= Nya + 10,05 7. (B.6)
Aw

Since [A™Y 0 = Nua — ia,0L, using (4.9) and (4.37) we get
AOy =0y @ Z ' +1®0), Agu=Dogu+ (—)V'0! ® (—iaq), (B.7)

; 144
where we used Z = 9" = L
1—iad
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Differential algebra S3: &3 is defined by

K,uua = Nuwla — Npaly (B8)
and corresponds to the Magueijo-Smolin realization. Using (4.19) we have

Ay = exp(—inqadW) = e~ q=ioadll _y 7-1 o oLz-1 (B.9)

where we used Z = ¢@" = | /(1 + iadM5)2 + a2(0M5)2 and 8&45 = 0LZ + MT“(@L)2Z2.
Since [A ™0 = NuaZ + iaaaﬁZz, using (4.9) and (4.37) we get

A0S = @1+ Z2® 015 +ia, 2 (0")" © 9F,

. (B.10)
Agp=¢qu®1+ (_>N1<Z ® qu + Z%ZQ(‘?L)Q ® qa)-
Differential algebra C4: (4 is defined by
K,uzza = N o + Nvaly (Bll)

and corresponds to the natural realization (or classical basis) for a?> = 0. Using (4.19) we
have
Ay = Ny +ia, 8% —ia, D, (B.12)

— oL 4 ; Wy2coshAp—1 L _ gRy-1 _ gWl—e “D
where we used D, = 0, + ia,(0") v e and 9y = 0,27 = 0,/ =5 —, where

Ap =1iaD. Since [A_l]lw = N —ta, Dy +ia,(Dy — %auDQ)Z, for the coproducts we have

1
AD,, = {_mf"Du +iay, (DO‘ — 2ia°‘D2> Z} ® Do + AgD,,. (B.13)
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