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¢ HOPF ALGEBRAS AND «-POINCARE FRAMEWORK, WHAT
ABOUT PHYSICS ¢

4 SOME HINTS IN RELATIVE LOCALITY

¢ INTRODUCING LATESHIFT: PHYSICAL OBSERVATIONS,
PHENOMENA AND STUFF...

€ LOOKING FOR CURVATURE, LET'S TRY WHITH FINSLER
FORMALISM.

A



VECTORIAL SPACE A ON A FIELD F; WHICH 1S
SIMOULTANEOUSLY AN ALGEBRA AND A COALGEBRA

ALGEBRAIC SECTOR
Product M- A A4 — A

Unity n:F— A,
COALGEBRAIC SECTOR
C'oproduct A A—-> AR A
C'ounity e: A— F.
ANTIPODE

S: A—- A

A



(x,,, ] =6, + iCEL,:L'&




(x,,, ] =6, + iCEL,:L'&

K-MINKOWSKI NONCOMMUTATIVE SPACETIME

xi, x0] = ilx; , |z, 2] =0




Ty, Ty) = 10 + 1, Ta
K-MINKOWSKI NONCOMMUTATIVE SPACETIME
@z, x0] = ilx; , |z, 2] =0
WE LOOK FOR ITS SYMMETRIES

[S > ;LT,E::S > ;LTD] — il S>> xI;

AND WE FIND 10 GENERATORS:




ALGEBRAIC SECTOR CHARACTERIZED BY:

- E—ZEP{; ¢

2( 2
[Rijk_] = 'iEj;cgNg \ [N;,.Nk] = 'iEjMRg .

. o (1 ~ -
Nj, Po] = iP;, [Nj, P =1idj ( |P|2) — WP Py

COALGEBRAIC SECTOR CHARACTERIZED BY:

AP = PFfe1+1QF;
AP = Pl@l+e 0P,

A(N;) — N: X1 + et X N‘._,r + gﬁ.ikgpg R R,

4‘



ALGEBRAIC SECTOR CHARACTERIZED BY:

- E—ZEPQ

20
[Rijk_] = 'iEj;cgNg \ [N;,.Nk] = 'iEjMRg .

. e 1 e, . .
[ijp{]] = 'E-Pj . [ijk] = 'E-éj;c ( i 2|P|2) — 'E-EPijf

COALGEBRAIC SECTOR CHARACTERIZED BY:

227
AP, = P5®1+H®PV

AP} = Plot+"T)e Py

AN)Y=N'@1+e @ N+ tej Pl @ R

4‘



BAKER-CAMPBELL-HAUSDORF FORMULA

WAVES' COMPOSITION IN x-POINCARE:

oikad® jiqpdf_ i(k+ge=tk0)F—i(ko+qo)x°

€




BAKER-CAMPBELL-HAUSDORF FORMULA

X oV — XY 5[ XY+ 5 [X[X Y]] -5 [V [XY])

WAVES' COMPOSITION IN k-POINCARE:
iq5fﬁ5: i(k+ge**0)Z—i(ko+qo)z

'

Ev&E, = Ey+E,

— o tko
(kD) = kit qe ™

4‘
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BAKER-CAMPBELL-HAUSDORF FORMULA

X oV — XY 5[ XY+ 5 [X[X Y]] -5 [V [XY])

WAVES' COMPOSITION IN k-POINCARE:
iq5fﬁ5: i(k+ge**0)Z—i(ko+qo)z

'

Ev&E, = Ey+E,

— o tko
(kD) = kit qe ™

WAIT, WHAT ?¢? _

’ -y
6@1{:&&7 e




WE CAN TRY TO LOOK FOR GUIDANCE IN WHAT WE KNOVW,
FOR EXAMPLE DESITTER ALGEBRA, SINCE

11;, 11] = H 11,
IN WHICH

I, =pi, Io=po— Haz'p,

DESITTER ALGEBRA DEPENDS ON ONLY ONE PARAMETER,
HOW MANY PARAMETERS HAVE WE GOT ?

A



[Ep ~ \/565/(?} [J\Jp ~ \/ch/GJ

1/ C“ General
Relativity

Special

Quantum Quantum
Field Theonly Gravity
Galilean Newtonian G
Relativity Gravity .
Qua ﬂn“.n Chandrasekhar

Regime
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IT 1S VERY HARD TO TEST QUANTUM GRAVITY EFFECTS ON A
GROUND-BASED EXPERIMENT

WHAT WE NEED 1S SOME SORT OF MAGNIFICATION OF THE
EFFECTS:

¢ A LOT OF INTERACTIONS
4 A LARGE NUMBER OF PARTICLES
¢ HUGE DISTANCES

PARTICLES' WORDLINES IN FLAT SPACETIME, INSTEAD OF
WAVES PROPAGATING IN A CURVED SPACETIME

4




THEN BASICALLY: c=1, G—=0, h—0]

hGG

me - 3 > 0 —> [;,Uig;l:ﬂ} = 0
c




THEN BASICALLY: c=1, G—=0, h—0]
h(; .
Lp~\/— —0 — B

:

1S IT QUANTUM GRAVITY? PROBABLY NOT, HOWEVER:

Mp ~\/ch/G # 0 A, B] = il {A, B)

A



THEN BASICALLY: c=1, G—=0, h—0]
h(; .
Lp~\/— —0 — B

:

1S IT QUANTUM GRAVITY? PROBABLY NOT, HOWEVER:

Mp ~\/ch/G # 0 A, B] = il {A, B)

ET VOILA I

=& {~1/Mp |

A




[Eluantized

eneral Reiativity]

/

Galilean Relative
Locali

<5

'Special Relativity]




WHAT REMAINS OF k-POINCARE IN THIS FRAMEWORK IS:

{Poa']i'z'} =0, {pi:pj} =0, {N(i)?R} — EijN(j) ; {Mi):ij}} — Ez’jR:
. —2¢p
{Nay.pot = —pi . {Nuy.pj} = —9; (1_825 -+ %pi’) + (pip; »

THE INVARIANT ELEMENT OF THE ALGEBRA 1S

2 o\ "
0 = (E sinh (gu)) — etPoy?

Gubitosi. Mercati. COG 2013 A



WHAT REMAINS OF k-POINCARE IN THIS FRAMEWORK IS:

{Poa']i'z'} =0, {pi:pj} =0, {N(i)?R} — EijN(j) ; {Mi):ij}} — Ez’jR:
. —2¢p
{Nay.pot = —pi . {Nuy.pj} = —9; (1_825 -+ %pi’) + (pip; »

THE INVARIANT ELEMENT OF THE ALGEBRA 1S

2 o\ "
0 = (E sinh (gu)) — etPoy?

m — 0

y

p (po) = __
/{
Gubitosi. Mercati. COG 2013 A




de — (dpg)z — EJZEPU (dp1)2




A2 — (dpo)i _ o2tpo (dp1)2

o 1 0
MOMENTUM-SPACE METRIC = 0 20pg
—e




de — (dpg)z — EJZEPU (dp1)2

1 0
MOMENTUM-SPACE METRIC (P = -
0 —e“0
9 1 Dﬂ,ﬁ . . Pﬂfl) =p,_
m- = (" (P)PyPsds =C(p)
0 P (s) :




CONFORMAL COORDINATES




CONFORMAL COORDINATES
1 1
r=elte 1=t In ( 22e2H?

2H H?
ds® = (1 — H*r?)dr? : i}l -7 TS
' S 1—H%? - N

/ ° .

f o ° oo
1 NEVER SEE OBJECTS REACH THE | ° . !
HORIZON ‘ * |
o ° ,
\ °* o, /

\
N\




CONFORMAL COORDINATES
2 QH t 1
H?2

dfr'zj e N

1
QH

EI.::Q = (1 — H*r?)dr?

€1 NEVER SEE OBJECTS REACH THE . \
HORIZON ‘ . |
# WHILE TIME PASSESS Ll IR
N
N
~




CONFORMAL COORDINATES

1 1
r=elte 1=t ¥ In (J'QEQHt )

1 — H?r? 7 B

41 NEVER SEE OBJECTS REACH THE ,’ | ‘I

HORIZON | o
4 WHILE TIME PASSESS v P
4 STEPS BECOME MORE AND MORE . e

TINY ‘e

1 - — =
E]b’z = (1 — H*r?)dr? dfr'zj Y BN







n=0




q P Pf
A pPEq
\/' ‘
N—1

n=0

USING k-POINCARE MASSLESS PARTICLES MODIFIED
DISPERSION RELATION

1 — E_NEQU 1 . E{_NEQD

—£Epo = p € (]_ _ fp)

1
rr=pa / N—}m?

1 — e—*%a0

(pr~ M)

A



THE CASIMIR GENERATES THE dx"* — -p _ {Co M)
EVOLUTION OVER T

-0 0 1 €po —£po 2 _£po

3 :{Cg,;t:}:E(e — € ) — (pie

il = {Cp, x'} = 2p, 0.




THE CASIMIR GENERATES THE dx"* — -p _ {Co M)
EVOLUTION OVER T

-0 0 1 €po —£po 2 _£po

3 :{Cg,;t:}:E(e — € ) — (pie

il = {Cp, x'} = 2p, 0.
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RAINBOW METRICS ds?

- EURISTIC APPROACH
= ONLY LIV I

MOMENTUM-DEPENDENT
TETRADS

- NEEDS FURTHER

H(r) 72

2
dt IQ(E)

Magueijo, Smolin, CQG 2004

Eg(p(T))

Cianfrani, Kowalski-Glikman, Rosati, PRD 2014

EXPLORATIONS
tBN
SLICING BN (4BN) _ By / dw N / 14 B
N (1 =g %0
APPROACH (t™ 4 Z (BN "

- VERY COMPLEX

Amelino-Camelia, Rosati, Marciano, Matassa, arXiv:1507.02056
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re M
FINSLER NORM F(x,2) = \/guaFi? e T
e T, )
« POSITIVE FUNCTION IN THE TANGENT F(r)#0 it ©#0
BUNDLE
 HOMOGENEOUS OF DEGREE ONE IN X Fl(ex) = |e|F(x)

VELOCITY-DEPENDENT GENERALIZATION OF RIEMANNIAN METRIC

_ 1O*F?(x, 1)
QFLI—"("E?*E) — 5 O1rH OV

Rund 1959 A




IF M(p) 1S A MODIFIED DISPERSION RELATION

I = / (it py — A (M(p) — m?)) dr

Girelli. Liberati. Sindoni. PRD 2007



IF M(p) 1S A MODIFIED DISPERSION RELATION

I = / (it py — A (M(p) — m?)) dr

it = AgTM — (@) |
o

§ — /L‘(;i:: \(&))dT L(i, \Nx)) =mF(r)

Girelli. Liberati. Sindoni. PRD 2007 A



IF M(p) 1S A MODIFIED DISPERSION RELATION

fz/mpﬁ_,\ _ m?)) dr

T (@3]

op,,

1:/;;@ N@Ndr L A\@&)) = mF (i)

l
E_ .;,H/F(i:)d’r _ ,m/ \/gw(ti.)ti:#i:u]

Girelli. Liberati. Sindoni. PRD 2007 A




- E 2
WHITH k-POINCAR e CE (p)
DISPERSION RELATION




- E 2
WHITH k-POINCAR e CE (p)
DISPERSION RELATION

F(i) = (\/ (29)% — (%)% + ;”1 (i:ﬂi)ﬁz (il()jl)ﬂ)

FROM THE ON-SHELL RELATION WE OBTAIN THE LIGHT-CONE STRUCTURE
mz°(51)?

V(@0)% — (i)

F(i)=1—1¢

A



- E 2
WHITH k-POINCAR e CE (p)
DISPERSION RELATION

F(i) = (\/ (29)% — (%)% + gm (i:ﬂi)ﬁz (il()jl)ﬂ)

FROM THE ON-SHELL RELATION WE OBTAIN THE LIGHT-CONE STRUCTURE

mz°(51)?

F(i)=1—2¢

V/(@0)% — (i)




& THE ON-SHELL RELATION SR
Lol Ji—a =1
CAN ALSO BE EXPRESSED AS

STRUCTURE




¥ THE ON-SHELL RELATION

2% N -
CAN ALSO BE EXPRESSED AS Cap (‘L)‘L z” =1

¢ AND THE LIGHT-CONE I = B
STRUCTURE C(p) = m“Cap(x)s%d

INVARIANT MOMENTUM-DEPENDENT LINE-ELEMENT

[dsg = Cu (p)da” d;{:l"]

THIS WOULD ALLOW US TO SATISFY THE CONTRACTION REQUIRMENT

[Cw(ﬁ’“‘ R 55]

A



@ RELATIVE LOCALITY IS A RELIABLE AND COHERENT FORMALISM TO
DEVELOP A PHENOMENOLOGY OF NON-COMMUTATIVE GEOMETRIES

€ WE ARE WORKING ON ITS GENERALIZATION IN SCENARIOS WITH
SPACETIME CURVATURE (USING FINSLER GEOMETRY)

4 TO BE DEVELOPPED IS ALSO A PHENOMENOLOGY OF PLANCK-SCALE
EFFECTS FOR COSMOLOGY (RELATIVE LOCALITY IN FRW)

¢ MANY OPEN ISSUES, FROM STATISTICAL MECHANICS TO A

GENERALIZED EINSTEIN EQUATION
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