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ABSTRACT
We consider the Yang algebras isomorphic to o(1, 5), o(2, 4), o(3, 3) and derive dual κ-Minkowski and κ-Poincaré algebras in terms of a
metric g. The corresponding Weyl realization is presented and coproduct, star product, and twist are computed in terms of the metric g.
Finally, we construct reduced κ-Minkowski and κ-Poincaré algebras as special cases.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0277725

I. INTRODUCTION
It is well known that the principles of quantum theory and general relativity are incompatible and a more general theory reconciling

them is necessary. This will presumably be based on new assumptions on the foundations of the two theories. A debated possibility is that the
quantum phase space must be modified, for example deforming the canonical Heisenberg relations. This of course would induce observable
effects, as a generalized uncertainty principle (GUP).1 However, it is evident on dimensional grounds that such effects are related to the Planck
scale and therefore are besides the present experimental reach.

By definition, a deformation of the commutation relations of position operators induces a noncommutativity of spacetime2 that can be
related to the curvature of momentum space.3 On the other hand, it is well known that the curvature of spacetime gives rise to a deformation
of the commutation relations of momentum operators. In general, both deformations could be considered simultaneously.

This idea was first advanced by Yang in Ref. 4, who, building on an earlier proposal of Snyder,5 proposed an algebra isomorphic to
the fifteen-dimensional orthogonal algebra o(1, 5), consisting in a combination of the Heisenberg algebra of a deformed phase space with
noncommuting coordinates x̂μ and p̂μ and the Lorentz algebra generated by Mμν, together with a further scalar generator ĥ, necessary for the
closure. The Yang algebra depends on two deformation parameters M and R that fix the scale of the curvature of momentum and position
spaces, and are often identified with the Planck mass and the de Sitter radius. The Yang model enjoys the remarkable property of being
invariant under a generalized Born duality,6 which interchanges positions and momenta. Moreover, taking suitable limits, it can be reduced
to the Snyder algebra or its dual de Sitter algebra.

After some time, the study of the Yang model was resumed in recent years. Some generalizations were presented by Khruschev and
Leznov in Ref. 7, while in Ref. 8 an extension of the model that includes also the related triply special relativity (TSR) theory9,10 was introduced.
Further investigations concerning in particular its realizations on a canonical phase space have been recently performed in Refs. 11–13, using
the methods introduced in Refs. 14–16 for the study of Snyder space. Other contributions to the study of the Yang model are given in
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Refs. 17–19, while different models of noncommutative geometry in curved spaces can be found in Refs. 20–23. Also, relations of the Yang
model with other theories, as for example conformal field theory or fuzzy gravity, have been investigated in Ref. 24.

Using the methods presented in Refs. 14 and 15 for Snyder space, in Refs. 25–28 for κ-deformed Snyder spaces, and in Ref. 29 for
isomorphism between the Yang model and orthogonal algebras, the Hopf algebra structure, coproduct, twist, and the associative star product
were obtained for the Yang model.30

Recently in Refs. 30 and 31, it was shown that the Yang algebra can be subjected to a further deformation of κ type,32 depending on
two different κ parameters. This doubly κ-deformed Yang model is still isomorphic to the o(1, 5) algebra. This proposal was investigated in
more detail in Ref. 30 where the change of basis necessary to pass from the original Yang algebra to the new one was explicitly worked out,
and the Weyl realization of such algebra in extended phase space was given. Later, in Ref. 33 a new relativistic doubly κ-deformed quantum
phase space was considered. In this way, a generalized κ-Poincaré algebra is obtained, that displays a duality of Born type between position
and momentum deformations. We call the associated spacetimes dual κ-Minkowski spaces.

In this paper, we analyize the properties of the doubly κ-Poincaré algebra and the associated κ-Minkowski space in the cases of o(1, 5),
o(2, 4), and o(3, 3) algebras, in a way analogous to that used in Ref. 30 for the doubly κ-deformed Yang models. The results are written in terms
of a metric g; dual κ-Minkowski and dual κ-Poincaré algebras are obtained as special cases for g44 = g55 = 0. Weyl realization, coproduct, star
product and twist are presented in terms of the metric g. Finally, reduced dual κ-Minkowski and dual κ-Poincaré algebras, where the scalar
generator ĥ is taken as dependent,34 are constructed.

II. GENERALIZED YANG MODELS ISOMORPHIC TO o(1, 5, g)
There are infinitely many Born-dual κ-Minkowski spaces among non linear algebras satisfying the Jacobi identities.33 In this section we

review and generalize the construction of a class of Lie algebra-type spaces containing dual κ-Minkowski spaces that can be obtained from the
Yang model30 with a suitable choice of the parameters.

Let us start with the Yang algebra4

[x̂μ, x̂ν] =
iϵ1

M2 Mμν, [p̂μ, p̂ν] =
iϵ2

R2 Mμν, (2.1)

[Mμν, x̂λ] = i(ημλ x̂ν − ηνλ x̂μ), [Mμν, p̂λ] = i(ημλp̂ν − ηνλp̂μ), (2.2)

[x̂μ, p̂ν] = iημνĥ, [ĥ, x̂μ] =
iϵ1

M2 p̂μ, [ĥ, p̂μ] = −
iϵ2

R2 x̂μ, (2.3)

[Mμν, ĥ] = 0, (2.4)

[Mμν, Mρσ] = i(ημρMνσ − ημσMνρ − ηνρMμσ + ηνσMμρ), (2.5)

where ϵ2
1 = ϵ2

2 = 1 and ημν = diag(−1, 1, 1, 1).
In this section we shall consider the case ϵ1 = ϵ2 = 1 corresponding to the o(1, 5) algebra.
Let us define the most general new generators linear in x̂μ, p̂μ and Mμν introducing parameters κ and κ̃ generalizing the results of Ref. 30,

X̃μ = u(cos φx̂μ +
R
M

sin φp̂μ) +
1
κ

aρMμρ, (2.6)

P̃μ = v(cos ψp̂μ +
M
R

sin ψ x̂μ) +
1
κ̃

bρMμρ, (2.7)

with the Lorentz generators M̃μν =Mμν unchanged. The scalar parameters u, v,φ,ψ and the four-vectors aμ, bμ are dimensionless with uv ≠ 0.
The inverse transformations are

x̂μ =
u−1 1

R cos ψ(X̃μ −
1
κaρMμρ) − v−1 1

M sin φ(P̃μ − 1
κ̃bρMμρ)

1
R cos (φ + ψ)

, (2.8)

p̂μ =
v−1 1

M cos φ(P̃μ − 1
κ̃bρMμρ) − u−1 1

R sin ψ(X̃μ −
1
κaρMμρ)

1
M cos (φ + ψ)

. (2.9)

and we define
H̃ = ĥuv cos (φ + ψ) +

1
κ

aP̃ −
1
κ̃

bX̃ −
1
κκ̃

aρbσMρσ. (2.10)

The generators X̃μ, P̃μ, Mμν and H̃ generate a new class of Lie algebras isomorphic to the initial Yang algebra. These algebras are defined by

[X̃μ, X̃ν] = i(
1

M2 (u2
+ a2 M2

κ2 )Mμν +
1
κ
(aμX̃ν − aνX̃μ)), (2.11)
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[P̃μ, P̃ν] = i(
1

R2 (v2
+ b2 R2

κ̃ 2 )Mμν +
1
κ̃
(bμP̃ν − bνP̃μ)), (2.12)

[X̃μ, P̃ν] = i(ημνH̃ +
1
κ̃

bμX̃ν −
1
κ

aνP̃μ +
1

MR
(uv sin (φ + ψ) + abMR

1
κκ̃
)Mμν), (2.13)

[Mμν, X̃λ] = i(ημλX̃ν − ηνλX̃μ +
1
κ
(aμMλν − aνMλμ)), (2.14)

[Mμν, P̃λ] = i(ημλP̃ν − ηνλP̃μ +
1
κ̃
(bμMλν − bνMλμ)), (2.15)

where
[Mμν, H̃] = i(

1
κ̃
(bνX̃μ − bμX̃ν) −

1
κ
(aνP̃μ − aμP̃ν)), (2.16)

[H̃, X̃μ] = i(
1

M2 (u2
+ a2 M2

κ2 )P̃μ −
1

MR
(uv sin (φ + ψ) + abMR

1
κκ̃
)X̃μ −

1
κ

aμH̃), (2.17)

[H̃, P̃μ] = −i(
1

R2 (v2
+ b2 R2

κ̃ 2 )X̃μ −
1

MR
(uv sin (φ + ψ) + abMR

1
κκ̃
)P̃μ +

1
κ̃

bμH̃). (2.18)

The generalized Born duality6 still holds for M↔ R, κ↔ κ̃, aμ → −bμ, bμ → aμ, u↔ v,φ→ −ψ,ψ → −φ, X̃μ → −P̃μ, P̃μ → X̃μ, Mμν

↔Mμν, H̃ ↔ H̃, ϵ1 ↔ ϵ2. These commutation relations are similar to those of Refs. 30 and 33. If aμ
κ = 0 and bμ

κ̃ = 0, then the above
algebra reduces to that of the Khruschev-Leznov model,7 with ρ = uv sin(φ + ψ) proportional to their parameter 1/H (cf. Ref. 30).

If we define generators
Mμ4 =Mx̂μ, Mμ5 = Rp̂μ, M45 =MRĥ (2.19)

then the Yang algebra (2.1)–(2.5) takes the form of an orthogonal algebra o(1, 5) with

[MAB, MCD] = i(ηACMBD − ηADMBC + ηBDMAC − ηBCMAD), (2.20)

where A, B, C, D = 0, 1, 2, 3, 4, 5,ηAB = diag(−1, 1, 1, 1, 1, 1).
Furthermore, if we define

M̃μ4 =MX̃μ, M̃μ5 = RP̃μ, M̃45 =MRH̃ (2.21)

then the algebra (2.11)–(2.18) becomes the o(1, 5, g) algebra with

[M̃AB, M̃CD] = i(gACM̃BD − gADM̃BC + gBDM̃AC − gBCM̃AD), (2.22)

where the metric gAB is given by a symmetric matrix defined as

gμν = ημν, gμ4 =
M
κ

aμ, gμ5 =
R
κ̃

bμ, g44 = u2
+ a2 M2

κ2 , g55 = v2
+ b2 R2

κ̃ 2 ,

g45 = g54 = uv sin (φ + ψ) + ab
MR
κκ̃

.
(2.23)

It follows that
aμ
κ
=

1
M

gμ4,
bμ
κ̃
=

1
R

gμ5, u2
= g44 − gμ4gμ4, v2

= g55 − gμ5gμ5 and

uv sin (φ + ψ) = g45 − gμ4gμ5, which implies that sin (φ + ψ) =
1

uv
(g45 − gμ4gμ5).

(2.24)

Note that
det g = (g45 − gμ4gμ5)

2
− (g44 − gμ4gμ4)(g55 − gν5gν5) < 0, (2.25)

i.e., using the above formulae for gAB (2.23) we get det g = −u2v2 cos2
(φ + ψ) and gAB = (SηST

)
AB

, det S2
= −det g with

S =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

−
M
κ

a0
M
κ

a1
M
κ

a2
M
κ

a3 σ 0

−
R
κ̃

b0
R
κ̃

b1
R
κ̃

b2
R
κ̃

b3 υ τ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (2.26)
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where σ = u, υ = v sin(φ + ψ) and τ = v cos(φ + ψ), see (12) in Ref. 30.
The relations between M̃AB and MAB can be obtained from the relations for X̃μ and x̂μ, P̃μ and p̂μ, H̃ and ĥ and their inverses, and can

be written as M̃AB = (SMST
)

AB
, with the same matrix S as above. We will use the metric gAB for lowering indices and gAB for raising indices,

with gA
B
= gA

B
= δB

A and gABgBC = δA
C , i.e., gAB is the inverse of the matrix gAB.

A. Dual κ-Minkowski spaces and κ-Poincaré algebras isomorphic to o(1, 5, g)
Dual κ-Minkowski spaces and κ-Poincaré algebras can be defined by imposing g44 = 0 and g55 = 0, so that

a2
= −u2 κ2

M2 < 0, b2
= −v2 κ̃ 2

R2 < 0. (2.27)

Then it follows
[X̃μ, X̃ν] =

i
κ
(aμX̃ν − aνX̃μ) (2.28)

and
[P̃μ, P̃ν] =

i
κ̃
(bμP̃ν − bνP̃μ). (2.29)

The relation (2.28) defines κ-Minkowski space, while (2.29) describes the Born-dual κ̃-Minkowski space. Taking into account (2.27) and
g44 = 0, g55 = 0, g45 = uv sin (φ + ψ) + abMR 1

κκ̃ , we get det g = −u2v2 cos2
(φ + ψ), and we demand that det g ≠ 0. The determinant depends

on the parameters u, v and the angle φ + ψ, but does not depend on the vectors aμ, bμ. If g44 = g55 = g45 = 0 and det g ≠ 0, then it follows that
a2
⋅ b2
> (a ⋅ b)2 and aμ and bμ cannot be collinear.

The algebra generated by X̃μ, P̃μ, Mμν and H̃ containing dual κ-Minkowski spaces and κ-Poincaré algebras (2.11)–(2.18) is constructed
from the Yang algebra (2.1)–(2.5) and is isomorphic to the o(1, 5, g) algebra. It depends on the parameters M, R, on the time-like four-vectors
aμ
κ , bμ

κ̃ (a
2
< 0, b2

< 0) and on g45, with the condition det g < 0. In the limit when M →∞, the vector aμ becomes light-like, a2
= 0. In the limit

when R→∞, the vector bμ becomes light-like, b2
= 0 and in the limit when M →∞ and R→∞, both vectors aμ, bμ become light-like. In

particular, in the limit when R→∞ and bμ
κ̃ = 0 we get the κ-Minkowski space with the κ-Poincaré algebra, with a2

≤ 0 and

[X̃μ, X̃ν] =
i
κ
(aμX̃ν − aνX̃μ), (2.30)

[P̃μ, P̃ν] = 0, (2.31)

[X̃μ, P̃ν] = i(ημνH̃ −
1
κ

aνP̃μ), (2.32)

[Mμν, X̃λ] = i(ημλX̃ν − ηνλX̃μ +
1
κ
(aμMλν − aνMλμ)), (2.33)

[Mμν, P̃λ] = i(ημλP̃ν − ηνλP̃μ), (2.34)

[Mμν, H̃] =
−i
κ
(aνP̃μ − aμP̃ν), (2.35)

[H̃, X̃μ] =
−i
κ

aμH̃, (2.36)

[H̃, P̃μ] = 0. (2.37)

Alternatively when M →∞ and aμ
κ = 0, we get the dual κ-Minkowski momentum space with b2

≤ 0. Finally, when M →∞, R→∞ and aμ
κ =

bμ
κ̃ = 0, we get the ordinary Heisenberg algebra, where H̃ is a central element commuting with X̃μ, P̃μ and Mμν, implying that H̃ is proportional

to the identity operator I. The special case M = κ and R = κ̃ is described in Ref. 30.

III. GENERALIZED YANG MODELS ISOMORPHIC TO o(2, 4, g)
In this section we consider the case ϵ1 = 1, ϵ2 = −1, i.e., ηAB = diag(−1, 1, 1, 1, 1,−1), while the case ϵ1 = −1, ϵ2 = 1 is mentioned at the end

of Subsection III A. The Yang algebra isomorphic to o(2, 4) is defined as

[x̂μ, x̂ν] =
i

M2 Mμν, [p̂μ, p̂ν] =
−i
R2 Mμν, (3.1)
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[Mμν, x̂λ] = i(ημλ x̂ν − ηνλ x̂μ), [Mμν, p̂λ] = i(ημλp̂ν − ηνλp̂μ), (3.2)

[x̂μ, p̂ν] = iημνĥ, [ĥ, x̂μ] =
i

M2 p̂μ, [ĥ, p̂μ] =
i

R2 x̂μ, (3.3)

[Mμν, ĥ] = 0, (3.4)

[Mμν, Mρσ] = i(ημρMνσ − ημσMνρ − ηνρMμσ + ηνσMμρ). (3.5)

Let us construct new generators X̃μ, P̃μ

X̃μ = u(cosh φx̂μ +
R
M

sinh φp̂μ) +
1
κ

aρMμρ, (3.6)

P̃μ = v(cosh ψp̂μ +
M
R

sinh ψ x̂μ) +
1
κ̃

bρMμρ (3.7)

and
M̃μν =Mμν. (3.8)

The generators X̃μ, P̃μ, Mμν, and H̃ generate a new class of Lie algebras isomorphic to the o(2, 4) Yang algebra

[X̃μ, X̃ν] = i(
1

M2 (u2
+ a2 M2

κ2 )Mμν +
1
κ
(aμX̃ν − aνX̃μ)), (3.9)

[P̃μ, P̃ν] = i(
1

R2 (−v2
+ b2 R2

κ̃ 2 )Mμν +
1
κ̃
(bμP̃ν − bνP̃μ)), (3.10)

[X̃μ, P̃ν] = i(ημνH̃ +
1
κ̃

bμX̃ν −
1
κ

aνP̃μ +
1

MR
(uv sinh (ψ − φ) + abMR

1
κκ̃
)Mμν), (3.11)

[Mμν, X̃λ] = i(ημλX̃ν − ηνλX̃μ +
1
κ
(aμMλν − aνMλμ)), (3.12)

[Mμν, P̃λ] = i(ημλP̃ν − ηνλP̃μ +
1
κ̃
(bμMλν − bνMλμ)), (3.13)

where
H̃ = ĥuv cosh (ψ − φ) +

1
κ

aP̃ −
1
κ̃

bX̃ −
1
κκ̃

aρbσMρσ (3.14)

and
[Mμν, H̃] = i(

1
κ̃
(bνX̃μ − bμX̃ν) −

1
κ
(aνP̃μ − aμP̃ν)), (3.15)

[H̃, X̃μ] = i(
1

M2 (u2
+ a2 M2

κ2 )P̃μ −
1

MR
(uv sinh (ψ − φ) + abMR

1
κκ̃
)X̃μ −

1
κ

aμH̃), (3.16)

[H̃, P̃μ] = −i(
1

R2 (−v2
+ b2 R2

κ̃ 2 )X̃μ −
1

MR
(uv sinh (ψ − φ) + abMR

1
κκ̃
)P̃μ +

1
κ̃

bμH̃). (3.17)

The Born duality holds for M↔ R, κ↔ κ̃, aμ → −bμ, bμ → aμ, u↔ v,φ→ −ψ,ψ → −φ, X̃μ → −P̃μ, P̃μ → X̃μ, Mμν ↔Mμν, H̃ ↔ H̃ and ϵ1 ↔ ϵ2.
If aμ

κ = 0 and bμ
κ̃ = 0 then the above algebra reduces to a Khruschev–Leznov model7 isomorphic to the o(2, 4) algebra, with ρ = uv sinh(ψ − φ).

If we define
M̃μ4 =MX̃μ, M̃μ5 = RP̃μ, M̃45 =MRH̃ (3.18)

as in (2.21) then the algebra (3.9)–(3.17) becomes an o(2, 4, g) algebra and [M̃AB, M̃CD] is given in (2.22), with the metric gAB given by a
symmetric matrix defined as

gμν = ημν, gμ4 =
M
κ

aμ, gμ5 =
R
κ̃

bμ, g44 = u2
+ a2 M2

κ2 , g55 = −v2
+ b2 R2

κ̃ 2 ,

and g45 = g54 = uv sinh (ψ − φ) + abMR
1
κκ̃

, A, B, C, D = 0, 1, 2, 3, 4, 5.
(3.19)

The inverse relations are given by

u2
= g44 − gμ4gμ4, v2

= gμ5gμ5 − g55 and sinh (ψ − φ) =
1

uv
(g45 − gμ4gμ5). (3.20)
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Note that
det g = (g45 − gμ4gμ5)

2
− (g44 − gμ4gμ4)(g55 − gν5gν5) ≥ 1, (3.21)

and gAB = (SηST
)

AB
, det S2

= det g with

S =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

−
M
κ

a0
M
κ

a1
M
κ

a2
M
κ

a3 σ 0

−
R
κ̃

b0
R
κ̃

b1
R
κ̃

b2
R
κ̃

b3 υ τ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (3.22)

where σ = u, υ = v sinh(ψ − φ) and τ = v cosh(ψ − φ).
The relations between M̃AB and MAB can be written as M̃AB = (SMST

)
AB

with the matrix S as above.

A. Dual κ-Minkowski spaces and κ-Poincaré algebras isomorphic to o(2, 4, g)
If we impose g44 = 0 and g55 = 0, we obtain

a2
= −u2 κ2

M2 < 0, b2
= v2 κ̃ 2

R2 > 0 (3.23)

and [X̃μ, X̃ν], [P̃μ, P̃ν] are as in Subsection II A. Taking into account (3.23) and g44 = 0, g55 = 0, g45 = uv sinh (ψ − φ) + abMR 1
κκ̃ , we get

det g = u2v2 cosh2
(ψ − φ) ≥ 1, which depends on the parameters u, v and ψ − φ, but does not depend on the vectors aμ, bμ.

Alternatively if ϵ1 = −1, ϵ2 = 1 we get a new class of algebras isomorphic to o(2, 4, g) with a metric

gμν = ημν, gμ4 =
M
κ

aμ, gμ5 =
R
κ̃

bμ, g44 = −u2
+ a2 M2

κ2 , g55 = v2
+ b2 R2

κ̃ 2 , and

g45 = g54 = −uv sinh (ψ − φ) + ab
MR
κκ̃

.
(3.24)

Now if we impose g44 = 0 and g55 = 0, we obtain

a2
= u2 κ2

M2 > 0, b2
= −v2 κ̃ 2

R2 < 0. (3.25)

Taking into account (3.25) and g44 = 0, g55 = 0, g45 = −uv sinh (ψ − φ) + abMR 1
κκ̃ we get det g = u2v2 cosh2

(ψ − φ) ≥ 1.

IV. GENERALIZED YANG MODELS ISOMORPHIC TO o(3, 3, g)
In this section we consider the case ϵ1 = ϵ2 = −1, i.e., ηAB = (−1, 1, 1, 1,−1,−1). The Yang algebra isomorphic to o(3, 3) is defined as

[x̂μ, x̂ν] =
−i
M2 Mμν, [p̂μ, p̂ν] =

−i
R2 Mμν, (4.1)

[Mμν, x̂λ] = i(ημλ x̂ν − ηνλ x̂μ), [Mμν, p̂λ] = i(ημλp̂ν − ηνλp̂μ), (4.2)

[x̂μ, p̂ν] = iημνĥ, [ĥ, x̂μ] =
−i
M2 p̂μ, [ĥ, p̂μ] =

i
R2 x̂μ, (4.3)

[Mμν, ĥ] = 0, (4.4)

[Mμν, Mρσ] = i(ημρMνσ − ημσMνρ − ηνρMμσ + ηνσMμρ), (4.5)

Let us construct the new generators

X̃μ = u(cos φx̂μ +
R
M

sin φp̂μ) +
1
κ

aρMμρ, (4.6)

P̃μ = v(cos ψp̂μ +
M
R

sin ψ x̂μ) +
1
κ̃

bρMμρ. (4.7)
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The generators X̃μ, P̃μ, Mμν and H̃ generate a new class of Lie algebras isomorphic to the o(3, 3) algebra

[X̃μ, X̃ν] = i(
1

M2 (−u2
+ a2 M2

κ2 )Mμν +
1
κ
(aμX̃ν − aνX̃μ)), (4.8)

[P̃μ, P̃ν] = i(
1

R2 (−v2
+ b2 R2

κ̃ 2 )Mμν +
1
κ̃
(bμP̃ν − bνP̃μ)), (4.9)

[X̃μ, P̃ν] = i(ημνH̃ +
1
κ̃

bμX̃ν −
1
κ

aνP̃μ +
1

MR
(−uv sin (φ + ψ) + abMR

1
κκ̃
)Mμν), (4.10)

[Mμν, X̃λ] = i(ημλX̃ν − ηνλX̃μ +
1
κ
(aμMλν − aνMλμ)), (4.11)

[Mμν, P̃λ] = i(ημλP̃ν − ηνλP̃μ +
1
κ̃
(bμMλν − bνMλμ)), (4.12)

where

H̃ = ĥuv cos (φ + ψ) +
1
κ

aP̃ −
1
κ̃

bX̃ −
1
κκ̃

aρbσMρσ (4.13)

and

[Mμν, H̃] = i(
1
κ̃
(bνX̃μ − bμX̃ν) −

1
κ
(aνP̃μ − aμP̃ν)), (4.14)

[H̃, X̃μ] = i(
1

M2 (−u2
+ a2 M2

κ2 )P̃μ −
1

MR
(−uv sin (φ + ψ) + abMR

1
κκ̃
)X̃μ −

1
κ

aμH̃), (4.15)

[H̃, P̃μ] = −i(
1

R2 (−v2
+ b2 R2

κ̃ 2 )X̃μ −
1

MR
(−uv sin (φ + ψ) + abMR

1
κκ̃
)P̃μ +

1
κ̃

bμH̃). (4.16)

The Born duality holds as in Secs. II and III. If aμ
κ = 0 and bμ

κ̃ = 0 then the algebra (4.8)–(4.16) reduces to a model of Khruschev-Leznov type7

isomorphic to an o(3, 3) algebra, with ρ = −uv sin(φ + ψ).
If we define

M̃μ4 =MX̃μ, M̃μ5 = RP̃μ, M̃45 =MRH̃ (4.17)

then the algebra (4.8)–(4.16) becomes the o(3, 3, g) algebra and [M̃AB, M̃CD] is as in Secs. II and III, with the metric gAB given by

gμν = ημν, gμ4 =
M
κ

aμ, gμ5 =
R
κ̃

bμ, g44 = −u2
+ a2 M2

κ2 , g55 = −v2
+ b2 R2

κ̃ 2 ,

g45 = g54 = −uv sin (φ + ψ) + abMR
1
κκ̃

, A, B, C, D = 0, 1, 2, 3, 4, 5.
(4.18)

Note that det g < 0 and det S2
= −det g with S given in (2.26) where σ = u, υ = v sin(φ + ψ) and τ = v cos(φ + ψ).

A. Dual κ-Minkowski spaces and κ-Poincaré algebras isomorphic to o(3, 3, g)
When we impose g44 = 0 and g55 = 0, we obtain

a2
= u2 κ2

M2 > 0, b2
= v2 κ̃ 2

R2 > 0 (4.19)

and we get [X̃μ, X̃ν], [P̃μ, P̃ν] as in Subsections II A and III A: then [X̃μ, X̃ν] defines the κ-Minkowski space and [P̃μ, P̃ν] the Born dual
κ̃-Minkowski space. In particular, when g44 = 0, g55 = 0, g45 = −uv sin (φ + ψ) + abMR 1

κκ̃ , we get det g = −u2v2 cos2
(φ + ψ) and det g ≠ 0. The

determinant depends on the parameters u, v and φ + ψ, but not on the vectors aμ and bμ. If g44 = 0, g55 = 0, g45 = 0, det g < 0 we get (ab)2

− a2b2
< 0, i.e., a2b2

> 0 and the vectors aμ and bμ cannot be collinear.
The algebra generated by X̃μ, P̃μ, H̃ and Mμν containing dual κ-Minkowski spaces is constructed from the Yang algebra and is isomorphic

to the o(3, 3, g) algebra. It depends on the parameters M, R and space-like vectors aμ
κ , bμ

κ̃ , a2
> 0, b2

> 0, and g45, with det g < 0.
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B. Unification of the four cases ϵ1 = ±1, ϵ2 = ±1
All four cases ϵ1 = ±1, ϵ2 = ±1 considered in Secs. II–IV can be unified in the following way:

gμν = ημν, gμ4 =
M
κ

aμ, gμ5 =
R
κ̃

bμ,

g44 = ϵ1u2
+ a2 M2

κ2 , g55 = ϵ2v2
+ b2 R2

κ̃ 2 ,

g45 = g54 =
√
ϵ1ϵ2uv sin (

√
ϵ1ϵ2(ϵ1φ + ϵ2ψ)) + abMR

1
κκ̃

,

det g = −ϵ1ϵ2 cos2
(
√
ϵ1ϵ2(ϵ1φ + ϵ2ψ)),

(4.20)

where the square roots are taken with the positive sign.
The cases gμ4 = gμ5 = 0, g45 ≠ 0, ϵ1 = ±1, ϵ2 = ±1 correspond to the Khruschev–Leznov type of models given in Ref. 7. The corresponding

algebras containing dual κ-Minkowski spaces and κ-Poincaré algebras are defined as

[X̃μ, X̃ν] =
i
κ
(aμX̃ν − aνX̃μ), (4.21)

[P̃μ, P̃ν] =
i
κ̃
(bμP̃ν − bνP̃μ), (4.22)

[X̃μ, P̃ν] = i(ημνH̃ +
1
κ̃

bμX̃ν −
1
κ

aνP̃μ + (
√
ϵ1ϵ2uv
MR

sin (
√
ϵ1ϵ2(ϵ1φ + ϵ2ψ)) +

ab
κκ̃
)Mμν), (4.23)

[Mμν, X̃λ] = i(ημλX̃ν − ηνλX̃μ +
1
κ
(aμMλν − aνMλμ)), (4.24)

[Mμν, P̃λ] = i(ημλP̃ν − ηνλP̃μ +
1
κ̃
(bμMλν − bνMλμ)), (4.25)

[Mμν, H̃] = i(
1
κ̃
(bνX̃μ − bμX̃ν) −

1
κ
(aνP̃μ − aμP̃ν)), (4.26)

[H̃, X̃μ] = −i((
√
ϵ1ϵ2

MR
uv sin (

√
ϵ1ϵ2(ϵ1φ + ϵ2ψ)) +

ab
κκ̃
)X̃μ +

1
κ

aμH̃), (4.27)

[H̃, P̃μ] = i((
√
ϵ1ϵ2

MR
uv sin (

√
ϵ1ϵ2(ϵ1φ + ϵ2ψ)) +

ab
κκ̃
)P̃μ −

1
κ̃

bμH̃), (4.28)

where

H̃ = ĥ det S +
1
κ

aP̃ −
1
κ̃

bX̃ −
1
κκ̃

aρbσMρσ (4.29)

and

a2
= −ϵ1u2 κ2

M2 , b2
= −ϵ2v2 κ̃ 2

R2 . (4.30)

Generally if φ = ψ = 0 then the algebra (4.8)–(4.16) depends only on the parameters aμ
κ and bμ

κ̃ . The case a2
< 0, b2

< 0 corresponds to ϵ1 = ϵ2

= 1 and is related to the o(1, 5) algebra. The cases a2
< 0, b2

> 0 and a2
> 0, b2

< 0 correspond to ϵ1 = 1, ϵ2 = −1 and ϵ1 = −1, ϵ2 = 1, respec-
tively, and are related to the o(2, 4) algebra. The case a2

> 0, b2
> 0, that corresponds to ϵ1 = ϵ2 = −1, is related to the o(3, 3) algebra. The case

a2
= 0 implies M →∞ i.e. [x̂μ, x̂ν] = 0 and the case b2

= 0 implies R→∞ i.e., [p̂μ, p̂ν] = 0.
In particular, if X̃μ = x̂μ + 1

κaρMμρ, P̃μ = p̂μ, H̃ = ĥ + 1
κap̂ i.e., u = v = 1,φ = ψ = 0 and bμ

κ̃ = 0, the above algebra becomes the algebra
(2.30)–(2.37). This algebra coincides with the construction of the natural realizations for the κ-Poincaré algebra presented in Ref. 35. In
addition, if aμ

κ = 0 we get the ordinary Heisenberg algebra with the Lorentz algebra, where H̃ is a central element commuting with X̃μ, P̃μ and
Mμν and is proportional to the identity operator I.

V. WEYL REALIZATION FOR GENERALIZED YANG MODEL AND DUAL κ-MINKOWSKI SPACES
In this section we consider Weyl realization for orthogonal algebras o(1, 5), o(2, 4), o(3, 3) and o(1, 5, g), o(2, 4, g), o(3, 3, g) and for

dual κ-Minkowski spaces, using a formalism analogue to that of Refs. 27 and 28.
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A. Weyl realizations for o(1, 5),o(2, 4),o(3, 3) algebras
Let us consider the algebra defined as

[MAB, MCD] = iCAB,CD
EFMEF = i(ηACMBD − ηADMBC + ηBDMAC − ηBCMAD), (5.1)

where ηAB = diag(−1, 1, 1, 1, ϵ1, ϵ2), corresponding to the algebra o(1, 5) for ϵ1 = ϵ2 = 1, to o(2, 4) for ϵ1 = 1, ϵ2 = −1 or ϵ1 = −1, ϵ2 = 1, and to
o(3, 3) for ϵ1 = ϵ2 = −1. The definition (5.1) implies

CAB,CD
EF
=

1
2
[−ηBC(δA

EδD
F
− δA

FδD
E
) + ηAD(δC

EδB
F
− δC

FδB
E
) − (A↔ B)]. (5.2)

Starting with the generalized Heisenberg algebra defined with the commutative coordinates xAB and their corresponding momenta kAB

[xAB, xCD] = [kAB, kCD
] = 0, [xAB, kCD

] = i(δA
CδB

D
− δA

DδB
C
), (5.3)

where kCD
= ηCMηDN kMN and using the general Weyl realization of a Lie algebras corresponding to the Weyl symmetric ordering29,36 we

express the generators MAB as

MAB = xCD(
C

1 − e−C )
AB

CD
, (5.4)

where CAB
CD
= − 1

2 CAB,EF
CDkEF .

The structure constants CAB,EF
CD are multiplied with h, in our convention h = 1 and in the classical limit when h = 0 all the generators

commute. The Weyl realization of MAB in terms of the generalized Heisenberg algebra generated with xAB and kAB reads up to second order,

MAB = xAB +
1
2

xCDCAB
CD
+

1
12

xCD(C2
)

AB

CD
(5.5)

where
CAB

EF
=

1
2
(δA

EkB
F
+ δB

FkA
E
− (E↔ F)), (5.6)

(C2
)

AB

EF
=

1
2
(2kA

EkB
F
+ δB

FkACkCE
+ δA

EkBCkCF
− (E↔ F)), (5.7)

and the indices are lowered and raised by the means of the metric ηAB and ηAB, respectively. Inserting C in (5.5) we find up to first order

MAB = xAB +
1
2
(xAEkB

E
− xBEkA

E
) (5.8)

and
[MAB, kCD

] = i(δA
CδB

D
− δA

DδB
C
) +

i
2
(δA

CkB
D
− δB

CkA
D
+ δB

DkA
C
− δA

DkB
C
). (5.9)

We can write xAB and kAB in the terms of the four-dimensional variables

kμ4
=

qμ

M
, kμ5

=
yμ

R
, k45

=
w

MR
, (5.10)

xμ4 =Mxμ, xμ5 = Rpμ, x45 =MRh, (5.11)

so that
[xμ, qν] = iδνμ, [pμ, yν] = iδνμ, [h, w] = i. (5.12)

B. Weyl realizations for o(1, 5, g),o(2, 4, g) and o(3, 3, g) algebras
The algebras o(1, 5, g), o(2, 4, g) and o(3, 3, g) generated by the M̃AB are defined as

[M̃AB, M̃CD] = iC̃AB,CD
EFM̃EF = i(gACM̃BD − gADM̃BC + gBDM̃AC − gBCM̃AD), (5.13)

with gAB = (SηST
)

AB
, corresponding to o(1, 5, g), o(2, 4, g), o(3, 3, g). As in Subsection V A, starting with the generalized Heisenberg algebra

defined with the commutative coordinates XAB and their corresponding momenta KAB

[XAB, XCD] = [KAB, KCD
] = 0, [XAB, KCD

] = i(δA
CδB

D
− δA

DδB
C
), (5.14)
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where KCD
= gCM gDN KMN , and using the general Weyl realization of the Lie algebras corresponding to the Weyl symmetric ordering29,36 we

express the generators M̃AB as

M̃AB = XCD(
C̃

1 − e−C̃
)

AB

CD

, (5.15)

where
C̃ AB

CD
= −

1
2

C̃ CD
AB,EF KEF (5.16)

and
C̃ CD

AB,EF =
1
2
[−gBE(δA

CδF
D
− δA

DδF
C
) + gAF(δE

CδB
D
− δE

DδB
C
) − (A↔ B)]. (5.17)

Note that M̃AB = (SMST
)

AB
, XAB = (SxST

)
AB

, KAB
= (S‡ kS−1

)
AB

, where S‡
= (S−1

)
T

. The Weyl realization of M̃AB in the terms of the
generalized Heisenberg algebra in terms of XAB and KAB reads up to second order,

M̃AB = XAB +
1
2

XCDC̃ CD
AB +

1
12

XCD(C̃ 2
)

AB

CD
, (5.18)

where C̃ CD
AB and (C̃ 2

)
AB

CD
are as in (5.6) and (5.7), respectively, with k→ K. The indices are lowered and raised with the metric gAB and

gAB, respectively. Inserting C in (5.18) we find up to first order

M̃AB = XAB +
1
2
(XAEKB

E
− XBEKA

E
) (5.19)

and
[M̃AB, KCD

] = i(δA
CδB

D
− δA

DδB
C
) +

i
2
(δA

CKB
D
− δB

CKA
D
+ δB

DKA
C
− δA

DKB
C
). (5.20)

The Weyl realization M̃ AB given in (5.15)–(5.17) enjoys the property

e
1
2 tABM̃ AB

▹ 1 = e
1
2 tABXAB

, (5.21)

where tAB are real numbers transforming as tensors, and the action ▹ of phase space operators on functions f of the coordinates XAB is defined
as

XAB ▹ f (XEF) = XAB f (XEF), KAB
▹ f (XEF) = −i

∂ f (XEF)

∂XAB
= [KAB, f (XEF)]. (5.22)

In particular
XAB ▹ 1 = XAB, KAB ▹ 1 = 0, (5.23)

KAB
▹ e

1
2 tEF XEF

= tABe
1
2 tEF XEF

. (5.24)

Also, as in Subsection V A, we can write the generators XAB and KAB in terms of the four-dimensional variables

Kμ4
=

Qμ

M
, Kμ5

=
Yμ

R
, K45

=
W

MR
, (5.25)

Xμ4 =MXμ, Xμ5 = RPμ, X45 =MRH, (5.26)

so that
[Xμ, Qν] = iδνμ, [Pμ, Yν] = iδνμ, [H, W] = i. (5.27)

C. Weyl realization for dual κ Minkowski spaces
The generators M̃AB can be written in terms of the four-dimensional variables with Greek indices (M̃μν, X̃μ, P̃μ, H̃, expressed in terms of

Mμν, Xμ, Pμ, H, and Kμν, Qμ, Yμ, W). They are

M̃μν = Xμν +
1
2
(Xμα(Kν

α
−

1
M

gν4Qα
−

1
R

gν5Yα
)

+ Xμ(Qν −
1
R

gν5W) + Pμ(Yν +
1
M

gν4W) − (u↔ v)), (5.28)
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X̃μ = Xμ +
1
2
(−

1
M

Xμν(gα4Kνα
+

1
M

g44Qν
+

1
R

g45Yν
) +

1
M

Xμ(gν4Qν
−

1
R

g45W)

+ Xν(Kμ
ν
−

1
M

gμ4Qν
−

1
R

gμ5Yν
) +

1
M

Pμ(gν4Yν
+

1
M

g44W) −H(Yμ +
1
M

gμ4W)), (5.29)

P̃μ = Pμ +
1
2
(−

1
R

Xμν(gα5Kνα
+

1
M

g45Qν
+

1
R

g55Yν
) +

1
R

Pμ(gν5Yν
+

1
M

g45W)

+ Pν(Kμ
ν
−

1
R

gμ5Yν
−

1
M

gμ4Qν
) +

1
R

Xμ(gν5Qν
−

1
R

g55W) +H(Qμ −
1
R

gμ5W)), (5.30)

H̃ = H +
1
2
(

1
R

Xμ(gν5Kμν
+

1
M

g45Qμ
+

1
R

g55Yμ
)

−
1
M

Pμ(
1
M

g44Qμ
+

1
R

g45Yμ
+ gν4Kμν

) +H(
1
R

gμ5Yμ
+

1
M

gμ4Qμ
)). (5.31)

For the dual κ-Minkowski spaces g44 = 0, g55 = 0, see (4.21)–(4.30). The other realizations can be obtained from the Weyl realizations of M̃W
AB

by using similarity transformation
M̃AB = SM̃W

AB S−1, (5.32)

where S = exp (G), with G = XF(K), F(K) being a function of K. The corresponding realizations will be linear in X and can be written as a
series in K. The corresponding coproducts, star products and twists can be obtained by using this similarity transformation.8

VI. COPRODUCT, STAR PRODUCT, AND TWIST IN WEYL REALIZATION
Formulae for coproduct and deformed addition of momenta for the generalized Yang model and dual κ-Minkowski spaces are written

in terms of the curved metric gAB and are deduced using results of Refs. 27, 28, and 36. The corresponding coproducts for the momenta,
ΔKμν,ΔQμ,ΔYμ,ΔW are coassociative, see Ref. 14. Defining

exp(
i
2

sABM̃AB) exp(
i
2

tCDM̃CD) = exp(
i
2
(sAB
⊕ tAB

)M̃AB) = exp(
i
2
DAB
(s, t)M̃AB), (6.1)

where sAB and tAB transform as tensors of corresponding orthogonal algebra. One has at first order

DAB
(sCD, tCD

) = sAB
+ tAB

−
1
2
(sACtB

C − sBCtA
C). (6.2)

In the following all formulae are written in the first order. The coproduct ΔKAB is

ΔKAB
= DAB

(KAB
⊗ 1, 1⊗ KAB

) = Δ0KAB
−

1
2
(KAC

⊗ KB
C − KBC

⊗ KA
C), (6.3)

where Δ0KAB
= KAB

⊗ 1 + 1⊗ KAB. In components, it reads

ΔKμν
= Δ0Kμν

−
1
2
(Kμα

⊗ Kα
ν
+

1
M2 g44Qμ

⊗Qν
+

1
R2 g55Yμ

⊗ Yν

+
1

MR
g45(Qμ

⊗ Yν
+ Yμ

⊗Qν
) +

1
M

gα4(Kμα
⊗Qν

+Qμ
⊗ Kνα

)

+
1
R

gα5(Kμα
⊗ Yν

+ Yμ
⊗ Kνα

) − (u↔ v)), (6.4)

ΔQμ
= Δ0Qμ

−
1
2
(−Kμα

⊗Qα +Qα ⊗ Kμα
+

1
MR

g45(Qμ
⊗W −W ⊗Qμ

)

+
1

R2 g55(Yμ
⊗W −W ⊗ Yμ

) +
1
R

gα5(Kμα
⊗W −W ⊗ Kμα

)

−
1
M

gα4(Qμ
⊗Qα

−Qα
⊗Qμ

) −
1
R

gα5(Yμ
⊗Qα

−Qα
⊗ Yμ

)), (6.5)

ΔYμ
= Δ0Yμ

−
1
2
(−Kμα

⊗ Yα + Yα ⊗ Kμα
−

1
MR

g45(Yμ
⊗W −W ⊗ Yμ

)
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+
1

M2 g44(W ⊗Qμ
−Qμ

⊗W) −
1
M

gα4(Kμα
⊗W −W ⊗ Kμα

)

−
1
M

gα4(Qμ
⊗ Yα

− Yα
⊗Qμ

) −
1
R

gα5(Yμ
⊗ Yα

− Yα
⊗ Yμ

)), (6.6)

ΔW = Δ0W −
1
2
(Qα
⊗ Yα − Yα

⊗Qα +
1
R

gα5(Yα
⊗W −W ⊗ Yα

)

+
1
M

gα4(Qα
⊗W −W ⊗Qα

)). (6.7)

The antipodes of Kμν, Qμ, Yμ and W are trivial. The star product is defined as

e
1
2 sABXAB ⋆ e

1
2 tCDXCD = e

1
2 DAB(s,t)XAB , (6.8)

where DAB
(s, t) is given in (6.2). This star product is associative.

Defining Dμ
= Dμ4, D̄ μ

= Dμ5, D = D45, the four-dimensional expression of DAB
(s, t) is given by

Dμν
(s, t) = sμν + tμν −

1
2
(sμρtνρ +

1
M2 g44sμtν +

1
R2 g55 s̄ μ t̄ ν +

1
MR

g45(sμ t̄ ν + s̄ μtν)

+
1
M

gμ4(sμρtν + sμtνρ) +
1
R

gμ5(sμρ t̄ ν + s̄ μtνρ) − (u↔ v)), (6.9)

Dμ
(s, t) = sμ + tμ −

1
2
(sμρtρ − tμρsρ +

1
MR

g45(sμt − stμ) +
1

R2 g55(s̄ μt − st̄ μ) +
1
R

gμ5(sμρt − stμρ)), (6.10)

D̄ μ
(s, t) = s̄ μ + t̄ μ −

1
2
(sμρ t̄ρ − s̄ρtμρ −

1
MR

g45(s̄ μt − st̄ μ) +
1

M2 g44(sμt − stμ) −
1
M

gμ4(sμρt − stμρ)), (6.11)

D(s, t) = s + t −
1
2
(sρ t̄ρ − s̄ ρtρ), (6.12)

where we have defined the components of tensors tAB corresponding to the orthogonal algebra as tμ = tμ4, t̄ μ = tμ5, t = t45 and analogously for
sAB.

Now, we construct the twist operator at first order as in Refs. 27 and 36. The twist is defined as a bilinear operator such that

ΔKAB
= F (Δ0KAB

)F
−1 (6.13)

for momenta KAB belonging to the corresponding orthogonal algebra. The twist was introduced in the context of the NC geometry in Refs.
37 and 38 as a useful tool in construction of quantum field theories. In a Hopf algebroid approach39–41 the twist can be written as

F
−1
≡ eF
= e−

i
2 KAB⊗XAB e

i
2 KCD⊗M̃CD. (6.14)

Using the BCH formula one gets

F =
i
2

KAB
⊗ (M̃AB − XAB) (6.15)

and substituing (5.19) into (6.15) one has

F =
i
2

KAC
⊗ XABKC

B. (6.16)

In terms of components, one can write

F =
i
2
(Kμν

⊗ [Xμα(Kν
α
−

1
M

gν4Qα
−

1
R

gν5Yα
) + Xμ(Qν −

1
R

gν5W) + Pμ(Yν +
1
M

gν4W)]

+Qμ
⊗ [−

1
M

Xμν(gα4Kνα
+

1
M

g44Qν
+

1
R

g45Yν
) +

1
M

Xμ(gα4Qα
−

1
R

g45W) +
1
M

Pμ(gα4Yα
+

1
M

g44W)]

+ Xν(Kμ
ν
−

1
M

gμ4Qν
−

1
R

gν5Yν
) +H(Yμ +

1
M

gμ4W)]

+ Pμ ⊗ [−
1
R

Xμν(gα5Kνα
+

1
M

g45Qν
+

1
R

g55Yν
) +

1
R

Xμ(gα5Qα
−

1
R

g55W) +
1
R

Pμ(gα5Yα
+

1
M

g45W)]

+ Pν(Kμ
ν
−

1
M

gμ4Qν
−

1
R

gν5Yν
) +H(Qμ −

1
R

gμ5W)]
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+W ⊗ [
1
R

Xμ(gν5Kμν
+

1
M

g45Qμ
+

1
R

g55Yμ
) −

1
M

Pμ(gν4Kμν
+

1
M

g44Qμ
+

1
R

g45Yμ
)

+H(
1
R

gμ5Yμ
+

1
M

gμ4Qμ
)]). (6.17)

The coproducts, star product and twist for the Yang model for different orthogonal algebras can be derived from the above results setting
u = v = 1,φ = ψ = 0 and aμ = bμ = 0.

VII. REDUCED DUAL κ-MINKOWSKI SPACES AND κ-POINCARÉ ALGEBRAS
Let us now consider the reduced Yang models, introduced in Ref. 34. If the quadratic Casimir operator of the orthogonal algebra (2.20),

1
2 MABMAB with metric ηAB, is restricted to a constant value ϵ1ϵ2M2R2, then the generator M45 can be expressed in terms of the other 14
generators. Consequently, for a Yang algebra (2.1)–(2.5), one can define a nonlinear algebra with 14 generators, called reduced Yang algebra,
with

ĥ =
√

1 −
ϵ2

R2 x̂μ x̂ μ
−

ϵ1

M2 p̂μp̂ μ
−

ϵ1ϵ2

2M2R2 MαβMαβ. (7.1)

It has been shown in Ref. 34, that this expression for ĥ satisfies the relations (2.3) and (2.4) and hence all the Yang algebra commutation
relations (2.1)–(2.5) hold.

Following the construction in Secs. II–IV, we can define H̃, X̃μ, P̃μ, and Mμν, using the above expression of ĥ (7.1). For the dual
κ-Minkowski space and κ-Poincaré algebra, using the results of Subsection IV B we obtain the relations for H̃, X̃μ, P̃μ, Mμν in the terms
of x̂μ, p̂μ, ĥ, Mμν. The relation (4.29) for H̃ is the same but with ĥ (7.1) expressed in the terms of X̃μ, P̃μ, Mμν.

In the special case u = v = 1, ϕ = ψ = 0,

X̃μ = x̂μ +
1
κ

aρMμρ, P̃μ = p̂μ +
1
κ̃

bρMμρ, (7.2)

H̃ = ĥ +
1
κ

a ⋅ P̃ −
1
κ̃

b ⋅ X̃ −
1
κκ̃

aρbσMρσ , (7.3)

taking into account that in (7.1) the following changes should be made

−
ϵ1

M2 =
a2

κ2 ,−
ϵ2

R2 =
b2

κ̃ 2 . (7.4)

Relations (4.26)–(4.28) are still valid. Moreover, in the limit κ̃→∞ we obtain

X̃μ = x̂μ +
1
κ

aρMμρ, P̃μ = p̂μ, (7.5)

H̃ =

√

1 +
a2

κ2 P̃μP̃ μ
+

1
κ

a ⋅ P̃ (7.6)

with the properties [H̃, X̃μ] = −
1
κaμH̃ and [H̃, P̃μ] = 0.

The generator H̃ is the shift operator and the case κ̃→∞ corresponds to the natural realization of κ-Poincaré algebra.35

VIII. CONCLUDING REMARKS
The Yang model describes a noncommutative geometry defined on a curved background. Its interest for physics resides in possible

applications to quantum cosmology. From a mathematical point of view, its most remarkable property is the existence of a Born duality
between positions and momenta.

The model is based on the Yang algebra (2.1)–(2.5), which depends on a mass M, a length R and the discrete parameters ϵ1 = ±1, ϵ2 = ±1,
and is isomorphic either to o(1, 5), o(2, 4), or o(3, 3) algebras with flat metrics ηAB, depending on the values of ϵ1 and ϵ2.

Performing general linear transformations that keep Lorentz generators unchanged, we have constructed a class of algebras depending
on parameters M, R, κ, κ̃, vectors aμ, bμ, and scalars u, v, ϵ1φ + ϵ2ψ, which are isomorphic either to o(1, 5, g), o(2, 4, g), or o(3, 3, g) algebras
with metric gAB (4.20) satisfying gμν = ημν. This construction unifies all Lorentz-invariant models isomorphic to orthogonal algebras and
generalizes the results of Ref. 30.

In particular, the dual κ-Minkowski and κ-Poincaré algebras introduced in Ref. 33 are obtained demanding g44 = 0, g55 = 0, with
det g ≠ 0, leading to the relations (4.30), a2

κ2 = −ϵ1
u2

M2 and b2

κ̃ 2 = −ϵ2
v2

R2 . The interest of such models is that they extend the standard κ-Minkowski
space to a dual formulation independent from the Snyder framework. In the limit M →∞, the vector aμ becomes light-like, a2

= 0, while for
R→∞, the vector bμ becomes light-like, b2

= 0. If in addition, κ→∞, κ̃→∞, the algebra reduces to the Heisenberg algebra.
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We have also obtained the Weyl realization of dual κ-Minkowski and κ-Poincaré algebras in terms of the metric g and thence the
corresponding coproduct, star product, and twist. Finally, following the suggestion of Ref. 34, we have constructed reduced κ-Minkowski
spaces and κ-Poincaré algebras, where the generator H̃ is no longer taken as independent, but as a function of the other 14 generators of the
algebra.

In this paper, we have considered only formal aspects of the theory. Possible physical effects can arise in the nonrelativistic limit, when one
may investigate the generalization of uncertainty relations and of the dynamics coming from the deformation of the Heisenberg commutation
relations, as in Refs. 34 and 42. One may also apply our results to models of doubly special relativity with a nontrivial spacetime background.
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