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Abstract

We consider the Yang algebras isomorphic to o(1, 5), 0(2,4), 0(3,3) and
derive dual k-Minkowski and k-Poincaré algebras in terms of a metric g. The
corresponding Weyl realization is presented and coproduct, star product and
twist are computed in terms of the metric g. Finally, we construct reduced
k-Minkowski and k-Poincaré algebras as special cases.

1 Introduction

It is well known that the principles of quantum theory and general relativity are
incompatible and a more general theory reconciling them is necessary. This will
presumably be based on new assumptions on the foundations of the two theories.
A debated possibility is that the quantum phase space must be modified, for ex-
ample deforming the canonical Heisenberg relations. This of course would induce
observable effects, as a generalized uncertainty principle (GUP) [[1]]. However, it
is evident on dimensional grounds that such effects are related to the Planck scale
and therefore are besides the present experimental reach.

By definition, a deformation of the commutation relations of position operators
induces a noncommutativity of spacetime [2]] that can be related to the curvature
of momentum space [3]. On the other hand, it is well known that the curvature of
spacetime gives rise to a deformation of the commutation relations of momentum
operators. In general, both deformations could be considered simultaneously.

This idea was first advanced by C. N. Yang in [4], who, building on an earlier
proposal of Snyder [5]], proposed an algebra isomorphic to the fifteen-dimensional
orthogonal algebra o(1, 5), consisting in a combination of the Heisenberg algebra of
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a deformed phase space with noncommuting coordinates £, and p, and the Lorentz
algebra generated by M,,,, together with a further scalar generator h, necessary for
the closure. The Yang algebra depends on two deformation parameters M and R
that fix the scale of the curvature of momentum and position spaces, and are often
identified with the Planck mass and the de Sitter radius. The Yang model enjoys
the remarkable property of being invariant under a generalized Born duality [6]],
which interchanges positions and momenta. Moreover, taking suitable limits, it
can be reduced to the Snyder algebra or its dual de Sitter algebra.

After some time, the study of the Yang model was resumed in recent years.
Some generalizations were presented by Khruschev and Leznov in [[7], while in
ref. [8] an extension of the model that includes also the related triply special rel-
ativity (TSR) theory [9} [10] was introduced. Further investigations concerning in
particular its realizations on a canonical phase space have been recently performed
in [11]-[13], using the methods introduced in [14]-[16] for the study of Snyder
space. Other contributions to the study of the Yang model are given in [17]-[19],
while different models of noncommutative geometry in curved spaces can be found
in [20[]-[23]. Also, relations of the Yang model with other theories, as for example
conformal field theory or fuzzy gravity, have been investigated in [24].

Using the methods presented in [14] [15] for Snyder space, in [25]-[28]] for «-
deformed Snyder spaces, and in [29]] for isomorphism between the Yang model and
orthogonal algebras, the Hopf algebra structure, coproduct, twist and the associa-
tive star product were obtained for the Yang model [30].

Recently in [311 [30], it was shown that the Yang algebra can be subjected to a
further deformation of « type [32]], depending on two different « parameters. This
doubly «x-deformed Yang model is still isomorphic to the o(1, 5) algebra. This pro-
posal was investigated in more detail in [30] where the change of basis necessary
to pass from the original Yang algebra to the new one was explicitly worked out,
and Weyl realization of such algebra in extended phase space were given. Later,
in [33]] a new relativistic doubly k-deformed quantum phase space was considered.
In this way, a generalized «-Poincaré algebra is obtained, that displays a duality of
Born type between position and momentum deformations. We call the associated
spacetimes dual x-Minkowski spaces.

In this paper, we analyize the properties of the doubly «-Poincaré algebra and
the associated k-Minkowski space in a way analogous to that used in ref. [30]] for
the doubly k-deformed Yang models for the cases of o(1,5), 0(2,4) and o(3, 3)
algebras. The results are written in terms of a metric g; dual x-Minkowski and
dual k-Poincaré algebras are obtained as special cases for gs4 = gss = 0. Weyl
realization, coproduct, star product and twist are presented in terms of the metric
g. Finally, reduced dual x-Minkowski and dual x-Poincaré algebras, where the
scalar generator /1 is taken as dependent [34]], are constructed.



2 Generalized Yang models isomorphic to o(1, 5, g)

There are infinitely many Born-dual x-Minkowski spaces among non linear alge-
bras satisfying the Jacobi Identities [33]]. In this section we review and generalize
the construction of a class of Lie algebra-type spaces containing dual k-Minkowski
spaces that can be obtained from the Yang model [30] with a suitable choice of the
parameters.

Let us start with the Yang algebra [4]

[ 8] = 5 M, [y ] = 2 M .1

[Mys 2] = i (uaks = k), My a| = i (uads = mada) . (2:2)
|20 | = ik, [B. 2] = % Pur [ p] = —;%fcﬂ, (2.3)
|My 2] =0, (2.4)

| Muvs Mo | = i (oMo = 1 Moy = MMy + v M) (2.5)

where € = € = 1 and 71y, = diag(-1,1,1,1).

In this section we shall consider the case €, = e = 1 corresponding to the
o(1,5) algebra.

Let us define the most general new generators linear in £,, p,, and M, intro-
ducing parameters x and & generalizing the results of [30],

- R 1

X, = u(cos R, + ~ sin m,) +=a,M,, (2.6)
M K

3 oM.y 1

P,=v (cos Yp, + R sin wxﬂ) + %bpM"p’ 2.7

with the Lorentz generators Muv = M,,, unchanged. The scalar parameters u, v, ¢,
and the four-vectors ay,, b, are dimensionless with uv # 0.
The inverse transformations are

-l Tle COSl//(Xp - %aleup) -yl ﬁ singo(f’# - %bpMﬂp)

= , (2.8)
xﬂ % cos (¢ + ¥)

Pu = v COS‘P(P/I - %bpMﬂp) —u'g Sinw(f(/‘ _ %apM’lp) (2.9)
u = . '
% cos (¢ + )

The generators f(#, Pﬂ, M, and H generate a new class of Lie algebras iso-
morphic to the initial Yang algebra. These algebras are defined by

o o1 1 M? 1, o .
X %] = z(ﬁ (MZ + a2K_2) My + (au X, - aVX#)), (2.10)



[P P,| = i(% (vl + bzg) My, + % (B Py - bvi)ﬂ)), (2.11)

N A T , 1
X P = z(nWH +=buXy - —anPy+ (uv sin(g + ) + abMRE) My,

(2.12)
- ) - - 1
[Mpv’ X/l] = l(n,u/le - rIV/IX/,l + ; (a,uM/lv - avM/lp)) s (2.13)
- ) ~ ~ 1
[Mpv’ P/l] = l(n,u/lpv - rIV/IP/,l + E (b,uM/lv - va/lp)) » (214)
where | | |
H = huvcos(p + ¢) + —aP — —=bX — —a,by M,y (2.15)
K K KK
and
- |1 - - 1 - -
| M. 7] = 1(5 (6%, - buX,) - p (avPy - a,,PV)), (2.16)
o1 (1, M. 1 , 1\, 1 _
[H’X,U:I =1 W u +a K_2 P,u - m MVSIH(QD +l//) +abMRﬁ XH - ;(IHH ,
(2.17)
. (1 R?\ 1 , 1\. 1
|A.P,] = -i (ﬁ ( 2+ b2k—2)xﬂ T (uv sin(p + ¥) + abMRﬁ)PH + EbHH).
(2.18)

The generalized Born duality [6] still holds for M < R, k < k, a, —
—by, bg =y, UV, P -, Y = -0, Xu — —f’#, Pﬂ - }N(#, M, o
M,,, H < H, € < . These commutation relations are similar to those of

30, 33]]. If %" =0 and %" = 0 then above algebra reduces to the Khruschev-
Leznov model [7]] with p = uv sin(p + ).

If we define generators
My = M3y, Mys = Rp,, Mss = MRh (2.19)

then the Yang algebra (2.1)- (2.3)) takes the form of an orthogonal algebra o(1,5)
with

[Mag, Mcp] = i (nacMpp — napMpc + nepMac — necMap) , (2.20)
where A,B,C,D =0,1,2,3,4,5, nap = diag(-1,1,1,1,1, 1).
Furthermore, if we define
M,y = MX,, Mys = RP,, Mys = MRH (2.21)
then the algebra (2.10)-(2.18)) becomes the o(1, 5, g) algebra with

[MABa MCD] = i(gAcMBD — gapMpc + gppMac - gBCMAD) , (2.22)
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where the metric g4p is given by a symmetric matrix defined as

M 2, oM 2, 2R
8y = Mpvs Gt =~ > 85 = Thus gaa ="+ a7, gss ="+ b7,
MR
845 = gsa = uvsin(p + ¢) + ab—-. (2.23)
KK

It follows that

a, 1 b 1

1 2 2
T g T T RSkS W= 844 = 8uaBuds V= 855 ~ 858y and

. D . 1
uvsin(e + ) = gas — g.48y5 Which implies that  sin(¢ + ¢) = - (g45 — 8u4 gﬂ5) .
(2.24)

Note that,
2
detg = (845 - 8;148;15) - (g44 - gy48;14) (855 — 8v58v5) <0, (2.25)

i.e. using the above formulae for g4p @23) we get detg = —u?v? cos(p + )
and gap = (SnST)AB, det S? = —det g with

[ 1 0 0 0 0 0]
0 1 0 0O 00
0 0 1 0 0 0

5= 0 0 0 1 0 o} (2.26)
—%ao %al %@ %a3 o 0
~8by £b1 Eby Fby v 7

where o = u, v = vsin(p + ) and T = vcos(¢ + ¥), see (12) in [30].

The relations between Mz and M4p can be obtained from the relations for

Xu and %, Pﬂ and p,, H and h and their inverse, and can be written as Mz =
(S MS T)AB, with the same matrix S as above. We will use the metric g4p for low-
ering indices and gA? for raising indices, with g AB:gB A= 6§ and g*8g BC = 6/2,
i.e. g*? is the inverse of the matrix g, .

2.1 Dual x-Minkowski spaces and x-Poincaré algebras isomorphic to
o(1,5,8)

Dual x-Minkowski spaces and x-Poincaré algebras can be defined by imposing
g44 =0 and gs5 = 0, so that

P =-2X <0, =25 <o (2.27)
M R



Then it follows )
%%, = i (a.% - a,X,) (2.28)
and )

.. P,| = i (buPy — byBy). (2.29)

The relation (2.28) defines xk-Minkowski space, while describes the Born-
dual k-Minkowski space. Taking into account (2.27) and g44 = 0, gs5s = 0, g5 =
uvsin(e + ) + abMRé, we get detg = —u”v? cos>(¢ + ), and we demand that
detg # 0. The determinant depends on the parameters u, v and the angle ¢ + i,

but does not depend on the vectors a,, b,. If g44 = gs5 = gas = 0 and detg # 0,

then it follows that a® - b*> > (a - b)> and a,, and b, cannot be collinear.

The algebra generated by Xw Pﬂ, M, and H containing dual x-Minkowski
spaces and «-Poincaré algebras (2.10)-(2.18)) is constructed from the Yang algebra
(2.1)-@2.3) and is isomorphic to the o(1, 5, g) algebra. It depends on the parameters
M, R, on the time-like four-vectors %", %" (a2 <0,b* < O) and on gy45, with the
condition detg < 0. In the limit when M — oo, the vector a, becomes light-like,
a* = 0. In the limit when R — oo, the vector b, becomes light-like, b* = 0 and
in the limit when M — oo and R — oo, both vectors a,, b, become light-like. In

particular, in the limit when R — oo and %" = 0 we get the k-Minkowski space
with the k-Poincaré algebra, with a* < 0and

[%.. %] = i (@, X, - a,X,). (2.30)

[P P,| =0 (2.31)

|%.. P,| = i(nwf] - %avﬁ ) (2.32)

[ M. X)) = i(n,mf(v — X, + % (@M, — aVMA,,)) : (2.33)
[Myu. Ba] = i (muaPy = mvaPy) (2.34)

| My, 8] = %’ (avPy - auPy), (2.35)

|A.%,] = %ia,,ﬁ, (2.36)

|A.B,] =o. (2.37)

Alternatively when M — oo and aT“ = 0, we get the dual x-Minkowski momentum
space with b* < 0. Finally, when M — oo, R — oo and % = %" = 0, we get
the ordinary Heisenberg algebra, where H is a central element commuting with
X,, P, and M,,, implying that H is proportional to the identity operator /. The
special case M = k and R = k is described in [30].



3 Generalized Yang models isomorphic to 0(2, 4, g)

In this section we consider the case € = 1, & = —1, i.e. nap = diag(—-1,1,1,1,1,-1),
while the case € = —1, & = 1 is mentioned at the end of subsection (3.1)). The
Yang algebra isomorphic to 0(2,4) is defined as

i —i

[)?,u, )?v] = WM/JV’ [ﬁ,ua ﬁv] = ﬁMpVa 3.1
[M,uw -)AC/l:I = i(n/l/l-%v - nv/l)?,u) s [M,uw P/l] - l(mulpv 77\//117;1) (32)
A A 2~ A l A
[xp, pv] ”7/11/ [h xp] sz/u [h’ pp] = ﬁxy’ (3.3)
|My. 2] =0, (3.4)
[My\/a M ] = i(n,uvaa' - npo'Mvp - nvap(r + UVO'M‘up) > (3.5)
Let us construct new generators X, P,
- . R . A 1
X, =u (cosh ox, + ” sinh gop#) + —apM,,, (3.6)
K
- . M . . 1
P,=v (cosh Upu + z sinh gl/xﬂ) + §bpMﬂp (3.7
and
M,uv = Mpv- (3.8)

The generators X,,, P,, M,, and H generate a new class of Lie algebras isomorphic
to the 0(2,4) Yang algebra

[, %] = l(# (uz . azf‘j_;) Mo+ 0%, - avfg,)), (39)
[P P,] = i(}% (_v2 +b21;—22)M/1V %(b p, bVP,,)), (3.10)

- ) -1 | B 1 ) 1
[X#,PV] =i\nuH + Eb"XV - ;aVP,, + R uvsinh(y — @) + abMRﬁ M, |,

3.11)
- - 1
pv’ X/l = l(n,u/le - rIV/IX/,l + ; (a,uM/lv - avM/lp)) s (3.12)
- ~ 1
pv’ P/l - l(n,u/lpv - rIV/IP/,l + E (b,uM/lv - va/lp)) » (313)
where ] { ]
H = huv cosh(y — ¢) + —aP — —=bX — —a,by My, (3.14)
K K KK



and

(1, N R 3

|M,. A| = Z(E (b,X, - buX,) - p (avPy - aﬂpy)), (3.15)

o1 1 (2 oM\, 1 , 1\, 1|
[H,X#]—Z(W (u +a K—Z)Pﬂ—m(uvs1nh(w—g0)+abMRE)X#—;aﬂH ,
(3.16)

o (1 2R2 . 1 1 1, -
[HP] —z(ﬁ(—v +b )X MR(uvsmh(w ©)+abMR— )Pﬂ+EbﬂH).
(3.17)

The Born duality holds for M < R, k & Kk, ay = —by, by, = ay, u < v, ¢ =
=, U - -, Xu - —Pﬂ, Pﬂ - Xw M,, < My, Ho Hand € © 6. If
~ =0 and %“ = 0 then the above algebra reduces to a Khruschev-Leznov model
[7] isomorphic to the o(2,4) algebra, with p = uv sinh(¥ — ¢).
If we define

My = MX,, M,s = RP,, Mys = MRH (3.18)

as in (Z.21)) then the algebra (3.9)-(3.17) becomes an o(2, 4, g) algebra and [M B ]VICD]
is given in (2.22]), with the metric g4 given by a symmetric matrix defined as

M , M? 2R2
8uv = Nuvs 8ud = 7“}1’ 8us = Eb/u 844 = u* +a? _a 855 = v +b , and

1
845 = gs4 = uvsinh(¥ — ) + abMR—, A,B,C,D =0,1,2,3,4,5. (3.19)
KK

The inverse relations are given by

: 1
1 = 844 — 8uaguds V' = usgus — 55 and  sinh(y — ) = - (845 — 8uagus) -

(3.20)
Note that,
2
detg = (845 - 8;148;15) - (g44 - gy48;14) (855 — 8v58v5) 2 1, (3.2
and gap = (SnST), . detS? = detg with
[ 1 0 0 0 0 O]
0 1 0 0O 00
0 0 1 0 0 0
5= 0 0 0 1 0 o} (3.22)
—%ao %al %@ %a3 o 0
—%b() %b] %bz %bg v T]

where o = u, v = vsinh({) — ¢) and T = vcosh(yy — ¢).
The relations between M,z and M4z can be written as M4 = (S MS T)AB with
the matrix S as above.



3.1 Dual x-Minkowski spaces and x-Poincaré algebras isomorphic to
0(2,4,8)

If we impose g44 = 0 and gs5 = 0, we obtain
@ =-— <0, P=vV—=>0 (3.23)

and [f(ﬂ,f(y], [f’#, f’v] are as in subsection (2.I). Taking into account (3.23)) and
g44 =0, gs5 =0, gas = uvsinh(y — ¢) + abMR#, we get det g = u?1? cosh?(y —
¢) > 1, which depends on the parameters u, v and ¢ — ¢, but does not depend on

the vectors a, by,.

Alternatively if ¢, = —1, € = 1 we get a new class of algebras isomorphic to
0(2,4, g) with a metric

M R M? R?
8uv = NMuvs us = 761,1, 8us = Eb/u 844 = —u? + a2/<_2’ 855 = V2 + bzf(—, and

MR
845 = 8s4 = —uvsinh(¥ — @) + ab—-. (3.24)
KK

Now if we impose g44 = 0 and gss = 0, we obtain

2 =2
2 2

K K
@ =uos > 0, b*= —vzﬁ <0. (3.25)

Taking into account (3.23) and g44 = 0, gs5 = 0, g45 = —uvsinh(y — ¢) + abMR #
we get det g = u?v? cosh’(y — ¢) > 1.

4 Generalized Yang models isomorphic to 0(3, 3, 2)

In this section we consider the case €] = ¢ = -1, i.e. nap = (-1,1,1,1,-1,-1).
The Yang algebra isomorphic to o(3, 3) is defined as

—i —i

[ 2] = 5 My [ B ] = 5 Mo (4.1)

[M;Na )AC/l] = i(n/l/lfcv - 771//1)?;1) > [M,HV’ ﬁ/l] = i(np/lﬁv - 77\//1[3;1) > 4.2)
[fcﬂ, f)v] = inuh, [iL, fcﬂ] - %ﬁﬂ, [ﬁ, ﬁﬂ] - Rizfc#, 4.3)

| M. h] =0, (4.4)

[M/Na MpO’] = i(’]prva - 77;10'Mvp - nva;w' + 77V0'M/1p) ’ (45)



Let us construct the new generators

- R 1

X, =u (cos @&, + — sin gop,,) +—a,M,,, (4.6)
M K

3 oM ]

P,=v (cos by + R sin wxﬂ) + EbpMﬂp. 4.7)

The generators }N(#, Pﬂ, M, and H generate a new class of Lie algebras isomorphic
to the o(3, 3) algebra

» o M? 1, .
4@ | My + ;(a;,xv—avxﬂ) : (4.8)

|
1( R?

1, - 3
2y bzk—z) My + = (buPy - bvpﬂ)), (4.9)

L -1 - 1 1 . 1
[X#, P,,] = I(WVH + Eb"X" - ;a\,Pﬂ * R (—uv sin(p + ) + abMRE) M,uv)a
(4.10)
- _1
[Mpv’ X/l] = l(n,u/le - rIV/IX/,l + ; (a,uM/lv - avM/lp)) s 4.11)
- . ~ ~ 1
[M/JV7 P/I] = I(U/MPV - UVAP;J + E (byM/IV - va/lp)) ’ (412)
where | . |
H = huvcos(p + ¢) + —aP — —=bX — —a,by M, (4.13)
K K KK
and .
o s 1, . s
|M,. A| = Z(E (b,X, - buX,) - p (avPy - aﬂpy)), (4.14)
o1 1 5 M\ 1 , 1\, 1 _
[H,X#] =1 7 —u+a— | Py - T —uvsin(e + ) + abMRE X, - ;aﬂH ,
K
(4.15)
. A1 5 LR\ 1 , 1\. I, _
ERAEE (7B | K= | —uvsinGe + ) + abMR— | Py + —b,H |
K
(4.16)

The Born duality holds as in sections 2 and 3l If %“ =0 and %" = 0 then the
algebra (4.8)-(.16) reduces to a model of Khruschev-Leznov type [7] isomorphic
to an o(3, 3) algebra, with p = —uv sin(p + ¥).
If we define

M4 = MX,,, M5 = RP,, Mys = MRH 4.17)

then the algebra (4.8)-(.16) becomes the o(3, 3, g) algebra and [1\71 AB MCD] is as
in sections 2] and [3] with the metric g4p given by
M R M? R?
8uv = NMuv> ud = 751;1’ 8us = Eb/u 844 = —u? + azk—z, 855 = - + bzk—z,

1
845 = gs4 = —uvsin(g¢ +¥) + abMR—, A,B,C,D =0,1,2,3,4,5. (4.18)
KK
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Note that det g < 0 and detS? = —det g with S given in (Z.26) where o = u, v =
vsin(¢ + ) and T = vcos(p + ¥)..

4.1 Dual x-Minkowski spaces and x-Poincaré algebras isomorphic to
0(3,3,8)

When we impose g44 = 0 and gss = 0, we obtain

2 2"2 2 2’~<2
a:uﬁ>0, bIVﬁ>0 (419)

and we get [f(,,,f(v], [f’ﬂ, f’v] as in subsections (2.1) and (3.I): then [f(,,,f(v] de-

fines the k-Minkowski space and [13,,, Pv] the Born dual k-Minkowski space. In

particular, when g44 = 0, gs5s =0, g45 = —uvsin(p + ) + abMRKI—k we get detg =
—u?v? cos?(¢ + ) and det g # 0. The determinant depends on the parameters u, v
and ¢ + ¢ but not on the vectors a, and b,. If g44 = 0, g55 =0, g45 =0, detg <0
we get (ab)*> — a®b* < 0 ,ie. a*b*> > 0 and the vectors a, and b, cannot be
collinear.

The algebra generated by X,,, P,, H and M,,, containing dual x-Minkowski spaces
is constructed from the Yang algebra and is isomorphic to the o(3, 3, g) algebra. It
depends on the parameters M, R and space-like vectors %", %", a*> >0, b* >0,

and gy4s, with det g < 0.

4.2 Unification of the four cases ¢ = =1, & = +1

All four cases € = +1, e = +1 considered in sections [2], Bl and [ can be unified in
the following way:

M R
8uv = Nuv> ud = 751;1’ 8us = Eb;u
M? R?

2, 2 2,42
844 = €U + a7, g55 = €@V +b R

. 1
845 = g54 = Vereuvsin ( Vere(ep + 62111)) + abMRE,
detg = —€16; cos’ ( Vere(ep + 62!//)) . (4.20)

The cases g4 = gu5 =0, g45 # 0, € = 1, & = £1 correspond to the Khruschev-
Leznov type of models given in [7].

The corresponding algebras containing dual x-Minkowski spaces and «-Poincaré
algebras are defined as

%0 %] = = (auX, - a,X,,). 4.21)

[P P,| = i (buPy = byPy). (4.22)



[f(#, f’v] = i(nﬂvﬁ + %bﬂf(v - %avﬁﬂ + (% sin(@(elgo + ezlﬁ)) + %) M,,
(4.23)
[Mwa(/l] = i(f]ﬂ/lf(v - nv/lf(;l + % (aﬂM/lv - aVMA#)) , (424)
| My P, = i(nﬂ APy =Py + % (BuM,y — vaﬁﬂ)) : (4.25)
[M,N, H] = 1(% (6%, - buX,) - % (avPy - ayﬁv)), (4.26)

o b\ 1
|A. %, = —i(( ;;2 wvsin (Vere (e + ) + %?)X“ + ;a,lH), (4.27)

|A.5,] = z(( L2 wvsin (Vara(ag + e) + “—f’)ﬁﬂ - %bﬂﬁ), (4.28)
KK K

MR
where . | |
H =hdetS + —aP — =bX — —ayby My, (4.29)
K K KK
and ) )
K K
a* = —eluzﬁ, b = —ezvzﬁ. (4.30)

Generally if ¢ = ¢ = 0 then the algebra (4.8)-(.16) depends only on the parame-
ters %" and %". The case a® < 0, b* < 0 corresponds to €, = o = 1 and is related
to the o(1,5) algebra. The cases a> < 0, b> > 0 and a®> > 0, b*> < 0 correspond to
ee=1, & =-1land ¢ = -1, & = 1, respectively, and are related to the o(2,4)
algebra. The case a®> > 0, b> > 0, that corresponds to €] = & = —1, is related to
the o(3, 3) algebra. The case a> = 0 implies M — oo i.e. [)Acﬂ,fcy] = 0 and the

case b> = 0 implies R — oo i.e. [ﬁ#,ﬁv] =0.

In particular, if X, = £, + %apMyp, Py=py H= h+ %aﬁ ieu=v=1, p=
Y = 0 and %" = 0, the above algebra becomes the algebra (2.30)-@2.37). This
algebra coincides with the construction of the natural realizations for the x-Poincaré
algebra presented in [35]. In addition, if %" = 0 we get the ordinary Heisenberg
algebra with the Lorentz algebra where H is a central element commuting with
Xw f’# and M,, and is proportional to the identity operator /.

S Weyl realization for generalized Yang model and dual
k-MinkowskKi spaces
In this section we consider Weyl realization for orthogonal algebras o(1,5), 0(2,4),

0(3,3) and o(1, 5, g), 0(2,4,g), 0(3,3,g) and for dual x-Minkowski spaces, using
a formalism analogue to that of [27] [28].
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5.1 Weyl realizations for o(1,5), 0(2,4), o(3, 3) algebras
Let us consider the algebra defined as

[Mag, Mcp] = iCAB,CDEFMEF = i(MacMpp — napMpc + nppMac — npcMap),

(5.1)
where n4p = diag(-1,1,1, 1, €, &), corresponding to the algebra o(1, 5) for €, =
e =1, too2,4)foreg =1, ¢ = —1lore = -1, ¢ = 1, and to 0(3,3) for

€] 2622—].

Starting with the generalized Heisenberg algebra defined with the commutative
coordinates x4 and their corresponding momenta k42

[xAB’ xCD] = [kAB, kCD] = O, [XAB, kCD] = i(&AC(SBD - (5AD(53C) s (52)

where kP = n“™»PNkyy and using the general Weyl realization of a Lie algebras
corresponding to the Weyl symmetric ordering [29] [36] we express the generators
M AB as

Myp =  —— , 5.3
AB = XCD ( [—.C )AB (5.3)

where C, P = -ic CDREF and

2“AB,EF

CAB,EFCD = % [_UBE (5AC5FB - 5AD5FC) tnAF (5EC5BD - 5ED5BC) —Ae B)] :

(5.4)
The structure constants C, pEF  are multiplied with 7, in our convention 7 =
1 and in the classical limit when 7z = O all the generators commute. The Weyl

realization of M4p in terms of the generalized Heisenberg algebra generated with
xap and k4B reads up to second order,

CD

1 cp 1 9y CD
Map = xaB + EXCDCAB + E)CCD (C )AB (55)
where :
C, 5 = 3 (6, ks" + 65" ky" = (E & F)), (5.6)
EF 1
(), = 3 (2ksEhey" + 05" kack " + 6, kpck" —(E & F)), (5.7

and the indices are lowered and raised by the means of the metric 745 and 8
respectively. Inserting C in (3.3) we find up to first order

1
Map = xap + 5 (XAEkBE - XBEkAE) (5.8)

and
|Mas, k) = i(6,56,5” - 6,°6,) + % (6, k" = 6, k" + 6Pk, = 6,PksC).

(5.9)
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We can write x4z and k48 in the terms of the four dimensional variables

i “ W
et =L s Y s o Y 5.10
M R MR (5-10)
X4 = Mxy, xu5=Rp,, x45 = MR, (5.11)
so that
|5eav] =8 [puyw|=i6). [howl=i. (5.12)

5.2 Weyl realizations for o(1,5, g), 0(2,4,¢) and 0(3,3, g) algebras

The algebras o(1, 5, g), 0(2,4,g) and 0(3,3,g) generated by the M, p are defined
as

[MAB, MCD] = iC'AB,CDEFMEF = i(gAcMBD — 8apMpc + ggpMac — chMAD),
(5.13)
with gap = (S7S T)AB, corresponding to o(1,5,g), 0(2,4,8), 0(3,3,g). As in the
previous subsection, starting with the generalized Heisenberg algebra defined with
the commutative coordinates X4z and their corresponding momenta K42

[Xa5, Xcpl = [KA%,KP) =0, [Xap, K| =i(6,C05" - 6,6,C), (5.14)

where K¢P = gtMgPNK, v and using the general Weyl realization of the Lie
algebras corresponding to the Weyl symmetric ordering [29]] [36] we express the
generators Myp as

i ¢ cD
Mup = XCD( — ) , (5.15)
1-e€/ap
where
C ;P = —%C‘AB’EFCDKEF (5.16)
and

Caper’ = % [_gBE (6,565° = 6,6,) + gar (6,65" = 65°6,°) - (A & B)] .
(5.17)
Note that Mup = (SMST), . Xap = (SxS7), . K = (stks=1)"", where

T _
S*= (S ‘1) . The Weyl realization of M4p in the terms of the generalized Heisen-
berg algebra in terms of X4z and K42 reads up to second order,

- 1 ~ cp 1 ~o\ CD
Map = Xan + 5XepCop™ + = Xen (C), (5.18)

14



. ~\ CD
where C, P and (C2)AB are as in (3.6) and (5.7) respectively, with k —

K. The indices are lowered and raised with the metric g4z and gA? respectively.
Inserting C in (3.18)) we find up to first order

_ 1
Map = Xap + 5 (XaeKp" - XpeK,") (5.19)
and
|¥45, KP| = i(6, 05" - 6ADO"BC)+% (6,CK5" = 6, K\ + 6,°K, - 6,PK, ).
(5.20)
The Weyl realization M2 given in (5.13)-(5.17) enjoys the property
LN TS Lt (5.21)

where t4p are real numbers transforming as tensors, and action t> is defined as

Xap > f(Xer) = XapfXpp), Ko f(Xpp) = —i% = [KAB, f(XEF)] .
e (5.22)
In particular
Xap>1=Xup Kap>1=0, (5.23)
KAB o 02X AB X (5.24)

Also, as in the previous subsection, we can write the generators X,z and K42 in
terms of the four dimensional variables

_ 9 KHS v s _ W

K+ : =—, K¥=—, 2
M R MR 6-2)
Xu4 = MX,, X,5=RP,, Xss=MRH, (5.26)
so that
X0 0| =i6), [P | =0, [HWI=i. (5.27)

5.3 Weyl realization for dual x Minkowski spaces

The generators M4 p can be written in terms of the four dimensional variables with
Greek indices (1\71#\,, Xw Pﬂ, H, expressed in terms of M,,, X,, P,, H, and
K.y, Qu, Yy, W). They are

_ 1 1 1
M,uv = X,uv + E(X,ua (Kya - Mgvél—Qa - EgVS Ya)

+ X, (QV - I%gV5W) + Py (YV + %gMW) -—(uev) ), (5.28)
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_ 1, 1 SRS R A o
Xy:Xy"-_(_Mva gausK +M844Q +E845Y +MX" 8w Q —Egztsw

S B B oo I
+ X | K, — —8u0Q" — S8usY +MP“ gnY +Mg44W -H Yy"‘M&AW ),

M R
(5.29)

) 1, 1 S T A S Lo
Py =Pp+§(—Eva 8asK +M‘g4SQ + EgssY +EP“ &Y + Mg45W
1

1
+ PV (KHV — 5 8us Y — _g/l4Qy)

1
R i (8v5Q - —gSSW) + H(Qp - _g;lSW))

(5.30)

1
R

N 1,1 1 1
H=H+=(=X,|gsK" + —g45s0" + —gss¥*
2(R /l(gVS M845Q R )

1

1 1 1 1
vl (M844Q” + Eg4sy" + gv4K“V) + H(E&zsy" + M&MQ#) ) (5.31)

For the dual xk-Minkowski spaces g44 = 0, gs5 = 0, see (@.21)-(@.30). The other
realizations can be obtained from the Weyl realizations of MX’B by using similarity
transformation

Map = SM),S7", (5.32)

where § = exp(G), with G = XF(K). The corresponding realizations will be
linear in X and can be written as a series in K. The corresponding coproducts, star
products and twists can be obtained by using this similarity transformation [8]].

6 Coproduct, star product and twist in Weyl realization

Formulae for coproduct and deformed addition of momenta for the generalized
Yang model and dual k-Minkowski spaces are written in terms of the curved metric
gap and are deduced using results of [27] [28] [36]]. The corresponding coproducts
for the momenta, AK*”, AQ*, AY*, AW are coassociative, see [14]. Defining

exp( ABMAB) exp( CDMCD) = exp( ( AB & tAB) MAB) = exp( Z)AB(s, I)MAB),

©6.1)
where 548 and 42 transform as tensors of corresponding orthogonal algebra. One
has at first order

1
B(sCD (CP) = (AB 4 AB _ L (ACB _ (BC
D (s )= s+ 2( c). (6.2)
In the following all formulae are written in the first order. The coproduct AK42 is

1
AKAB — DAB(KAB® I.1® KAB) = AgK™B — E(KAC@) K5, —K5C g KAC)’
(6.3)
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where AgK48 = K42 ® 1 + 1 ® KAB. In components, it reads
AK™ = AgK* — l(K““@K" L 0"® Q"+ Loriay
= A0 5 @ M2g44 R2g55
1 1

+ — Y + YH )+ — KH* Y+ O K®
s (e ® Q") + 518 (K ® 0"+ 0" ® K™)
1

+ 285 (K@Y + V' @ K') — (u & v) ): (6.4)

1 1
AQH = 890" — (- K" ® Qo + Qo ® K" + —m2us (O ® W = W@ 0%)
1 1
+ ﬁgss(Y“@)W—W@ YH) + R85 (KF" @ W — W ® KHY)

- %&,4 ("eQ"-0"0 0" - %gas (r"eQ -g*er"), (65

1 1
o u_ _( _ gra pa _ - (0 _ (
AY* = AgY 2( KM@ Yo + Yo ® KM — —gus (Y @ W - W e YY)
1 1
+Wg44(W®Q"—Q"®W)—Mga4(K““®W—W®KW)
1 1
— 378 (@Y - YT ® Q) — Sgus (M e Y -V YY) (66)

1 1
AW = AgW — 5(Q“®Ya— Y*® Qo+ wgas ('@ W - We V)
1
+ 284 (QT @ W-We Q")) (6.7)

The antipodes of K*', O*,Y# and W are trivial. The star product is defined as
e%SABXAB *e%lCDXCD — e%DAB(S,Z)XAB, (68)
where DAB(s, 1) is given in (6.2)). This star product is associative.
Defining D¢ = D, DF = DB D = DY, the four dimensional expression
of DAB(s,1) is given by
D(5,1) = 9 + 17 = 2(F, + g1 + 55T+ ——us (7 + 1)
’ 2 LoM? R? MR

1 1
+ 278 (s4°rY + sHPP) + RS (s*°F + §0P) — (u o v) ), (6.9)

1 1
DH(s,1) = s + 14 — E(S#Pzp — 05, 4 g (1 = st)

1 _ 1
+ 5855 (1= 57) + s (5771 - st)), (6.10)
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_ _ | 1 _
D(s,t) =+ - E(s“ptp — 5,1 — TRSH (3*t — st)

1 1
+ 28 (st — st*) — 775K (st — st*) ), (6.11)

L, . _
D(s.)=s+1-7 (sptp - sptp), 6.12)

where we have defined the components of tensors 4% corresponding to the orthog-
onal algebra as # =4 # =, t = * and analogously for s45.

Now, we construct the twist operator at first order as in [27] [36]. The twist is
defined as a bilinear operator such that

AK?E = F (AgKAP) 7! (6.13)

for momenta K2 belonging to corresponding orthogonal algebra. The twist was
introduced in the context of the NC geometry in [37] [38]] as a useful tool in con-
struction of quantum field theories. In a Hopf algebroid approach [39] [40] [41]
the twist can be written as

Fl = ol = ¢ 3K BNan 3KV SMen (6.14)
Using the BCH formula one gets

F = éKAB®(MAB—XAB) (6.15)

and substituing (3.19) into (6.13) one has
F= %KAC ® XapK,E. (6.16)

In terms of components, one can write

F= i.(I(#V® Xa Ka_igvél—Qa_lgvSYa +X Qv_lgVSW +P Yv+igv4W
2 ™ M R K R H M

1 1 1 1 1
+0'® [ - MX/JV (&mKW + M844QV + R84 YV) + MX" (&mQa - I_?g45W)

] P Ye ! X, |K,~W ] v_ 1 Y|+ HI|Y, ]
YA G A Mg44W ] + X (K, — M&AQ — R8s ut M&MW ]
1 1 1 1 1
+P® [ - I_QX‘” (gasKm + Mg45Q” + Egssz) + I_QX“ (gasQa - EgSSW)
I o1 S R B 1
+ EP" 8asY" + M845W ]+ Py|K," - M&AQ - EgVSY +H|Q,— EguSW ]
1 1 1 1 1 1
+We|=X K" + — Mt —gssYH| - —P K"+ — M+ —gusYH
® [R u (gvs Mg45Q R85 ) Al (g,,4 Mg44Q R84 )

1 1
+ H(Eg,,sw + MgMQ“)]). 6.17)
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The coproducts, star product and twist for the Yang model for different orthogonal
algebras can be derived from the above results setting u =v =1, ¢ = =0 and
a, =b, =0.

7 Reduced dual x-Minkowski spaces and «- Poincaré al-
gebras

Let us now consider the reduced Yang models, introduced in [34]. If the quadratic
Casimir operator of the orthogonal algebra 2.20), MapM*? with metric nap, is
restricted to a constant value €, e&; M2R2, then the generator M5 can be expressed in
terms of the other 14 generators. Consequently, for a Yang algebra (2.1)-(2.3)), one
can define a nonlinear algebra with 14 generators, called reduced Yang algebra,
with

A € . . € . . €16
h= \/1 —ﬁxﬂx/‘—ﬁpﬂpﬂ—mMaﬁM“ﬁ. (71)

It has been shown in [34]], that this expression for h satisfies the relations @.3),
(2.4) and hence all the Yang algebra commutation relations (2.1)-(2.3)) hold.

Following the construction in sections 2] 3]and @ we can define A, Xw f’# and
M, , using the above expression of h @J). For the dual k-Minkowski space and «
-Poincaré algebra, using the results of subsection 2] we obtain the relations for H,
X,, P,, M,, in the terms of %, p,, h, M,,. The relation for A is the same
but with & expressed in the terms of }N(#, Pﬂ, M,,.

In the special caseu =v=1,¢ =y =0,

- R 1 - R 1
X, =%, + ;apMHp Py = p,+ %bpMﬂp (7.2)

S (U T |
A=h+-a-P-~-b-% - —a,byM,,, (7.3)
K K KK

taking into account that in (Z.I)) the following changes should be made

el_a2 62_b2 74
T RE 79

Relations (4.26)-(.28)) are still valid. Moreover, in the limit ¥ — co we obtain

L1 =
X, =%+ ;apM,,p Py = pu, (7.5)

- a . . 1 .
H=\1+ZPPrs=a-P (7.6)
K K

with the properties [H, }N(#] = —%aﬂfl and [H, Pﬂ] =0.
The generator H is the shift operator and the case Kk — oo corresponds to the
natural realization of x-Poincaré algebra [35]].
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8 Concluding remarks

The Yang model describes a noncommutative geometry defined on a curved back-
ground. Its interest for physics resides in possible applications to quantum cos-
mology. From a mathematical point of view, its most remarkable property is the
existence of a Born duality between positions and momenta.

The model is based on the Yang algebra — (2.3), which depends on a mass
M, a length R and the discrete parameters €, = +1, e = =1, and is isomorphic
either to o(1,5), 0(2,4) or o(3, 3) algebras with flat metrics 1745, depending on the
values of € and e.

Performing general linear transformations that keep Lorentz generators un-
changed, we have constructed a class of algebras depending on the parameters
M, R, k, &, vectors a,, b, and scalars u,v, €;¢ + &y, which are isomorphic either
to o(1,5,8),0(2,4,8) or o(3, 3, g) algebras with metric g4p @.20) satisfying g,, =
Nuy- This construction unifies all Lorentz invariant models isomorphic to orthogo-
nal algebras and generalizes the results of [30].

In particular, the dual k-Minkowski and «-Poincaré algebras introduced in [33]]
are obtained demanding g44 = 0, gs5 = 0, with detg # 0, leading to the relations
@.30), j—; = —¢€ A’fl—zz and Z—; = —621‘;—22. The interest of such models is that they extend
the standard k-Minkowski space to a dual formulation independent from the Snyder
framework. In the limit M — oo the vector a,, becomes light-like, a* = 0, while for
R — oo the vector b, becomes light-like, b* = 0. If in addition, x — co, & — oo,
the algebra reduces to the Heisenberg algebra.

We have also obtained the Weyl realization of dual x-Minkowski and k-Poincaré
algebras in terms of the metric g and thence the corresponding coproduct, star
product and twist. Finally, following the suggestion of [34], we have constructed
reduced k-Minkowski spaces and k-Poincaré algebras, where the generator H is no
longer taken as independent, but as a function of the other 14 generators of the
algebra.

In this paper, we have considered only formal aspects of the theory. Possi-
ble physical effects can arise in the nonrelativistic limit, when one may investigate
the generalization of uncertainty relations and of dynamics coming from the de-
formation of the Heisenberg commutation relations, as in [42, 34]. One may also
apply our results to models of doubly special relativity with a nontrivial spacetime
background.
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