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Abstract

We consider the Yang algebras isomorphic to o(1, 5), o(2, 4), o(3, 3) and
derive dual κ-Minkowski and κ-Poincaré algebras in terms of a metric g. The
corresponding Weyl realization is presented and coproduct, star product and
twist are computed in terms of the metric g. Finally, we construct reduced
κ-Minkowski and κ-Poincaré algebras as special cases.

1 Introduction

It is well known that the principles of quantum theory and general relativity are
incompatible and a more general theory reconciling them is necessary. This will
presumably be based on new assumptions on the foundations of the two theories.
A debated possibility is that the quantum phase space must be modified, for ex-
ample deforming the canonical Heisenberg relations. This of course would induce
observable effects, as a generalized uncertainty principle (GUP) [1]. However, it
is evident on dimensional grounds that such effects are related to the Planck scale
and therefore are besides the present experimental reach.

By definition, a deformation of the commutation relations of position operators
induces a noncommutativity of spacetime [2] that can be related to the curvature
of momentum space [3]. On the other hand, it is well known that the curvature of
spacetime gives rise to a deformation of the commutation relations of momentum
operators. In general, both deformations could be considered simultaneously.

This idea was first advanced by C. N. Yang in [4], who, building on an earlier
proposal of Snyder [5], proposed an algebra isomorphic to the fifteen-dimensional
orthogonal algebra o(1, 5), consisting in a combination of the Heisenberg algebra of
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a deformed phase space with noncommuting coordinates x̂µ and p̂µ and the Lorentz
algebra generated by Mµν, together with a further scalar generator ĥ, necessary for
the closure. The Yang algebra depends on two deformation parameters M and R

that fix the scale of the curvature of momentum and position spaces, and are often
identified with the Planck mass and the de Sitter radius. The Yang model enjoys
the remarkable property of being invariant under a generalized Born duality [6],
which interchanges positions and momenta. Moreover, taking suitable limits, it
can be reduced to the Snyder algebra or its dual de Sitter algebra.

After some time, the study of the Yang model was resumed in recent years.
Some generalizations were presented by Khruschev and Leznov in [7], while in
ref. [8] an extension of the model that includes also the related triply special rel-
ativity (TSR) theory [9, 10] was introduced. Further investigations concerning in
particular its realizations on a canonical phase space have been recently performed
in [11]-[13], using the methods introduced in [14]-[16] for the study of Snyder
space. Other contributions to the study of the Yang model are given in [17]-[19],
while different models of noncommutative geometry in curved spaces can be found
in [20]-[23]. Also, relations of the Yang model with other theories, as for example
conformal field theory or fuzzy gravity, have been investigated in [24].

Using the methods presented in [14, 15] for Snyder space, in [25]-[28] for κ-
deformed Snyder spaces, and in [29] for isomorphism between the Yang model and
orthogonal algebras, the Hopf algebra structure, coproduct, twist and the associa-
tive star product were obtained for the Yang model [30].

Recently in [31, 30], it was shown that the Yang algebra can be subjected to a
further deformation of κ type [32], depending on two different κ parameters. This
doubly κ-deformed Yang model is still isomorphic to the o(1, 5) algebra. This pro-
posal was investigated in more detail in [30] where the change of basis necessary
to pass from the original Yang algebra to the new one was explicitly worked out,
and Weyl realization of such algebra in extended phase space were given. Later,
in [33] a new relativistic doubly κ-deformed quantum phase space was considered.
In this way, a generalized κ-Poincaré algebra is obtained, that displays a duality of
Born type between position and momentum deformations. We call the associated
spacetimes dual κ-Minkowski spaces.

In this paper, we analyize the properties of the doubly κ-Poincaré algebra and
the associated κ-Minkowski space in a way analogous to that used in ref. [30] for
the doubly κ-deformed Yang models for the cases of o(1, 5), o(2, 4) and o(3, 3)
algebras. The results are written in terms of a metric g; dual κ-Minkowski and
dual κ-Poincaré algebras are obtained as special cases for g44 = g55 = 0. Weyl
realization, coproduct, star product and twist are presented in terms of the metric
g. Finally, reduced dual κ-Minkowski and dual κ-Poincaré algebras, where the
scalar generator ĥ is taken as dependent [34], are constructed.
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2 Generalized Yang models isomorphic to o(1, 5, g)

There are infinitely many Born-dual κ-Minkowski spaces among non linear alge-
bras satisfying the Jacobi Identities [33]. In this section we review and generalize
the construction of a class of Lie algebra-type spaces containing dual κ-Minkowski
spaces that can be obtained from the Yang model [30] with a suitable choice of the
parameters.

Let us start with the Yang algebra [4]

[

x̂µ, x̂ν
]

=
iǫ1

M2
Mµν,

[

p̂µ, p̂ν
]

=
iǫ2

R2
Mµν, (2.1)

[

Mµν, x̂λ
]

= i
(

ηµλ x̂ν − ηνλ x̂µ
)

,
[

Mµν, p̂λ
]

= i
(

ηµλ p̂ν − ηνλ p̂µ
)

, (2.2)

[

x̂µ, p̂ν
]

= iηµνĥ,
[

ĥ, x̂µ
]

=
iǫ1

M2
p̂µ,

[

ĥ, p̂µ
]

= − iǫ2

R2
x̂µ, (2.3)

[

Mµν, ĥ
]

= 0, (2.4)
[

Mµν, Mρσ

]

= i
(

ηµρMνσ − ηµσMνρ − ηνρMµσ + ηνσMµρ

)

, (2.5)

where ǫ2
1 = ǫ

2
2 = 1 and ηµν = diag(−1, 1, 1, 1).

In this section we shall consider the case ǫ1 = ǫ2 = 1 corresponding to the
o(1, 5) algebra.

Let us define the most general new generators linear in x̂µ, p̂µ and Mµν intro-
ducing parameters κ and κ̃ generalizing the results of [30],

X̃µ = u

(

cos ϕx̂µ +
R

M
sin ϕ p̂µ

)

+
1
κ

aρMµρ, (2.6)

P̃µ = v

(

cosψ p̂µ +
M

R
sinψx̂µ

)

+
1
κ̃

bρMµρ, (2.7)

with the Lorentz generators M̃µν = Mµν unchanged. The scalar parameters u, v, ϕ, ψ

and the four-vectors aµ, bµ are dimensionless with uv , 0.
The inverse transformations are

x̂µ =
u−1 1

R
cosψ

(

X̃µ − 1
κ
aρMµρ

)

− v−1 1
M

sin ϕ
(

P̃µ − 1
κ̃
bρMµρ

)

1
R

cos (ϕ + ψ)
, (2.8)

p̂µ =
v−1 1

M
cos ϕ

(

P̃µ − 1
κ̃
bρMµρ

)

− u−1 1
R

sinψ
(

X̃µ − 1
κ
aρMµρ

)

1
M

cos (ϕ + ψ)
. (2.9)

The generators X̃µ, P̃µ, Mµν and H̃ generate a new class of Lie algebras iso-
morphic to the initial Yang algebra. These algebras are defined by

[

X̃µ, X̃ν
]

= i

(

1

M2

(

u2 + a2 M2

κ2

)

Mµν +
1
κ

(

aµX̃ν − aνX̃µ
)

)

, (2.10)
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[

P̃µ, P̃ν
]

= i

(

1

R2

(

v2 + b2 R2

κ̃2

)

Mµν +
1
κ̃

(

bµP̃ν − bνP̃µ
)

)

, (2.11)

[

X̃µ, P̃ν
]

= i

(

ηµνH̃ +
1
κ̃

bµX̃ν −
1
κ

aνP̃µ +
1

MR

(

uv sin(ϕ + ψ) + abMR
1
κκ̃

)

Mµν

)

,

(2.12)
[

Mµν, X̃λ
]

= i

(

ηµλX̃ν − ηνλX̃µ +
1
κ

(

aµMλν − aνMλµ

)

)

, (2.13)

[

Mµν, P̃λ
]

= i

(

ηµλP̃ν − ηνλP̃µ +
1
κ̃

(

bµMλν − bνMλµ

)

)

, (2.14)

where

H̃ = ĥuv cos(ϕ + ψ) +
1
κ

aP̃ − 1
κ̃

bX̃ − 1
κκ̃

aρbσMρσ (2.15)

and
[

Mµν, H̃
]

= i

(

1
κ̃

(

bνX̃µ − bµX̃ν
)

− 1
κ

(

aνP̃µ − aµP̃ν
)

)

, (2.16)

[

H̃, X̃µ
]

= i

(

1

M2

(

u2 + a2 M2

κ2

)

P̃µ −
1

MR

(

uv sin(ϕ + ψ) + abMR
1
κκ̃

)

X̃µ −
1
κ

aµH̃

)

,

(2.17)
[

H̃, P̃µ
]

= −i

(

1

R2

(

v2 + b2 R2

κ̃2

)

X̃µ −
1

MR

(

uv sin(ϕ + ψ) + abMR
1
κκ̃

)

P̃µ +
1
κ̃

bµH̃

)

.

(2.18)
The generalized Born duality [6] still holds for M ↔ R, κ ↔ κ̃, aµ →

−bµ, bµ → aµ, u ↔ v, ϕ → −ψ, ψ → −ϕ, X̃µ → −P̃µ, P̃µ → X̃µ, Mµν ↔
Mµν, H̃ ↔ H̃, ǫ1 ↔ ǫ2. These commutation relations are similar to those of

[30, 33]. If
aµ
κ
= 0 and

bµ
κ̃
= 0 then above algebra reduces to the Khruschev-

Leznov model [7] with ρ = uv sin(ϕ + ψ).

If we define generators

Mµ4 = Mx̂µ, Mµ5 = Rp̂µ, M45 = MRĥ (2.19)

then the Yang algebra (2.1)- (2.5) takes the form of an orthogonal algebra o(1, 5)
with

[MAB, MCD] = i (ηAC MBD − ηADMBC + ηBDMAC − ηBC MAD) , (2.20)

where A, B,C,D = 0, 1, 2, 3, 4, 5, ηAB = diag(−1, 1, 1, 1, 1, 1).

Furthermore, if we define

M̃µ4 = MX̃µ, M̃µ5 = RP̃µ, M̃45 = MRH̃ (2.21)

then the algebra (2.10)-(2.18) becomes the o(1, 5, g) algebra with
[

M̃AB, M̃CD

]

= i
(

gAC M̃BD − gADM̃BC + gBDM̃AC − gBC M̃AD

)

, (2.22)
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where the metric gAB is given by a symmetric matrix defined as

gµν = ηµν, gµ4 =
M

κ
aµ, gµ5 =

R

κ̃
bµ, g44 = u2 + a2 M2

κ2
, g55 = v2 + b2 R2

κ̃2
,

g45 = g54 = uv sin(ϕ + ψ) + ab
MR

κκ̃
. (2.23)

It follows that

aµ

κ
=

1
M

gµ4,
bµ

κ̃
=

1
R

gµ5, u2 = g44 − gµ4gµ4, v2 = g55 − gµ5gµ5 and

uv sin(ϕ + ψ) = g45 − gµ4gµ5 which implies that sin(ϕ + ψ) =
1
uv

(

g45 − gµ4gµ5

)

.

(2.24)

Note that,

det g =
(

g45 − gµ4gµ5

)2 −
(

g44 − gµ4gµ4

)

(g55 − gν5gν5) < 0, (2.25)

i.e. using the above formulae for gAB (2.23) we get det g = −u2v2 cos2(ϕ + ψ)
and gAB =

(

S ηS T
)

AB
, det S 2 = − det g with

S =





















































1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
−M

κ
a0

M
κ

a1
M
κ

a2
M
κ

a3 σ 0
−R
κ̃
b0

R
κ̃

b1
R
κ̃
b2

R
κ̃
b3 υ τ





















































, (2.26)

where σ = u, υ = v sin(ϕ + ψ) and τ = v cos(ϕ + ψ), see (12) in [30].

The relations between M̃AB and MAB can be obtained from the relations for
X̃µ and x̂µ, P̃µ and p̂µ, H̃ and ĥ and their inverse, and can be written as M̃AB =
(

S MS T
)

AB
, with the same matrix S as above. We will use the metric gAB for low-

ering indices and gAB for raising indices, with g B
A =

gB
A
= δB

A
and gABg

BC
= δA

C
,

i.e. gAB is the inverse of the matrix g
AB
.

2.1 Dual κ-Minkowski spaces and κ-Poincaré algebras isomorphic to

o(1, 5, g)

Dual κ-Minkowski spaces and κ-Poincaré algebras can be defined by imposing
g44 = 0 and g55 = 0, so that

a2 = −u2 κ
2

M2
< 0, b2 = −v2 κ̃

2

R2
< 0. (2.27)
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Then it follows
[

X̃µ, X̃ν
]

=
i

κ

(

aµX̃ν − aνX̃µ
)

(2.28)

and
[

P̃µ, P̃ν
]

=
i

κ̃

(

bµP̃ν − bνP̃µ
)

. (2.29)

The relation (2.28) defines κ-Minkowski space, while (2.29) describes the Born-
dual κ̃-Minkowski space. Taking into account (2.27) and g44 = 0, g55 = 0, g45 =

uv sin(ϕ + ψ) + abMR 1
κκ̃

, we get det g = −u2v2 cos2(ϕ + ψ), and we demand that
det g , 0. The determinant depends on the parameters u, v and the angle ϕ + ψ,
but does not depend on the vectors aµ, bµ. If g44 = g55 = g45 = 0 and det g , 0,
then it follows that a2 · b2 > (a · b)2 and aµ and bµ cannot be collinear.

The algebra generated by X̃µ, P̃µ, Mµν and H̃ containing dual κ-Minkowski
spaces and κ-Poincaré algebras (2.10)-(2.18) is constructed from the Yang algebra
(2.1)-(2.5) and is isomorphic to the o(1, 5, g) algebra. It depends on the parameters
M,R, on the time-like four-vectors

aµ
κ
,

bµ
κ̃

(

a2 < 0, b2 < 0
)

and on g45, with the
condition det g < 0. In the limit when M → ∞, the vector aµ becomes light-like,
a2 = 0. In the limit when R → ∞, the vector bµ becomes light-like, b2 = 0 and
in the limit when M → ∞ and R → ∞, both vectors aµ, bµ become light-like. In

particular, in the limit when R → ∞ and
bµ
κ̃
= 0 we get the κ-Minkowski space

with the κ-Poincaré algebra, with a2 ≤ 0 and

[

X̃µ, X̃ν
]

=
i

κ

(

aµX̃ν − aνX̃µ
)

, (2.30)

[

P̃µ, P̃ν
]

= 0 (2.31)

[

X̃µ, P̃ν
]

= i

(

ηµνH̃ −
1
κ

aνP̃µ

)

, (2.32)

[

Mµν, X̃λ
]

= i

(

ηµλX̃ν − ηνλX̃µ +
1
κ

(

aµMλν − aνMλµ

)

)

, (2.33)

[

Mµν, P̃λ
]

= i
(

ηµλP̃ν − ηνλP̃µ
)

, (2.34)

[

Mµν, H̃
]

=
−i

κ

(

aνP̃µ − aµP̃ν
)

, (2.35)

[

H̃, X̃µ
]

=
−i

κ
aµH̃, (2.36)

[

H̃, P̃µ
]

= 0. (2.37)

Alternatively when M → ∞ and
aµ
κ
= 0, we get the dual κ-Minkowski momentum

space with b2 ≤ 0. Finally, when M → ∞, R → ∞ and
aµ
κ
=

bµ
κ̃
= 0, we get

the ordinary Heisenberg algebra, where H̃ is a central element commuting with
X̃µ, P̃µ and Mµν, implying that H̃ is proportional to the identity operator I. The
special case M = κ and R = κ̃ is described in [30].
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3 Generalized Yang models isomorphic to o(2, 4, g)

In this section we consider the case ǫ1 = 1, ǫ2 = −1, i.e. ηAB = diag(−1, 1, 1, 1, 1,−1),
while the case ǫ1 = −1, ǫ2 = 1 is mentioned at the end of subsection (3.1). The
Yang algebra isomorphic to o(2, 4) is defined as

[

x̂µ, x̂ν
]

=
i

M2
Mµν,

[

p̂µ, p̂ν
]

=
−i

R2
Mµν, (3.1)

[

Mµν, x̂λ
]

= i
(

ηµλ x̂ν − ηνλ x̂µ
)

,
[

Mµν, p̂λ
]

= i
(

ηµλ p̂ν − ηνλ p̂µ
)

, (3.2)

[

x̂µ, p̂ν
]

= iηµνĥ,
[

ĥ, x̂µ
]

=
i

M2
p̂µ,

[

ĥ, p̂µ
]

=
i

R2
x̂µ, (3.3)

[

Mµν, ĥ
]

= 0, (3.4)
[

Mµν, Mρσ

]

= i
(

ηµρMνσ − ηµσMνρ − ηνρMµσ + ηνσMµρ

)

, (3.5)

Let us construct new generators X̃µ, P̃µ

X̃µ = u

(

cosh ϕx̂µ +
R

M
sinh ϕ p̂µ

)

+
1
κ

aρMµρ, (3.6)

P̃µ = v

(

coshψ p̂µ +
M

R
sinhψx̂µ

)

+
1
κ̃

bρMµρ (3.7)

and
M̃µν = Mµν. (3.8)

The generators X̃µ, P̃µ, Mµν and H̃ generate a new class of Lie algebras isomorphic
to the o(2, 4) Yang algebra

[

X̃µ, X̃ν
]

= i

(

1

M2

(

u2 + a2 M2

κ2

)

Mµν +
1
κ

(

aµX̃ν − aνX̃µ
)

)

, (3.9)

[

P̃µ, P̃ν
]

= i

(

1

R2

(

−v2 + b2 R2

κ̃2

)

Mµν +
1
κ̃

(

bµP̃ν − bνP̃µ
)

)

, (3.10)

[

X̃µ, P̃ν
]

= i

(

ηµνH̃ +
1
κ̃

bµX̃ν −
1
κ

aνP̃µ +
1

MR

(

uv sinh(ψ − ϕ) + abMR
1
κκ̃

)

Mµν

)

,

(3.11)
[

Mµν, X̃λ
]

= i

(

ηµλX̃ν − ηνλX̃µ +
1
κ

(

aµMλν − aνMλµ

)

)

, (3.12)

[

Mµν, P̃λ
]

= i

(

ηµλP̃ν − ηνλP̃µ +
1
κ̃

(

bµMλν − bνMλµ

)

)

, (3.13)

where

H̃ = ĥuv cosh(ψ − ϕ) +
1
κ

aP̃ − 1
κ̃

bX̃ − 1
κκ̃

aρbσMρσ (3.14)
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and
[

Mµν, H̃
]

= i

(

1
κ̃

(

bνX̃µ − bµX̃ν
)

− 1
κ

(

aνP̃µ − aµP̃ν
)

)

, (3.15)

[

H̃, X̃µ
]

= i

(

1

M2

(

u2 + a2 M2

κ2

)

P̃µ −
1

MR

(

uv sinh(ψ − ϕ) + abMR
1
κκ̃

)

X̃µ −
1
κ

aµH̃

)

,

(3.16)
[

H̃, P̃µ
]

= −i

(

1

R2

(

−v2 + b2 R2

κ̃2

)

X̃µ −
1

MR

(

uv sinh(ψ − ϕ) + abMR
1
κκ̃

)

P̃µ +
1
κ̃

bµH̃

)

.

(3.17)
The Born duality holds for M ↔ R, κ ↔ κ̃, aµ → −bµ, bµ → aµ, u ↔ v, ϕ →
−ψ, ψ → −ϕ, X̃µ → −P̃µ, P̃µ → X̃µ, Mµν ↔ Mµν, H̃ ↔ H̃ and ǫ1 ↔ ǫ2. If
aµ
κ
= 0 and

bµ
κ̃
= 0 then the above algebra reduces to a Khruschev-Leznov model

[7] isomorphic to the o(2, 4) algebra, with ρ = uv sinh(ψ − ϕ).
If we define

M̃µ4 = MX̃µ, M̃µ5 = RP̃µ, M̃45 = MRH̃ (3.18)

as in (2.21) then the algebra (3.9)-(3.17) becomes an o(2, 4, g) algebra and
[

M̃AB, M̃CD

]

is given in (2.22), with the metric gAB given by a symmetric matrix defined as

gµν = ηµν, gµ4 =
M

κ
aµ, gµ5 =

R

κ̃
bµ, g44 = u2 + a2 M2

κ2
, g55 = −v2 + b2 R2

κ̃2
, and

g45 = g54 = uv sinh(ψ − ϕ) + abMR
1
κκ̃
, A, B,C,D = 0, 1, 2, 3, 4, 5. (3.19)

The inverse relations are given by

u2 = g44 − gµ4gµ4, v2 = gµ5gµ5 − g55 and sinh(ψ − ϕ) =
1
uv

(

g45 − gµ4gµ5

)

.

(3.20)
Note that,

det g =
(

g45 − gµ4gµ5

)2 −
(

g44 − gµ4gµ4

)

(g55 − gν5gν5) ≥ 1, (3.21)

and gAB =
(

S ηS T
)

AB
, det S 2 = det g with

S =





















































1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
−M

κ
a0

M
κ

a1
M
κ

a2
M
κ

a3 σ 0
−R
κ̃
b0

R
κ̃

b1
R
κ̃
b2

R
κ̃
b3 υ τ





















































, (3.22)

where σ = u, υ = v sinh(ψ − ϕ) and τ = v cosh(ψ − ϕ).
The relations between M̃AB and MAB can be written as M̃AB =

(

S MS T
)

AB
with

the matrix S as above.

8



3.1 Dual κ-Minkowski spaces and κ-Poincaré algebras isomorphic to

o(2, 4, g)

If we impose g44 = 0 and g55 = 0, we obtain

a2 = −u2 κ
2

M2
< 0, b2 = v2 κ̃

2

R2
> 0 (3.23)

and
[

X̃µ, X̃ν
]

,
[

P̃µ, P̃ν
]

are as in subsection (2.1). Taking into account (3.23) and

g44 = 0, g55 = 0, g45 = uv sinh(ψ − ϕ) + abMR 1
κκ̃

, we get det g = u2v2 cosh2(ψ −
ϕ) ≥ 1, which depends on the parameters u, v and ψ − ϕ, but does not depend on
the vectors aµ, bµ.

Alternatively if ǫ1 = −1, ǫ2 = 1 we get a new class of algebras isomorphic to
o(2, 4, g) with a metric

gµν = ηµν, gµ4 =
M

κ
aµ, gµ5 =

R

κ̃
bµ, g44 = −u2 + a2 M2

κ2
, g55 = v2 + b2 R2

κ̃2
, and

g45 = g54 = −uv sinh(ψ − ϕ) + ab
MR

κκ̃
. (3.24)

Now if we impose g44 = 0 and g55 = 0, we obtain

a2 = u2 κ
2

M2
> 0, b2 = −v2 κ̃

2

R2
< 0. (3.25)

Taking into account (3.25) and g44 = 0, g55 = 0, g45 = −uv sinh(ψ−ϕ)+ abMR 1
κκ̃

we get det g = u2v2 cosh2(ψ − ϕ) ≥ 1.

4 Generalized Yang models isomorphic to o(3, 3, g)

In this section we consider the case ǫ1 = ǫ2 = −1, i.e. ηAB = (−1, 1, 1, 1,−1,−1).
The Yang algebra isomorphic to o(3, 3) is defined as

[

x̂µ, x̂ν
]

=
−i

M2
Mµν,

[

p̂µ, p̂ν
]

=
−i

R2
Mµν, (4.1)

[

Mµν, x̂λ
]

= i
(

ηµλ x̂ν − ηνλ x̂µ
)

,
[

Mµν, p̂λ
]

= i
(

ηµλ p̂ν − ηνλ p̂µ
)

, (4.2)

[

x̂µ, p̂ν
]

= iηµνĥ,
[

ĥ, x̂µ
]

=
−i

M2
p̂µ,

[

ĥ, p̂µ
]

=
i

R2
x̂µ, (4.3)

[

Mµν, ĥ
]

= 0, (4.4)
[

Mµν, Mρσ

]

= i
(

ηµρMνσ − ηµσMνρ − ηνρMµσ + ηνσMµρ

)

, (4.5)

9



Let us construct the new generators

X̃µ = u

(

cos ϕx̂µ +
R

M
sin ϕ p̂µ

)

+
1
κ

aρMµρ, (4.6)

P̃µ = v

(

cosψ p̂µ +
M

R
sinψx̂µ

)

+
1
κ̃

bρMµρ. (4.7)

The generators X̃µ, P̃µ, Mµν and H̃ generate a new class of Lie algebras isomorphic
to the o(3, 3) algebra

[

X̃µ, X̃ν
]

= i

(

1

M2

(

−u2 + a2 M2

κ2

)

Mµν +
1
κ

(

aµX̃ν − aνX̃µ
)

)

, (4.8)

[

P̃µ, P̃ν
]

= i

(

1

R2

(

−v2 + b2 R2

κ̃2

)

Mµν +
1
κ̃

(

bµP̃ν − bνP̃µ
)

)

, (4.9)

[

X̃µ, P̃ν
]

= i

(

ηµνH̃ +
1
κ̃

bµX̃ν −
1
κ

aνP̃µ +
1

MR

(

−uv sin(ϕ + ψ) + abMR
1
κκ̃

)

Mµν

)

,

(4.10)
[

Mµν, X̃λ
]

= i

(

ηµλX̃ν − ηνλX̃µ +
1
κ

(

aµMλν − aνMλµ

)

)

, (4.11)

[

Mµν, P̃λ
]

= i

(

ηµλP̃ν − ηνλP̃µ +
1
κ̃

(

bµMλν − bνMλµ

)

)

, (4.12)

where

H̃ = ĥuv cos(ϕ + ψ) +
1
κ

aP̃ − 1
κ̃

bX̃ − 1
κκ̃

aρbσMρσ (4.13)

and
[

Mµν, H̃
]

= i

(

1
κ̃

(

bνX̃µ − bµX̃ν
)

− 1
κ

(

aνP̃µ − aµP̃ν
)

)

, (4.14)

[

H̃, X̃µ
]

= i

(

1

M2

(

−u2 + a2 M2

κ2

)

P̃µ −
1

MR

(

−uv sin(ϕ + ψ) + abMR
1
κκ̃

)

X̃µ −
1
κ

aµH̃

)

,

(4.15)
[

H̃, P̃µ
]

= −i

(

1

R2

(

−v2 + b2 R2

κ̃2

)

X̃µ −
1

MR

(

−uv sin(ϕ + ψ) + abMR
1
κκ̃

)

P̃µ +
1
κ̃

bµH̃

)

.

(4.16)
The Born duality holds as in sections 2 and 3. If

aµ
κ
= 0 and

bµ
κ̃
= 0 then the

algebra (4.8)-(4.16) reduces to a model of Khruschev-Leznov type [7] isomorphic
to an o(3, 3) algebra, with ρ = −uv sin(ϕ + ψ).
If we define

M̃µ4 = MX̃µ, M̃µ5 = RP̃µ, M̃45 = MRH̃ (4.17)

then the algebra (4.8)-(4.16) becomes the o(3, 3, g) algebra and
[

M̃AB, M̃CD

]

is as
in sections 2 and 3, with the metric gAB given by

gµν = ηµν, gµ4 =
M

κ
aµ, gµ5 =

R

κ̃
bµ, g44 = −u2 + a2 M2

κ2
, g55 = −v2 + b2 R2

κ̃2
,

g45 = g54 = −uv sin(ϕ + ψ) + abMR
1
κκ̃
, A, B,C,D = 0, 1, 2, 3, 4, 5. (4.18)
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Note that det g < 0 and det S 2 = − det g with S given in (2.26) where σ = u, υ =

v sin(ϕ + ψ) and τ = v cos(ϕ + ψ)..

4.1 Dual κ-Minkowski spaces and κ-Poincaré algebras isomorphic to

o(3, 3, g)

When we impose g44 = 0 and g55 = 0, we obtain

a2 = u2 κ
2

M2
> 0, b2 = v2 κ̃

2

R2
> 0 (4.19)

and we get
[

X̃µ, X̃ν
]

,
[

P̃µ, P̃ν
]

as in subsections (2.1) and (3.1): then
[

X̃µ, X̃ν
]

de-

fines the κ-Minkowski space and
[

P̃µ, P̃ν
]

the Born dual κ̃-Minkowski space. In

particular, when g44 = 0, g55 = 0, g45 = −uv sin(ϕ + ψ) + abMR 1
κκ̃

we get det g =

−u2v2 cos2(ϕ + ψ) and det g , 0. The determinant depends on the parameters u, v

and ϕ + ψ but not on the vectors aµ and bµ. If g44 = 0, g55 = 0, g45 = 0, det g < 0
we get (ab)2 − a2b2 < 0 , i.e. a2b2 > 0 and the vectors aµ and bµ cannot be
collinear.
The algebra generated by X̃µ, P̃µ, H̃ and Mµν containing dual κ-Minkowski spaces
is constructed from the Yang algebra and is isomorphic to the o(3, 3, g) algebra. It
depends on the parameters M,R and space-like vectors

aµ
κ
,

bµ
κ̃
, a2 > 0, b2 > 0,

and g45, with det g < 0.

4.2 Unification of the four cases ǫ1 = ±1, ǫ2 = ±1

All four cases ǫ1 = ±1, ǫ2 = ±1 considered in sections 2, 3 and 4 can be unified in
the following way:

gµν = ηµν, gµ4 =
M

κ
aµ, gµ5 =

R

κ̃
bµ,

g44 = ǫ1u2 + a2 M2

κ2
, g55 = ǫ2v2 + b2 R2

κ̃2
,

g45 = g54 =
√
ǫ1ǫ2uv sin

(√
ǫ1ǫ2(ǫ1ϕ + ǫ2ψ)

)

+ abMR
1
κκ̃
,

det g = −ǫ1ǫ2 cos2
(√
ǫ1ǫ2(ǫ1ϕ + ǫ2ψ)

)

. (4.20)

The cases gµ4 = gµ5 = 0, g45 , 0, ǫ1 = ±1, ǫ2 = ±1 correspond to the Khruschev-
Leznov type of models given in [7].
The corresponding algebras containing dual κ-Minkowski spaces and κ-Poincaré
algebras are defined as

[

X̃µ, X̃ν
]

=
i

κ

(

aµX̃ν − aνX̃µ
)

, (4.21)

[

P̃µ, P̃ν
]

=
i

κ̃

(

bµP̃ν − bνP̃µ
)

, (4.22)
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[

X̃µ, P̃ν
]

= i

(

ηµνH̃ +
1
κ̃

bµX̃ν −
1
κ

aνP̃µ +

( √
ǫ1ǫ2uv

MR
sin

(√
ǫ1ǫ2(ǫ1ϕ + ǫ2ψ)

)

+
ab

κκ̃

)

Mµν

)

,

(4.23)
[

Mµν, X̃λ
]

= i

(

ηµλX̃ν − ηνλX̃µ +
1
κ

(

aµMλν − aνMλµ

)

)

, (4.24)

[

Mµν, P̃λ
]

= i

(

ηµλP̃ν − ηνλP̃µ +
1
κ̃

(

bµMλν − bνMλµ

)

)

, (4.25)

[

Mµν, H̃
]

= i

(

1
κ̃

(

bνX̃µ − bµX̃ν
)

− 1
κ

(

aνP̃µ − aµP̃ν
)

)

, (4.26)

[

H̃, X̃µ
]

= −i

(( √
ǫ1ǫ2

MR
uv sin

(√
ǫ1ǫ2(ǫ1ϕ + ǫ2ψ)

)

+
ab

κκ̃

)

X̃µ +
1
κ

aµH̃

)

, (4.27)

[

H̃, P̃µ
]

= i

(( √
ǫ1ǫ2

MR
uv sin

(√
ǫ1ǫ2(ǫ1ϕ + ǫ2ψ)

)

+
ab

κκ̃

)

P̃µ −
1
κ̃

bµH̃

)

, (4.28)

where

H̃ = ĥ det S +
1
κ

aP̃ − 1
κ̃

bX̃ − 1
κκ̃

aρbσMρσ (4.29)

and

a2 = −ǫ1u2 κ
2

M2
, b2 = −ǫ2v2 κ̃

2

R2
. (4.30)

Generally if ϕ = ψ = 0 then the algebra (4.8)-(4.16) depends only on the parame-
ters

aµ
κ

and
bµ
κ̃

. The case a2 < 0, b2 < 0 corresponds to ǫ1 = ǫ2 = 1 and is related
to the o(1, 5) algebra. The cases a2 < 0, b2 > 0 and a2 > 0, b2 < 0 correspond to
ǫ1 = 1, ǫ2 = −1 and ǫ1 = −1, ǫ2 = 1, respectively, and are related to the o(2, 4)
algebra. The case a2 > 0, b2 > 0, that corresponds to ǫ1 = ǫ2 = −1, is related to
the o(3, 3) algebra. The case a2 = 0 implies M → ∞ i.e.

[

x̂µ, x̂ν
]

= 0 and the

case b2 = 0 implies R→ ∞ i.e.
[

p̂µ, p̂ν
]

= 0 .

In particular, if X̃µ = x̂µ +
1
κ
aρMµρ, P̃µ = p̂µ, H̃ = ĥ+ 1

κ
ap̂ i.e. u = v = 1, ϕ =

ψ = 0 and
bµ
κ̃
= 0, the above algebra becomes the algebra (2.30)-(2.37). This

algebra coincides with the construction of the natural realizations for the κ-Poincaré
algebra presented in [35]. In addition, if

aµ
κ
= 0 we get the ordinary Heisenberg

algebra with the Lorentz algebra where H̃ is a central element commuting with
X̃µ, P̃µ and Mµν and is proportional to the identity operator I.

5 Weyl realization for generalized Yang model and dual

κ-Minkowski spaces

In this section we consider Weyl realization for orthogonal algebras o(1, 5), o(2, 4),
o(3, 3) and o(1, 5, g), o(2, 4, g), o(3, 3, g) and for dual κ-Minkowski spaces, using
a formalism analogue to that of [27] [28].
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5.1 Weyl realizations for o(1, 5), o(2, 4), o(3, 3) algebras

Let us consider the algebra defined as

[MAB, MCD] = iC EF
AB,CD MEF = i (ηAC MBD − ηADMBC + ηBDMAC − ηBC MAD) ,

(5.1)
where ηAB = diag(−1, 1, 1, 1, ǫ1, ǫ2), corresponding to the algebra o(1, 5) for ǫ1 =

ǫ2 = 1, to o(2, 4) for ǫ1 = 1, ǫ2 = −1 or ǫ1 = −1, ǫ2 = 1, and to o(3, 3) for
ǫ1 = ǫ2 = −1.

Starting with the generalized Heisenberg algebra defined with the commutative
coordinates xAB and their corresponding momenta kAB

[xAB, xCD] =
[

kAB, kCD
]

= 0,
[

xAB, k
CD

]

= i
(

δ C
A δ D

B − δ D
A δ C

B

)

, (5.2)

where kCD = ηCMηDNkMN and using the general Weyl realization of a Lie algebras
corresponding to the Weyl symmetric ordering [29] [36] we express the generators
MAB as

MAB = xCD

(

C

1 − e−C

) CD

AB

, (5.3)

where C CD
AB

= − 1
2C CD

AB,EF
kEF and

C CD
AB,EF =

1
2

[

−ηBE

(

δ C
A δ B

F − δ D
A δ C

F

)

+ ηAF

(

δ C
E δ D

B − δ D
E δ C

B

)

− (A ↔ B)
]

.

(5.4)
The structure constants C CD

AB,EF
are multiplied with ~, in our convention ~ =

1 and in the classical limit when ~ = 0 all the generators commute. The Weyl
realization of MAB in terms of the generalized Heisenberg algebra generated with
xAB and kAB reads up to second order,

MAB = xAB +
1
2

xCDC CD
AB +

1
12

xCD

(

C2
) CD

AB
(5.5)

where

C EF
AB =

1
2

(

δ E
A k F

B + δ
F

B k E
A − (E ↔ F)

)

, (5.6)

(

C2
) EF

AB
=

1
2

(

2k E
A k F

B + δ
F

B kACkCE + δ E
A kBCkCF − (E ↔ F)

)

, (5.7)

and the indices are lowered and raised by the means of the metric ηAB and ηAB

respectively. Inserting C in (5.5) we find up to first order

MAB = xAB +
1
2

(

xAEk E
B − xBEk E

A

)

(5.8)

and
[

MAB, k
CD

]

= i
(

δ C
A δ D

B − δ D
A δ C

B

)

+
i

2

(

δ C
A k D

B − δ C
B k D

A + δ
D

B k C
A − δ

D
A k C

B

)

.

(5.9)
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We can write xAB and kAB in the terms of the four dimensional variables

kµ4 =
qµ

M
, kµ5 =

yµ

R
, k45 =

w

MR
, (5.10)

xµ4 = Mxµ, xµ5 = Rpµ, x45 = MRh, (5.11)

so that
[

xµ, qν
]

= iδνµ,
[

pµ, yν
]

= iδνµ, [h,w] = i. (5.12)

5.2 Weyl realizations for o(1, 5, g), o(2, 4, g) and o(3, 3, g) algebras

The algebras o(1, 5, g), o(2, 4, g) and o(3, 3, g) generated by the M̃AB are defined
as
[

M̃AB, M̃CD

]

= iC̃ EF
AB,CD M̃EF = i

(

gAC M̃BD − gADM̃BC + gBDM̃AC − gBC M̃AD

)

,

(5.13)
with gAB =

(

S ηS T
)

AB
, corresponding to o(1, 5, g), o(2, 4, g), o(3, 3, g). As in the

previous subsection, starting with the generalized Heisenberg algebra defined with
the commutative coordinates XAB and their corresponding momenta KAB

[XAB, XCD] =
[

KAB,KCD
]

= 0,
[

XAB,K
CD

]

= i
(

δ C
A δ D

B − δ D
A δ C

B

)

, (5.14)

where KCD = gCMgDN KMN , and using the general Weyl realization of the Lie
algebras corresponding to the Weyl symmetric ordering [29] [36] we express the
generators M̃AB as

M̃AB = XCD

(

C̃

1 − e−C̃

) CD

AB

, (5.15)

where

C̃ CD
AB = −1

2
C̃ CD

AB,EF KEF (5.16)

and

C̃ CD
AB,EF =

1
2

[

−gBE

(

δ C
A δ D

F − δ D
A δ C

F

)

+ gAF

(

δ C
E δ D

B − δ D
E δ C

B

)

− (A ↔ B)
]

.

(5.17)

Note that M̃AB =
(

S MS T
)

AB
, XAB =

(

S xS T
)

AB
, KAB =

(

S ‡kS −1
)AB

, where

S ‡ =
(

S −1
)T
. The Weyl realization of M̃AB in the terms of the generalized Heisen-

berg algebra in terms of XAB and KAB reads up to second order,

M̃AB = XAB +
1
2

XCDC̃ CD
AB +

1
12

XCD

(

C̃2
) CD

AB
, (5.18)
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where C̃ CD
AB

and
(

C̃2
) CD

AB
are as in (5.6) and (5.7) respectively, with k →

K. The indices are lowered and raised with the metric gAB and gAB respectively.
Inserting C in (5.18) we find up to first order

M̃AB = XAB +
1
2

(

XAEK E
B − XBEK E

A

)

(5.19)

and

[

M̃AB,K
CD

]

= i
(

δ C
A δ D

B − δ D
A δ C

B

)

+
i

2

(

δ C
A K D

B − δ C
B K D

A + δ D
B K C

A − δ
D

A K C
B

)

.

(5.20)
The Weyl realization M̃AB given in (5.15)-(5.17) enjoys the property

e
1
2 tAB M̃AB

⊲ 1 = e
1
2 tABXAB

, (5.21)

where tAB are real numbers transforming as tensors, and action ⊲ is defined as

XAB ⊲ f (XEF) = XAB f (XEF), KAB
⊲ f (XEF) = −i

∂ f (XEF)
∂XAB

=
[

KAB, f (XEF)
]

.

(5.22)
In particular

XAB ⊲ 1 = XAB, KAB ⊲ 1 = 0, (5.23)

KAB
⊲ e

1
2 tEF XEF

= tABe
1
2 tEF XEF

. (5.24)

Also, as in the previous subsection, we can write the generators XAB and KAB in
terms of the four dimensional variables

Kµ4 =
Qµ

M
, Kµ5 =

Yµ

R
, K45 =

W

MR
, (5.25)

Xµ4 = MXµ, Xµ5 = RPµ, X45 = MRH, (5.26)

so that
[

Xµ,Qν

]

= iδνµ,
[

Pµ, Yν
]

= iδνµ, [H,W] = i. (5.27)

5.3 Weyl realization for dual κ Minkowski spaces

The generators M̃AB can be written in terms of the four dimensional variables with
Greek indices (M̃µν, X̃µ, P̃µ, H̃, expressed in terms of Mµν, Xµ, Pµ, H, and
Kµν, Qµ, Yµ, W). They are

M̃µν = Xµν +
1
2

(

Xµα

(

K α
ν −

1
M

gν4Qα − 1
R

gν5Yα

)

+ Xµ

(

Qν −
1
R

gν5W

)

+ Pµ

(

Yν +
1
M

gν4W

)

− (u↔ v)
)

, (5.28)
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X̃µ = Xµ +
1
2

(

− 1
M

Xµν

(

gα4Kνα +
1
M

g44Qν +
1
R

g45Yν

)

+
1
M

Xµ

(

gν4Qν − 1
R

g45W

)

+ Xν

(

K ν
µ −

1
M

gµ4Qν − 1
R

gµ5Yν

)

+
1
M

Pµ

(

gν4Yν +
1
M

g44W

)

− H

(

Yµ +
1
M

gµ4W

)

)

,

(5.29)

P̃µ = Pµ +
1
2

(

− 1
R

Xµν

(

gα5Kνα +
1
M

g45Qν +
1
R

g55Yν

)

+
1
R

Pµ

(

gν5Yν +
1
M

g45W

)

+ Pν

(

K ν
µ −

1
R

gµ5Yν − 1
M

gµ4Qν

)

+
1
R

Xµ

(

gν5Qν − 1
R

g55W

)

+ H

(

Qµ −
1
R

gµ5W

)

)

,

(5.30)

H̃ = H +
1
2

( 1
R

Xµ

(

gν5Kµν +
1
M

g45Qµ +
1
R

g55Yµ

)

− 1
M

Pµ

(

1
M

g44Qµ +
1
R

g45Yµ + gν4Kµν

)

+ H

(

1
R

gµ5Yµ +
1
M

gµ4Qµ

)

)

. (5.31)

For the dual κ-Minkowski spaces g44 = 0, g55 = 0, see (4.21)-(4.30). The other
realizations can be obtained from the Weyl realizations of M̃W

AB
by using similarity

transformation
M̃AB = SM̃W

ABS
−1, (5.32)

where S = exp(G), with G = XF(K). The corresponding realizations will be
linear in X and can be written as a series in K. The corresponding coproducts, star
products and twists can be obtained by using this similarity transformation [8].

6 Coproduct, star product and twist in Weyl realization

Formulae for coproduct and deformed addition of momenta for the generalized
Yang model and dual κ-Minkowski spaces are written in terms of the curved metric
gAB and are deduced using results of [27] [28] [36]. The corresponding coproducts
for the momenta, ∆Kµν, ∆Qµ, ∆Yµ, ∆W are coassociative, see [14]. Defining

exp
( i

2
sABM̃AB

)

exp
( i

2
tCD M̃CD

)

= exp
( i

2

(

sAB ⊕ tAB
)

M̃AB

)

= exp
( i

2
DAB(s, t)M̃AB

)

,

(6.1)
where sAB and tAB transform as tensors of corresponding orthogonal algebra. One
has at first order

DAB
(

sCD, tCD
)

= sAB + tAB − 1
2

(

sACtB
C − sBCtA

C

)

. (6.2)

In the following all formulae are written in the first order. The coproduct ∆KAB is

∆KAB = DAB
(

KAB ⊗ 1, 1 ⊗ KAB
)

= ∆0KAB − 1
2

(

KAC ⊗ KB
C − KBC ⊗ KA

C

)

,

(6.3)
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where ∆0KAB = KAB ⊗ 1 + 1 ⊗ KAB. In components, it reads

∆Kµν = ∆0Kµν − 1
2

(

Kµα ⊗ Kν
α +

1

M2
g44Qµ ⊗ Qν +

1

R2
g55Yµ ⊗ Yν

+
1

MR
g45

(

Qµ ⊗ Yν + Yµ ⊗ Qν) +
1
M

gα4
(

Kµα ⊗ Qν + Qµ ⊗ Kνα)

+
1
R

gα5
(

Kµα ⊗ Yν + Yµ ⊗ Kνα) − (u↔ v)
)

, (6.4)

∆Qµ = ∆0Qµ − 1
2

(

− Kµα ⊗ Qα + Qα ⊗ Kµα +
1

MR
g45

(

Qµ ⊗W −W ⊗ Qµ)

+
1

R2
g55

(

Yµ ⊗W −W ⊗ Yµ) +
1
R

gα5
(

Kµα ⊗W −W ⊗ Kµα)

− 1
M

gα4
(

Qµ ⊗ Qα − Qα ⊗ Qµ) − 1
R

gα5
(

Yµ ⊗ Qα − Qα ⊗ Yµ)
)

, (6.5)

∆Yµ = ∆0Yµ − 1
2

(

− Kµα ⊗ Yα + Yα ⊗ Kµα − 1
MR

g45
(

Yµ ⊗W −W ⊗ Yµ)

+
1

M2
g44

(

W ⊗ Qµ − Qµ ⊗W
) − 1

M
gα4

(

Kµα ⊗W −W ⊗ Kµα)

− 1
M

gα4
(

Qµ ⊗ Yα − Yα ⊗ Qµ) − 1
R

gα5
(

Yµ ⊗ Yα − Yα ⊗ Yµ)
)

, (6.6)

∆W = ∆0W − 1
2

(

Qα ⊗ Yα − Yα ⊗ Qα +
1
R

gα5
(

Yα ⊗W −W ⊗ Yα)

+
1
M

gα4
(

Qα ⊗W −W ⊗ Qα)
)

. (6.7)

The antipodes of Kµν,Qµ, Yµ and W are trivial. The star product is defined as

e
1
2 sABXAB ⋆ e

1
2 tCD XCD = e

1
2D

AB(s,t)XAB , (6.8)

where DAB(s, t) is given in (6.2). This star product is associative.
Defining Dµ = Dµ4, D̄µ = Dµ5, D = D45, the four dimensional expression

ofDAB(s, t) is given by

Dµν(s, t) = sµν + tµν − 1
2

(

sµρtνρ +
1

M2
g44sµtν +

1

R2
g55 s̄µt̄ν +

1
MR

g45
(

sµ t̄ν + s̄µtν
)

+
1
M

gµ4
(

sµρtν + sµtνρ
)

+
1
R

gµ5
(

sµρt̄ν + s̄µtνρ
) − (u↔ v)

)

, (6.9)

Dµ(s, t) = sµ + tµ − 1
2

(

sµρtρ − tµρsρ +
1

MR
g45

(

sµt − stµ
)

+
1

R2
g55

(

s̄µt − st̄µ
)

+
1
R

gµ5
(

sµρt − stµρ
)

)

, (6.10)
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D̄µ(s, t) = s̄µ + t̄µ − 1
2

(

sµρt̄ρ − s̄ρt
µρ − 1

MR
g45

(

s̄µt − st̄µ
)

+
1

M2
g44

(

sµt − stµ
) − 1

M
gµ4

(

sµρt − stµρ
)

)

, (6.11)

D(s, t) = s + t − 1
2

(

sρ t̄ρ − s̄ρtρ
)

, (6.12)

where we have defined the components of tensors tAB corresponding to the orthog-
onal algebra as tµ = tµ4, t̄µ = tµ5, t = t45 and analogously for sAB.

Now, we construct the twist operator at first order as in [27] [36]. The twist is
defined as a bilinear operator such that

∆KAB = F
(

∆0KAB
)

F −1 (6.13)

for momenta KAB belonging to corresponding orthogonal algebra. The twist was
introduced in the context of the NC geometry in [37] [38] as a useful tool in con-
struction of quantum field theories. In a Hopf algebroid approach [39] [40] [41]
the twist can be written as

F −1 ≡ eF = e−
i
2 KAB⊗XABe

i
2 KCD⊗M̃CD . (6.14)

Using the BCH formula one gets

F =
i

2
KAB ⊗

(

M̃AB − XAB

)

(6.15)

and substituing (5.19) into (6.15) one has

F =
i

2
KAC ⊗ XABK B

C . (6.16)

In terms of components, one can write

F =
i

2

(

Kµν ⊗
[

Xµα

(

K α
ν −

1
M

gν4Qα − 1
R

gν5Yα

)

+ Xµ

(

Qν −
1
R

gν5W

)

+ Pµ

(

Yν +
1
M

gν4W

)]

+ Qµ ⊗
[

− 1
M

Xµν

(

gα4Kνα +
1
M

g44Qν +
1
R

g45Yν

)

+
1
M

Xµ

(

gα4Qα − 1
R

g45W

)

+
1
M

Pµ

(

gα4Yα +
1
M

g44W

)

]

+ Xν

(

K ν
µ −

1
M

gµ4Qν − 1
R

gν5Yν

)

+ H

(

Yµ +
1
M

gµ4W

)

]

+ Pµ ⊗
[

− 1
R

Xµν

(

gα5Kνα +
1
M

g45Qν +
1
R

g55Yν

)

+
1
R

Xµ

(

gα5Qα − 1
R

g55W

)

+
1
R

Pµ

(

gα5Yα +
1
M

g45W

)

]

+ Pν

(

K ν
µ −

1
M

gµ4Qν − 1
R

gν5Yν

)

+ H

(

Qµ −
1
R

gµ5W

)

]

+W ⊗
[ 1
R

Xµ

(

gν5Kµν +
1
M

g45Qµ +
1
R

g55Yµ

)

− 1
M

Pµ

(

gν4Kµν +
1
M

g44Qµ +
1
R

g45Yµ

)

+ H

(

1
R

gµ5Yµ +
1
M

gµ4Qµ

)

])

. (6.17)
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The coproducts, star product and twist for the Yang model for different orthogonal
algebras can be derived from the above results setting u = v = 1, ϕ = ψ = 0 and
aµ = bµ = 0.

7 Reduced dual κ-Minkowski spaces and κ- Poincaré al-

gebras

Let us now consider the reduced Yang models, introduced in [34]. If the quadratic
Casimir operator of the orthogonal algebra (2.20), 1

2 MABMAB with metric ηAB, is
restricted to a constant value ǫ1ǫ2M2R2, then the generator M45 can be expressed in
terms of the other 14 generators. Consequently, for a Yang algebra (2.1)-(2.5), one
can define a nonlinear algebra with 14 generators, called reduced Yang algebra,
with

ĥ =

√

1 − ǫ2

R2
x̂µ x̂µ − ǫ1

M2
p̂µ p̂µ − ǫ1ǫ2

2M2R2
MαβMαβ. (7.1)

It has been shown in [34], that this expression for ĥ satisfies the relations (2.3),
(2.4) and hence all the Yang algebra commutation relations (2.1)-(2.5) hold.

Following the construction in sections 2, 3 and 4, we can define H̃, X̃µ, P̃µ and
Mµν, using the above expression of ĥ (7.1). For the dual κ-Minkowski space and κ
-Poincaré algebra, using the results of subsection 4.2 we obtain the relations for H̃,
X̃µ, P̃µ, Mµν in the terms of x̂µ, p̂µ, ĥ, Mµν. The relation (4.29) for H̃ is the same
but with ĥ (7.1) expressed in the terms of X̃µ, P̃µ, Mµν.

In the special case u = v = 1, φ = ψ = 0,

X̃µ = x̂µ +
1
κ

aρMµρ P̃µ = p̂µ +
1
κ̃

bρMµρ (7.2)

H̃ = ĥ +
1
κ

a · P̃ − 1
κ̃

b · X̃ − 1
κκ̃

aρbσMρσ, (7.3)

taking into account that in (7.1) the following changes should be made

− ǫ1

M2
=

a2

κ2
, − ǫ2

R2
=

b2

κ̃2
. (7.4)

Relations (4.26)-(4.28) are still valid. Moreover, in the limit κ̃ → ∞ we obtain

X̃µ = x̂µ +
1
κ

aρMµρ P̃µ = p̂µ, (7.5)

H̃ =

√

1 +
a2

κ2
P̃µP̃µ +

1
κ

a · P̃ (7.6)

with the properties [H̃, X̃µ] = − 1
κ
aµH̃ and [H̃, P̃µ] = 0.

The generator H̃ is the shift operator and the case κ̃ → ∞ corresponds to the
natural realization of κ-Poincaré algebra [35].
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8 Concluding remarks

The Yang model describes a noncommutative geometry defined on a curved back-
ground. Its interest for physics resides in possible applications to quantum cos-
mology. From a mathematical point of view, its most remarkable property is the
existence of a Born duality between positions and momenta.

The model is based on the Yang algebra (2.1) – (2.5), which depends on a mass
M, a length R and the discrete parameters ǫ1 = ±1, ǫ2 = ±1, and is isomorphic
either to o(1, 5), o(2, 4) or o(3, 3) algebras with flat metrics ηAB, depending on the
values of ǫ1 and ǫ2.

Performing general linear transformations that keep Lorentz generators un-
changed, we have constructed a class of algebras depending on the parameters
M,R, κ, κ̃, vectors aµ, bµ and scalars u, v, ǫ1ϕ + ǫ2ψ, which are isomorphic either
to o(1, 5, g), o(2, 4, g) or o(3, 3, g) algebras with metric gAB (4.20) satisfying gµν =

ηµν. This construction unifies all Lorentz invariant models isomorphic to orthogo-
nal algebras and generalizes the results of [30].

In particular, the dual κ-Minkowski and κ-Poincaré algebras introduced in [33]
are obtained demanding g44 = 0, g55 = 0, with det g , 0, leading to the relations
(4.30), a2

κ2 = −ǫ1
u2

M2 and b2

κ̃2 = −ǫ2
v2

R2 . The interest of such models is that they extend
the standard κ-Minkowski space to a dual formulation independent from the Snyder
framework. In the limit M → ∞ the vector aµ becomes light-like, a2 = 0, while for
R → ∞ the vector bµ becomes light-like, b2 = 0. If in addition, κ → ∞, κ̃ → ∞,
the algebra reduces to the Heisenberg algebra.

We have also obtained the Weyl realization of dual κ-Minkowski and κ-Poincaré
algebras in terms of the metric g and thence the corresponding coproduct, star
product and twist. Finally, following the suggestion of [34], we have constructed
reduced κ-Minkowski spaces and κ-Poincaré algebras, where the generator H̃ is no
longer taken as independent, but as a function of the other 14 generators of the
algebra.

In this paper, we have considered only formal aspects of the theory. Possi-
ble physical effects can arise in the nonrelativistic limit, when one may investigate
the generalization of uncertainty relations and of dynamics coming from the de-
formation of the Heisenberg commutation relations, as in [42, 34]. One may also
apply our results to models of doubly special relativity with a nontrivial spacetime
background.
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