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1 Introduction

Symmetry is a cornerstone of modern physics. Its importance emerges in all branches
of physics among which the Condensed Matter Theory [1, 2] (ferromagnetism, supercon-
ductivity, superfluidity) and High-Energy Physics [3] (formulation of the Standard Model,
Quantum gravity etc.). There are many cases where symmetry is responsible for phase
transitions in statistical systems [4, 5]. In particular, behind plenty of classical and quantum
systems showing a (second order) phase transition there is an underlying symmetry that
can be preserved or spontaneously broken: this mechanism has been a guideline for the
characterization of the possible phases of the system.

As an illustrative example, we consider a toy model for ferromagnetism, namely
the classical Ising model enjoying global symmetries. It has been shown that in d > 2
dimensions, the model undergoes a phase transition at a critical value of the temperature
T =T,. Moreover, for T' > T, the Zs symmetry of the model is unbroken, and the system
has a paramagnetic behavior, while for T' < T, the system undergoes to a Spontaneous
Symmetry Breaking (SSB) characterizing the ferromagnetic phase. The breaking of the
symmetry can be spotted via the probing of the magnetization, described in terms of a local
field o(z). In particular, its expectation value (o(z)) vanishes at 7' > T, and it gets a finite
value for T' < T,. The critical point 7" = T, deserves special attention. Indeed, while at this



point the symmetry remains unbroken and thus (o(x)) = 0, an additional application of a
magnetic field in this critical temperature can have non-trivial effects even far from that
point, due to the slow (algebraic) decay of the correlation functions, a distinct trait of the
critical phase.

Historically, the importance of localized perturbations for critical systems has not been
taken for granted, until the discovery of the Kondo effect [6, 7], which is associated with
anomalous transport properties of low-temperature metals in the presence of impurities.
Despite the progresses in this field, both experimentally and theoretically (e.g. Boundary
Conformal Field Theory (BCFT) formulation [9, 34, 41]), a comprehensive theory of the
symmetry and its breaking pattern seems to remain an open problem for such systems. The
main motivation behind this work is to address more systematically this lack of approach.

We are interested in the ground-state |(2) of the following Hamiltonian

H="Ho+Hi. (1.1)

The Hj is a bulk term involving short-range interactions, which we assume to be critical,
and invariant under the action of a group G associated with a global symmetry. In turn,
the H; term is a perturbation localized in space (say defect/impurity) which explicitly
spoils the G-invariance. More precisely, we consider a unitary representation of GG, which
associates to any g € G a unitary operator § of the Hilbert space, and we require that

[Ho0,9] =0,  [H1,9]#0, VgeG. (1.2)

Our main goal is to understand whether and how the ground state |2) of (1.2) breaks the
global G-invariance. For this purpose, we propose

g1, (1.3)

regarded as a function of G, to be a good non-local order parameter. For one-dimensional
systems, g can be naively regarded as a string operator inserted along the whole system,
and for this reason, we call it string order parameter (following the terminology of [12]).
We anticipate that, rather generically, the unbroken symmetry group is identified by

H={gcG[[(Qg|)]=1}, (1.4)

while for the other elements of the group one has | (€2 §|Q2) | < 1. Moreover, for a critical
system defined on a finite-size region [0, L], we find that in the presence of scale-invariant
symmetry-breaking boundary terms, the (log of the) order parameter shows the following
logarithmic growth

—log | (Q[§[€2) [ ~log L, (1.5)
in the limit of large L. In particular the quantity
. log | (22 ]4) |
lim — ——————"— 1.
L A A (16)

is a universal continuous, but in general not smooth function of the group G, which vanishes
precisely for g € H, with H being the unbroken subgroup.



We provide an accurate description of this mechanism in the context of BCF'T, exploiting
the power of conformal symmetry. Therefore, we compute explicitly the string order
parameter for a class of free fermionic and bosonic theories. In the first case, we consider a
free Dirac fermion on [0, L] and we insert a pairing term at one boundary point, studying
the symmetry breaking pattern U(1) — Zs. We extend our analysis by taking N copies of
uncoupled the Dirac fields in the bulk, but coupled at one boundary point via a scattering
matrix S. In this case, we find a novel non-trivial breaking of the U(NN) symmetry, strongly
related to the symmetries of S. By repeating the same approach we study the string order
parameter for free complex massless bosons under U(1) and under U(/N) symmetry seperately
as well. Finally, we present two possible realizations of the boundary symmetry breaking
mechanism for free fermionic systems on the lattice. For one of them, we also perform the
numerical calculation of the string order parameter to test our analytical prediction.

Our manuscript is organized as follows. In section 2 we provide some general definitions
and give a BCF'T description of the string order parameter. In section 3 we analyze in detail
the free fermions. In section 4 we repeat the same analysis for free bosons. In section 5 we
consider the lattice counterpart for fermions and present the numerical results. Finally, in
section 6 we gather our results and discuss some possible future directions.

2 Definitions and techniques

The purpose of this section is two-fold. First, once the non-local order parameter is
introduced, we explain how and why it detects symmetry-breaking, providing some properties
which are independent of the detail of the systems. Then, we specify the treatment to 1+1
BCFT with symmetry breaking terms at the boundaries, and give a general derivation of
the logarithmic growth in eq. (1.5). At this point, we will not specialize to any specific
theory, and we derive the first results employing only conformal symmetry and describing
the boundary conditions (BCs) as boundary states, via a space-time duality.

2.1 String order parameter
Let us first review what is a symmetry in a quantum system. Given a Hilbert space 7, a
unitary representation of a group G is a linear map

G — GL(s7), g— g (2.1)

from the group onto the unitary operators of 7. One requires that the map is homomor-
phic, namely

(9192) = 12 - (2.2)
Without loss of generality, here we assume that the map is injective, so that distinct elements

of the group are represented by distinct operators. We now consider a (normalized) state
|©2) € . We say that |Q) is symmetric (invariant) under G iff

gl =90y, vged (2.3)



with €9 being a g-dependent phase factor. The requirement above severely constrains the
expectation values of the observables, which is the main reason why the order parameters
are useful to detect the breaking of symmetry.
As a first example, we consider a quantum system carrying a representation of Zs.
We denote by {1, 7} the generators of the group, and consider an observable o, say the
magnetization, odd under Zo
toil = 0, (2.4)
which plays the role of the order parameter. Whenever a state |€2), say the (a) ground state,
is invariant under Zo one safely concludes that

Qo) = Q777 |Q) = —(Q] 0 ), (2.5)

which clearly implies that (2| o |Q2) = 0. This means that, whenever (©] o |2) # 0 one can
be sure that the state |Q2) is not Zg invariant. Unfortunately, in principle, the converse is
not true. Indeed, there is no reason why (2| o |©2) = 0 should imply a Zo symmetry for |(2).
This is somehow the main disadvantage behind the usage of the usual order parameters.

In contrast, as we will show below, if one considers § itself as an order parameter, one
can unambiguously understand if |Q2) is symmetric. A first immediate observation is that,
if |©2) is symmetric under g € G (see eq. (2.3)), then

[(Q1g19) | = (2] @ |2) | = 1. (2.6)

Less trivially, one can show the converse, namely that | (| §|Q2)| = 1 implies that the
symmetry has to be unbroken. To prove it, we employ the Cauchy-Schwarz inequality [14],
which tells us

Q1) < 1(Ql57a19) |- [(QI) | =1, (2.7)

where the inequality is strict unless |2) and §|Q2) are proportional, which is exactly the
notion of symmetry in eq. (2.3). To summarize, so far we have that

1(Qg]Q)| =1 ifandonlyif §]Q) =9 |Q). (2.8)

This property suggests a way to characterize the subgroup H C G which leaves |(2) invariant
as eq. (1.4). We would like to stress explicitly that, in their simplicity, the last conclusions
are very general and apply to both abelian and non-abelian symmetries. Notice that up to
this point our discussion is general, since we did not specify whether the symmetry breaking
pattern G — H, associated with the state |Q2), arises from an explicit or spontaneous
symmetry breaking. For the reasons depicted above, the investigation of | (| §|Q) [, the
non-local (string) order parameter, is the main goal of this work.

2.2 BCFT description

Let us proceed to the description of the string order parameter in the framework of
BCFT [11, 15-19]. We consider the ground state |€2) of a one-dimensional critical quantum
system on a finite size geometry, namely the interval [0, L]. We assume that the bulk is
described by a CFT, and we impose conformal invariant BCs at x = 0, L [11, 34]. Introducing



the Euclidean time, one can describe the state |{2) as a strip geometry, parametrized by the
complex coordinate w satisfying

Re(w) € [0, L], Im(w) € (—o00,0). (2.9)

In particular, Re(w) represents the spatial position, and Im(w) corresponds to the Euclidean
time. In this picture, the expectation values of the observables in the state |€2) are described
via the insertion of fields in the strip geometry depicted in figure 1.

We now assume that the theory has a global symmetry in the bulk, characterized by
a representation of a group G, which may be eventually broken by the choice of the BCs.
We are interested in the symmetry breaking pattern, strictly related to the evaluation of
the string order parameter (2| g |Q2). Since the symmetry is global, the action of the group
G is nontrivial at any spatial point « € [0, L]. For this reason, it is natural to represent
pictorially g as a line operator extended over Im(w) = 0. Then, (Q] g |Q2) becomes a charged
partition function given by the insertion of a charged line connecting w =0 and w = L in
the strip geometry.

The last key ingredient is the specification of the BCs. We denote by b,V the type
of BCs at & = 0, L respectively. In the strip geometry, these boundary points become
lines extended over the euclidean time, Re(w) = 0, L respectively, and we associate the
labels b,V to each of these lines. We assume that ', corresponding to x = L, preserves
explicitly the symmetry, and we do not characterize it further. Instead, we focus on BCs at
x = 0 which breaks G explicitly, and our goal is to identify the corresponding symmetry
breaking pattern.

At this point, we employ conformal symmetry to relate the strip geometry described
above to another geometry and we do that to simplify the computation of the charged
partition function. After a UV and IR regulation of the original geometry, keeping only the
points € < |w| < L, we apply the transformation [20-23]

z = logw. (2.10)
The new geometry is the rectangle
Re(z) € (loge,log L), Im(z) € [-7/2,7/2], (2.11)

with BCs of type b along Im(z) = +m/2, corresponding to boundary states. It is important
to stress that the information about b’ is lost explicitly by the choice of IR regularization.
However, this is not big deal, as we required that o’ is G invariant. Indeed, on the physical
ground, we do not expect any contribution to the string order parameter from the point
x = L (at least at leading order).

Putting these information together, we express the charged partition function as a
transition element in Euclidean time between the boundary state |b), corresponding to b
(see ref. [11]), with itself. More precisely, we define

Z(g) = (blexp(=7H)g|b) (2.12)
with H being the Hamiltonian in the rectangular geometry
27 =
H=—F——(Lo+ L 2.13
IOg(L/{f)( 0+ 0)7 ( )
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Figure 1. The expectation value of the string order parameter. We represent the original strip
geometry (coordinate w) and the rectangular one (coordinate z). The red/blue lines correspond to
the BCs of type b, b’ respectively. The insertion of the symmetry operator § is a green line.

and Lo, Lo the Virasoro generators. Then, we express the expectation value of § as

X Z(g)

(Qg12) = Z()’ (2.14)
where the denominator Z(1) arises only as a normalization constant (the uncharged partition
of the rectangle). We represent the construction above in figure 1, showing the insertion
of § in the two geometries. So far, the discussion is general and it applies to any BCFT
carrying a global symmetry G. The precise evaluation of the charged partition function
Z(g) requires the characterization of the boundary state |b). Still, one can argue that the
logarithm of the partition function above (charged free energy) is extensive in the size of

the system, which is log £ after the conformal map (see (2.11)). In particular, we have

L
log Z(g) o log —, L/e — o0 (2.15)
5

up to a proportionality constant depending on both g € G and the BCs b. Summarizing,

we discover that the ratio .
_ log [ (991 |

log L/e
is finite in the limit L — oo, where the conventional minus sign ensures a positive value

(2.16)

result. In the next section, we will carefully analyze that ratio for specific CFTs, relating
its behavior to the symmetry breaking pattern.

3 Dirac fermions

We now proceed with an application of the previous discussion to the system of free
fermions. First, we discuss free fermions with U(1) symmetry and then we continue with
U(N) generalization.'

'For more details in the calculations of this section the reader may consult [17].

-6 —



3.1 U(1)-symmetry breaking due to a boundary pairing term

We consider the theory of massless Dirac fermions in a finite-size geometry, taking BCs that
break explicitly the U(1) symmetry. The model is described by two fields ¥ and ¥!, that
correspond to particle and antiparticles. In radial quantization, one decomposes ¥ in its
left and right Laurent modes as follows
Uy . Uy,
U(z) = Z /2 ¥(z) = Z Zhr1/2 (3.1)

keZ+1/2 keZ+1/2

where the Neveu-Schwarz (NS) sector has been considered. For k > 0 the modes ¥y, ¥,

destroy a left/right moving particle, while U_j, U_,;, are creation operators. Similar consid-

erations hold for ¥T, the antiparticle field, and we refer to its left/right modes with ol , @L
The bulk action in Euclidean space of the finite [0, L] geometry reads

L _ -
Shullc = / do / dr (U10V + T1ov), (3.2)
0
enjoying a U(1) global symmetry
U — e, U — ", Ut emiegt gt emiagt (3.3)

and it corresponds to the imbalance between particles and antiparticles. We want to break
U(1) explicitly through the BCs at = 0. We do so via the insertion of a pairing term at
the boundary point, described by a boundary action

Shoundary = / dr (U(z=0,7)¥(z = 0,7) + (¥ - ©h). (3.4)

The boundary term is not U(1) invariant, since it transforms as ¥W — 2*UW. A residual
Zs is nevertheless preserved (associated with o = 0,7), and it describes the conservation
of fermion parity. One thus expects that these BCs should induce an explicit symmetry
breaking pattern

U(1) = Zo, (3.5)

on the ground state |Q2). While these considerations are so far not rigorous, they can
capture the key features of the system. In the following, we aim to compute the string-order
parameter via the BCFT techniques 2.2 for the U(1) symmetry. The first quantity we need
is the boundary state |b) associated with the U(1) breaking BCs. We consider a coherent
state in which pairs of particles (and antiparticles) with opposite momenta are generated
above the ground states. Its explicit expression is

b) = [] exp(i¥_,¥_i + (¥ — T1))|0), (3.6)
k>0

with |0) being the vacuum of the theory. The generator of the symmetry is

Q= V_ U+ TV T — (T« Uh), (3.7)
k>0



and we parametrize a generic element of U(1) as
g=e9 acl-mmn). (3.8)
Finally, we remind the relation between the Virasoro modes and the fermionic modes

Lo+Lo= Y k(U_yVp+0_ Ty + (T > 0h)). (3.9)
k>0

We proceed with the evaluation of the charged partition function Z(e'®), associated with
the U(1) phase e'®. Putting the previous elements together into (2.12), we get

Z() = (bl ot |p), (3.10)

where ¢ is defined, for later convenience, as

. 272
q = exp <_log(L/5)> . (3.11)

We further decompose Z(e'®) as a product over the fermionic modes

2(e") = T] (0] exp(—i0pWy) explia® by +iab_40y)
= o (3.12)
x gFY =R VRV Ve o (0B )|0) x (T — B,

The building block we need to proceed with is the contribution coming from the mode k,
evaluated as

<0’ eXp(—i\Tfk\I/k) eXp(iOé\I/,k\Ifk + iaﬁ/,k@k)qkql*kqjk—i_k@*k@k eXp(i\I/,k\T/,k) ‘0> =

_ ) _ ) 3.13
= (0| exp(—i W Uy) exp(iq%eﬂa\I’_k\P_k) |0) = (1+ q%eﬂo‘), ( )

where the commutation relations of the modes, together with the property ¥y |0) = ¥y, |0) =
0 (valid for k£ > 0), have been employed. Putting it all together, we reach to

Z <eia) = J] (1 + q%eim) (1 + q%e”%‘) = ﬁ (1 + 2 cos(2a) >t + q4m*2) .

keN—-1/2 m=1
(3.14)
Before proceeding further, we observe that
Z(-1) = 2(1), (3.15)
that implies (2.14)
; Z(-1)
Q[ e Q) = =1. 1
(@172 10) = Zs (3.16)

This means that the fermion parity, generated by (—1)?, is a symmetry of |Q), as expected.
In addition, as we will show below, there are no additional symmetries, and Zy is precisely
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Figure 2. String order parameter as function of « for the Dirac fermion. The function is periodic
for  — a + 7, and shows cusp singularities in correspondence of a = 7 + km, k € Z. As expected,
it vanishes at o = km, k € Z and it signals the presence of an unbroken Z, subgroup.

the unbroken subgroup H (see eq. (1.4)). We provide the explicit expression of Z(e'®) in
the limit of L/e — 1, converting the infinite product in an integral

. 00 . . 1 . )
log Z(e) = / dklog(1+¢* ) +log(1+¢e ) = (Lia(—e)+ Liy(—e12%))
0

~ 2logq
(3.17)
Using the properties of the dilogarithm function, and the definition of ¢ (3.11) we reach the
final expression of the order parameter

Q@ Z(eia) a2
—log (Q] '*% |Q2) = —log Z00) = ﬁlogL/s, a € [—m/2,m/2], (3.18)

whose values are periodic under o — a + 7. Since it vanishes for e’® = £1, we identify
the unbroken group (1.4) with H = {1, —1}, which is nothing but the fermionic parity. As
a last remark, we notice the presence of a cusp singularity for e’® = +i, where the order
parameter is continuous but not differentiable. In figure 2, we show the behavior of (3.18)
as a function of a.



3.2 U(N)-symmetry breaking via boundary scattering matrix

Here, we consider N Dirac fermions coupled together via a boundary scattering matrix. In
particular, we take the bulk action

L L L
Shulk = / dx / dr (whyowl + (1) ow), (3.19)
0
where the sum over j = 1,..., N, the species index, is implicit. Then, we notice that the
following U(N) symmetry is present
LU 798 A TE Y 2 AN (A LA 4 (2B VAR A D AR s (A Al
(3.20)

with U being a generic N x N unitary matrix and U its conjugate. So far, the species are
decoupled, so we couple them by the insertion of a boundary term at x =0

Shoundary = / dr (U1 (z = 0,7)8;; 97" (z = 0,7) + (¥ (& = 0,7)SL, W' (2 = 0,7),
(3.21)
where S is a unitary N x N matrix parametrizing the mixing. Notice that, while in general
the U(N) symmetry is broken, the U(1) symmetry associated with the imbalance between
particle and quasi-particle is conserved. A naive way to characterize the unbroken group
H C U(N), is to identify the set of unitary transformations which leave the boundary
term (3.21) invariant. We thus require that U € H iff

U1 StmUnmjr = S (3.22)
where repeated indices are summed over. Being U unitary, we can rephrase the condition
above as U~1SU = S or, equivalently, [S, U] = 0.

To establish the validity of the previous considerations, we aim to characterize the
string order parameter systematically via BCFT methods. We start by identifying the
boundary state |b) of our model as [17]

B = TI exp (i8;; wPw”, + (v — wh)) o). (3.23)
keN—1
The total Hamiltonian is just given by the sum of the single-specie Hamiltonian, and it is
Lo+ Lo =k (W 0] + 07, 0] + (U - wh)). (3.24)
k>0

The last key ingredient is the action of the symmetry on the fermionic modes. We associate

to any U € U(N) an operator U satisfying
uv, =U;,;9,U, Uv , =U;; 97, U, (3.25)
U@y, =U;;(3).,0, Uty , =U;;(9".,0,

which is equivalent to eq. (3.20). Putting everything together, we compute the charged
partition function

2(U) = (g™t T ) =

) _ . AR — ) .ot 326
I1 (ol exp(—zS;rj,, ()l YUglotto exp(szj/(\I/T)j_k\I/]_k) 0) x (& — wT). (3:26)
k>0

~10 -



Using the commutation relations (3.25) and the invariance of the vacuum |0) under the
U(N) symmetry, we get

(0] exp(—iS;rj/, (W) U0 exp(iS 0 (1), 07 ,) [0) =
(0] exp(—iST, WL(W) ) explig™ (UTSU), (W), 97 ,)10) = (3.27)
det (1 + g2k styt SU) ,

where in the final step we applied the formula

(0] exp (03 W0 ) exp (O3, 97,87, ) [0) = det (1 — 0'0) (3.28)
proved in [17]. Summing over the modes k, we finally reach to
2
2U)= I |det(1+¢*s'Utsv)|". (3.29)
keN-1/2

To proceed further with the computation, it is convenient to introduce the N x N uni-
tary matrix

O = STUtsu. (3.30)
In this way, we express
det(1 + q%(’)) = H (1+ qzk)\),
AE€Spec(0)

det(1+¢*0N) = J[ (1+g*rh,
A€Spec(O)

(3.31)

with Spec(Q) being the set of eigenvalues of O. After a bit of algebra, we finally reach an
exact expression for the string-order parameter in the large L/e limit
—1og (U Q) = —log? = %log£ > (Liz(=A) + Lig(—=A7") — 2Lig(—1)).
(1) dm AE€Spec(0)
(3.32)
At this point, we want to understand for which U € U(N) the order parameter vanishes,
providing a characterization of the unbroken group H. We first observe that for |A\] = 1
it holds
Lig(—A) + Lis(—A™1) — 2Lis(—1) > 0, (3.33)

and the inequality is saturated only for A = 1. This implies that — log (€| U |Q) = 0 iff
every eigenvalue of O is 1. In other words, the order parameter vanishes when O =1, a
condition equivalent to (see eq. (3.30))

[S,U] = 0. (3.34)

This is not particularly surprising, as the naive argument based on the invariance of the
boundary action leads to the same conclusion. Nevertheless, it establishes its validity and
allows us to identify the unbroken group as

H={UeUN)|[U,S]=0}. (3.35)

- 11 -



4 Complex bosons

In this section, we generalize the same symmetry breaking patterns discussed for fermions
in section 3 to free complex massless bosons.? Although many analogies can be recognized,
and the underlying physics is similar, the analytical predictions for the order parameters
differ explicitly.

4.1 U(1)-symmetry breaking terms in complex bosons

First, we consider the U(1)-symmetry action

L _
Shulkc = / da / dr 0% Ha' . (4.1)
0

We expand the bosonic field in its Laurent modes as
Dy, = Dy
P(z)=> & ()= > —. (4.2)
keZ keZ

The bulk action is invariant under the U(1) symmetry
(B, ) = (@, @), (DT, 0T) = e ™¥(dT, dT). (4.3)

We are interested in a boundary breaking term which breaks U(1) explicitly and preserves
a Zy symmetry, as in (3.5). In analogy with the fermionic case, we take

Shoundary = /dT (<I>(x =0,7)00(z = 0,7) + (& — qﬂ)) . (4.4)

Our aim is to compute the string-order parameter via BCFT. To abridge words, using the
experience from fermions, we need the boundary states, corresponding to the chosen BCs,
the symmetry generator and the Hamiltonian of the system. These are given respectively by

) = [] exp (cp_ké_k (P — <1>T)) 10), (4.5)
k>0
Q= (4 + & 4B — (® - @), (4.6)
k>0
and
Lo+ Lo =Yk (® 4P + & dy + (& — ®)). (4.7)
k>0

In terms of these quantities, the partition function can be expressed by (3.10), as for
fermions, with ¢ given by (3.11). We now proceed with the evaluation, decomposing the
partition function as a product of bosonic modes

Z(em) = H <0‘ exp (i)k(bk) exp (ia@,k@g + za@,kff)k)
k>0 o (4.8)
x gF PPt E P oxp (04 ) 0) x (@ — @)

2For more details in the calculations of this section the reader may consult [18].
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The contribution from the k-th mode of ® is given by

(0] exp (@k@c) exp <i0z<I>_k<I>k + ia@_k§k> qqu—’“q”“‘*'ki)—"’é’“ exp ((P_k(i_k) |0) =

‘ (4.9)
<0’ exp((I)kQ)k) exp( 2204(1) k(I) ) ’O) _ (1 _ q2k6220)_1,

where we used the commutation relations and the properties ®;|0) = 0 and & |0) = 0, for
k > 0. Taking the contribution of ® and putting everything together, we obtain

Z(e) = H (1 - q2ke2m)_1 (1 - q%e*%a) = ﬁ (1 — 2cos(20)¢*™ + q4m>
k>0 m=1

-1 —1
(4.10)
We notice that the property
Z(-1) = 2(1), (4.11)

holds also here, so that a Zy symmetry is unbroken. The L/e — oo limit is obtained by
converting the infinite product to an integral

log Z(e') ~ / dk log 2k zZa) +log ( 2k —zQa)
(4.12)
— Li 12a Li —12c ]
210gq ( ip(e™) + Lia(e ))
In the limit above, we express the order parameter as
. Z(eia) L o O£2
—1 9 zaQQ:_l =1 Rl 41

Og< |6 | > o8 Z(l) 082 <27-[- 27'('2) ’ o€ [Oaﬂ-]) ( 3)

and its value is periodic under o — « + 7. Finally, it is worth to recognize explicitly the
presence of cusp singularities at & = 0 and @ = 7, which were absent in the fermionic
counterpart. We show the a-dependence of the order parameter in figure 3.

4.2 U(N)-symmetry breaking via boundary scattering matrix

We now consider the bosonic version of the model in 3.2. The bulk action is
L . — .
Shulk = / de / dr 981 31, (4.14)
0

where the sum over the specie index j (j = 1,...,N) is implicit. The action is invariant
under the following U(N) transformation

(4.15)
We take the following boundary action
Sboundary = /dT (((I)T)](O, T)S]Tj/ (I)j/ (0, T) + ((I)T)] (0, T)Sjj’ ((i))j, (Ov T)) ) (416)

where S is a N x N matrix satisfying similar properties with the fermionic case.
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Figure 3. String order parameter as function of a for the complex boson. The function is periodic
for « — a + 7, and shows cusp singularities in correspondence of a = k7w, k € Z. It vanishes at
«a = km, k € Z and it signals the presence of unbroken Zy subgroup.

The boundary state, the charge operator and the total Hamiltonian are respectively

|b) = H exp <Sjj/‘I)T_jk<I>j_k + o — Q)T) ;

N (4.17)
Q=Y (97,8 + ¥, 3] — (2 - o),
k>0
Lo+ Lo =Yk (@7, 0] + ', &) + (@ — ah)). (4.18)
k>0

The charged partition function reads
Z(U) = (b Oghorto ) =
_ t &I (ot froLo+Lo oty @i i
= kI;IO (0] exp (Sjj@k(@ it ) g oo exp (Sjj (@ )—k‘p—k> 0) x (@ = @) (4.19)

=[] Idet(1 — ¢*STUTSU)| 2,
k>0

where in the last line we applied the formula

(0 exp (0" 0181 ) exp (0,97, &7, ) [0) = det (1 - O'0) ™, (4.20)
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proven in [18]. Using the definition (3.30) and the relations

det(1—¢*0)' = ] (a-¢"N,
AESpec(O)
det(1—g*ON ™' = J[ (1—¢*A"H,
AESpec(O)

(4.21)

one finally obtains the expression of the string order parameter in the large L/e limit

ZU) 1. L
—log (QU|Q) = —log W) _ 1L > (Lis(M) + Lia(A™") = 2Lia(1)) .
Z(l) Am? AeSpec(O)

(4.22)
Here, as for fermions, one observes that the order parameter vanishes exactly for O = 1,
which means [S,U] = 0.

5 Lattice results

In this section, we provide some lattice realizations of free fermions with a boundary
symmetry breaking, whose scaling regime is captured by the BCFTs described above.

For instance, while we are not aware of any lattice realization of the field theory
described in section 3.1, characterized by the boundary-breaking of a U(1) symmetry, we
consider a system that we conjecture to be its doubling. We describe that system, relating
its properties to those of the homogeneous counterpart. Finally, we evaluate numerically the
order parameter in the lattice, and we compare it to the analytical predictions of section 3.1.

Then, we consider a Fermi chain with the insertion of a conformal defect, whose
scattering properties do not explicitly depend on the incoming momentum [27-30]. This
system can be regarded as a theory of two species of particles on the half-line coupled
together at a boundary point, via the so-called unfolding procedure, and its underlying
BCFT is described 3.2. In particular, the U(2) symmetry associated with the mixing of the
two species is broken explicitly due to BCs, encoded in the scattering matrix of the defect.

5.1 U(1)-symmetry breaking by a boundary pairing: doubling trick

Let us first consider the homogeneous hamiltonian

H=— Z[chxH + h.cl, (5.1)

T

describing free fermions hopping on the lattice. Here cl, ¢, are fermionic creation and
annihilation operators associated with the site x, verifying anticommutation relations

{CL Cz’} = 5:m:’7 {Cxa C:):’} = 07 {ij CL/} =0. (52)

We now describe the previous hamiltonian in terms of a new set of fermionic operators a,

and af, defined by
@ if 2 <0
= {a e (5.3)

(-1)%al, if x>0,
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that amounts to the exchange of the role of creation and annihilation operators in the right
half of the system. The explicit expression of the hamiltonian after the mapping becomes

H=— Z(alazﬂ + h.c.) + apa; + a{ag + Z(alagjﬂ +h.ec)|. (5.4)
<0 z>1

In these new variables, H is no longer homogeneous, and a pairing term appears as a
localized defect between the sites z = 0, 1. Moreover, the U(1) symmetry

ay — age', al, —» ale (5.5)
shared by the bulk terms of the hamiltonian, is broken explicitly due to the defect. Before
analyzing further the lattice system, we provide a heuristic argument to explain the
relationship between the Hamiltonian (5.4) and the CFT in section 3.1. Let us consider the
vacuum® |0) as the state satisfying

¢ 10) =0, Vaz. (5.6)

One can consider one-particle excitations of |0), generated by linear combinations of {cf}
acting on the vacuum |0). Since in the formulation eq. (5.1) the system is homogeneous,
an incoming wave-packet would reach the point x = 0 and propagate across it without
being partially reflected. The same process can be described in the language of the fermions
{az}s given the formulation (5.4). We first notice that |0) satisfies

az|0) =0 if z>0, alloy=0 if z<O0, (5.7)

namely that the left/right chain is completely empty/filled. An incoming right-moving
excitation can be thus interpreted as a particle that hits the central point, is completely
transmitted, and then becomes a hole. Similarly, if we considered a Fermi sea, the excitations
would have been given by particles/holes which change their U(1) charge after the scattering
at x = 0. This mechanism is nothing but an explicit symmetry breaking, and its origin
can be traced in the term apa; + aiag of (5.4). A similar scenario has been depicted
in section 3.1. The crucial difference is that, while in the lattice system (5.4) one can
recognize both left and right-moving incoming particles, the incoming particles of 3.1 are
just left-moving. Heuristically, we thus conjecture that (5.4) is a discretization of the QFT
depicted above once the degrees of freedom are doubled.

To better motivate this argument, in the following we analyze the order parameter
associated with the U(1)-symmetry breaking. We firstly regularize the hamiltonian H
in (5.1), keeping the size of the system finite x € [-L + 1, L], and we consider its ground
state |Q2). In the language of the fermionic operators ¢, it can be regarded as a Fermi sea
at half-filling, namely, the total number of particles is N = L, and it satisfies

Z ey + Z ches | Q) = N|Q). (5.8)

<0 >0

3This is not the ground state of H. The latter will be denoted below with |2).
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While the hamiltonian is not changed after the mapping (5.3), and so its ground state
|©2), the description in terms of the operators a, is less transparent, as particles and holes
(antiparticles) are mixed among each other by the pairing. A preliminary observation is that

(Z alay — > alax) |2) = N|Q), (5.9)

<0 >0

namely, the imbalance of particles among the left /right half-chain is fixed, and it does not

fluctuate. Then, we express the generator of the U(1) symmetry a, — a,e? as

Q= Za ax—z chey — chcx:NL—NR, (5.10)

<0 >0

with N7, r the number operator in the left/right chain before the mapping (5.3). Crucially,
the ground state fluctuations of () are strictly related to those of 2Ny, as it holds

Q1) = (N — Ng)|Q) = (2N — N) |Q), (5.11)

and N = L is just an additive constant. In this way, we can finally express the full-counting
statistics of @) as
Q| €29 Q) ~ (Q] 22N |Q) | (5.12)
up to an irrelevant proportionality constant. In conclusion, eq. (5.12) gives an effective way
to characterize the order parameter of the U(1) breaking in eq. (5.4) to the full counting
statistics of a subsystem in the homogeneous chain (5.1), which is easier to compute.
We now show how to express (€| ¢?2*V2 |Q), employing standard techniques for free
fermions [31-33]. We first construct the correlation matrix of the ground state, defined as

Crar = (9 chewr 192). (5.13)

Since |Q2) is a Fermi sea with N = L particles, one can express
L —_—
Cow =Y 0j(@)9;(2'), x€[-L+1,L] (5.14)
j=1

with ¢;(z) being the single-particle eigenfunction of the Hamiltonian (5.1). Then, we restrict
the spatial indices to the left side of the chain, obtaining a L x L matrix C4 satisfying

(CA)xx’ = Cxx” WS [_L + 1a 0] (515)

Given the eigenvalues of Cy4, denoted by Spec(Ca) = {v;}j=1,...,1, one can show that the
following relation holds

(eNe) ¥ + (1 —v;))]. (5.16)

||::]h

Making use of eq. (5.12), one finally gets the string-order parameter as

L
(Q e Q|Q) = (e*Ne) = T][vje*™ + (1 — v))]. (5.17)
7j=1
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An explicit analytical expression for the eigenvalues {v;}; is a hard task, and should rely on
numerics. Nevertheless, simple field theoretical arguments can capture the correct leading
behavior of the order parameter, as we explain below. The state |2) can be recovered as a
euclidean path integral of the massless Dirac fermions over the strip

€[-L, L], 7€ (—o0,0), (5.18)

with 7 representing the Euclidean time, and we assume L to be much larger than the lattice
size. Furthermore, the operator e!*Nz is described by the insertion of two vertex operators
in the path integral at 7 =0, as

e NL LY (x = —L)V_g(z = 0). (5.19)

It is known [24] that the bulk scaling dimension A, of V, is

o\ 2
Ay = (271') , «a¢€[-m,m7]. (5.20)
Moreover, the insertion of the boundary operator V,(x = —L) does not play a role, since
the BCs at © = —L are U(1) symmetric, and from now on we just discard it. Making use of

scale-invariance, we finally reach to

2a 1 1
Q| e2NL Q) ~ (Q V_ga(z = 0)|Q) ~ The = Tarmr O €[-n/2,7/2], (5.21)

where we employed scaling arguments on the bulk field. In conclusion, thanks to (5.12), we
finally obtain

) 2
—log | (Q] Q) | ~ %log L, ac[-n/2,7/2 (5.22)

which is the main result of this section. In figure 4, we compare this analytical prediction
with the numerical data obtained using eq. (5.17), finding a very good agreement. We
emphasize that the formula we obtained is just twice the prediction in section 3.1. This is
somehow expected, as we conjectured that the Hamiltonian (5.4) describes a doubling of
the system in section 3.1.

5.2 Conformal defect and U(2) symmetry breaking

Let us consider a system made of two species of spinless fermions on the lattice z € [0, L —1],
coupled together at the boundary point £ = 0 through a conformal defect.
The hamiltonian is

H=—>[(c})cy +hel ZS]J (cd) (o) (5.23)

z,j

where (cl)?, (c;)? are fermionic operators verifying anticommutation relations

{(C:JJrc)j7 (Ca:’)j/} = 5xx’6jj’7 {(Cx)j’ (Cx’)j/} =0, {(CL)jv (C:Ty’)] } =0, j=12, (5‘24)
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L

Figure 4. Order parameter as function of L for different values of a. The symbols are the numerical
data obtained from eq. (5.17). The solid lines show the curve (a?/7?)log L + by + by L™1, where the
first term is the analytical prediction given in eq. (5.22) and coefficients by, b1 are obtained fitting
the data.

and S is the following 2 x 2 matrix

S— (”;AZ _h) Ae0,1).

It is possible to show that the scattering matrix, induced by the boundary term in the

(5.25)

hamiltonian, is exactly S [25, 26, 29, 30]. Since the transmission/reflection probability
does not depend on the incoming momenta of the particle, and it is given by A%, 1 — \?
respectively, the defect is scale-invariant, and it is described by a BCFT. It is easy to show
that the bulk terms on the hamiltonian are invariant under a U(2) symmetry which mixes
the two species as

¢ = Upeh, (b)) = Upi(el), (5.26)
with U a generic 2x2 unitary matrix, and the sum over j’ is implicit. However, the presence
of the defect breaks explicitly the symmetry. Indeed, after a generic U(2) transformation,
the boundary term is mapped onto

= 855U iUy (ch) (co) ™, (5.27)

and it is invariant only if UTSU = S, namely [U, S] = 0. While the condition above was
already derived in CFT, it is instructive to notice that it holds in the lattice model too.
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For the sake of completeness, we characterize explicitly the unbroken subgroup H
defined by

H={UeU@)|[S, H] =0}. (5.28)

Since S is hermitian and unitary, its eigenvalues have to be real phases, and they are just
+1. In the basis in which S is diagonal, also U € H has to be diagonal, since S and H
commute, and so they share the same eigenspaces. This means that, given a matrix D
which diagonalizes S, say

A A
S—D 10 Dt D— V22122 V242V1-N2 (5.20)
0 -1 Vi-Viexz V1+/ia2
V2 V2
we identify the unbroken group as
eial 0 1
H={U=D 0 eios D™ a,a €R G (5.30)

6 Conclusions and outlook

In this work, we considered the effect of an explicit symmetry breaking in a one-dimensional
critical system induced by a localized impurity. We develop a general formalism to probe the
symmetry breaking that can be applied to any system described by a BCFT. In particular, we
show that —log| (2| g |€?) |, which is a non-local order parameter, is generically logarithmic
growing in the system size, and it vanishes precisely for the unbroken elements of the group.
We provide exact calculations for free theories, fermions and bosons, with both abelian
and non-abelian broken symmetries. For instance, we first consider the symmetry breaking
of a complex theory in the presence of a boundary pairing term, which has a residual Zo
symmetry. Then, we consider a theory made of many species of particles coupled together
at a boundary point, and a non-trivial breaking of a U(N) symmetry is investigated.

A natural generalization would be the calculation of the order parameter for rational
minimal models (Ising, Potts model, Tricritical Ising, and so on) [11]. Indeed, their scale-
invariant BCs are known, and they are mapped onto the so-called Cardy states. The
evaluation of the overlap in eq. (2.12) might be more involved for interacting CFTs, but we
think it should be expressed as Virasoro characters, whose explicit expressions are known.

One may also wonder what happens when the theory is not described by a BCFT, or
due to a finite correlation length in the bulk £ or in the presence of BCs which are not scale
invariant [34-43]. In the first case, the boundary effect is localized in a typical distance £
and we expect that the order parameter goes to a constant when the system size is increased.
It might be interesting to study this scenario in Integrable Field Theories, providing exact
results for massive theories [44-47]. In the second case, the BCs are expected to flow to
some scale-invariant ones via RG flow. Then, for a big enough size, the leading growth of
the order parameter would be logarithmic, with a universal prefactor depending only on
the IR fixed point. We hope to come back to these problems in the future.

—90 —



Finally, we mention that while our approach involves a genuine non-local probe of
the system, one might be interested in the local observables. In particular, it has been
proposed [48] that a subsystem measure dubbed as entanglement-asymmetry might be a
good probe of the symmetry breaking. An interesting direction would be the computation
of the entanglement asymmetry for an interval attached to the boundary point in BCFT.
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