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ABSTRACT: We study a phenomenological model where the lightest dark matter (DM)
particles are the pseudo-Goldstone excitations associated with a spontaneously broken
symmetry, and transforming linearly with respect to an unbroken group Hpy. For defi-
niteness we take Hpy = SU(V) and assume the Goldstone particles are bosons; in parallel
with QCD, we refer to these particles as dark-matter pions. This scenario is in contrast
to the common assumption that DM fields transform linearly under the full symmetry of
the model. We illustrate the formalism by treating in detail the case of Hpy = SU(2),
in particular we calculate all the interactions relevant for the Boltzmann equations, which
we solve numerically; we also derive approximate analytic solutions and show their con-
sistency with the numerical results. We then compare the results with the constraints
derived from the cold DM and direct detection experiments and derive the corresponding
restrictions on the model parameters. We also briefly comment on constraints from indirect
detection of DM.
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1 Introduction

Dark matter (DM) is the most promising hypothesis proposed to explain astrophysical
and cosmological observations related to the motion of stars in galaxies [1], the motion of
galaxies in clusters [2—4], structure formation [5] and the inhomogeneities in the CMBR [6,
7]. Having not direct experimental information about this component of the universe the
theoretical efforts to understand DM have been couched within realistic extensions of the
Standard model (SM) [8-14], or have taken a purely phenomenological approach [15-23],
in which case simplicity has been used as a guide and constraint.



In this publication we will investigate a phenomenological model for DM based on
general assumptions concerning the dark sector, explicitly, we will assume that the lightest
particles in that sector are the pseudo-Goldstone bosons resulting from a broken symme-
try [24]. Operationally this implies that the lightest particles (that we take as scalars for
simplicity) transform non-linearly under a continuous symmetry group, a situation similar
to the one occurring in low energy hadron physics. Accordingly, we will refer to them as
dark matter pions (DMP) (we emphasize however, that these are quite distinct form the
pions in the hadronic sector, in particular they do not have direct couplings to the stan-
dard model (SM) W* and photon, and in that sense our assumptions fundamentally differ
from those made in [25]). This approach is in contrast with most phenomenological ap-
proaches where the dark-sector fields are assumed to transform under a discrete symmetry,
or linearly under a continuous one [15-18].!

In the following we will study this type of DM model based on the nonlinear realiza-
tion of a spontaneously broken symmetry group Gpy. However, given the difficulties of hot
dark matter gas in dealing with structure formation [26-28], we will also assume that the
Goldstone bosons receive their masses through an explicit breaking of the original symme-
try. We also require that all SM particles are singlets under the dark-sector symmetries
and that the dark particles are singlets under the SM local symmetries.

A similar approach has been followed in several publications. The use of Nambu-
Goldstone bosons as DM was studied in [29, 30], their stabilization using G parity in [31, 32]
and the possibility of composite DM in [33, 34].

The interaction between these two sectors (SM and DM) is presumably effected by
the exchange of some heavy mediators whose nature we do not need to specify, but only
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assume are much heavier than the typical scales in either sector.” Therefore the typical

interactions are of the form

Lom-sm ~ 570pmOsu (1.1)
where Opyr, Osm are operators invariant under the internal symmetries of the correspond-
ing sector, but they need not be Lorentz invariant (though, of course, Lpy—gy must be).
The details of these interactions will be elaborated below.

This paper is organized as follows: in the next section we describe the formalism behind
our model, and construct the Lagrangian we will use in our calculations. In section 3 we
calculate the SM-DM interactions that we then use in sections 4 and 5 to derive the relic
abundance of this type of dark matter. These results are compared with the experimental
constraints in section 6 with our brief conclusions are presented in section 7. A few details
are relegated to the two appendices.

2 Nonlinear realization of Gpym

Models where the symmetry is non-linearly realized have been extensively studied (see,
e.g. [35, 36]); here we summarize some of the results for completeness. We assume there is
a subgroup Hpy C Gpm under which the vacuum is invariant and, following [35, 36], we

'The model studied here also respects several discrete Z, symmetries, whose presence follows from the
required behavior under Gpy and Hpw.
2Explicit realization of such mediators are discussed in [29, 30].



denote the generators of Hpy by V; and the remaining generators of Gpy by 7. Then the
fields can be chosen as {m, 1} with the following properties:

e Under Hpy they transform linearly: w — D(h)w, ¥ — D(h)vy for h € Hpy; where
D and D are some matrix representations of Hpy.

e Under a general g € Gpu

T — &(m,g), 'l,b—>D(eu'V)'¢; u=u(mg), (2.1)

where D is the same representation as above, and € and u are defined by

ge™T = & TeuV (2.2)

Note that the transformation of m depends only on g and 7r, and is non-linear; while
that of @ depends on g, ¥ and w. Because of their transformation properties the 7
are massless and correspond to the Goldstone bosons generated under the spontaneous
breaking Gpyn — Hpw, and accordingly the number of these fields equals that of the broken
generators T,. We will refer to the 7 as the “dark-matter pions” (DMP) or dark pions.
To be specific we concentrate on the familiar case [37-40] of a unitary chiral theory
where Gpy = SU(N) x SU(N) and Hpy = SU(NV), the diagonal subgroup. In this case
the above general formalism is realized by introducing a unitary field ¥ and transforms as

> - LYR' L, ReSUN), (2.3)

where ¥ = exp(imw.T/f) and f is a mass scale associated with the spontaneous breaking
of the symmetry. The diagonal subgroup corresponds to the choice R = L.
As it is well known [39-41], the leading fully chirally invariant operator is

£O = fztr{O#ZT auz} . (2.4)

Expanding (2.4) in terms of the 7 we find that this Lagrangian describes a series of mass-
less particles® which are difficult (though not impossible [45]) to reconcile with structure
formation. We will therefore also include an explicit breaking of the Gpy symmetry that
generate a mass for these excitations; for the chiral model this corresponds to a term of
the form ]

Linass = 5f2 (M?*tr{S} + H.c.) . (2.5)

This term is invariant under the diagonal (unbroken) subgroup Hpym and gives the same
mass M to all the 7; we could have used a more general mass matrix that breaks Hpwm
explicitly. If this breaking is small compared to M this generalization would not change
qualitatively the results below. If the breaking is large the heavy 7 would become unstable
against decaying into the lighter ones and the picture presented below breaks down. Here
we will only consider the fully degenerate case for simplicity.

3We will not be concerned here with coherent excitations that might be stabilized by higher-derivative
operators that describe dark baryons [42-44].



In order to construct the DM-SM interactions of the form (1.1) we need the list of the
lowest-dimensional SM gauge-invariant (tough not necessarily Lorentz invariant) operators.
These are easily listed; for dimension < 2 we have

dim 2: |4|?, By, (2.6)

where ¢ denotes the SM scalar doublet and B the hypercharge gauge field containing

physical Z and v bosons. The dimension 3 operators (that we will not use here) are qﬁTDuqﬁ

and &’yﬂzﬂ’ , where 1) and 1)’ are any two fermion fields carrying the same gauge group

representation (e.g. er and 7g); higher dimensional operators are similarly constructed.
Then, the simplest DM-SM coupling is clearly

Loy = %/\h (16> — ) tr {95 o} | (2.7)

where v = (¢) ~ 174 GeV.

The coupling ¥ to B,,, is less straightforward since there are no Gpy-invariant oper-
ators that can be constructed out of ¥ and its derivatives and which transforms as the
(0,1) + (1, 0) representation of the Lorentz group.* Noting however, that (2.5) is invariant
only under the diagonal subgroup Hpy, we will only require the ¥ — B coupling to have
the same property, and in this case,

Ls_p=B"W ()\Vtr {zTauzayzf} + H.c.) . (2.8)

For our choices of Gpy and Hpy the Lagrangian for our model is obtained from (2.4),
(2.5), (2.7), (2.8); explicitly,

L= % [f2+ M (|0 = 0*)] tr {auzT aﬂz}

1
+ 5]’2 (Mztr {2} +H.c.) + B"™ ()\vtr {ZT(?HZ(?VZT} + H-C-> ) (2.9)
where, as before,
Y= exp <;-7TaTa> . (210)

In parallel with the usual strong-interaction pions, we will call f the DMP decay constant.
The Ty, are the broken Hermitian generators normalized by

tr {TaTb} = Oab » (2.11)
and obeying
[Taa Tb] = ifabcTc (212)
(with a,b,...=1,2,...,N2—1). In the Cartan basis with root generators T'r,, and Cartan
generators T; we have [46, 47|
[7—11'7 1}] = 07 [E; TO(] = aiTOt ’ [TOU TB] = Na,,BTa+B ) (213)

where No g = 0 if a + 3 is not a root.

4Those terms become available for models with two chiral fields 312 that transform in the same way.



We could also add another ¢ — 7 coupling by replacing
M? — M?(¢) = M* + N, (|¢]* — ) . (2.14)

To lowest order this coupling is of the form |¢|?m? and its effects have been studied
extensively [48, 49]. Given our interest in studying the effects of the new interactions
listed in (2.9) we will neglect A} in the following. We will, however, present in section 6.4
a brief discussion of the case where )\ﬁl #0and Ay, = Ay = 0.

Writing ¥ = exp(io) and using

1
0y = Z/ dueV"W%55 7 g =7 T/f (2.15)
0

the Lagrangian can be written (in a Hermitian basis)

L= 1+ M\ |¢‘2 07O Gap + 1MZthr{E +ET} (2.16)
2 f e © 2

_ FB Y0uTq OyTh Gac ferd Im (AVtr {TdZT }>

ARV Ah Re(A y
= 5(871’) —fM2 24 \foh(O ) +4—f2h2(a )2—;3‘/)3“ fabcOuma Oymp et -+ -,
where .
9ab = / du (1 — |ul)tr {eiw T, e”'“"Tb} , (2.17)
-1

and h is the Higgs field; in unitary (SM) gauge ¢ = (v + h/v2) (0,1).
In the Cartan basis,

W2:Z7Tz'2+2|77a|2a 77704:7":[17
7 [e
@m)® = _(0m)> + D _|0mal> = (0m)> +2)  |97al®,

i o i a>0

B" fape0ymq Oy we = iB*Y Z Naﬂﬂ'L_’_ﬁ OuTa 0,8
a7B

+ Z ; OVWL (27Ot — mi0uTa) | (2.18)
7,00
and for the case of N = 2 (that we will develop later as a specific illustrative case):
wl =74 2m m,
(0m)* = (0m,)* + 207, On_
B" fapeOpmq Oymy e = —2iBM [(8M7ro) <7r_ 37r+> + o O Opm_| (2.19)

where 7, is associated with the SU(2) Cartan generator, and 74 = mi4, where a is the
single root in this group.



It is important to note that despite the presence of a vertex of Z (residing in the B,,,
field in (2.19)) with an odd number of 7, the dark pions are stable: their decay to other
DMPs is kinematically forbidden, while decay to SM particles is forbidden by the exact
Hpwm symmetry under which the DMP are triplets, while all SM states are singlets. This,
of course, would be modified if we were to allow Hpy-violating terms with sufficiently large
coefficients. We restrict ourselves to regions in parameter space where this does not occur
(e.g. where Hpy remain exact).

Note however that the model does not have interactions such as the ones that allow the
ordinary neutral pion to decay into two photons: such effects are produced by the gauged
Wess-Zumino-Witten [50, 51] Lagrangian, which is absent for this form of DM because it
is assumed neutral under the SM local symmetries.

2.1 Conserved currents

The Lagrangian (2.9) is invariant under the global transformations
> VISV, VeSUuN), (2.20)

which give rise to a set of conserved Noetherian currents

2 g fyt

PB fbcaﬂ'cgaefedfauﬂdlm ()\Vﬁl" {T b }) .
(2.21)

Ignoring the interactions with the SM the canonical momentum are @, = g7, In

2 .2
Jl‘,u = <1 + )\thQ’U> 8M7ngad7rcfbca -

terms of which the charges (again ignoring the SM interactions) become

Qp = / d*xJy) = / d*x e foeaa (2.22)
and (ignoring possible sigma terms and other anomalies [52]) satisfy the algebra

[Qm Qb] = Z.fachc , (2.23)

as expected.

The number of commuting conserved charges equals the rank of the group, which, in
a Cartan basis, can be conveniently chosen as those associated with the 7;:

[Qi, Q4] = 0; Qi = Z ai/dgxmpa. (2.24)

Assuming that these relations do not exhibit commutator anomalies [52] the charges Q;
will be conserved; in particular this property will be reflected in the Boltzmann equations.
It follows from the expression for @); that the m; carry no charge, while 7w+, carry opposite
i-charges when «; # 0.



2.2 Parameters of the model

The model we consider has then 4 parameters: the DMP mass M, the DMP decay constant
f, the coupling constant of the DMP to the Higgs Ay, and Ay, the coupling constant of the
DMP to the hypercharge vector field B (from which follow the coupling to the Z boson
and the photon).

In the calculations below we will take Ay, coupling to be real with magnitude

Ay = 0.63. (2.25)

We will see later that as far as the Boltzmann equations are concerned, any change in Ay
can be absorbed in a redefinition of the other parameters (cf. the end of section 5), so this
choice does not represent a loss of generality and is made for computational ease only. It
is worth noting that according to naive dimensional analysis (NDA) [53] its value is Ay ~
g'/(47)? =~ 0.0023, where ¢’ is the U(1)y gauge coupling constant in the Standard Model.

For the rest of the parameters we impose just some loose constraints. We require that

Ap <1 (2.26)

in order to ensure the model remain perturbative.” We will see later that all the experi-
mental constraints on the model also have simple scaling dependence on the couplings A
(see section 6.1), so this constraint will also not restrict the generality of our results.

Since we assume that the DMP are the pseudo-Goldstone bosons of some underlying
theory and are generated by the breaking of Gpy to Hpum at some scale A, consistency of
the resulting chiral model requires [41]

Anf > M. (2.27)

For large values of N the left hand side is expected to be suppressed by a factor of 1/v/N [54,
55], which we do not include because we will restrict ourselves to low values of N.

Another constraint can be derived by requiring loop corrections not to dominate
over the tree-level terms. In particular this should hold for the radiative corrections
generated by the term proportional to Ay in (2.16), which includes vertices of the
form ()\V / f”+2) ZuOtm 0¥m ™. Two such vertices will generate loop corrections to the
P Oy k) f vertex of the first term in (2.16):

9 2L+2
N (477;2/) <4jwf> (L=number of loops) (2.28)
T

where we have assumed that all the terms in (2.16) that explicitly violate Gpy are associated
with the scale M, which we have used as an UV cutoff. We require (2.28) not to be larger

5In imposing this constraint we are being conservative as the perturbative unitarity limit is in fact
An < 4.



Figure 1. DMP — SM particle diagrams.

than the tree-level contribution, which implies (since L can be arbitrarily large)®

172 M

f > [max{4n Ay, 1}] g

(2.29)

3 DMP interactions

In this section we calculate the cross sections for the processes that dominate the Boltzmann
equations that describe possible equilibration between the dark and SM sectors, and within
the dark sector. The relevant interactions (2.16) separate into those that involve only DMP,
and those that involve DMP and the SM scalar ¢ or the vector boson B. We also derive
the reactions relevant for direct detection of the DMP. In all the calculations below we only
consider 2 — 2 processes and will use the Cartan basis for the DMP.

3.1 DMP — SM interactions

There are two kinds of reactions:

Processes with only SM particles in the final state. These are of the form

’7Ti’7Ti—>h* —>SM, 7Ti7Ti—>hh,

TaT—a — B* — SM, TalT—a — hh, (3.1)

for which the interaction terms in (2.16) are

A A
Lhon = (\%;Qh + 4Jf2h2> [Z(amﬁ +23 " |omal?] | (3.2)

i a>0

and the processes are shown in figure 1.

5This can be refined by introducing the loop symmetry factor of 1/T'(L); the lower bound on 4x f/M
in terms of x = 4w\y then becomes: /z for > 1; z'/3 for 1 > z > 1/8, and below = = 0.125 it is
well approximated by —(1/Inz) + [3In(—Inz) — In(27)]/ [2(Inz)?]. We will not, however, use these more
complicated relations below.



The cross sections for these processes are:

1263, — 4k +1

olrr — WTW™) = 12 Bw osm
s
1263 — dkz 41
olrm — Z2Z) = Z 2 2 Bzo8m,
7T

_ K
o(rm — ff) = ﬁﬁ?USMa
s

A2 B, [[(1=26:) (1 +kn)  4Ap0? 2
hh) = h % - 1—8kg+2
o(rm — hh) 10247rf4ﬁ7r{[ T 7 (1 —8kr+ /ih):|
B N2 [(1=2k7)(1+Kp) B ANpv? 1 =8k +4K2 43y (dkr —Kp) T
162201 | 2(kp — 260)? | (3.3)
f4 Kr + Hh(’%h - 4”%)
where
ki =m2/s, (mz=M); Bi = V1 —4k;; (3.4)
sA? K2 (1 — 2k,)? 4(kp, — 2K7 )2 ) (1 — 2Kk + ﬁmé’h)
osM = s ; = n .
SM 167Tf4 ,877 (1 — /43}1)2 + Kp (F%L/S) /Bﬂﬁh 1= 2kp — Bﬂ'ﬁh

The overall factors of s in ogy and o(rm — hh) are a consequence of the derivative
coupling of the DMP mandated by chiral symmetry; when small s is allowed by the kine-
matics, this leads to a significant softening of the cross sections compared to the usual
portal coupling of scalar DM to the SM. Other DMP couplings have a more complicated
s behavior (see below).

We neglected the Higgs width in the expression for o(nm — hh) since it is never
resonant (resonance occurs at s ~ mj while the reaction occurs only if s > 4m?) and
current data [56, 57] suggests I'j, ~ FgSM) ~ 4 MeV and my, = 125 GeV so that FgSM)/mh ~
3.2x 107, For the W, Z and t reactions we can also ignore I'j, in ogy (defined in eq. (3.4));
the same is true for the other reactions if M > my, /2.

Processes involving DMP in the final state. These correspond to 7w <> w2/~ for
which the Lagrangian is given by

Ay
L2-sn = 1B D Oumadumy N a7, _g
a?ﬁ

+3(Ovma) [2ﬂ;(aﬂa.w) — (a.w) (aﬂ;)} } . (3.5)
«
So there are 3 types of reactions (the first present only for SU(N), N > 2):

7"'cx(p) ﬂ-,@(Q) < 7Ta+ﬂ(l) V(kj),
7Tot(p) ﬂ——a(Q) e Wl(l) V(k)v (36)
Ta(p) mi(g) < 7ma(l) V(K)



Figure 2. DMP scattering with Z and ~.

(V denotes Z or 7), which are presented in figure 2. The cross sections are

K K
o (ﬂaﬂL — T V) =o(mam — 0 V) :af?vav , 0(Tamg = Tayg V)= \Naﬁ\Q?VUV ,
2 p Nogl® P
o (m V — WQWL) =0(mqV — Tam)= Y -,V , 0(TaygV = Tamg) = M—UV ,
sy Ky sy Ky
(3.7)
where sy the number of spin degrees of freedom: sz = 3, s, = 2, and
TE=TE ) e UM Tgmz) (5T gmz ) K2
3ewhv )’ P2 2
1= = /S :
7 < 13 > 247s (s ) (38)

In the center of momentum (CM) frame Ky = |k| = |l| denotes the magnitude of the V
3-momentum, and P = |p| = |q| the magnitude of the 3-momentum of the pions not paired
with the vector boson:

A (s,m3,, M?) A (s, M?, M?)
K2 = \>7"vorE p2_2\»" .
\% As ) As ’ (3 9)
with

Ma, b, ¢) = a* + b* + ¢* — 2ab — 2bc — 2ca. (3.10)

3.2 Direct-detection reaction

The most important process that can contribute to the scattering of the DMP off heavy
nuclei (relevant for direct DM detection [58-64]) is my) — w1, where v is SM fermion, and
occurs through a t-channel h exchange. The averaged amplitude-squared is

—— (mgan )\ [t —2M2\?
yAP:( 2?;‘) (t_m}?) (4m2 — 1) (3.11)

so that, in the CM frame, the corresponding cross section for this process is given by

2 2 2 2)2
1 m¢Ah 2 9 9 9 9 (mh_4mw> (mh_2M )
= 2 (P*“— 2M*“+2 —
olmyp = my) 167s ( 2f? ) ( Mt +2my) m3 (m? + 4P?)

2M? +8m2 —3m?2) (2M?2 — m?
( b sm) " } , (3.12)

2 2
4P +my,

)
my

+ 1P? In

~10 -



Figure 3. DMP — DMP scattering diagram.

where P denotes the momentum of the incoming particles in the CM frame. When
M,myp, > P, my this cross section is approximated by
2 2
My Ap M > p
— M, > P, . 3.13
) (mie ) OtmosPm) @
At low momentum transfer the effective interaction obtained from integrating the Higgs
using (3.2) and the Standard Model Af f interaction —(my,/v)hip is

pled (\f myAn M ) 2 5up (3.14)

Ty T mh f2

omp > mo) = o

3.3 Pure DMP scattering

Finally, we obtain the cross sections responsible for equilibrium within the DMP sector,
mrm — 7, figure 3. The lowest-order terms (taking M real) in (2.16) are

1 2 L1, 9 N 2\2 2 2\2
£ = (o) 2M7r+16f2(N2_2)[(a7r) u (m2)°] (3.15)
where
6N%2 -4

u? = NN D) (3.16)

and we have dropped terms that vanish on shell and will no contribute to the S-matrix.
In terms of DMP defined in the Cartan basis

w? = 277 —|—227ra7r,a, T =T, (3.17)

oa>0
we have the following reactions:

reaction Lagrangian amplitude crosssection
=i (i #5) (/A @O+ iu(s—pf)  0o/2
i — i —(u/8)72(0 + p?)m? iu (4M2—=342) u2 (M2 — 342)? /(2rs)
i = oo —(u/2)7? (O+ p?) |7al®  iu (s —p?) o8
aa — i —(u/2)7? (O + p?) [mal® iu(s — p?) 00/2
aa — BB (a # B) —ulmgP(O+p’)lral>  iu(s—p?) oo
aa — aa —(u/2)|mal? (O+p?) |Tal? 2iu (M2 —p?) u? (MQ—u2)2 /(47s)
(3.18)
where @ = —a, 8= —0, and
2 2
oo = = (f&: Ve 2f2(1€72—2) (3.19)

- 11 -
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Figure 4. SM particle decays to DMP.

3.4 Decays of SM particles to DMP

Limits on the DMP parameters can be derived either from collider reactions or from po-
tential deviations from SM decays. Reactions of the form ff — 7w, where f is a SM
fermion, or W fusion reactions WW — 7w, would mimic neutrino production at colliders.
The limits, however, are very weak since these processes proceed through a virtual A and
so the amplitude will be proportional to small Yukawa coupling, or, for the case of heavy
initial quarks, suppressed distribution functions.

The main limits are then derived form the two leading decay processes, figure 4, namely,
h — nm and Z — wrww, to which we now turn.

h — wm decay. Using (2.16) and choosing a Hermitian m basis we find that the width
is given by

0(m—2M); (3.20)

)2 (m2 —2M2\> AM?
P(h — 7Ta7rb) = Fhﬂ'ﬂ‘éab; Fh7r7r = ( h ) < b ) 1-—-

212 m?

167rmh h

in the Cartan basis I'(h — m;m;) = Thpr and T'(h — ma7—o) = 2T hrr. Recent data [56, 57
favors a Higgs decay close to the SM prediction of ~ 4 MeV and a mass my ~ 125 GeV;
this requires M > my, /2, or M < my /2 and T'je < 4MeV, hence the constraint we use is

1/8

M 2
f> 5.9\ |Y27812.5 — M?|1/? [1 - (625> ] ., M <625 (Min GeV). (3.21)

In the numerical solutions to Boltzmann equations for DMP for the SU(2) case
(discussed below), we consider DMP masses in the interval 50 GeV < M < 2000 GeV so
the h — 77 constraint plays an important role only for comparatively small values of M.

Z — wrm decay. The calculation is straightforward; using again a Hermitian DMP
basis we find

INOA _ M 2) [ppE K 3.22
( %WWW)—W a;;c|fabc| [pE (C)+pK (C>]7 ( )

- 12 —



where sy, = sin fy,, while E, K denote the usual Elliptic functions, and
pE = (3r® + 394r% — 720r" + 54r% — 243) |
1
pi = —5(r=1)° (20r° +63r° + 99r* + 522r® + 918r% + 567r + 243)

(r=3)a+ r)3
167 ’
_mz

r=ar (3.23)

For Hpy = SU(N) and our normalization conventions (2.11), (2.12) the summation in-

volving the structure constants is given by
1 N (N2 -1)
2 _ E : 2 _
E |fabc| - ? ‘fabc’ - 3 . (324)

a>b>c a,b,c

Using the uncertainty in the invisible width of the Z, I'(Z)iny, we have limit

2
T(Z — wnr) < 3 % 1073 (Z)jny = 3 x 1073 52:12 , (3.25)
which implies
2 myAv ?
55.4 > N (N? —1) ( 7 ) Q, (3.26)
where
Q= r_lg/z[pEE(u) + prK(u)]. (3.27)

The function @ is monotonic; it vanishes as » — 3 and approaches 0.75 as r — oo. Taking
N = 2, and Ay = 0.63, the most conservative limit (corresponding to taking @ = 3/4)
corresponds to

f>51.43GeV (M < m—) . (3.28)

3
When Ay = 0.063, this limit becomes f > 23.87 GeV.
In the numerical analysis, we choose to work with DMP mass > 50 GeV and therefore
the constraint from Z — 77w is of no importance.

4 Thermal history of DMP

We now turn to the derivation of the relic abundance of DMP. We follow the standard
treatment (see e.g. [65]) and will consider only 2 — 2 processes.

4.1 Boltzmann equations

The change in the number density of particle of type a due to collisions and the expansion
of the universe is given by

ha+3H7’La = _Ca7
Ca = Z /dq)Aa+b—>c+d|2(fafb — fefd) s

b,c,d
d® = dI1, dIT, 1. dT14(27)*0™ (pg + pp — e — Pa) » (4.1)
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where dII denotes the phase-space volume

g d&p
arn = -9
2E, (27)3

(4.2)

and g is the number of internal degrees of freedom. The amplitude-squared |A|? for the
a +b — ¢+ d process is understood to be averaged over initial and final states, and to
include symmetry factors for identical particles in the final states. The functions f are the
particle phase-space distribution functions; the corresponding particle number density is

n= /(dgp . (4.3)

We will assume that interactions are such that kinetic equilibrium is maintained [66];
we will also assume that particles densities are sufficiently small to ignore the effects of
quantum statistics. In this case the energy dependence in the distribution functions is
given by the Boltzmann factor: f = (exp(—FE/T). Since we are interested in the epoch
when the DMP first decouple, all distribution functions will have the same temperature
T'; this will continue after decoupling provided no mass thresholds are crossed, or phase
transitions occur.

The equilibrium distributions for a particle of mass m is given by

3 3
M@:W/dpfmujww@®,E:JW+2,x:m (4.4)

(2m)3 272 T

where z is the fugacity in equilibrium. For the SM zgn = 1 to very good accuracy [67];
for the DMP, however, we will allow non-zero chemical potentials. Using the definition
in (2.24) and the discussion below it, it follows that

M(-i) =0, Mg) =) (4.5)

—o

where ,u,(f) denotes the chemical potential for particle a associated with charge ); so that
z # 1 for those particles with non-zero conserved charges, as defined in section 2.1.
Substituting these definitions in the expression for C and using the standard definition

of the scattering cross section o we find

o n((fQ)nl(,eq) o
C, = Z NgNp — mncnd <Uv>a+b—>c+d ’
Ne Ny

b,c,d
Tgagb o0 )\ (87 m%v mc%)
(V) 1y g = / ds 2N ) pe iy G i(s), (46)
T )t NE e

where 71 = zn, s = (pg + pp)? = m2 + mg + 2pq.py, A(a,b,c) is defined in (3.10), and
S = max {(ma +mp)?, (me + md)Q} . (4.7)

In the definition of s, we used the condition (contained in the cross section) that s should
be large enough to create ¢ and d.
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For the pure DMP scattering processes that appear in the Boltzmann equations the
averaged cross sections can be evaluated in closed form. We obtain, for example

1 T 1 >
== = = d —AM?) K T
<Uv>wi7ri—)7ra7r_a 8 Zo Zmy [KQ(:L')]Q M5 AMQ S \/g (3 ) 1 (\/g/ ) g0

B 4u2 M? 1 [BxQ +3 B%z2 +6

K2(21') +

- —Ki(22)| , (48)

T 2, 2w, [Ko (7))
with similar expressions for the other relevant processes; in deriving this we used (3.18)
and (3.19). For the relevant initial states (m;m; or Tam_q) We have z; = 1 = z42_¢ so that
in all cases of interest (see below) we can replace 2z, zr, — 1. Also u is defined in (3.19),
while B is defined as ) 4 1o
po1- o N —a N (4.9)
AM? ~ N2(NZ+1)
and p is given in (3.15). In deriving the above result we used

o0 n! K, (2z)
| )" ) = 5 (410)
1
With the above preliminaries we can now find the relevant collision terms C, (cf.
eq. (4.1)) for the cases a = m; and a = 74 that we abbreviate as C; and C,, respectively. We

will assume that all SM particles remain in equilibrium, so that ngy = ”S\(}{)- The tables

of the relevant reactions (which do not cancel in C; ,, ) are

a = Tq
b c/d
T_o|WTW=, ZZ, ff, hh, m;V, 7j7j, Ta7_3
Vv TiTas TATa—3
j Vra
T3 V7Toc+[3
a = Ty
b d
_ o/ (4.11)
m |WIW~=, ZZ, ff, hh, T}, T@T_3
T3 Vg
where V represents Z or v, B # —«, and a summation over j and 3 is assumed.
Now, using (4.6) and noting that (4.5) implies
;= N, Nal—a = NaN—_a , (4.12)

and similarly for the equilibrium densities, we find

C; = (nf — ngeq)Q) <U”>7rmeSM i Zﬁa <m _ n@@‘l)) [(Uv>m7raﬁwwa + <U”>7rma%Zwa]

o n; Ne N— .
+ E :ni @ ( (eq) (:;) (e:;)){n(zem <Uv>w¢Zawa7r_a +n'(y ) <O-'U>7ri'y~>7raﬂ'_ai| (4.13)
o n, N Mgy

eq)2 (eq)2

1
(
2 Ny 2 2 n;
+> (” - <q>2”a> (00 mimiosmyms + D <” —<eé><eq>”a”a> G ——
n = N N

i —a

J
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and

Co = <nan_a — n(of@n(_ei)> (OV) ror_assM

e e n;
+ Z (nana - n((xq)n(gz)n(eq)> [<0U>7ra7r,a—>7ri'y + <O”U>7ra7r,a—>7riZ}

)

n(ofq)n(GQ)
+ Z NaN—a — T)_gan? (O0) o asmim;

i n;
ngeq)n(eq)
—
+ Z NaN—a — Wn[gn,g <O-’U>7Ta7T—a4>7TB7T75 y (414)
B#+o g Mg

where the contributions coming from 7oV — mime (V = Z, v) and maqm — Ve cancel,
as do those from mamg = Vmayg and oV — mgme—_g. We have also defined, using (4.6),

<O-,U>7Ti7l'i—>SM = <O”U>7Ti7'ri—>WW + <O-v>7ri7ri—>ZZ + Z <O-U>7ri7ri—>ff + <O-U>Tri7l'i%hh

f
_L Ood883/2K (\/E/T)ﬁ2 o e
- 3277411(9(02 0 1 T mmi—WW mimi— 247
i
+ Z Jm-m—)ff + On;m;—hh (415)
f

and similarly for mqm_o — SM.

4.2 Contributions from SM — DMP decays

The effects of Higgs decays into DMP, when kinematically allowed, can be included in the
Boltzmann equation in two equivalent ways. We can include them in the total A width:

T =M 4+ D(h — 7o) (4.16)

and use this expression in the cross sections involving Higgs exchange. Or, alternatively,
we can exclude these effects from the Higgs propagators (see e.g. [68]):
mpl'p mpl'p

(s =mi)* +miT? (s —mi)* +miT}

-7 (s — m%) O (s— 4m3) , (4.17)

and include them in suitable additions Ci(iecay) to the collision terms; explicitly
(see appendix A)
(ea) K1 (1)
T K (xn)
where N,(li) counts the number of produced m;: N,gi) = 2! for h — m;m; and N,(f) =1 for
h — wam_o; ['(h — 77) is given in (3.20), and z; = m;/T. An analogous equation holds
for €.

If we assume that the recently observed particle at the LHC [56, 57] is the SM Higgs,

it’s very small total width ensures that the effects from Higgs decay to DMP are negligible.

cldee) = Nin T'(h — 7o) (4.18)

We have checked that for realistic DMP masses the contribution of Z — w77 decays in the
Boltzmann equations (see appendix A) are also negligible.
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5 Solving the Boltzmann equations for the SU(2) case

The simplest non-trivial group is Hpm = SU(2), which we consider as an illustrative
example of the formalism; the same approach can be used for any N, though with the
calculations become increasingly cumbersome. For N = 2 there is a single conserved charge
and 3 DMP states that we label as o, &, with the first associated with the Cartan generator.

As usually we find it convenient to rewrite the Boltzmann equations (BE) (4.1), (4.13),

(4.14) by defining
M 1 1
r="=, Ye=-om, ) = gng’eq) ; (5.1)

where T denotes the photon temperature and s the entropy density:

272

3
5= 0D 0.0) =S nan () 0T - mo); (5:2)
k

here k£ runs over all particles, T}, is the temperature of particle £ and g; its number of
internal degrees of freedom, and ry = 1(7/8) when k is a bosons (fermion). We will also
make use of Friedman’s equation,

8t 4m3@

H?2="")p—
3 77 5

4
oD o) = Y () or-m). 63)
k

In the following we will take T}, for all SM particles (assuming 7' is above that of the eTe™
annihilation epoch), so that gs(7") = ¢g(T"); we use the expression for g(7") in ref. [69]. The
explicit form of the equilibrium distribution is

45 g >>1 _ m 45 |7 g
Y;(eq) = mﬁzrszQ (1‘7") = arzrl'?me L omp= ?T y  Gr= 12\ 2 s (TT) (54)
where z, is the fugacity for particle r and g, the number of internal degrees of freedom.
We will also consider model parameters where the SM and DM sectors are in equilib-
rium for temperatures 7' > T, such that Ty < M, so that the region of interest is x > 1
and the DMP will not contribute” to the effective number of relativistic degrees of freedom
9(T') = gsm(T).
In terms of Y the Boltzmann equations take the form
ay, wg(T) M 1

- T SGY), V) =50, (r=o) (5.5)

where the collision terms are

Co(Y) = (Y2 = Vi) (00) g st + (YE = Yo Y-) (o)

ToMo—M4T—

(5.6)

T4 =TV

 [YorD - vy (v 4+ ¥o) (Yo - YED) | (o)

"If Ty > M then the situation is more complicated, as the DMP will contribute to the relativistic
degrees of freedom during their decoupling form the SM. For T' < Ty the DMP temperature is determined
by entropy conservation: s;(Tyx)R> = s (Tf)R; and is in general different form the photon temperature.
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and

CL(Y) = (Y+Y— - Yo(cq)2> (00) 1 ro s + (Y3 Y2 = YY) (ov)

T4 T——ToTo

cq + (Y+Y_ - ng{)(eq)) (ov)

TLm_—=TeV )

y(ed) _ ylea)®

where we used Y+(eq , and also

e e ¢ e eq)2
Yo( q)YVZ(/(})/) <O”U>7r0Z/'y—>7r+7r, = YO( q)}/:I(: @ <O-/U>7T07Tj:—>Z/’y7Ti = Yo( a) <0-U>7r+7r,—>7roZ/fy ) (58)
and defined
<O-U>7r+7r,—>7roV = <O-,U>7r+7r7—>7ro’y + <O-U>7r+7r7—>7roZ : (59)

For the SU(2) case there is a single non-trivial chemical potential (4.5) and an associ-
ated conserved charge

g=Y_-Y,. (5.10)
Using ¢, the two independent Boltzmann equations become
d;j - 7755(2) g{ [Y+(Y+ +q) — Yo(eqn} (00) mmyssnt + Yo (Ve +0) =Y {00) o
+ [Y+(Y+ +q) — YoYo(eQ)} <Uﬂ>ﬂ+n—mov} ;
dd};o T Wélgf)(g) ig{ <Y02 - Yo(eq)z) <UU>7ro7ro—>SM + [Y02 =Y (Y + Q)] <m)>7fo7fo—>7T+7L

+ |:(2Y++Q) (YO_YO(eq)) _Y+(Y++Q)+Yoyo(eq):| <O”U>7T+‘IT—)7TOV} : (511)
From (4.6) we find that

L = s S S a2
2 [2n2s(T))% Js, ds PRy sk (V3/T) ’

T oo
5 / ds/sP*K1 (Vs/T) 0nymgssm,  (5.12)

WoTFo—}SM - 2 [27T28(T)] s,

yo(eq)yz(ji) <0-U>7TDZ/7—>7T+7T— -

yo(eQ)2 (ov)

where ¢%/7 are given in (3.8) and P, Ky are defined in (3.9).

The (ov) are plotted in figure 5 for a representative parameter space point. The SM
cross section is almost z-independent (corresponding to a predominance of s-wave scat-
tering), while the 7/Z cross section is proportional to 1/z, indicating a predominance of
p-wave scattering. It is interesting to note that the DMP—DMP cross section has an
unusual 1/y/z behavior for large x that results from all particles having the same mass
and the amplitude being non-zero and finite at threshold, which for this model is a conse-
quence of the chiral couplings of the DMPs. One can see, that (ov) ., q\ is much smaller

than (ov), ., . or (ov) for the particular choice of parameters. The relevance of

TT—>TT
(o) . ryqy can be understood by referring to figure 6 where we compare (ov) .\ and

(o) ey at the decoupling temperature (the point at which the DMP particle density

~ 18 —



10° VX <OV >y

0 20 40 60 80 100

X

Figure 5. Cross sections for a representative set of parameters, (M, f, Ap,Ay) =
(1000 GeV, 950 GeV, 0.01, 0.63), for which the model satisfies the cold-dark matter and direct-
s middle curve: 10 (ov) o5 bottom curve:
10%\/z (ov) . The prefactors are chosen to fit the curves into the same graph and to illustrate

the leading = behavior. All the cross sections are in GeV 2.

detection constraints. Top curve: 107z (ov)

f vs M satisfying WMAP for q=0, A,,=0.63
: = T
1400} 1
1
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Figure 6. Region in the M — f plane allowed by the CMD constraint (6.1) when ¢ = 0, Ay, = 0.63,
(x =x5) > (0V), oy (@ = xf). Green
x = zy¢). Red points: subregion

and |Ap| < 1. Blue points: subregion where (ov)_ .«

points: subregion where (ov) <\ (x = z5) < (ov)
excluded by the Higgs decay constraint (3.21).

Tr—7V (

begins to deviate significantly from its equilibrium value — see section 5.1) for points that
satisfy the cold-dark matter (CDM) relic-abundance constraint (see eq. (6.1) below).

To obtain the particle densities and their freeze out temperatures it is necessary to solve
a system of coupled linear differential equations for {Y,, Y, } given by (5.11). The boundary
conditions are determined by requiring that at low = the DM sector is in equilibrium with
the SM:

2
r<zpi Y=Y and vy =V = /vy qz ¥ g. (5.13)
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Note that (5.11) and (5.13) imply that both the equations and initial conditions are invari-
ant under Y, <> Y_ and ¢ <+ —q. The solutions to the equations (5.11) will be obtained
numerically below; however the case of pure DM scattering can be solved analytically and
is presented for completeness in appendix B.

For the following it is useful to note that (ov) depends on A, only in the

ToTo—SM

combination M,/ f2, while (ov) depends on Ay only as Ay//f3. This implies that

T =TV
we can take M, f and )\, as independent parameters, fixing Ay, at some convenient value

as in (2.25); any other value of Ay can be obtained by appropriate rescaling of f and Ap.

5.1 Zero charge solutions

When ¢ = 0 all DMP will have the same initial equilibrium distribution, the relevant
solutions to the BE then correspond to Y, + = Y; substituting this (and ¢ = 0) in (5.11)
we find

% B 7r495(g) % (Y _ y(eq)) {(Y + Y(eq)> (V) pm s Y <av>mm_mov}, (5.14)

where we drop the o, + subindices.

Approximate solutions to this equation are readily obtained. We find that to good
accuracy (see figure 5) the cross sections have an s and p wave behaviors for z > 10:

1
<UU>7ro7ro—>SM = O0SM <O-v>7r+7r,—>7roV = ;UV ’ (515)
where og\, v are approximately z-independent.

Near the decoupling temperature we write Y = Y(©0 4+ A and neglect terms propor-
tional to dA/dz and A?; then (5.14) becomes

a? mg(T) my(T)
A — Iy = M Yy = M 5.16
T A 150 Mosa,  dv 150 Mov, (5.16)
where we also approximated dY (€9 Jdx ~ —y(ea),

For large z, in contrast, A ~ Y > Y (®9) and (5.14) becomes

dA Jsmz + Vv , 9 .’E?c
—=———A App 2 ——— 5.17
dx 3 = 195Ml‘f + 9y /2 ( )

where 1/A(xy) is neglected.
Finally the decoupling ‘temperature’ x¢ is obtained from the condition A(zy) =
cY'(®d) (z ), where ¢ is a numerical constant. This gives
2
193fo + ’l9\//2 ’
rf=1In [ac(c + 2)0smE V2 + ac(e + 1)19‘/573/2] ;o E=Infc(Wsm+Vv)al (5.18)

Yoo

where a is defined in (5.4) and Jgn, Yy in (5.16); this result is better suited for the case
Yy > Jgy than the one presented in [65]. We will follow this reference and choose ¢(c+2) =
1 or, ¢ ~ 0.414. In calculating the relic abundance it is important to remember that Y.,
refers to each DMP species, so that the total abundance will be proportional to 3Y.
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Figure 7. Plot of I'/H for the same parameters as in figure 5. We also include the values of z
obtained from the condition A = ¢Y(¢9 for ¢ = 0.414, 0.732, 1 (left, center and right heavy dots
on the dashed line, respectively). The freeze-out condition I' = H corresponds to ¢ ~ 31.3 which
coincides almost exactly with the ¢ = 1 value.

An alternative definition of xy can be derived by assuming Y is close to Y () and
casting (5.14) in the form

x dY r Y r 20sm + Vv
et 2t ). — — (ZESM T UV ) y(eq) 5.19
Y;)(eq) dﬂ? H (Yo(eq) ) ’ H < T ) o ( )

so xy can be defined as the point where I'/H = 1. A plot of I/ H for representative values of
the parameters, and a comparison with the previous definition of x s is given in figure 7. This
also illustrates that x s in general is large enough for the approximations (5.15) to be valid.

In figure 8 we compare the relic abundance derived numerically with the one obtained
from (5.18), showing that, at least in this instance, the latter is reasonably accurate. From
this figure one can also see that the decoupling point inferred from the numerical solutions
equals the analytically obtained values within 10%.

5.2 Behavior for small values of |q|

We now turn to the case where ¢ is small but non-vanishing. In this case it is convenient
to define

Yi=Y,+Y,  +Y_ =Y, +2Y, +¢q,
Yy +Y.
%_YO:YJF—YO—%%, (5.20)

in terms of which egs. (5.11) become

Y, =

2

1
Y{ = =5 (v +23) (A+ B) + (e +93) B+ %{Z%+B)+3A

)

1 3 2 3

- 21 —



Log(Y)

80

Figure 8. Plot of the yield Y as a function x for the representative point of figure 5 when ¢ = 0.
Dark matter pion abundance is depicted in blue, and the equilibrium distribution is shown in red.
The heavy dot on the right indicates the value of Y, obtained form (5.18) using ¢ = 1. All masses
are in GeV.

where y; g = Y 4/ YO(QQ) and

mg(T) M _ (e
{A7 Ba C} = 45(G) ﬁyo( )2 {<UU>7FOTI’O—)SM7 <O-/U>7r+7r_~>TrOV7 <O'U>7TO7TD*)7T+7T_} ’ (5-22)

while the initial conditions (5.13) correspond to

2
Y, = Y;(QQ) — }/O(eq) + 24 /}/0(951) + (]2/4,
2
Yy =Y = —ya) 4 /y{D" 4 g2/4. (5.23)

Now Y; 4 are even in ¢, and assuming they are analytic in ¢ it follows that they depend
on ¢?; at ¢ = 0, we have Y; = 3Y and Y; = 0. Taking a derivative of (5.21) with respect to
¢? and evaluating at ¢ = 0 gives

v\’ 2y B\ [0Y; 2A+ B
(aﬂ) = e <A+B_2> (a? T
7"/ g=0 Y, Yy 7"/ ¢=0

! B Y, A+ 3B 2
9Yq _ _ 2y A+B+ =+ §C % + +3B8+3C/ . (5.24)
S A C y 2 99* ) =0 4

where y = Y, /Y*?. Initially,

( % > - 85/;(601) B 1
an q=0 an 4=0 4}/;(9(1) ’
oY, oYV 1 )
ﬁ = Ha = (eq) ~ (5 5)
q4° / 4=0 q 4=0 8Y,



Now, a differential equation of the form
Z'=uZ +v (5.26)

has solution
Z(x) :/g:dsv(s)exp [/jdru(r)] + Ziexp [/:dru(r)] C Zi=(@). (527

In particular, if v(x) > 0 for all z, and Z; > 0, then Z(z) > 0 for = > x;. Applying this to
Z = (81/}711/8(]2)(1:0, that have initial values ~ 1/Yo(eq) (x;) > 0, we find that

Y,
< tf) >0, forx > ;. (5.28)
8(] q=0

The relic abundance is obtained from the following expression [65]:
Qpmh? = 27711 x 103 (M /GeV) (Yot Yo +Y ) pmoo = 2.7711x10%(M/GeV) Yy |r=oo , (5.29)

since Yi(q # 0) > Yi(q = 0) (at least for small ¢ and with the other parameters fixed), it
follows that

QDM(fv M7 )‘h’ )\V7 q= 0) < QDM(fa M» )\ha )‘V; q # O) . (530)

If Qpar(f, My A, Avi;q = 0) < Qcpm for some parameters {f, M, Ay, Ay}, then there will
be a non-zero g such that Qpn(f, M, A, Av;q) = Qcpm. That is, if the predicted abun-
dance falls below the observations when ¢ = 0, one can always “make-up” the difference
by introducing an appropriate g (at least when the difference is small). It follows that the
the region in parameter space that can satisfy the CDM constraints is determined by

QDM(f? M7 )‘hv AV? q= O) < QCDM . (531)

A non-zero value of ¢ does not, of course, affect the direct-detection probability.

We illustrate Boltzmann equation solutions for small ¢ in figure 9. In general, there
is a small range of |¢| ~ 107'2 — 107'® for which differences among the Y., Y_ and
Yy abundances and between these and their equilibrium values are easily distinguished
(it these cases the freeze-out temperatures for all three DMP components are very close).
For smaller values, the effect of ¢ is negligible, while for larger values the effects of ¢
dominate the relic abundance and we find that Y, + Y, +Y_ ~ |q|.

6 Experimental limits on model parameters

In this section we will consider the restrictions on the parameters of the model that are
derived from cosmic background radiation using the data from the WMAP and PLANCK
experiments [6, 7]; we then consider direct detection constraints derived from the results
obtained by the LUX [62], XENON100 and XENONIT experiments [63, 64]. We also
include the consistency restrictions discussed in section 2.2. Brief comments on indirect
detection are presented in Conclusions.
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Figure 9. Illustration of the g # 0 case.

6.1 Constraints from the cold dark matter (CDM) relic density measurements

In this section we will obtain the numerical solution to the Boltzmann equations for the
case ¢ = 0, when® Y, =Y_ =Y, =Y, and find the region of parameter space that meets
the relic-abundance constraint [70]°

0.094 < Opyh? < 0.130. (6.1)

As noted at the end of section 5 the solutions will depend on 3 independent parameters
that we choose as M, f and Ap; without loss of generality, we fix Ay to the value (2.25).
We scan the 3-dimensional parameter space (M, f, Ap) in the ranges 50 GeV < M < 2TeV,
50GeV < f < 1.5TeV, 1074 < |\ < 1 for points allowed by (6.1); we also impose the
constraint (2.27) and the one derived from h — n7 decay, which is open in the low M
region (cf. section 3.4); note that in this region of parameter space the decay Z — wnm
is kinematically forbidden, so that the restriction (3.26) does not apply. The ¢ # 0 case
is included by considering only the upper inequalities (see (5.31)). In particular, using
Y,+Y, +Y_ ~|q| for ¢ > 10712 (cf. the end of section 5.2) we find that (5.31) satisfies (6.1)

provided

3.4 x 10710 4.7 x 10710

— < ¢ < ————— M < 100GeV . 6.2
MGev . <4< Tar/Gev < H0Ge (62)

In figure 10 we plot the relic abundance Qpyh? and low-temperature distribution

Yoo as functions of M; note that (cf. the bottom panel of this figure) Y, has a non-trivial
dependence on the DMP mass M. In figure 11 we show the region in the M — f plane allowed
by the CDM constraint (6.1) as well as the region allowed by ¢ # 0. We see from figure 11
that, for fixed Ay, Qpy increases with Ap: and the region of sufficiently small (large) Ap
corresponds to an under (over)-abundance of DM; this is in contrast to models where the

8Note that for ¢ = 0 case, DMP — DMP scattering cross sections do not enter eq. (5.14).
9The range we use corresponds to the WMAP results; the PLANCK constraints 0.112 < Qpyh? <

0.128 [7], though more stringent, do not lead to significant changes in the allowed regions of parameter space.
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Qpmh® vs M for g=0, A,=0.63 Y, vs M for g=0,1y=0.63
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Figure 10. Qpuh? (top left) and Y., (top right) dependence on the DMP mass M for all values
of f, Ay in the region scanned, and when ¢ = 0 and Ay = 0.63. Red points: DM over-abundance
(Qpah? > 0.13); blue points: region allowed by the CDM constraint (6.1); green points: DM under-
abundance (2pyh? < 0.094), which are allowed for appropriately chosen non zero q. The CDM-
allowed region for Y, is amplified in the bottom panel in order to better see the dependence on M.

leading coupling to the DM fields is through the Higgs-portal interaction [48, 49]. We trace
this difference to the presence of the 7w — Zm interaction, not to the derivative coupling:
comparing figure 6 and figure 11 we see that the region where the relic abundance is small
(but still allowed by the data) corresponds to small values of \; and also to (ov) . g\ (=

.’Ef) > <UU>Wﬂ—>ﬂV (
of the relic abundance and to (ov),,._ g\ (z =xf) < (ov)

x = x7); while large values of Aj, correspond to the larger allowed values
Tr—rV (‘T = .fl?f)
The allowed region in figure 11 corresponding to ¢ = 0 can be approximated

analytically by
39.65vVM > f > 9.33 M?/3 (M, fin GeV; M < 2TeV, |\ <1, Ay = 0.63). (6.3)

We now use this result to extend the CDM limits with reasonable accuracy to the whole
region of parameter space of interest. To do that note first that the s-wave contribution
to (ov),.._gu is generated by the mm — hh contribution (cf. eq. (3.3)) so that in (5.15)
osm ~ (AnM/ ]“2)2 where the factor (|As|/ f2)2 comes from the vertices, while the factor of
M? is needed to get the right units (the other mass scales can be ignored for M > my,/2).1°
Similarly oy ~ (AyM?/ f3)2 where the factor (|Av|/ f3)2 comes from the vertices, while
the factor of M is needed to get the right units.

0The factor of M? can also be seen to follow from the derivative couplings of the DMP; it typically leads
to an over-abundance of DM for small M and is excluded by the CMD data.
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f vs M satisfying WMAP for q=0 and g+0, 1y=0.63 f vs M for WMAP, Ay=0.63

1400] //,—‘ j 140 ”““"!'
1200: ’ 11 | |1 120 “”““
=i SR

hit

(=]

=]

f [GeV]
f [GeV]
S

600 601

==
-
» -
> e
e——
T —
3 m——
e —

400} - 40
200, t 200
% 500 1000 1500 2000 % 500 1000 1500 2000
M [GeV] M [GeV]

Figure 11. Left panel: region in the f — M plane allowed by the CDM constraint (blue); the
region corresponding to DM under-abundance (green); and the region excluded by the Higgs decay
constraint eq. (3.21) (red). The solid and dashed black line correspond to the analytic approxi-
mations (6.3). Right panel: A\, dependence of the points in the region allowed by (6.1). Orange:
0.0001 < A, < 0.01, purple: 0.01 < A\, < 0.3, green: 0.3 < A\p < 0.6, blue: 0.6 < A\, < 1. Red
points are disallowed by (3.21).

Using this in (5.18) and (5.29) we find that up to a weak logarithmic dependence the pa-
rameters, 1/ (h*Qpyr) will depend on a linear combination of (/\hM/fQ)2 and ()\VMQ/f3)2.
Comparing then figure 6 and figure 11 we find that the upper limit in (6.3) corresponds to
parameters where ogy dominates and where the upper limit in (6.1) is saturated; while the
lower limit in (6.3) corresponds to parameters where oy dominates and where the lower
limit in (6.1) is saturated. Using this in conjunction with (6.3) we find that the CDM
constrain reduces to

A M
f2

2

2 o M 2
) +o.93< Vf3 > <559%x 107 6,0 (M, finGeV), (6.4)

4.04 x 1077 < <
where 40 vanishes when ¢ # 0 so that there is no upper limit in (6.4) in this case.

6.2 Direct detection constraints

The direct detection experiments probe the elastic scattering of DM particles off different
kinds of materials [58-64]. For the present model the leading interaction is the 7N — 7N
scattering of DMP off the material’s nucleons N (figure 12) through a t-channel Higgs
exchange. The corresponding hard process was discussed in section 3.2 where we show
that the DMP-quark scattering cross section (3.13) is proportional to (A, M?/ f2)2.

The parton-level interaction is converted to the nucleon level by using effective nucleon
£ (N = p,n) couplings defined as [71]

(Nlmgete|N) = quMN’ (6.5)
where My is the nucleon mass and ff, = 0.0160, f7 = 0.0193, f¥ = 0.0410, for the proton;

fo = 0.0108, f7 = 0.0284, fI' = 0.0409 for the neutron; while for the heavy quarks the
f&N are generated by gluon exchange with the nucleon and are given by

fg:;? 1-— Z £y Q=c,t,b. (6.6)

q:u7d7s
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Figure 12. Direct detection process.

Then, DMP scattering with a nucleon composed of Z protons and A — Z neutrons is [71]

oo = 2 (N g a2y iﬁ:Zﬁga (6.7)
T \my+M ’ my 7 Maq !

and the sum is over all quarks. The o, are effective couplings of DMP with the g-quarks,

L = —Lagegrr that can be read off (3.14):

mqy M 2 )\h
g =V?2 e (6.8)
Using microOMEGAs [71] we evaluate numerically the DMP-nucleon scattering cross
section for direct detection and then compare these results to the LUX, XENON100 and
XENONIT bounds. The results are presented in figure 13. As indicated above, if M is
fixed the cross section depends only on ),/ f? and, in fact, the direct detection bounds give

rather simple expressions for the constraints on this ratio:
XENON100 : f2/\, > 10°°
LUX : f2/\, > 10°,
XENONIT : f2/)\, > 1059 (6.9)
The corresponding restrictions on the M — f plane over the CDM constrain are presented
in figure 14.
6.3 Combined constraints on DMP model

The parameters in the model are constrained by the relations (2.29), (3.21), (6.4), and (6.9)
that we collect here for convenience:

M
perturbativity : f > max {\/470\‘/ , 1} .
m
971/8
M
Imﬁww:f>wwwm&%—MW”P—Q%)] (M < 62.5 [GeV]),

LUX: f>10%|\]Y2,

An M2 Av M2\
CDM : 4.04><10—7§< ’}2 > +0.93( Vf3 ) <559x10 76,0, (6.10)

where f, M are in GeV, and we used the LUX limit. The d,0 factor indicates that the
corresponding limit disappears when non-zero values of g are allowed.
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Figure 13. Direct detection constraints from the XENON and LUX experiments. XENON100
excludes all points above the solid line in purple at the top, which corresponds to the constraint
An/f? < 1075%; the recent LUX results gives A, /f? < 107¢. XENONIT is projected to exclude all
points above the lower (red) solid line and would correspond to the constraint A, /f? < 1076-5.

f vs M for WMAP and XENON100, Ay = f vs M for WMAP and XENONIT, Ay =
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Figure 14. Left: region in the M — f plane allowed by the CDM constraint and allowed (green) or
disallowed (red) by the XENON100 data (6.9); black points are disallowed by (3.21). Right: same
for the predicted XENONI1T exclusion region in red and allowed in blue. We took ¢ = 0, Ay, = 0.63
and |\,| < 1.

The resulting allowed regions in parameter space are given in figure 15 for our bench-
mark value of A,y = 0.63 as well as for the smaller natural value A\yy = 0.0023 derived by
NDA (see section 2.2). As can be seen from this figure if A\, 2 0 current data excludes DMP
masses below ~ 100 GeV, while XENONI1T would push this limit above 1 TeV. As men-
tioned earlier small DMP masses are excluded because they lead to DM over-abundance,
a consequence of a softening of the cross sections produced by the derivative coupling of
the DMP. These limits do not apply when A\, ~ 0; in this case low values (< 100 GeV) for
M and f are allowed; in this case a non-zero value of ¢ can always be found that meets all
constraints (see eq. (6.2)).
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Figure 15. Top left panel: region in the f — M plane allowed by the combined constraints (6.10)
when ¢ = 0 for Ay = 0.0023. The various bands correspond to A, = {0, 0.5, 1, 1.5, 2, 2.5, 3} from
bottom to top, respectively; the darker regions correspond to those allowed by XENONI1T. Top
right panel: same for Ay = 0.63. Bottom panels: same as the top panels when ¢ # 0.

6.4 Comparison with the standard Higgs-portal results

Here we present, as mentioned in section 2, a short discussion on the manner in which our
results compare with those obtained using the usual Higgs-portal coupling, corresponding
to Aj, # 0 in (2.14) and A\, = Ay = 0. For brevity we will restrict ourselves to the SU(2)
case and take M > my,; in this case we can approximate [72]

(ov);

mr=SM = 3912 3205

X2 NRTRERM) (N
~\7.62M

)2 , A=Ay =0) (6.11)

where v = (¢) on the right-hand side, T',(2M) ~ 0.48 TeV(2M /1 TeV)? denotes the Higgs
particle width when its mass equals 2M, and M is in GeV units in the last expression.
The first contribution comes from the hh final state, and the second from the other final
states. Note that (ov)gy oc M2, while (ov)qy oc M2, with the difference a consequence
of the derivative coupling of the DMP that leads to the exclusion of the small M region
when A\, # 0.
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The freeze-out value of x, xy = M/T; and zero temperature distribution function Y,
(for each dark pion state) are [65]

x5 ~1In[c(c+ 2)adgy] ; Yoo =~ aff (6.12)
SM
where
/ ﬂg(M> ’

that are to be compared with (5.18).

It follows form these expressions that for the purposes of calculating the relic abun-
dance, the qualitative difference between the case we have studied here and the standard
Higgs-portal results is generated by the Ay coupling of the ¥-B,,, term in (2.8) (see section 2
for details). The \;, coupling generates s-wave annihilation into the SM, just as the stan-
dard portal coupling does. For large DMP masses (above ~ 100GeV) the fact that this is
a derivative coupling is not significant: all cross sections have a minimum CM energy of
2M , excluding the zero momentum region where the A\, terms differ qualitatively from the
standard portal interaction proportional to A}.

7 Conclusions

We have studied a phenomenological model, where dark matter particles are pseudo-
Goldstone bosons associated with the spontaneous breaking Gpy — Hpwm; we refer to
these particles as dark matter “pions”, DMP.!!

The self-couplings and the couplings to the SM for such pionic DM differ from those
of conventional scalars due to their chiral nature. We have illustrated the formalism for
the case Gpm = SU(2) x SU(2), Hpm = SU(2) for which we have calculated all possible
interactions and solved the Boltzmann equations to study the thermal history of such pionic
dark matter. We have also derived approximate analytic solutions and shown that they
are consistent with the numerical calculations.

Our model of pionic dark matter satisfy relic abundance and direct detection constraint
in a large region of parameter space. When the coupling to the Higgs is not too small the
DMP mass M is required to lie above ~ 100 GeV, and this lower limit will increase to
~ 2TeV if XENONIT does not detect a signal, since the absence of direct detection
corresponds to relatively large values of f2/\;. For each value of M the DMP decay
constant f is moderately constrained to a range of values which is ~ 200 GeV wide.

Collider signature of such dark matters at LHC is hard to see. The channel to study is
essentially jets with missing energy [73], which is similar to many other dark matter model
signatures [74]. This requires a careful analysis to see if the existing bound in such channels
put further constraints on the DMP parameter space, which lies beyond the scope of this
paper. We will consider this in a future publication.

1 As in QCD, there will presumably be baryons in this model (corresponding to solitons in the chiral
theory, stabilized by higher derivative terms such as the Skyrme term [42-44]), but though they are SM
singlets, they carry DM baryon number, so they do not couple singly to the SM, and they do not look like
RH neutrinos.
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The DM couples to the SM via Z, v and h, therefore it does not distinguish between
fermion flavors. In particular there is no mechanism for suppressing the effects of the 7 at
XENON experiments and enhancing them at DAMA/LIBRA [58, 59].

Though a careful discussion of the indirect detection prospects for this model lies
beyond the scope of this publication, it is worth noting that the presence of the 73~ vertex
would imply that a region with sufficiently high concentration of non-relativistic dark pions
would act as a source of monochromatic photons of energy M [75]. This is what can occur
at the galactic center, in which case the flux corresponding to this process is [76]

o= 7 [ pwaw), (11)
where o refers to the 7m — 7y cross section (3.7), (3.8), p denotes the DM density along
the line of sight (l.o.s.), and ¥ the angle between the direction of the galactic center and
that of observation.

We now assume M > my and restrict ourselves to regions in the parameter space
where the terms proportional to Ay are the dominant contributions to the abundance. In
this case we can neglect Jgy in (5.18); and also (ov),., . =~ 2 (ov).._, 1, which can be

directly related to the relic abundance. We find (ov) ~ 4.5 x 102"cm? /s and

0.13 M \7?
®., ~6.54 x 10" s em ™2 2
7 = 650107 s em {6 e ) \Tooaev ) ) (72)

where J is a dimensionless function defined in reference [76] and ranges from about 1072
to 100 depending on the density profile and the angle . For the FermiLAT detector [77]
this gives about 20(M /100 GeV)~2.J events per year; it is noteworthy that this result is in
rough agreement with the tentative signal obtained from that experiment at an energy of
130 GeV [78].

A Effects on the Boltzmann equations of the SM particle decays to DMP.

The decay of the SM particles to the DMP require modification of the Boltzmann equation
collision term by adding two terms C" and C# corresponding to the h — 77 and Z — wm
decays. For the first,

ch=2 / ATy, T, dTT, (27) 46 (pr, — P — P )| Anssmin P fu(1+ f) (1 + fr)

i dp®
o~ le )mhI‘(h — 7r7r)/ (27r§93Eh Ins (A1)

where the pre factor of IV ,(f) corresponds to the number 7; produced, and we approximated

(1+ fr) =~ 1. Since I" does not depend on Ej, = \/p* + m%, and using f, = e Fr/T (we
assume a vanishing Higgs chemical potential), it follows

(4, 3
h _ (@) dp®  _gr _ Ny mip, Ki(kn)
= NIT(h — ) K (ron) n\ () | (A.2)

Ka(kn)
with k; defined in (3.4), I'(h — 7r7r) is given in (3.20), and where we used (4.4).
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In complete analogy, the corresponding contribution from I' — 777 is

cZ =T(Z — ) m nS (k) (A.3)

where I'(Z — 7rrm) is given in (3.22). Note that for this decay the final state has a single
m; (and a w1 pair) so the prefactor corresponding to V. ,(LZ) is N g )= 1.

B Kinetics of pure DMP

Using expressions from section 4 and section 5, and eq. (3.18) the Boltzmann equations for
pure DMP scattering are

dY;
o (Y =Y (0 - YaYa)
JFi a>0
dYe, 2
o= (VY=Y = D (Ya¥ia—YpYop), (B.1)
i B#+a, B3>0
where dr = £ dz with
)M
5 = Trj;G) ﬁ <O-U>7ri7ri—>7ra7r7a (B2)

and the last factor is explicitly given in (4.8). We solve these equations in two special cases

e Suppose Y; =Y, = Y¢ for all 7,j and Y, = Yg = Yk for all «, 3; then

= — YA —Y, = — Y; —Y, B.3
i vy, Do Nolazovy o msy)
with solutions
N2N 1 N2N w
Yo= =2 (o), Yzi(l——>, B.4
¢ N2—1<w N) E=QN2 1 N (B-4)
where A is a constant and
N(N -1
w = tanh <(2)NT - const> . (B.5)
In particular, Yo (7 = o0) = Yr(7 = 00) = NN /(N +1).
e N = 2. Using the notation of section 5
=YY -Y —=—(Y"-Y,.Y_ B.
dr + o dr 2( ° +Y-), (B.6)

then'? Y, + Y, +Y_ = 3N = const, and Y, — Y_ = 6§ = const. Defining now

3N Y,
n= V=38, u="""T4u0, Yo = v (B.7)

120ther constants of the motion of the form (ci + ¢_)Y, + 2¢+ Yy +2¢_Y_ are not independent.
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where u is a constant, the time-dependent solutions for 36% < 1 are

Yo = —1 + 2n tanh(u) y+ =2+ 36 —n tanh(u)
or

Yo = —1 + 2n coth(u) y+ =2+36 —n coth(u), (B.8)

where the second set diverges at u = 0; in particular, for 7 — oco: y, — —1 4+ 27,
y+ — 2+£35+n (for 7 — —oo replace n — —n). For 362 > 1 the time-dependent
solutions become

n, = —1 — 2n tan(u), nt =2+35+n tan(u), (B.9)

which diverge for v = (n + 1/2)7, n € Z. Note that for all the time-dependent
solutions there is always an unphysical 7 region where Y, < 0.

There are also constant solutions

Yo=—1-2n  y+=2430+n,
Yo =—142n yr =2+35 —n, (B.10)

that are real only for 362 < 1; note that the 7-dependent solutions interpolate between
them. Only the second set has a region (|6] < 1/2) where they are all positive, so
these correspond to the steady-state solutions.
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