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We propose the doubly x-dependent Yang quantum phase space which describes the generalization of D =4

Yang model. We postulate that such model is covariant under the generalized Born map, what permits to derive
this new model from the earlier proposed x-Snyder model. Our model of D = 4 relativistic Yang quantum phase
space depends on five deformation parameters which form two Born map-related dimensionful pairs: (M, R)
specifying the standard Yang model and (x,&) characterizing the Born-dual x-dependence of quantum space-
time and quantum fourmomenta sectors; fifth parameter p is dimensionless and Born-selfdual. In the last section,
we propose the Kaluza-Klein generalization of D =4 Yang model and the new quantum Yang models described
algebraically by quantum-deformed 6(1, 5) algebras.

1. Introduction

Quantum Gravity (QG) describing the quantum dynamics of curved
space-times interacting with matter sources leads to the introduction
of noncommutative (NC) space-time coordinates X u (u=0,...,3) (see
e.g. [1,2]) and the NC relativistic quantum phase spaces (ff,,,l?,,) (see
e.g. [3-5]). Already in 1947 Snyder [6] and Yang [7] proposed the
first examples of Lorentz-covariant NC space-times and NC relativistic
quantum phase spaces. In the passage from classical to quantum gravity
the algebraic QG models describing NC geometry should contain the
explicit dependence on the Planck constant 7 (see e.g. [8-10]). We add
that in the limit # — O one gets from QG the commutative classical
models (see e.g. [10-14]).

Snyder model [6], which can be described by d6(1,4) algebraic rela-
tions, introduces the NC model of quantum relativistic space-time. Such
algebraic model does not provide a dynamical input determining e.g.
the time evolution of the system. However, there were also introduced
quantum dynamical particle models providing the Snyder algebra [6]
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derived from the constraints obtained from the quantized Dirac brack-
ets (see e.g. [15,16]).

The class of relativistic quantum phase spaces with NC quantum
space-time coordinates X, and commuting fourmomenta q, was pro-
posed already in [6]. Further it has been shown (see e.g. [17,18]) that
in such class of Snyder phase spaces there is a freedom in commutation
relations which can be described by an arbitrary function F(g?) [17].

The D=4 Yang model was introduced in [7] and incorporates in one
quantum relativistic phase space algebra the NC quantum space-time
coordinates %, as well as curved NC quantum fourmomenta §,,. This
quantum phase space depends on the pair of dimensionful parameters M
(IM]=LYH! and R ([R] = L"), describing the curvatures of NC space-
time and NC fourmomenta space which are both related by the Born
map [19], [20].

Further new versions of Snyder model were obtained by choosing
various realizations of Snyder algebra. From the algebraic point of view
these new models remain the same, however due to the physical in-
terpretations of the parameters one obtains effectively new physical
models in D=4 dimensions. In particular, one can embed into one
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algebraic model two types of quantum space-time noncommutativity:
the one characterizing the Snyder model and the other which provides
the «x-deformation of Minkowski space-time coordinates? [21-24] with
the parameter x often identified with the Planck mass (see e.g. [25]).
Consistent description of the quantum space-times with their noncom-
mutativity described by the sum of Snyder and x-Minkowski terms®
have been proposed earlier, see e.g. [26-30]. Moreover, the introduc-
tion of supplementary x-deformation terms in Snyder models has been
recently explained [31-34] as following from the suitable modification
of standard 6(1,4) realizations. By using two isomorphic realizations of
0(1,4) algebra one obtains two different D =4 physical models (Snyder
and x-Snyder). If the linear change of quantum space-time coordinates
contains the Lorentz symmetry generators (for details and explicit trans-
formation formulae see [31]) it describes the passage from Snyder to
k-Snyder models.

In the present paper (see also [35], [36]) we added the x-Minkowski
terms to the Yang model, what provides new Lorentz-covariant quan-
tum relativistic phase spaces described by doubly x-dependent Yang
models.* Since in Yang models we can introduce the pair of different -
Minkowski terms, in NC space-time and fourmomenta sectors, we need
two independent mass-like parameters x and k. We add that for simplic-
ity, instead of doubly x-dependent Yang models, we will use the shorter
notation (k, &)-Yang models. It appears that such pair of k-dependence
is related by the generalized Born map B, acting as follows (see also
[35], [36])

q X M < R, K<—>l. (€8}

X, >4,

Further, by using Jacobi identities one can show that in (k,&)-Yang
models one can still introduce (besides M, R, k and k) one additional
fifth dimensionless parameter p ([p] = L9), which can be linked with
the so-called TSR (“Triply Special Relativity”) model [37].°

The plan of our paper is the following.

In Sect. 2 we recall algebraic descriptions of Snyder and Yang mod-
els, and show how by using the generalized Born map one can derive
from x-Snyder model the (k, &)-Yang model.

In Sect. 3 we introduce the algebra of (x, k)-Yang model as covariant
under the generalized Born map (1). By extending the method presented
in [31-34] we show that the relations describing (k, K)-Yang model can
be obtained consistently by the suitable linear transformation of the
generators of 6(1,5). We point out that both D =4 standard Yang model
and the new D =4 (k, K)-Yang model can be described by two different
realizations of 6(1,5) algebra linked by the linear map.

In the last Sect. 4 we include brief conclusions and we present two
new ideas which we believe should be further developed.

2. From k-Snyder to doubly x-dependent Yang models

The NC algebraic structures in D =4 Snyder and Yang type mod-
els are described by Lie algebras 6(1,4) (D =4 dS algebra) and 4(1,5)
(D =5 dS algebra which is isomorphic to D =4 Euclidean confor-
mal algebra). In Snyder model, by using D =4 dS algebra generators
Mab = (]\;I”V, ]\514”) (a,b=0,1,...,4), one postulates the following iden-
tification of NC space-time coordinates (u,v =0, 1,2,3):

My, =M%, @

2 The NC k-deformation of Minkowski space-time can be rigorously derived
from quantum deformation of Poincaré algebra and its Hopf-dual quantum
Poincaré group.

3 Such models provide the so-called x-Snyder space-times.

4 The name “doubly x-deformed Yang models” (see e.g. [36]) we abandoned
in this paper because it could suggest that new models require the deformation
of Lie-algebraic structure 6(1,5) which describes standard Yang model.

5 In such a case one could introduce the notion of (x,&, p)-Yang models,
where p is Born self-dual parameter.
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where M denotes the inverse of the elementary length parameter
which plays the role of dimensionful mass-like deformation param-
eter, frequently identified with the Planck mass. The following set
of algebraic relations describes the D = 4 Snyder model [6]° with
Ny =diag(=1,1,1,1):

N ih

[X,,,xv] = WMMW 3
[M,,.%,]1=ih(n,,%, —1,,%,). @
[Myv’ Mp‘r] = ih(r’prvr - r]y‘erp + r]v‘r]\;[;lp - r’va;rr) (5)

where relations (4) express the Lorentz covariance of Snyder model and
(5) describes the relativistic Lorentz extension of quantum mechani-
cal nonrelativistic angular momentum 6(3) algebra, with #-dependence
used as in standard books on Quantum Mechanics (see e.g. [40,41]).

The Yang model is obtained if we supplement the relations (3)-(5)
by the algebraic relations for quantum relativistic fourmomenta §,,:

PO ih -~
[4,.4,1= FM’”’ (6)
[M,,.4,) = ih(n,,d, —n,,d,) @)

where in astrophysical applications R describes the cosmological D =4
dS radius. From the relations (2)-(7) it follows that we obtain 4(1,5)
Lie algebra with MAB = (]\;[”V, ]\;I4”, ]\;[5”, M45) (A,B=0,1,...5) if we
assign the generators Mj m M5 to the quantum fourmomenta variables

(iM as follows, see e.g. [39]:

Ms,=Rg,,  M,;=MR? 8)

where in D =4 the rescaled generator 7 describes the quantum internal
6(2) symmetry acting on the 6(2) doublet representation (%, §,):
_in [74.] _in

=220 7,4, R

The dimensionful factors R? and M? imply that the generator 7 is di-
mensionless, and determines the following basic relativistic Heisenberg
algebra relation:

9

[7,%,]

[%,.4,1= ifn, 7 (10)

where the case with # =1 corresponds to the canonical commutation
relations.

One should observe that the Yang model algebra described by the

relations (3)-(7) and (9)-(10) is covariant under the following Born map
B [19,20,42]
B: %,-4, 4,»>-%. MoR M,oM,, rei (@11
where B is a pseudo-involution satisfying the relation B* = 1, which
permits to define the Yang model as the Born-map extension of the
Snyder model.

k-Snyder model, proposed in [26,27], has the following two-
parameter extension of the relations (3)-(4):

PN . 1 - 1 N .

[xwxv] =ih [mMyv + ;(ayxv - avx”)] 4 12)
N . . N 1 ~ ~

(M. %,1=ih [”uva —n,,%, + ;(auMpv - aVMM)] . (13)

Recently various properties of this model were investigated in [31-34].
The constant dimensionless four-vector a, permits to select three types
of the k-deformations of quantum Minkowski spaces: time-like (or
standard one) if a,a* = —1, tachyonic if a,e¢* = 1 and light-like if

a,a" =0, corresponding to the metric signature we have chosen. If

6 Following the original formulation in ref. [6,7] of Snyder and Yang models,
we will expose explicitly the dependence of algebraic formulas on the Planck
constant & (see also [38,39]). Such h-dependent algebras provide quantum-
mechanical formulation of Snyder and Yang models.
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we put M — oo in (12) we obtain the generalized a, ,-dependent «-
deformed Minkowski space-time, with £ = a#%, descrlbmg the unique
NC quantum coordinate.

The main aim of this paper is to introduce the new doubly «-
dependent Yang model, obtained from the x-Snyder model by adding
the x-Minkowski type terms to quantum fourmomenta sector. We add
them by postulating that:

A . M MY LA .
[4y-4,1=in 7l +&(b,4,—b,4,)| - 14
The relation (14) can be obtained from relation (12) by the use of the
generalized Born map B which one gets by adding to (11) the following
relations’

B: a,-b

u w O W (15)

Further, after using the generalized Born map B given by the relations
(11), (15), one gets from (13) the following x-dependence of covariance
relations (7) for quantum fourmomenta
[MMV’L?P] =ih [”ﬂp‘?v —fypdy + ’?(buMpv - va/m)] : (16)

Finally, it follows that the relations (9), (10), due to their selfduality
under the map (11), remain the same in (k, K)-Yang model.

3. Doubly x-dependent Yang model and new quantum relativistic
phase spaces

It is already known since 1947 (see [7]) that the algebra describing
D =4 Yang model is spanned by the 6(1,5) Lie algebra generators

[M 45, Mcpl=ih(nacMpp —napMpc +ngpMyc —npcMup)  (17)
where n,p =diag(-1,1,...,1), (A,B=0,1,...,5). We will show that
by the generalization of the recent description of x-Snyder model [31-
34] one can describe (x, &)-Yang models as the Lie algebra 6(6; g 4p):

WD N gnm)) as8)

Y Y Y Y
o = i) — g ) 1 g )

where the symmetric metric components g(y) with the signature
(=1,1,...,1) depend on five deformation parameters (M, R, «,k,p)
(M) = L‘],[R] =L,[x]=[k]=L"",[p]=L° and a pair of constant
dimensionless four-vectors a, = (aM,O, 0),by = (b”,0,0), u=0,1,23
which respectively determine the type of k-dependence in quantum
D =4 space-time and D =4 quantum fourmomenta sectors of Yang al-
gebra. The metric g( ) is determined by the following assignments of
the generators (see also (2) and (8)):

M) = (M M(Y)

" M5, M) =Rq,. M = MR ) 19)

where [M ™ ] = L (dimensionless), in consistency with relation (18),
with M v describing D =4 Lorentz algebra and the scalar 7 providing
the generator of the 4(2) internal symmetries. Relations (18) are de-
scribing the (k, K)-Yang model if we insert the following components of
the D = 6 metric tensor:

) (Y)
) )

EaB = 84, ; (20)
x) (Y) &)

&, 854  8ss

where®

7 We obtain as a special case the generalized x-dependent Yang model if we
put in (14)-(15) x =& and a, = b,. Further, one can as well postulate that
k=M.

8 One can choose three types of constant four-vectors a ,, and b, with Lorentz-
invariant lengths (—1,0, 1), which select three types of x and &-Minkowski
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n_on_M ) ) _ ) )
8 =84y = U 85 =8, =REb,. g, =8, =p.
Y)_ (¥
g =g =1 2n

with the pair of length parameters (1 = M -1 R) (or equivalently the

pair of mass parameters (M = A~!, M = R™!)), the mass-like parame-
- . . : ) . .

ters (k, ) and the dimensionless parameter p, i.e. g up are dimensionless

([ @ ] =19 in consistency with relations (18).

)

The algebra (18) for any choice of symmetric metric g, , satisfies

two important properties:

i) By direct calculation one can show that the Lie algebra (18) satis-
fies Jacobi identities.

ii) For any nondegenerate symmetric metric P B ) with the signature
described by diagonal matrix 7,z one can find (6 X 6)-dimensional lin-
ear map S = .5, satisfying the relation

Y
gV =sys”,  gM=gl).  n=nup (22)
One can also relate the Lie algebras (17) and (18) by the following maps
M) =

SMOST) .y — MO = TS, (@23)

We point out that the map (23) describes a simple linear transformation
between realizations of D =6 dimensional algebra 6(1, 5). In D = 4 phys-
ical dimensions, it describes the passage from the standard D=4 Yang
model (i.e. algebra (17)) to new D =4 doubly-«x-dependent Yang model,
where coordinates and momenta do not commute and their commuta-
tor is proportional to the sum of Lorentz generators and x-Minkowski
terms in space-time sector (and respectively k-Minkowski type terms in
fourmomenta sector), i.e. the algebraic relations (18)-(21).

Additionally, we observe that the matrix S satisfying relations (22),
(23) is not unique, with arbitrariness described by the pseudoorthogo-
nal matrix O, where OyO7 = 7. For concrete choice (22) of the matrix
g") we choose 6 x 6 matrix S parametrized as follows®

-1 0 0 0 0 O

0O 1 0 0 0O
0O 0 1 0 00O
S= 0 0 0 1 00O 24
& & & & a d
hy h, hy, hy c b
with parameters a, b, ¢, d satisfying the conditions
@ +d* =g, —g,8" = A,
b’ +c*=hs—h,h* =B
ac+bd=p-g,h" =C. (25)

We can pass to lower triangular S matrix if we put d = 0 in the formulae
(24), (25). In such a case the set of equations (25) has the following
solutions:
2
aze\/z, b=¢ B—C—, c=e£, (26)
A \/Z
with e,/ = +1.
In (k,&)-Yang models one can select nine classes of double k-
dependence based on the Lorentz-covariant normalized length values of

terms: time-like (or standard one), light-like and tachyonic. The four-vectors
a, and b, determine the quantum NC phase space components a*%, and
b p,,, which due to the double x-dependence (x # 0, k # 0) break explicitly the
Lorentz covariance (compare with (13) and (16)).

9 For the simplicity of formulae in (24), we introduce the shorthand notation

) ) ) ) _

8y T8y =& 85 =8, =hy,

) ) x) x)

iy =8 &5 =85 =P &5 =hs.
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the dimensionless fourvectors a s b u which are related with the fourvec-
tors g, and h y from the matrix (24) if we choose

M M?
guz?a”—)Azl—?a”a”, 27)
h, = R&b, — B=1~- R’k2b,b" (28)
and
C=p—MRfca”b”. (29)
K

The nine classes of double x-dependence are obtained by the choices of
the parameters €, ¢’ = (x1,0), where a,a" =€ and b, b* =¢'.

The missing algebraic relations of (k, &)-Yang model, which describe
the modified D =4 Heisenberg algebra sector of 6(6;g;Yl;) by the gen-
eralization of relations (9), (10) look as follows:

a .
[%,.d,1=ih (nﬂvf+l?b”fcv -G+ ﬁMW), (30)
A . 1. | N A
[r,xﬂ]=1h<ﬁqu—mpx”—?r>, 3D
oA . 1, | P
[r,qﬂ]:lh<—ﬁxu+ mpqﬂ —Kb”r). (32)

Additionally, we have
R D (P N PR o
[r7 Myv] =—ih [;(ayQV - avqﬂ) - K(bﬂxv - bvxy):| 5 (33)

i.e. we see that the internal and Lorentzian generators do not commute
with each other.

It can be checked that the relations (30)-(33) are self dual under
the generalized Born map (11), extended by (15). Moreover, it can be
shown that the relations (30)-(33) can be derived as the general solu-
tions of the Jacobi identities for generators X w zj”, #and M v

If in the equations (12)-(14), (16) and (30)-(32) we perform the
limits R — o0, & > 0, p - 0 we get standard two-parameter x-Snyder
model, describing NC quantum space-time with %, [31-34]. However,
by taking the limits M — o0,k — o0 and p — 0, we obtain the Born-dual
&-Snyder model in quantum fourmomenta space §,,, with the new type
of k-dependence (we call it k-dependence; see also (14), (16)).

The relations (12), (13) define the NC k-Snyder quantum space-

time which is described by the subalgebra 6(5; gle;)), (a,b=0,1,...,4)
), (A =(a,5).B = (b,5) (see (17)). Simi-
larly, the Born-dual subalgebra 6(5;gg)) of Yang algebra (17), where

of the Yang algebra 6(6; g

(a,5=0,1,2,3,5), describes the NC k-Snyder relations in quantum four-
momenta sector (see relations (14), (16)).

4. Outlook

In this paper we have proposed the new relativistic quantum phase
spaces by introducing k-extensions of the standard Yang model which
define doubly x-dependent Yang models (i.e. (x,&)-Yang models). In
such models there appear additional x-Minkowski terms, linked by
the generalized Born map (11), (15), which provide the standard «-
Minkowski type terms in commutativity relations between quantum
relativistic space-time coordinates X u (see (12), (13)) and introduce the
new &-Minkowski type terms in quantum fourmomenta commutation
relations (see (14), (16)).

The doubly x-dependent Yang model, proposed in this paper, is de-
scribed by the following five parameters (M, R, k, K, p):

- mass-like parameter M ([M] = L™ describing the constant cur-
vature in quantum space-time sector (e.g. M can be identified with
the Planck mass)

- parameter R ([R]= L) defining the constant curvature in quan-
tum fourmomenta sector (e.g. R can be linked to the radius of the
Universe)
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- parameters k and k& which describe two independent modifications
of quantum space-time and quantum fourmomenta sectors, respec-
tively

- the fifth dimensionless parameter p ([p] = L") parametrizing, in
the commutator [£,,4,], the term proportional to M ,,."°

We have shown in Sect. 3 that the algebraic structure of doubly «-
dependent Yang model can be derived from the 6(1,5) algebra if we
select the suitable realizations of its generators by proper choice of the
matrix S (see (22)-(24)).

Finally, we propose two ways which could lead to the valuable gen-
eralizations of Snyder and Yang models.

- Firstly, we propose the generalization of Yang models to the
Kaluza-Klein geometries in D = (1,3 4+ 2N) with Lorentzian signa-
ture and 6(2N) internal symmetries (in particular if N =1 we ob-
tain the standard Yang model with Born-extended internal Abelian
6(2) symmetry). Such models should be useful in studies of the
new unification models of gravity and particle physics which em-
ploy the higher-dimensional Lorentz algebras 6(1,3 +2N) (e.g. for
N =5 see [45], for N =7 see [46]).

Our second idea for the future is to consider the quantum-deformed
Hopf algebras 6(1,4) and (1, 5) as defining algebraically new quan-
tum Snyder and Yang models. In particular, it will be interesting to
consider particular deformations of 6(1,4) and 4(1,5) in which the
Lorentz subalgebra 4(1,3) is deformed, but still remains the Hopf
subalgebra of quantum 6(1,4) and 4(1,5) algebras (see e.g. [471).
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