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The dynamics of an expanding hadron fluid at temperatures below the chiral transition is studied in
the framework of AdS/CFT correspondence. We establish a correspondence between the asymptotic AdS
geometry in the 4 4+ 1 dimensional bulk with the analog spacetime geometry on its 3 + 1 dimensional
boundary with the background fluid undergoing a spherical Bjorken type expansion. The analog metric

tensor on the boundary depends locally on the soft pion dispersion relation and the four-velocity of
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the fluid. The AdS/CFT correspondence provides a relation between the pion velocity and the critical
temperature of the chiral phase transition.
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1. Introduction

The original formulation of gauge-gravity duality in the form of
the so called AdS/CFT correspondence establishes an equivalence of
a four dimensional A =4 supersymmetric Yang-Mills theory and
string theory in a ten dimensional AdSs x Ss bulk [1-3]. However,
the AdS/CFT correspondence goes beyond pure string theory as it
links many other important theoretical and phenomenological is-
sues such as fluid dynamics [4], thermal field theories, black hole
physics, quark-gluon plasma [5], gravity and cosmology. In partic-
ular, the AdS/CFT correspondence proved to be useful in studying
some properties of strongly interacting matter [6] described at the
fundamental level by a theory called quantum chromodynamics
(QCD), although N = 4 supersymmetric Yang-Mills theory differs
substantially from QCD.

Our purpose is to study in terms of the AdS/CFT correspondence
a class of field theories with spontaneously broken symmetry re-
stored at finite temperature. Spontaneous symmetry breaking is
related to many phenomena in physics, such as, superfluidity, su-
perconductivity, ferro-magnetism, Bose-Einstein condensation etc.
A well known example which will be studied here in some detail
is the chiral symmetry breaking in strong interactions. At low en-
ergies, the QCD vacuum is characterized by a non-vanishing expec-
tation value [7]: (¥ y) ~ (235 MeV)3, the so-called chiral conden-
sate. This quantity describes the density of quark-antiquark pairs
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found in the QCD vacuum and its non-vanishing value is a man-
ifestation of chiral symmetry breaking [8]. The chiral symmetry
is restored at finite temperature through a chiral phase transition
which is believed to be of first or second order depending on the
underlying global symmetry [9].

In the temperature range below the chiral transition point the
thermodynamics of quarks and gluons may be investigated using
the linear sigma model [10] which serves as an effective model
for the low-temperature phase of QCD [11,12]. The original sigma
model is formulated as spontaneously broken ¢* theory with four
real scalar fields which constitute the (%, %) representation of the
chiral SU(2) x SU(2). Hence, the model falls in the O(4) universal-
ity class owing to the isomorphism between the groups O(4) and
SU(2) x SU(2). We shall consider here a linear sigma model with
spontaneously broken O(N) symmetry, where N > 2. According to
the Goldstone theorem, the spontaneous symmetry breaking yields
massless particles called Goldstone bosons the number of which de-
pends on the rank of the remaining unbroken symmetry. In the
case of the O(N) group in the symmetry broken phase, i.e., at
temperatures below the point of the phase transition, there will
be N — 1 Goldstone bosons which we will call the pions. In the
symmetry broken phase the pions, in spite of being massless, prop-
agate slower than light owing to finite temperature effects [13-16].
Moreover, the pion velocity approaches zero at the critical temper-
ature. In the following we will use the term “chiral fluid” to denote
a hadronic fluid in the symmetry broken phase consisting predom-
inantly of massless pions. In our previous papers [17,18] we have
demonstrated that perturbations in the chiral fluid undergoing a
radial Bjorken expansion propagate in curved geometry described
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by an effective analog metric of the Friedmann Robertson Walker
(FRW) type with hyperbolic spatial geometry.

As an application of the AdS/CFT duality in terms of D7-brane
embeddings [19] the chiral phase transition can be regarded as a
transition from the Minkowski to black hole embeddings of the
D7-brane in a D3-brane background. This has been exploited by
Mateos, Myers, and Thomson [20] who find a strong first order
phase transition. Similarly, a first order chiral phase transition was
found by Aharony, Sonnenschein, and Yankielowicz [21] and Par-
nachev and Sahakyan [22] in the Sakai-Sugimoto model [23]. In
this paper we consider a model of a brane world universe in which
the chiral fluid lives on the 3+ 1 dimensional boundary of the AdSs
bulk. We will combine the linear sigma model with a boost in-
variant spherically symmetric Bjorken type expansion [24] and use
AdS/CFT techniques to establish a relation between the effective
analog geometry on the boundary and the bulk geometry which
satisfies the field equations with negative cosmological constant.
The formalism presented here could also be applied to the cal-
culation of two point functions, Willson loops, and entanglement
entropy for a spherically expanding Yang-Mills plasma as it was
recently done by Pedraza [25] for a linearly expanding A =4 su-
persymmetric Yang-Mills plasma.

The remainder of the paper is organized as follows. In Section 2
we describe the dynamics of the chiral fluid and the corresponding
3 4+ 1 dimensional analog geometry. In Section 3 we solve the Ein-
stein equations in the bulk using the metric ansatz that respects
the spherical boost invariance of the fluid energy-momentum ten-
sor at the boundary. We demonstrate a relationship of our solution
with the D3-brane solution of 10 dimensional supergravity. In Sec-
tion 4 we establish a connection of the bulk geometry with the
analog geometry on the boundary and derive the temperature de-
pendence of the pion velocity. In the concluding section, Section 5,
we summarize our results and discuss physical consequences.

2. Expanding hadronic fluid

Consider a linear sigma model in a background medium at fi-
nite temperature in a general curved spacetime. The dynamics of
mesons in such a medium is described by an effective action with
O(N) symmetry [16]

1
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where ® denotes a multicomponent scalar field ® = (1, ..., Oy).
The effective metric tensor, its inverse, and its determinant are

Guv = i[gw —(1—=c2)uyuyl, (2)
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respectively, where u” is the velocity of the fluid and gV is the
background metric. The coefficient f and the pion velocity ¢, de-
pend on the local temperature T and on the parameters A and
m% of the model, and may be calculated in perturbation theory. At
zero temperature the medium is absent in which case f=c; =1
and G, is identical to g, .

If m(z) < 0 the symmetry will be spontaneously broken. At zero
temperature the ®; fields develop non-vanishing vacuum expecta-
tion values such that

2
S =—T0= g2, (5)

Redefining the fields ®;(x) — (®;) + @;i(x), the fields ¢; repre-
sent quantum fluctuations around the vacuum expectation values
(®;). It is convenient to choose here (®;) =0 fori=1,2,..,N—1,
and (®y) = fr. At nonzero temperature the quantity (®y), usu-
ally referred to as the condensate, is temperature dependent and
vanishes at the point of phase transition. In view of the usual phys-
ical meaning of the ¢-fields in the chiral SU(2) x SU(2) sigma
model it is customary to denote the N — 1 dimensional vector
(¢1,.-.,9N—1) by =, the field gy by o, and the condensate (®y)
by (o). In this way one obtains the effective Lagrangian in which
the O(N) symmetry is explicitly broken down to O(N — 1).

At and above a critical temperature T the symmetry will be re-
stored and all the mesons will have the same mass. Below the crit-
ical temperature the meson masses are m2 =0, and m2 = 2(0)2.
The temperature dependence of (o) is obtained by minimizing the
thermodynamic potential with respect to (o). Given N, f, and
my, the extremum condition can be solved numerically at one
loop order [12]. In this way, the value T. = 183 MeV of the crit-
ical temperature was found [18] for N =4, f; =92.4 MeV, and
ms =1 GeV as a phenomenological input.

Consider first a homogeneous steady flow of the medium con-
sisting of pions at finite temperature in the Minkowski background
with g, =7nyv. In a comoving reference frame (characterized by
u, =(1,0,0,0)) the effective metric (2) is diagonal with corre-
sponding line element

3
ds? = G udxtdx’ = fepdt? — Ci > dx?. (6)
T =1

At nonzero temperature, f and c; can be derived from the finite
temperature self energy X(q, T) in the limit when the external
momentum ¢ approaches zero and can be expressed in terms of
second derivatives of X(q, T) with respect to qo and gq;. The quan-
tities f and c, as functions of temperature have been calculated at
one loop level by Pisarski and Tytgat [13] in the low temperature
approximation

et T2 72 T4 ) 47?2 T4 o
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and by Son and Stephanov for temperatures close to the chiral
transition point [14,15] (see also [17]). Whereas the low tempera-
ture result (7) does not depend on N, the result near the critical
temperature does. In the limit T — T, in d = 3 dimensions one
finds [14,15]

foc(1=T/T)" "%, croc(1—T/T)"?, (8)

where the critical exponents v and 8 depend on N. For example,
v =0.749 and B = 0.388 for the O(4) universality class [26,27].
Combining these limiting cases with the numerical results at one
loop order [18], a reasonable fit in the entire range 0 < T < T, is
provided by

f==TYTH" 2P cr = —THTEH 2. 9)

With this we have f=c; =1 at T =0, c72, ~1—v(T/T)* near
T =0 as predicted by the one loop low temperature approximation
[13], and we recover the correct behavior (8) near T = Tk.

Next we assume that the background medium is going through
a Bjorken type expansion. A realistic hydrodynamic model of heavy
ion collisions involves a transverse expansion superimposed on
a longitudinal boost invariant expansion. Here we will consider
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a radial boost invariant Bjorken expansion [28] in Minkowski back-
ground spacetime. A similar model has been previously studied in
the context of disoriented chiral condensate [24]. Our approach is
in spirit similar to that of Janik and Peschanski [29,30] who con-
sider a hydrodynamic model based on a longitudinal Bjorken ex-
pansion and neglect the transverse expansion. A spherically sym-
metric Bjorken expansion considered here is certainly not the best
model for description of high energy heavy ion collisions but is
phenomenologically relevant in the context of hadron production
inete™.

The Bjorken expansion is defined by a specific choice of the
fluid 4-velocity which may be regarded as a coordinate transforma-
tion in Minkowski spacetime. In radial coordinates x* = (t,r, ¥, @)
the fluid four-velocity of the radial Bjorken expansion is given by

ut =(y,yv.,0,0)=(t/t,1/7,0,0), (10)

where v, =r/t is the radial velocity and T = +/t2 —r2 is the proper
time. It is convenient to introduce the so-called radial rapidity vari-
able y and parameterize the four-velocity as

u* = (cosh y, sinh y, 0, 0), (11)

so that the radial three-velocity is v, = tanhy. Now, it is natural
to use the spherical rapidity coordinates (7, y) defined by the fol-
lowing transformation

t=tcoshy, r=rtsinhy. (12)

As in these coordinates the velocity components are ut =
(1,0,0,0), the new coordinate frame is comoving. The coordinate
transformation from (¢, r, 9, @) to (z, y, ¥, @) takes the background
Minkowski metric into

guv = diag(1, —12, —725inh? v, —12 sinh? ysin2 D), (13)

which describes the geometry of the Milne cosmological model
[31] - a homogeneous, isotropic, expanding universe with the cos-
mological scale a = 7 and negative spatial curvature.

The functional dependence of the fluid temperature T on t
can be derived from energy-momentum conservation. First, we as-
sume that our fluid is conformal, i.e., that its energy momentum is
traceless T,’f = 0. Assuming quite generally that the pressure is not
isotropic

T} =diag(p, —py, —p1,—DPL), (14)
the tracelessness implies p — py —2p; = 0. On the other hand,
the energy momentum conservation T#*V., =0 yields p; =p, =

p which implies that the fluid is perfect with energy-momentum
tensor

Ty =+ puyy — pguv, (15)

Furthermore, from the continuity equation u p., + (p + p)u*,, =
0, one finds

op 4
P42 o, (16)
aT T

with solution

Co 4
p= ( T ) ' an
The dimensionless constant cop may be fixed from the phenomenol-
ogy of high energy collisions. For example, with a typical value of
p=1GeVfm> ~5 fm™ at T ~ 5 fm [32] we find ¢ = 7.5.

Eq. (17) implies that the temperature of the expanding chiral
fluid is, to a good approximation, proportional to T~!. This follows

from the fact that the expanding hadronic matter is dominated
by massless pions, and hence, the pressure of the fluid may be
approximated by [33]

1 2
p=§p:%<N—1)T4. (18)

This approximation is justified as long as we are not very close to
T =0 in which case we may neglect the contribution of the con-
densate with vacuum energy equation of state p = —p. Moreover,
this approximation is consistent with the conformal fluid assump-
tion which also fails at and near T = 0, because the energy mo-
mentum tensor of the vacuum is proportional to the metric tensor
and hence T,’f # 0 in the vicinity of T = 0. Combining (18) with
(17) one finds

30 4 ¢,
T= <m> - (19)

Hence, the temperature and proper time are uniquely related. For
example, there is a unique proper time 7. which corresponds to
the critical temperature T. of the chiral phase transition, so that
T T
—— (20)
Tc T
If we adopt the value ¢y = 7.5 estimated above and T, =
0.183 GeV = 0.927 fm~! [18] as the critical temperature for N = 4,
the corresponding proper time will be 7. = 8.2 fm =41 GeV~l.
The energy momentum tensor in comoving coordinates takes
the form
4
c
Tﬁ’lf‘f = —% diag(3, t2, t?sinh? y, 72 sinh? y sin® 9). (21)
374

If we relaxed the conformal fluid condition T,’f =0 and added the
contribution of the vacuum to the conformal part, the energy mo-
mentum tensor would read

Ty = TchoUnf + Pvacguv, (22)

where pyac is a constant vacuum energy density. Then, instead of
(16), we would obtain

ap | 4(p — pvac)
—_ _l’_ - T =
aT T
with solution p = (co/7)* + pvac. Combining this with the equation
of state corresponding to (22) we would obtain precisely the same
relation (20) between the temperature and proper time.

In the comoving coordinate frame defined by the coordinate
transformation (12) the analog metric (2) is diagonal with line el-
ement

2 _ 2 p—1.2,902 | 2 2
=JCn >
ds® = fcpdt® — fc; T°(dy” + sinh” ydQ*) (24)

where f and c; are given by (9) and are functions of 7 through
(20). Hence, this metric represents an FRW spacetime with nega-
tive spatial curvature.

Note that the spacetime described by (24) with (8) has a cur-
vature singularity at T = .. The Ricci scalar corresponding to (24)
is given by

3 [2a-¢2)  3f 5e 12
" fen 72 tf tcx 2 f2?

0, (23)

(25)

where the overdot denotes a derivative with respect to t. Using
(8) in the limit T — 7. one finds that R diverges as

R~ (t —1)?P3v/272, (26)
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3. Holographic description of the hadronic fluid

We now turn to the AdS/CFT correspondence and look for
a five-dimensional bulk geometry dual to the four-dimensional
spherically expanding chiral fluid described by the energy mo-
mentum tensor (15). A general asymptotically AdS metric in
Fefferman-Graham coordinates [34] is of the form

ZZ
ds® = gapdx’dx® = = (hwdx"“dx" - dzz) , (27)

where we use the uppercase Latin alphabet for bulk indices and
the Greek alphabet for 3 + 1 spacetime indices. Our curvature con-
ventions are as follows: Ryeq = 3. ['gy — 3gTg, + T'g T — TE g,
and Ry, = R%qsp, so that Einstein’s equations are Rgy — %Rgab =
4k Tgp. The length scale ¢ is the AdS curvature radius related to
the cosmological constant by A = —6/¢2.

The four dimensional tensor hj,, may be expanded near the
boundary at z=0 as [35]

huy = g,(LOS + zzg,(fﬂ + z4g,(f3 + zsg,(f,f +..., (28)

where gffg is the background metric on the boundary.

Let us assume now that the boundary geometry is described by
the Ricci flat spacetime metric (13). According to the holographic
renormalization rules [35] in this case gﬁﬂ =0 and gffﬂ is propor-
tional to the vacuum expectation value of the energy-momentum
tensor

4 _ 47TG5
pv — 7 03

(T, (29)

where Gs is the five dimensional Newton constant and the ex-
pectation value on the righthand side is assumed to be equal to
the energy momentum tensor (21). This equation is an explicit re-
alization of the AdS/CFT prescription that the field dual to the en-
ergy momentum tensor T, should be the four-dimensional metric
Epv-

Instead of a linear boost invariance of [29,30,36], we im-
pose a spherically symmetric boost invariance. The most general
metric respecting the spherically symmetric boost invariance in
Fefferman-Graham coordinates is of the form

EZ
ds? = Z_z[A(Z’ 7)dt? — 12B(z, 7)(dy? + sinh? yd?) — dz?].
(30)

Eqgs. (28) and (29) together with (21) imply the conditions near the
z =0 boundary

A=1=-3kA/t*+..., B=1+k/t*+..., (31)
where
477 Gsc?
k=_—20 32
30 (32)

is a dimensionless constant.
Using the metric ansatz (30) we solve Einstein’s equations with
negative cosmological constant

R ]R 0 =0 (33)
AB 2 72 gap=U.

By inspecting the components of (33) subject to (30), it may be
verified that Einstein’s equations are invariant under simultaneous
rescaling T — At and z — Az, for any real positive A. In other
words, if A= A(z,t) and B = B(z, T) are solutions to (33), then
so are A= A(Az, A7) and B = B(Az, A 7). This implies that A and B

are functions of a single scaling variable v = z/t. From the zz and
zt components of Einstein’s equations we find two independent
differential equations for A and B

2A' A 6B  3B% 24" 6B’

= — - - — =0, 34
At E TR T A T B G4
6A' VA'B' 3vB” LBV (35)
A AB B? B

where the prime denotes a derivative with respect to v. It may be
easily verified that the functions

(1 —kvH?2
1+ kv?

satisfy (34), (35), and the remaining set of Einstein’s equations,
k being an arbitrary constant. Egs. (36) satisfy the boundary con-
ditions (31) if we identify k with the constant defined in (32). The
line element (30) becomes

_era-ktiah?
22| 1+kz4/74

A(v) = . B(v)=1+kv* (36)

ds?

— (1 +kz*/t4 % (dy? + sinh? ydQ?) — dzz}. (37)

This type of metric is a special case of a more general solution
derived by Apostolopoulos, Siopsis, and Tetradis [37,38] with an
arbitrary FRW cosmology at the boundary.

It is useful to compare the solution (37) with the static
Schwarzschild-AdSs metric [39]

ZZ
2 _
ds _z—z[

(1—2%/z5)? 2
1—k2z2/(202) + 2423

— (1 —KkZ%/(26%) + 2%/ 25) £2dQ3 (i) —dzz], (38)

where k¥ = 0,1, —1 for a flat, spherical and hyperbolic boundary
geometry with

dy? + sinh? ydQ2, Kk =-1,
dQ3 (k) = | dy? + y?dQ?, k=0, (39)
dy? +sin ydQ2, k=1.

The location of the horizon zq is related to the BH mass as

16¢4
A= (40)

where p is the BH mass in units of £~ 1. It has been noted [40] that
(37) is obtained from (38) by keeping the conformal factor ¢2/z2
and elsewhere making the replacements xk — k + 1 and ¢ — 7.
Hence, the constant k in (37) is related to the BH mass of the
static solution as k = u /4.

It is worth emphasizing the difference between the spherically
symmetric solution (37) and the solution of the similar form found
in the case of linear boost invariance [29]. First, our solution (37)
is exact and valid at all times. In contrast, the solution found in
[29] of the form (36) with v ~ z/t1/3 is valid only in the asymp-
totic regime T — oo. A similar late time asymptotic solution was
found by Sin, Nakamura, and Kim [41] for a linear anisotropic ex-
pansion described by the Kasner metric. In a related recent work
Fischetti, Kastor, and Traschen [42] have constructed solutions that
expand spherically and approach the Milne universe at late times.
Their solution, obtained by making use of a special type of ideal
fluid in addition to the negative cosmological constant in the bulk,
gives rise to open FRW cosmologies at the boundary and on the



344 N. Bili¢ et al. / Physics Letters B 743 (2015) 340-346

Poincaré slices (which correspond to the z-slices in Fefferman Gra-
ham coordinates) of a late time asymptotic AdSs.

Another remarkable property of the solution (37) is that the
induced metric on each z-slice is equivalent to the Milne metric.
This may be seen as follows. The 3+ 1 dimensional metric induced
on a z-slice is, up to a multiplicative constant, given by

(1 —kz*/thH?
1+kz4/t4

— (1 +kz* /4% (dy? + sinh? ydQ?). (41)
This line element is of the form (24) and the corresponding 3 + 1
spacetime at a given z-slice may be regarded as an FRW spacetime.
Then the coordinate transformation () = 7(1+kz*/t*)"/2 brings
the metric (41) to the Milne form (13).

The solution (37) is closely related to the D3-brane solution of
10 dimensional supergravity corresponding to a stack of Np coin-

cident D3-branes. A near-horizon nonextremal D3-brane metric is
given by [43]

g U
ds® = L—z[( - u_3> de?

L4 U4 -1 3
-0 —U—g du® =Y "dy? | - L%dQ2, (42)

i=1

ds?® =

where L2 = Zf«/471g5N , & is the string coupling constant, and
£ = +/a’ is the fundamental string length. Ignoring the five sphere
which decouples throughout the spacetime (42), the remaining
five dimensional spacetime is equivalent to the standard AdSs
Schwarzschild spacetime in the limit of large BH mass [44] and
is asymptotically AdSs. By identifying L with the AdS curvature ra-
dius ¢, replacing the constant Uy with Ug = z9/+/2, rescaling the
coordinates t = ¢21/(2z3) and y; = €%x;/(2z%), and making a coor-
dinate transformation U — z

z z4
U=2—° 1+, (43)
Z ZO

the metric of the asymptotically AdSs bulk of (42) turns into

2 [(1 —2*/23)?

dsz =
2 4
2| 1+2%/z

3
dt* — (1+2%/z5) Y dx? - dzz]. (44)
i=1

This coincides with Eq. (38) for k = 0 with zy related to the
BH mass as zg = 4¢%/p. In this coordinate representation, the
BH horizon is at z=2zp and the inverse horizon temperature is
B=mz0//2.

In the case k = +1 or —1 the metric (44) may be regarded as a
large BH mass limit of a Schwarzschild-AdSs metric given by (38)
with (39). In the limit @ — oo we have z9/¢ — 0, so z2/I> « 1
for z close to the horizon and the quadratic term in the metric
coefficients in (38) vanishes in that limit. Hence, taking 4 — oo in
(38) for kK =+1 or —1 one finds

g 02

2 1 +Z4/Z4 dr? - ¢! +Z4/Zé)Z2dQ§(K) —dzz:|. (45)
0

Comparing with this, the geometry (37) appears as a dynamical
black hole with the location of the horizon zg = t/k'/4 moving
in the bulk with velocity k~1/4. Then the horizon temperature de-
pends on time as

2k1/4
T = V2 , (46)
TT

in agreement with Tetradis [38].

Asymptotic
AdS;

analog spacetime

3 + 1 dimensional
boundary

Fig. 1. An illustration of the correspondence between the asymptotic AdS geometry
in the bulk with the analog spacetime geometry on its 3+ 1 boundary. The induced
metric on the z.-slice corresponds to the effective metric (24) in the symmetry
broken phase (7 > 7).

4. The pion velocity

In this section we exploit the finite temperature AdS/CFT corre-
spondence. We first consider the dynamical case of an expanding
fluid which is phenomenologically relevant to high energy colli-
sions and make use of the relation between the bulk asymptotic
AdS geometry (37) and the Bjorken dynamics at the boundary. The
correspondence is established by making use of the following as-
sumptions:

a) The horizon temperature (46) is proportional to the physical
temperature of the expanding conformal fluid.

b) There exists a maximal z equal to z. = k~1/47. where the crit-
ical proper time 7. corresponds to the critical temperature Te.

c) The induced metric (41) on the z.-slice corresponds to the ef-
fective metric (24) in the symmetry broken phase (7 > t.) in
which the perturbations (massless pions) propagate.

The first assumption stems from the relation (19) and is obvi-
ously in agreement with the Bjorken dynamics. The assumption
b) is similar to that of Erlich et al. [45] who assumed the infrared
cutoff at some z = z; (“infrared brane”). Our key assumption c)
is motivated by the apparent resemblance of the effective analog
metric (24) to the induced metric (41). The geometry is illustrated
in Fig. 1. The comparison of the induced metric (41) with the ef-
fective analog metric (24) (with (9)) yields

1t

=1-td/tt,  p=—L
! </ TR

(47)

A similar correspondence may be drawn by considering the
static case and relate the properties of the chiral fluid to the
Schwarzschild-AdS black hole. We make use of slightly modified
assumptions a)-b):

a’) A correspondence exists between the fifth coordinate z and
the physical temperature T of the chiral fluid such that z is
proportional to 1/T.

b’) The horizon temperature defined in (46) is proportional to the
critical temperature of the chiral phase transition.

¢’) The metric induced on a z-slice from the bulk metric (44) cor-
responds to the effective metric (6) in the symmetry broken
phase (T < T¢).
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According to a’) and b’) we identify z/zg = T/T and comparing
the effective metric (6) with (44) we find

_1-TYT1¢

=1-TYT4, cp=—-"1°C¢,
f /T¢ iy

(48)
These equations are equivalent to (47) owing to the relation (20)
between the temperature and proper time which is a consequence
of energy conservation in the Bjorken dynamics.

The expression for the pion velocity in (48) (or in (47)) gives a
roughly correct overall behavior in the temperature interval (0, T¢).
It is worth analyzing our predictions in the limiting cases of tem-
peratures near the endpoints of this interval.

In the limit T — 0 the pion velocity in (48) will agree with the
low temperature approximation (7) if we identify

45 1/4
Te= < 2m2) ) (49)

2p2 Tl

Our result confirms the expectation [13,46] that the deviation of
the velocity squared from unity is proportional to the free en-
ergy density, or pressure which for massless pions is given by (18).
Given f; and my, Eq. (49) can be regarded as a prediction for the
critical temperature. The Particle Data Group [47] gives a rather
wide range 400-1500 MeV of the sigma meson masses. With the
lowest value my, ~ 400 MeV and f; = 92.4 MeV one finds the
lower bound T. ~ 230 MeV which is somewhat larger than lattice
results which range between 150 and 190 MeV.

It is important to note here that we do not recover the
quadratic term in the low temperature approximation (7) of the
function f. The reason may be that by assuming exact conformal
invariance, i.e., the condition T,’f =0, we discarded the contri-
bution of the vacuum energy (including the condensate) which
actually dominates at low temperatures or equivalently at late
times.

As to the limit T — T, the behavior of our solution differs
in two aspects from what one finds in other treatments based
on conventional calculations. First, the induced metric (41) being
equivalent to the Milne metric is Ricci flat so the singularity at
T =z is just a coordinate singularity. In contrast, as we have men-
tioned at the end of Section 2, the analog metric (24) obtained
from the linear sigma model exhibits a curvature singularity at the
critical point 7 = t.. Second, we do not recover the critical expo-
nents predicted by conventional calculations. It is clear that the
critical behavior differs significantly from the prediction based on
the O(4) critical exponents or the one loop sigma model prediction.
In the vicinity of the critical point the function (48) approaches
zero as ¢; ~ T —T. In contrast, the sigma model at one loop order
[18] gives ¢z ~ (Tc — T)1/4, whereas the Monte Carlo calculations
of the critical exponents for the O(4) universality class [26] yields
Cx ~ (Te — T)0'37.

As a side remark, our bulk spacetime is free of curvature sin-
gularities. Clearly, the Ricci scalar R = 20 is regular everywhere.
However, as noted in [29], there is a potential singularity of the
Riemann tensor squared %2 = RMYP R, vps at the hypersurface
z = 1. A straightforward calculation yields

(50)

5 144k%v8
R =8(5+ :

(14 kv4)

which is regular everywhere. Remarkably, if one substitutes w* =
3z%/74/3 for our kv* =kz*/t# in (50) the resulting expression for
%2 will be precisely of the form obtained in the asymptotic regime
T — 0o [29] for a perfect fluid undergoing a longitudinal Bjorken

expansion.

5. Conclusions

We have investigated a spherically expanding hadronic fluid
in the framework of AdSs/CFT correspondence. According to the
holographic renormalization, the energy momentum tensor of the
spherically expanding conformal fluid is related to the bulk geome-
try described by the metric (37) which satisfies the field equations
with negative cosmological constant. It is remarkable that the ex-
act correspondence exists at all times 0 < 7 < oco. Based on this
solution and analogy with the AdS-Schwarzschild black hole, we
have established a relation between the effective analog geometry
on the boundary and the bulk geometry. Assuming that the chi-
ral fluid dynamics at finite temperature is described by the linear
sigma model as the underlying field theory, we obtain a prediction
for the pion velocity in the range of temperatures below the phase
transition point. Compared with the existing conventional calcu-
lations, a reasonable agreement is achieved generally for those
quantities, such as the pion velocity and the critical temperature,
that do not substantially depend on the number of scalars N. In
particular, our prediction at low temperature confirms the expec-
tation [13,46] that the deviation of the pion velocity from the
velocity of light is proportional to the free energy density. The
agreement is of course not so good for the critical exponents since
their values crucially depend on N. The estimate of the critical
temperature is close to but somewhat higher then the lattice QCD
prediction.

Obviously, our results are based on a crude simplification that
the hadronic fluid is a perfect conformal fluid undergoing a spher-
ically symmetric radial expansion. A realistic hadronic fluid is
neither perfect nor conformal. First, a hadronic fluid in general
has a non-vanishing shear viscosity which is neglected here. Sec-
ond, our model is based on a scalar field theory with broken
symmetry which is only approximately conformal in the vicin-
ity of the critical point where the condensate vanishes and all
particles (mesons and quarks) become massless. Hence, in this
way we could not have obtained more then a rough estimate of
the critical temperature and the pion velocity at finite tempera-
ture.
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