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ABSTRACT

We consider the Yang algebras isomorphic to 0(1,5),0(2,4),0(3,3) and derive dual x-Minkowski and x-Poincaré algebras in terms of a
metric g. The corresponding Weyl realization is presented and coproduct, star product, and twist are computed in terms of the metric g.
Finally, we construct reduced x-Minkowski and x-Poincaré algebras as special cases.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

ki

(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0277725

I. INTRODUCTION

It is well known that the principles of quantum theory and general relativity are incompatible and a more general theory reconciling
them is necessary. This will presumably be based on new assumptions on the foundations of the two theories. A debated possibility is that the
quantum phase space must be modified, for example deforming the canonical Heisenberg relations. This of course would induce observable
effects, as a generalized uncertainty principle (GUP).! However, it is evident on dimensional grounds that such effects are related to the Planck
scale and therefore are besides the present experimental reach.

By definition, a deformation of the commutation relations of position operators induces a noncommutativity of spacetime’ that can be
related to the curvature of momentum space.” On the other hand, it is well known that the curvature of spacetime gives rise to a deformation
of the commutation relations of momentum operators. In general, both deformations could be considered simultaneously.

This idea was first advanced by Yang in Ref. 4, who, building on an earlier proposal of Snyder,” proposed an algebra isomorphic to
the fifteen-dimensional orthogonal algebra o(1,5), consisting in a combination of the Heisenberg algebra of a deformed phase space with
noncommuting coordinates %, and p, and the Lorentz algebra generated by M, together with a further scalar generator h, necessary for the
closure. The Yang algebra depends on two deformation parameters M and R that fix the scale of the curvature of momentum and position
spaces, and are often identified with the Planck mass and the de Sitter radius. The Yang model enjoys the remarkable property of being
invariant under a generalized Born duality,” which interchanges positions and momenta. Moreover, taking suitable limits, it can be reduced
to the Snyder algebra or its dual de Sitter algebra.

After some time, the study of the Yang model was resumed in recent years. Some generalizations were presented by Khruschev and
Leznov in Ref. 7, while in Ref. § an extension of the model that includes also the related triply special relativity (TSR) theory”"" was introduced.
Further investigations concerning in particular its realizations on a canonical phase space have been recently performed in Refs. 11-13, using
the methods introduced in Refs. 14-16 for the study of Snyder space. Other contributions to the study of the Yang model are given in
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Refs. 17-19, while different models of noncommutative geometry in curved spaces can be found in Refs. 20-23. Also, relations of the Yang
model with other theories, as for example conformal field theory or fuzzy gravity, have been investigated in Ref. 24.

Using the methods presented in Refs. 14 and 15 for Snyder space, in Refs. 25-28 for x-deformed Snyder spaces, and in Ref. 29 for
isomorphism between the Yang model and orthogonal algebras, the Hopf algebra structure, coproduct, twist, and the associative star product
were obtained for the Yang model.”’

Recently in Refs. 30 and 31, it was shown that the Yang algebra can be subjected to a further deformation of x type,’” depending on
two different x parameters. This doubly k-deformed Yang model is still isomorphic to the o(1,5) algebra. This proposal was investigated in
more detail in Ref. 30 where the change of basis necessary to pass from the original Yang algebra to the new one was explicitly worked out,
and the Weyl realization of such algebra in extended phase space was given. Later, in Ref. 33 a new relativistic doubly x-deformed quantum
phase space was considered. In this way, a generalized x-Poincaré algebra is obtained, that displays a duality of Born type between position
and momentum deformations. We call the associated spacetimes dual xk-Minkowski spaces.

In this paper, we analyize the properties of the doubly k-Poincaré algebra and the associated x-Minkowski space in the cases of 0(1,5),
0(2,4),and 0(3, 3) algebras, in a way analogous to that used in Ref. 30 for the doubly x-deformed Yang models. The results are written in terms
of a metric g; dual x-Minkowski and dual x-Poincaré algebras are obtained as special cases for g,, = g.; = 0. Weyl realization, coproduct, star
product and twist are presented in terms of the metric g. Finally, reduced dual x-Minkowski and dual x-Poincaré algebras, where the scalar

generator h is taken as dependent,’ are constructed.

Il. GENERALIZED YANG MODELS ISOMORPHIC TO o(1,5, 9)

There are infinitely many Born-dual x-Minkowski spaces among non linear algebras satisfying the Jacobi identities.”” In this section we
review and generalize the construction of a class of Lie algebra-type spaces containing dual x-Minkowski spaces that can be obtained from the
Yang model’” with a suitable choice of the parameters.

Let us start with the Yang algebra®

« €1 1€2

[£u, %] = WM}W’ (D Dv] = FM}W’ (2.1

[Myv» xA)L] = i(’?,u?ev - nvAxAy)» [M[waﬁ)t] = 1'(1’]‘,4,\}31; - 7]1/}?/4)) (22)
. a .o P ier , P ie; ,

L) = inhs [l = Topo [Bopu] = =T (23)

[Mu 2] = 0, (2.4)

[(Myv> Mpo] = i(1up Mo = tusMp = 1ypMyo + flvaMyp ) (2.5)

where ¢ = €% = 1and 1, = diag(-1,1,1,1).
In this section we shall consider the case €, = €, = 1 corresponding to the o(1, 5) algebra.
Let us define the most general new generators linear in %, p, and M,,, introducing parameters x and & generalizing the results of Ref. 30,

, , R . 1
X, = u(cos QX + 2 (pp#) + ;apMm,, (2.6)
. , M . 1
b, = v(cos Vhut sin t/fx#) + —bpMyp, (2.7)
3

with the Lorentz generators M uv = My, unchanged. The scalar parameters u, v, ¢,  and the four-vectors a,, b, are dimensionless with uv # 0.
The inverse transformations are

u™'  cos y(X, - La,My,) - v 5 sin (P - LbyMy,)

s R , 2.8
g z<os (¢ +y) .
- v Lcos (B, - 1b,M,,) —u~' % sin (X, - La,My,) 2.9)
d cos(9+y) ' '
and we define 1 1 1
A=h ZaP - ~bX - —a,beMp,. 2.10
uv cos (@ +y) + Ka z Kk“p p (2.10)

The generators X, Py, My, and H generate a new class of Lie algebras isomorphic to the initial Yang algebra. These algebras are defined by

L. (1(, LM 1, o .
[X#,XV]:z W u +a 7 M#V+;(a#XV—aVX#) s (2.11)

J. Math. Phys. 66, 092301 (2025); doi 10.1063/5.0277725 66, 092301-2
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[P, P)] = I(Rlz(v +b —)M,w (b,,ﬁv—bvﬁ,,)), (2.12)
(X, Py] = i(qwﬁ + %byf(v - %avﬁ,, + ]\;R (uv sin (¢ + ) + abMR— ) ,w), (2.13)
o1 (. o1
[My, X, ] = I(WXV — Xy + ;(aﬂMM - aVMM)), (2.14)
R . o1
[My, By ] = i(nMPV — by + %(b#MM - bVM,\,,)), (2.15)
where ) )
[MywH] = (i(vay -b Xv) - *(ﬂvPH - (Jl#PV)) (216)
K
2
[I:I,X”] = i(%(u2+g2%)ﬁﬂ A;R(uv sin (¢ + y) + abMR— )X %aMH), (2.17)
- (1(., LR\, 1 1
[H,Pﬂ] =i 2|V +b = X, - MR (uv sin (¢ + y) + abMR— )P,4 + xb H) (2.18)

The generalized Born duality® still holds for M < R,k < & a, = —by, by = apu < v, > -y, y — —(p,Xﬂ — =Py, By > Xy, My
<~ MW,H < H,e; < €. These commutation relations are similar to those of Refs. 30 and 33. If K“ =0 and -+ =0, then the above
algebra reduces to that of the Khruschev-Leznov model,” with p = uv sin(¢ + y) proportional to their parameter 1/H (cf Ref. 30).
If we define generators
My = My, Mys = Rpy, Mas = MR (2.19)

then the Yang algebra (2.1)-(2.5) takes the form of an orthogonal algebra o(1, 5) with
[Mag, Mcp] = i(nacMgp — 1apMpc + 1epMac — §scMap), (2.20)

where A,B,C,D =0,1,2,3,4,5,1,, = diag(-1,1,1,1,1,1).
Furthermore, if we define
M4 = MX,,, Mys = RB,, Mys = MRH (2.21)

then the algebra (2.11)-(2.18) becomes the o(1, 5, g) algebra with
[MAB)MCD] = i(gAcMBD — gapMgc + ggpMac —gBCMAD)> (2.22)

where the metric g, ; is given by a symmetric matrix defined as

M R M R
v = N Qud = — i Gus = b gu =1 +a g5 =v' + b 5,
K K K K (2.23)
45 = g54 =
It follows that
G _ 1, b 1 U= gu - V= gss — and
. Mgwb P RgMS’ = 844 — Bua8uss V. = 855 — Bus8us (2.2
) .
uv sin (¢ + ¥) = ga5 — guagus» whichimplies that sin (¢ + y) = o (ga5 — Quagus)-
Note that
detg = (g1 — Quagus)” — (gus — Guagus) (855 — G5gvs) < 0, (2.25)
i.e., using the above formulae for g, , (2.23) we get det g = —u*v* cos* (¢ + y) and gag = (SqST)AB, det§* = — det g with
[ 1 0 0 0 0 0]
0 1 0 0 0 0
0 0 1 0 0 0
s=| o 0 0 1 0 ol (2.26)
M M M M
-——ay —a; —ay; —a3 o 0
K K K K
R R R R
——by =bp =by =bs v 7T
- % e -
J. Math. Phys. 66, 092301 (2025); doi: 10.1063/5.0277725 66, 092301-3

© Author(s) 2025

62 :G2 2T 9202 |lidv LT


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

where 0 = u,v = vsin(¢ + y) and 7 = vcos(¢ + ), see (12) in Ref. 30.
The relations between Mg and M4p can be obtained from the relations for X, and %,, P, and p,, H and h and their inverses, and can
be written as Mup = (SMST)AB

with g4® = ga® = 8% and g*Pgsc = 82, i.e., g*? is the inverse of the matrix g, ;.

, with the same matrix $ as above. We will use the metric g, , for lowering indices and g*” for raising indices,

A. Dual x-Minkowski spaces and x-Poincaré algebras isomorphic to o(1,5, g)

Dual x-Minkowski spaces and «-Poincaré algebras can be defined by imposing g,, = 0 and g, = 0, so that

&= —uZ% <0, b= —vz% <0. (2.27)

Then it follows .
[ %] =~ (aXy - aue) (2.28)

and .
[B..B,] = é(byﬁv - b,B,). (2.29)

The relation (2.28) defines x-Minkowski space, while (2.29) describes the Born-dual #-Minkowski space. Taking into account (2.27) and
gaa = 0,855 = 0,845 = uv sin (¢ + ) + abMR-L, we get det g = ~1*v* cos’(¢ + v), and we demand that det g # 0. The determinant depends
on the parameters u, v and the angle ¢ + v, but does not depend on the vectors a,, by. If g,, = g5 = g,5 = 0 and det g # 0, then it follows that
a> - b* > (a - b)* and a, and b, cannot be collinear.

The algebra generated by X, Py, Myy and H containing dual x-Minkowski spaces and x-Poincaré algebras (2.11)—(2.18) is constructed

from the Yang algebra (2.1)-(2.5) and is isomorphic to the o(1,5, g) algebra. It depends on the parameters M, R, on the time-like four-vectors
by
k> R
when R — oo, the vector b, becomes light-like, b? = 0 and in the limit when M — oo and R — oo, both vectors ay, by become light-like. In

(az <0,b% < 0) and on g,,, with the condition det g < 0. In the limit when M — oo, the vector a, becomes light-like, a* = 0. In the limit

particular, in the limit when R — oo and % = 0 we get the x-Minkowski space with the x-Poincaré algebra, with a* < 0 and

[5(/,4> Xv] = i(a‘u}zv - ava)» (2.30)
[P, Py] =0, (2.31)
[Xy;pv] = i("]va - iuvpy) (2.32)
- - 5 1
[MVV’XA] = i(ﬂ/MXV - UVAXIJ + ;(Q#MM - aVMAy))> (233)
[M,uv; pA] = i(ﬂykpv - vapy)) (2.34)
[M[w) H] = _?i(avpy - aypv)) (2.35)
[A.X,] = ;a,,H, (2.36)
[H,B,] =0. (2.37)

Alternatively when M — oo and %‘ = 0, we get the dual x-Minkowski momentum space with b* < 0. Finally, when M — oo, R — oo and % =

%“ = 0, we get the ordinary Heisenberg algebra, where H is a central element commuting with X,,, P, and M, implying that H is proportional

to the identity operator I. The special case M = x and R = & is described in Ref. 30.

Ill. GENERALIZED YANG MODELS ISOMORPHIC TO 0(2,4, g9)

In this section we consider the case €1 = 1,6, = —1,i.e,, 7, = diag(-1,1,1,1,1,-1), while the case ¢; = -1, €, = 1 is mentioned at the end
of Subsection I1I A. The Yang algebra isomorphic to 0(2,4) is defined as

A i s —i
[x,u: xv] M,uv, [p‘u:pv] = ?Myva (31)

e
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[Muvs 2] = i(mady = ), [Mu 2] = i(radv = i) (3.2)
£ a L Lo i, £ i,
(%> pv] = inuvh, [h» x,,] = WPM’ [hnl’u} s (3.3)
[M 2] = 0, (3.4)
[Myv, Mpo] = i(1upMuo = fuoMop = fypMyo + 1voMup)- (3.5)
Let us construct new generators X,,, 15#
- R R . R 1
X, = u(cosh ¢x, + — sinh (pp#) + —apMyp, (3.6)
M K
" N M . N 1
P, = v(cosh Yhut ¢ sinh 1//x,4) + %bpMM, (3.7)
and i
My = Myy. (3.8)

The generators X, Py, My, and H generate a new class of Lie algebras isomorphic to the 0(2,4) Yang algebra

o 1 (., oM 1, - .
[X,,,XV] = z(ﬁ(u +a F)M'N + ;(a,,XV - avX,,)), (3.9)
L 1{ 5 LR 1, - _
[P, P)] = i(l?(—v +b F)MM + %(bypv - bvpy)), (3.10)
a1 f o~ 1 o 1 . 1 , 1
[X,,,Pv] = z(qu + %b,,Xv - ;aVP,, + m(uv sinh (y — ¢) + abMR&)MW), (3.11)
- - - 1
(M, X, ] = i(rMXV — Xy + ;(a#MM - avM,W)), (3.12)
- - - 1
[Myr, By ] = i(;wpv ~ Py + %(b,JMM - bVMM)), (3.13)
where . ) .
H=h h(y—g¢)+-aP- ~bX - —a,bsM 14
huv cosh (y — ¢) + . ﬁb Kﬁapba oo (3.14)
and . .
[Mu, H] = i(%(bvf(,, - buXy) - ;(avﬁ,, - ayﬁv)), (3.15)
~ % (1 (2 M)\ 1 . 1\« 1 .
[H,X”] = I(W(u +a F)Pﬂ - m(uv sinh (v — ¢) + abMR&)XH - ;aﬂH), (3.16)
[H p ] =i L -V + bzR—z X, - L(uv sinh (y — )+abMRi)l3 + 1b H (3.17)
S R 217 MR V-9 i) et R ‘

The Born duality holds for M <> R, <> &,ay — —byu, by — au, u <> v,@ — —v, ¥ = -9, X, » =Py, Py > Xy, Myy <> My, H < Hand e < €.
If % = 0and b;.“ = 0 then the above algebra reduces to a Khruschev-Leznov model” isomorphic to the 0(2,4) algebra, with p = uv sinh(y - ¢).

If we define
Mus = MX,,, Mys = RPy, Mys = MRH (3.18)

as in (2.21) then the algebra (3.9)-(3.17) becomes an 0(2,4, g) algebra and [MAB,MCD] is given in (2.22), with the metric 8ap given by a
symmetric matrix defined as

M R M R’
v = M Qa = — O s = — b gua =’ +a’ -, gss = =V + b,
K K . K K (3'19)
and g5 = gs4 = uv sinh (y — ¢) + abMR—,A,B,C,D =0,1,2,3,4,5.
KK
The inverse relations are given by
. 1
W = gu — gugus, V' = Gusgus —gss  and  sinh (y - ¢) = (g5~ guagys)- (3.20)
J. Math. Phys. 66, 092301 (2025); doi: 10.1063/5.0277725 66, 092301-5
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Note that
detg = (g15 — Guigus)” — (g11 — Guagua) (855 — Gsgs) > 1, (3.21)

and gag = (SqST)AB,det §* = detg with

1

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
S=| o0 0 0 1 0 of (3.22)
M M M M
-—ay —a1 —a —a3 o 0
K K K K
R R R R
-—by —=by —=by =bs v T
-k K % ] -
where 0 = u,v = vsinh(y — ¢) and 7 = vcosh(y — ¢).
The relations between Mg and M4 can be written as Map = (SMST) B with the matrix S as above.
A. Dual x-Minkowski spaces and x-Poincaré algebras isomorphic to 0(2,4, g)
If we impose g,, = 0 and g, = 0, we obtain
2 2
= —uZ% <0, b= vz% >0 (3.23)

and [X#,XV], [Pﬂ,pv] are as in Subsection II A. Taking into account (3.23) and gu4 = 0,g55 = 0,45 = uv sinh (y — ¢) + abMRé, we get
det g = u*v* cosh?(y — @) > 1, which depends on the parameters u, v and y — ¢, but does not depend on the vectors Ay, by.
Alternatively if e; = —1,€, = 1 we get a new class of algebras isomorphic to 0(2,4, g) with a metric

M R M R
Suv = Nuvs Gua = — > Gus = — by, gaa = —u® + “ZT>g55 =+ bzfz’ and

K K K K (324)

. MR

Q45 = gsa = —uv sinh (¥ — @) + ab—.

KK

Now if we impose g,, = 0 and g = 0, we obtain
2 -2

a = uZ% >0, b= 71/2% <0. (3.25)

Taking into account (3.25) and gus = 0,gs55 = 0,845 = —uv sinh (y — ¢) + abMR-L. we get det g = u’v* cosh’(y — ¢) > 1.

IV. GENERALIZED YANG MODELS ISOMORPHIC TO 0(3,3, g9)

In this section we consider the case ) = €, = —1,1.e., 1,5 = (-1,1,1,1,-1,-1). The Yang algebra isomorphic to 0(3, 3) is defined as

62 :G2 2T 9202 |lidv LT

A —i A —i
(% 2v] = 7 Muvs [P Po] = 27 M (4.1)
[M;w, 32){] = i(ﬂw\’ev - ’71/)»-’2/4)) [Myv;pA] = i("]w\f)v - 711//113;4)> (4-2)
A A . s, -i, A, i,
[x,mpv] = 11’]‘141/]’1, I:h’ x”:l = pr I:h,p,u] = PXP) (43)
[M,w, ﬁl] -0, (4.4)
[Myy» Moo ] = i(1upMvo = Mo Mup = ypMug + 1vaMyp ), (4.5)
Let us construct the new generators

o . R 1
X, = u(cos Py + 5o sin (ppﬂ) + ;aPMM,, (4.6)

< . M . . 1
P, = v(cos Ypu + 7 s ny) + %bPMW,. (4.7)

J. Math. Phys. 66, 092301 (2025); doi: 10.1063/5.0277725 66, 092301-6
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The generators X, Py, Myy and H generate a new class of Lie algebras isomorphic to the 0(3,3) algebra

o« 1 . oM 1, o .
[X X, :i(ﬁ(—u +a ?)Mﬂﬁz(aﬂxv—avxﬂ)), (4.8)
! R 1, = .
[P, P)] = I(E(_VZ + sz)M”V + }(bva - va,,)), (4.9)
[X P]—z‘( H+1b)”< —1{1}3 +i(—uvsin( + )+abMRi)M ) (4.10)
o By | =1 Huv o oudy = byt o p+v e ) e | -
o1 e .1
[My, X, ] = z(wxv X+ ;(a#MM - aVMM,)), (4.11)
. . o1
[My, By ] = i(nMPV ~ By + %(b#MM - bVM,\,,)), (4.12)
where
L 1. 1, 1
A=h —aP - —bX - —a,bsM,, 4.13
uv cos (¢ +y) + _aP -~ =z pboMp (4.13)
and
S . 1, - .
[MywH] = 1(%(vay - bev) - ;(QVPH - a”Pv))) (414)
- {1 » oM. 1 , 1\, 1 .
[H,Xﬂ] = z(ﬁ(—u +a ?)Pﬂ— m(—uv sm((p+1//)+abMRE)X# - ;a”H), (4.15)
- (1 2 R\, 1 ) 1\- 1, .
[H,Pﬂ] = —z(?(—v +b F)X#— m(—uv sin (¢ + ) +abMR&)PM+ %b#H). (4.16)

The Born duality holds as in Secs. IT and ITI. If % =0and %“ = 0 then the algebra (4.8)-(4.16) reduces to a model of Khruschev-Leznov type’
isomorphic to an 0(3, 3) algebra, with p = —uvsin(¢ + y).
If we define

My = MX,,, Mys = RP,, Mys = MRH (4.17)

then the algebra (4.8)-(4.16) becomes the 0(3, 3, g) algebra and [MAB,MCD] is as in Secs. I1 and I1I, with the metric g, , given by

M R M ?
Qv = M Gt = — Qo s = — by gaa =~ +a* 1, gss = —v' + b’ 5,
K K X K K (4.18)
G5 =gsu=—uvsin(p+y) + abMR&,A,B, C,D=0,1,2,3,4,5.
Note that det g < 0 and det §* = —det g with S given in (2.26) where 0 = 4, v = vsin(¢ + ) and 7 = v cos(¢ + ).
A. Dual x-Minkowski spaces and x-Poincaré algebras isomorphic to 0(3,3, g)
When we impose g,, = 0 and g., = 0, we obtain
2 -2
uzzu2%>0, b2=v2%>0 (4.19)

and we get [X#,XV], [P#,PV] as in Subsections II A and III A: then [XH,XV] defines the x-Minkowski space and [PH,PV] the Born dual
#-Minkowski space. In particular, when gy = 0,gss = 0,45 = —uv sin (¢ + y) + abMR-L, we get det g = —u’v* cos’ (¢ + y) and det g # 0. The
determinant depends on the parameters u, v and ¢ + y, but not on the vectors a, and b,. If g,, =0, g.. =0, g, = 0,det g <0 we get (ab)?

-a'b® < 0,ie,a’b’ >0and the vectors a, and by cannot be collinear.
The algebra generated by X, Py, H and M, containing dual x-Minkowski spaces is constructed from the Yang algebra and is isomorphic

to the 0(3,3, g) algebra. It depends on the parameters M, R and space-like vectors %, %“, a* > 0,b* > 0,and g45> With det g < 0.
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B. Unification of the four cases ¢; = +1,¢e = +1
All four cases €1 = 1, €, = +1 considered in Secs. [I-IV can be unified in the following way:

M R
uv = Nuv> Gua = ;“#»3145 = Ebw

2 R?
2, 2 2L
guu=€U ta —5,85=€V +0 5,
K K

(4.20)
1
845 = g54 = \/€1€2UV sin (\/6162(61(p + 621//)) + abMR&,
detg = —€1€2 COSZ(\/€1€2(€1(p + 621//)),

where the square roots are taken with the positive sign.
The cases g, = g,5 = 0,845 # 0,€1 = £1, €, = +1 correspond to the Khruschev-Leznov type of models given in Ref. 7. The corresponding
algebras containing dual x-Minkowski spaces and x-Poincaré algebras are defined as

[X,uaj(v] = i(a‘u}"(v - avj(y); (4.21)
K
[py;pv] = i.(bypv - bvpy): (422)
I
Y . . - 1. . 1 =« Jereuv | ab
[X.P)] = 1(11,NH + %b,,xv - ;a‘,P# + (TR sin (Verex(e19 + e2v)) + %)MHV), (4.23)
. .1
[My, X, ] = I(WXV — Xy + ;(aﬂMM - aVMM)), (4.24)
A .1
[Myr, By ] = z(r/MPv ~ Py + %(b,JMM - vaAH)), (4.25)
(M H] = i(i(bvx,, “bX) - L (aBy - aypv)), (4.26)
4 K
~ 5 [ [ VeEr€ez . ab\ - |
[H,X,,] = —1(( MR uv sin (\/elez(elq) + 621//)) + &)X” + ;aﬂH), (4.27)
~ 5 [ [ Vere . aby- 1, .
[H,P,,] = z(( MR uv sin (\/elez(el(p + ezu/)) + E)PH - ;%b”H)’ (4.28)
where
H=hdetS+ laﬁ - ibf( - éapbgMpg (4.29)
K I KK
and
2 2
2 2 K 2 2K
a =-—-€u W’ b = —€2V E (430)

Generally if ¢ = y = 0 then the algebra (4.8)-(4.16) depends only on the parameters %" and %" The case a> < 0, b* < 0 corresponds to €1 = €,
=1 and is related to the o(1,5) algebra. The cases @ <0,k®>>0and a®>>0,b* <0 correspond to €; = 1,e; = -1 and € = —1,€; = 1, respec-
tively, and are related to the 0(2, 4) algebra. The case a® > 0,b” > 0, that corresponds to €, = € = —1, is related to the o(3,3) algebra. The case
a® = 0 implies M — oo i.e. [%,, %,] = 0 and the case b* = 0 implies R — oo i.e., [pu, pv] = 0.

In particular, if X, = £, + 2ayMp, P, = pu, H = h+ Lapie,u=v=1,¢=y=0and %“ =0, the above algebra becomes the algebra
(2.30)-(2.37). This algebra coincides with the construction of the natural realizations for the x-Poincaré algebra presented in Ref. 35. In
addition, if %" = 0 we get the ordinary Heisenberg algebra with the Lorentz algebra, where H is a central element commuting with X, P, and
M, and is proportional to the identity operator I.

V. WEYL REALIZATION FOR GENERALIZED YANG MODEL AND DUAL x-MINKOWSKI SPACES

In this section we consider Weyl realization for orthogonal algebras 0(1,5),0(2,4), 0(3,3) and 0(1,5,¢),0(2,4, g),0(3,3,g) and for
dual x-Minkowski spaces, using a formalism analogue to that of Refs. 27 and 28.
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A. Weyl realizations for o(1,5),0(2,4),0(3,3) algebras
Let us consider the algebra defined as
[Mag, Mcp] = iCapcp’ Mg = i(acMsp — napMsc + §epMac — 1ecMap), (5.1)

where 1, = diag(-1,1,1,1,€1,€2), corresponding to the algebra o(1,5) for e; = €2 = 1,t0 0(2,4) fore; = 1,e2 = —lore; = -1, = 1,and to
0(3,3) for €1 = €2 = —1. The definition (5.1) implies

Capcp’™ = %[—HBC((SAE(SDF - 5AF5DE) + 11AD(5CE5BF - 5cF5BE) - (A< B)]. (5.2)

Starting with the generalized Heisenberg algebra defined with the commutative coordinates x45 and their corresponding momenta k*%

[xAB,xCD] = [kAB,kCD] =0, [xAB,kCD] = i(@ACLSBD - 8AD5BC), (5.3)

where kP = 5PN kyy and using the general Weyl realization of a Lie algebras corresponding to the Weyl symmetric ordering™™ we
express the generators Mg as
C CD
Mug = xCD( ,C) , (54)
1-e "~ /aB
where CABCD = —1CAB,EFCDkEF.

2
The structure constants Caper are multiplied with #, in our convention % = 1 and in the classical limit when % = 0 all the generators
commute. The Weyl realization of M4p in terms of the generalized Heisenberg algebra generated with x4p and k%% reads up to second order,

CD

1 cD 1 2 CD
Mup = xaB + EXCDCAB + EXCD(C )AB (5.5)
where )
Cas™ = E((SAEkBF +85 ka" — (B F)), (5.6)
EF 1
(CZ)AB = E(ZkAEkBF + 8BFkAckCE + (SAEkgckCF - (E <~ F)), (5.7)

and the indices are lowered and raised by the means of the metric 77, and B, respectively. Inserting C in (5.5) we find up to first order
1
Mug = xap + 3 (xAEkBE - XBEkAE) (5.8)

and .
[MAB,kCD] = i(5AC5BD - 5AD51;C) + %(&CkBD — 85%ka? + 65"kaC - 5ADkBC). (5.9)

We can write x45 and k%8 in the terms of the four-dimensional variables

U
o o4 s LY s W (5.10)
M R MR
Xya = Mxy,  Xus = Rpy,  Xa5 = MR, (1D
so that
o q] =i [pww] =idh,  [hw]=i. (5.12)

B. Weyl realizations for 0(1,5, g),0(2,4,g) and o(3,3, g) algebras
The algebras o(1,5, g),0(2,4, g) and 0(3,3, g) generated by the Map are defined as

- - = EF - . - - - -
[MAB,MCD] =iCapcp Mgp = l(gACMBD — gapM3pc + gepMac —chMAD). (5.13)

with gap = (SqST)AB, corresponding to 0(1,5,¢),0(2,4,£),0(3,3,¢). As in Subsection V A, starting with the generalized Heisenberg algebra
defined with the commutative coordinates X5 and their corresponding momenta K**

[Xas, Xop] = [K*?, K] =0, [Xap, K] = (605" - 84°05°), (5.14)
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where KP = g™ ¢PNK v, and using the general Weyl realization of the Lie algebras corresponding to the Weyl symmetric ordering””"* we
express the generators Myp as

C CD
Mg = XCD( Z ) , (5.15)
1-e ™~ /aB
where .
CABCD = _ECAB,EF CDKEF (516)
and )
Caprr ™ = E[_gBE((SAC(SFD - 5AD5FC) +gAF(5EC5BD - 5ED5BC) - (A< B)]. (5.17)

Note that Map = (SMST)AB>XAB = (SXST)AB,KAB = (SI kal)AB, where St = (Sfl)T. The Weyl realization of Mus in the terms of the
generalized Heisenberg algebra in terms of X5 and K*? reads up to second order,

CD

- 1 =~ cp 1 =2
Map = Xap + EXCDCAB + EXCD(C )AB , (5.18)

where C, P and (CZ)ABCD

g%, respectively. Inserting C in (5.18) we find up to first order

are as in (5.6) and (5.7), respectively, with k — K. The indices are lowered and raised with the metric g, and

. 1
Map = Xap + E(XAEKBE - XppKa®) (5.19)

and ;
[, K] = i(8485" = 84°85%) + 2 (8 K" = 35°Ka” + 85K - 84" Ks). (5.20)

The Weyl realization M“? given in (5.15)—(5.17) enjoys the property

1 4AB yy AB 1,AByAB

e2 >1=e2 , (5.21)

where t4p are real numbers transforming as tensors, and the action © of phase space operators on functions f of the coordinates X4p is defined
as

Of (X
Xag © f(Xer) = Xas f (Xer), KB > f(Xer) = —1% = [KAB,f(XEF)]. (5.22)
AB
In particular
Xap > 1=Xap,Kapr1=0, (5.23)
KA & T _ AT 5:24)
Also, as in Subsection V A, we can write the generators X4 and K“8 in terms of the four-dimensional variables
H Y w
K" = Q—, K=", K=", (5.25)
M R MR
Xu = MX,, X5 =RP,, Xus = MRH, (5.26)
so that
(X Q] =6y [PwYy]=i6,, [H,W]=i. (5.27)

C. Weyl realization for dual ¥ Minkowski spaces

The generators Mg can be written in terms of the four-dimensional variables with Greek indices (MW,X#, 15,4, H, expressed in terms of
My, Xy, Py, H, and Ky, va Yy, W). They are

- 1 1 1
M[W = XI/’V + E(X!m(Kva - MgvélQa - EgVSYa)

+X#(QV—%gﬁw)+PH(YV+A—1/IgV4W)—(u<—>V)), (5.28)
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- 1 1 1 1 1 1
Xy = Xy + E(_MX[N(&HKW + Mg44Qv + Eg45 Yv) + MX[/.(gvlle - §g45 W)

v_ 1 v 1), 1 v 1 1
+ XV(K‘M - MgIAQ - ig'uSY ) + MPH(gMY + MgMW) —H(YM + Mg‘lﬂw))) (5.29)

) 1/ 1 w 11 V) 1 ( , 1 )
Bu=Py+ (X[ gusK + —gisQ + —gssY" | + ~Puf g5 Y" + —gusW
w =Py 2( R ;w(gocs Mg45Q RES R g Mg45

y 1 v 1 v 1 , 1 1
+ Pv(Ky - Eg'HSY - MgIMQ ) + iX'u(gst - EgssW) +H(QI4 - Eg’,ﬁW)), (5.30)

1(1 1 1
H=H+ E(EXH(gﬁK’” + Mgzst” + EgssY")
1y (i Q“+l Y* + KW)+H(l ve L Q“)) (5.31)
AU RS 4 R 215 . :
For the dual x-Minkowski spaces g,, = 0, g5 = 0, see (4.21)-(4.30). The other realizations can be obtained from the Weyl realizations of MYy

by using similarity transformation
Magp = SMX‘;SA, (5.32)

where S = exp (G), with G = XF(K), F(K) being a function of K. The corresponding realizations will be linear in X and can be written as a
series in K. The corresponding coproducts, star products and twists can be obtained by using this similarity transformation.”

VI. COPRODUCT, STAR PRODUCT, AND TWIST IN WEYL REALIZATION

Formulae for coproduct and deformed addition of momenta for the generalized Yang model and dual x-Minkowski spaces are written
in terms of the curved metric g 4p and are deduced using results of Refs. 27, 28, and 36. The corresponding coproducts for the momenta,
AKY", AQ¥, AY¥, AW are coassociative, see Ref. 14. Defining

exp (%sABMAB) exp (%tCDMCD) = exp (%(SAB ® tAB)MAB) = exp (%DAB(S, t)MAB), (6.1)
where s*® and t*? transform as tensors of corresponding orthogonal algebra. One has at first order
1
DAB (SCD) tCD) _ AB L AB_ 5(SACtBC _ SBCtAC). (6.2)
In the following all formulae are written in the first order. The coproduct AK”® is
1
AKY = DKM @ 1,10 KY) = 8k™ -~ (K @ K°c - K" @ K*c), (6.3)
where A)K*? = K*® @ 1 + 1 ® K*B. In components, it reads
AK™ = AK* - LK g K, + L FeQ L ¥ o v
= Aok =2 ® a+ﬁg44 ®Q +Eg55 ®
+ ng(Q" Y +Y"®Q")+ igM(K"“ ®Q +Q' ®K™)
MR M

1 1% 4 v
+ ﬁgotS(K” Y +Y'®K )—(u<—>v)), (6.4)

1 1
AQ' = A @ - E(—K’m ® Qu + Qu ® K" + mgzxs(Qﬂ W-We Q#)
1 1
+ Pgss(Y" ®W-WaY')+ gs(K“eW-WeK")

1 o o 1 o a
- Mga4(Q"®Q -Q ®Q“)—§gas(Y"®Q -Q @Y")), (6.5)

1 1
AY* = AoY" - E(—K““‘ ® Yo+ Y, @ K" - mg45(Y” eW-WeY")
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* %gﬂ(W@ d-Qew)- %gwl(K’m ®W-WeK")

1 1
- Mgw;(Q”@Y“—Y“@Q”)—Egas(Y”®Y“—Y“®Y”)), (6.6)
1 1
AW = AW - E(Q”‘® Yo-Y"®Qu+ igas(Y“Qa W-weY")

(Q“@W—W@Q“)). (6.7)

The antipodes of K**, Q”, Y* and W are trivial. The star product is defined as

e%fABXAE « e%ICDXCD _ e%DAB(SJ)XAB (6.8)
where D48 (s,t) is given in (6.2). This star product is associative.
Defining D* = D DF = DY D = D¥, the four-dimensional expression of DAB (s,t) is given by
DY (s,t) ="+ - l(s"’Jtvp + Lg44s”tv + igssif‘iv + ng;s(s"iv +34")
2 M? R MR
1 1 -
+ Mgw;(s“ptv +'7) + igys(sﬂptv +57) - (u o v)), (6.9)
1 1 1 - 1
D¥(s,t) = s+t - E(s‘”"tp — s, + M—Rg45(s"tfst”) + Egss(ﬁ"tfst") + igys(s‘”’jtfst’lp)), (6.10)
- _ - 1 - 1 _ - 1 1
DH(s,t) ="+ - E(SHPtP -5t - mg45(s”t— stf) + Wg“(s”t— st') - Mgw;(s””t—st“p)), (6.11)
1, ,-
D(s,t) =s+1- E(s"tp -31,), (6.12)
where we have defined the components of tensors t*# corresponding to the orthogonal algebra as t* = t#*4,## = #*>,t = ¢*> and analogously for
AB
s

Now, we construct the twist operator at first order as in Refs. 27 and 36. The twist is defined as a bilinear operator such that
AK"? = 7 (8K"?) 77! (6.13)

for momenta K** belonging to the corresponding orthogonal algebra. The twist was introduced in the context of the NC geometry in Refs.

37 and 38 as a useful tool in construction of quantum field theories. In a Hopf algebroid approach™ ' the twist can be written as

62 :G2 2T 9202 |lidv LT

F =2 e = iKY O 5K BN (6.14)
Using the BCH formula one gets
F= %KAB ® (MAB _XAB) (6.15)
and substituing (5.19) into (6.15) one has
F= éKAC ® XagKc". (6.16)
In terms of components, one can write
F—i'(K#”@[x (K“-i Q-1 Y"‘)+X (Q . w)+p (Y + L w)]
= > pa | Ky Mgv4 RgVS ul Qv RgVS ul Iy Mgv4
1 Vo 1 v 1 v 1 o 1 1 a 1
+Q'® _MXW Lua K™ + Mg44Q + Egzst + Mxy guaQ — igzxsw + Mpy gua Y + Mgzmw
1 1 1
+XV(K/ - Mg,,4QV - Egvsy”) +H(YH + Mg,ﬂw)]
P 1 | , 1 v 1 a 1 1 P |
+P® —ﬁXw ZusK™ + Mg45Q + EgSSY + ﬁXy 8asQ - igssw + ﬁPy LasY + Mgﬁw
1 1 1
+ PV(KHV - M&HQV - E&SYV) + H(QM - ﬁgMSW)]
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1 , 1 1 1 L1 1
+We® [ﬁX# (gvsKlJ + MgAxSQ” + Egss Y”) - Mpy (ng# + MgzmQ” + Egzxs Y”)
1 1
(o - La?)]) o

The coproducts, star product and twist for the Yang model for different orthogonal algebras can be derived from the above results setting
u=v=1L¢p=y=0anda,=b,=0

VII. REDUCED DUAL x-MINKOWSKI SPACES AND «-POINCARE ALGEBRAS

Let us now consider the reduced Yang models, introduced in Ref. 34. If the quadratic Casimir operator of the orthogonal algebra (2.20),
I MupM*® with metric 5, is restricted to a constant value €;e;M°R’, then the generator M5 can be expressed in terms of the other 14
generators. Consequently, for a Yang algebra (2.1)-(2.5), one can define a nonlinear algebra with 14 generators, called reduced Yang algebra,
with

s oau €l o €1€2 o
h= \/ x P sz#p 2M2R2M“ﬁM B (7.1)

It has been shown in Ref. 34, that this expression for / satisfies the relations (2.3) and (2.4) and hence all the Yang algebra commutation
relations (2.1)-(2.5) hold.

Following the construction in Secs. II-IV, we can define H, Xw P,,, and My, using the above expressmn of h (7.1). For the dual
x-Minkowski space and x-Poincaré algebra, using the results of Subsection IV B we obtain the relations for H, X,, Py, My, in the terms
of Xy, p,,, h, My,. The relation (4.29) for H is the same but with f (7.1) expressed in the terms ofXM, Pw My,.

In the special caseu =v=1,¢ =y =0,

‘ . 1 <, 1
Xy=dutapMyps  Pu=put —bpMyp (7.2)
A | P S 1
H:h+*ﬂ'P—jb'X—*_apboMPg, (73)
K K KK
taking into account that in (7.1) the following changes should be made
2 2
€1 a e b
R (7.4)
Relations (4.26)—(4.28) are still valid. Moreover, in the limit £ — oo we obtain
, , 1 <,
Xy =%+ ;apMﬂp, Py = by (7.5)
2
~ .~ 1 -
A=\/1+%DB,P"+>a-P (7.6)
K K

with the properties [H,X,] = -+a,H and [H,P,] = 0.
The generator H is the shift operator and the case # — oo corresponds to the natural realization of x-Poincaré algebra.”

VIill. CONCLUDING REMARKS

The Yang model describes a noncommutative geometry defined on a curved background. Its interest for physics resides in possible
applications to quantum cosmology. From a mathematical point of view, its most remarkable property is the existence of a Born duality
between positions and momenta.

The model is based on the Yang algebra (2.1)-(2.5), which depends on a mass M, a length R and the discrete parameters €; = £1,¢€, = %1,
and is isomorphic either to 0(1,5),0(2,4), or 0(3, 3) algebras with flat metrics 7,5, depending on the values of e; and ¢,.

Performing general linear transformations that keep Lorentz generators unchanged, we have constructed a class of algebras depending
on parameters M, R, «, &, vectors ay, by, and scalars u, v, €19 + €2y, which are isomorphic either to 0(1,5, g),0(2,4,g), or 0(3,3, g) algebras
with metric g, (4.20) satistying g,, = #,,. This construction unifies all Lorentz-invariant models isomorphic to orthogonal algebras and
generalizes the results of Ref. 30.

In particular, the dual «- Minkowski and K Poincaré algebras introduced in Ref. 33 are obtained demanding g,, = 0, g,; = 0, with

det g # 0, leading to the relations (4.30), £ % =6 W and ¢ == ez >. The interest of such models is that they extend the standard x-Minkowski

space to a dual formulation 1ndependent from the Snyder framework. In the limit M — oo, the vector a, becomes light-like, a* = 0, while for
R — oo, the vector b, becomes light-like, b* = 0. If in addition, k¥ — 0o, & — oo, the algebra reduces to the Heisenberg algebra.
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We have also obtained the Weyl realization of dual x-Minkowski and k-Poincaré algebras in terms of the metric g and thence the
corresponding coproduct, star product, and twist. Finally, following the suggestion of Ref. 34, we have constructed reduced x-Minkowski
spaces and k-Poincaré algebras, where the generator H is no longer taken as independent, but as a function of the other 14 generators of the
algebra.

In this paper, we have considered only formal aspects of the theory. Possible physical effects can arise in the nonrelativistic limit, when one
may investigate the generalization of uncertainty relations and of the dynamics coming from the deformation of the Heisenberg commutation
relations, as in Refs. 34 and 42. One may also apply our results to models of doubly special relativity with a nontrivial spacetime background.
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