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ABSTRACT
Long time ago, Yang [Phys. Rev. 72, 874 (1947)] proposed a model of noncommutative spacetime that generalized the Snyder model to a
curved background. In this paper, we review his proposal and the generalizations that have been suggested during the years. In particular,
we discuss the most general algebras that contain as subalgebras both de Sitter and Snyder algebras, preserving Lorentz invariance, and are
generated by a two-parameter deformation of the canonical Heisenberg algebra. We also define their realizations on quantum phase space,
giving explicit examples, both exact and in terms of a perturbative expansion in deformation parameters.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0135492

I. INTRODUCTION
At the Planck scale, gravitational and quantum effects have comparable strength and can affect the structure of spacetime. In this regime,

noncommutative geometries may play a relevant role.1 The first example of noncommutative spacetime was proposed by Snyder2 in 1947,
but at that time did not receive much attention. Despite the assumed granular structure of spacetime, this model is characterized by the
preservation of the Lorentz invariance.

A first generalization of Snyder’s idea was advanced by Yang, who combined noncommutativity with spacetime curvature,3 in terms of a
fifteen-dimensional SO(1,5) algebra of symmetries of phase space. The generators of this algebra were identified with the generators of the de
Sitter algebra and with the coordinates of the de Sitter spacetime. The remaining generator h rotates positions into momenta, but its physical
interpretation was not specified. More recently, this model was slightly generalized by Khruschev and Leznov (KL).4

Later, in Ref. 5 was proposed a model inspired by that of Yang, which realizes the same symmetries in a nonlinear way, reducing to 14 the
number of independent generators of the algebra, thus eliminating the unphysical generator h. This model was dubbed triply special relativity
(TSR) because it contains three fundamental constants, identified with the speed of light, the Planck mass, and the cosmological constant,
generalizing in this way the idea advanced in doubly special relativity theories6 of deforming the Poincaré symmetry by the introduction of a
new fundamental constant proportional to the Planck mass. In this model, however, the Lorentz symmetry is preserved and only translation
symmetries are deformed.

It was then shown in Ref. 7 that the TSR model can be realized exactly in terms of coordinates and momenta only. This particular
realization in phase space was called Snyder–de Sitter (SdS) spacetime. In Refs. 7 and 8, it was also shown that the SdS algebra can be obtained
from the Snyder algebra by a nonunitary transformation.

The previous models of quantum phase space have the common property of realizing explicitly the duality introduced by Born9 for the
exchange of position and momentum operators. Recently, the possibility of studying general quantum phase spaces displaying the structure
described above has been advanced in Ref. 10 and studied in more detail in Ref. 11. These papers employed a widespread approach to noncom-
mutative geometry based on the formalism of Hopf algebras,12 which aims to describe the symmetries of the quantum spacetime. A powerful
tool in this formalism is the realization of Hopf algebras in terms of the Heisenberg algebra, which were introduced in Refs. 13–15.
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The Snyder model has been extensively discussed in the literature, see, e.g., Refs. 13, 14, 16, and 17, in several theoretical and phenomeno-
logical aspects, such as algebraic representations, relativistic field equations, quantum field theory, and relations with Hopf algebras, but also
its nonrelativistic limit has been widely investigated, including generalized uncertainty principles and simple models, such as the harmonic
oscillator. To our knowledge, instead, in addition to Ref. 4, the Yang model has been considered only in Ref. 18, where its supersymmetric
extensions were analyzed. Many authors discuss aspects of TSR; see, e.g., Refs. 7, 8, 11, and 19. Most of them treat its classical limit, either in
a nonrelativistic or relativistic setting; the quantum field theory of a self-interacting scalar field in SdS spacetime has also been investigated in
Ref. 20.

In the present paper, we discuss general perturbative realizations of the unified model proposed in Ref. 10 in terms of the canonical
Heisenberg algebra, extending the results of Ref. 11. In Sec. II, we review the generalized Snyder spaces and their realizations. In Sec. III,
we discuss the de Sitter algebras obtained by duality from the Snyder ones. In Sec. IV, a formalism unifying the two algebras is introduced,
which describes a curved noncommutative spacetime and includes Yang, KL, and TSR models as special cases. Section V analyzes the per-
turbative realizations of these models, while in Sec. VI, we exploit the relation of TSR with the Snyder model to write down some exact
realizations.

II. GENERALIZED SNYDER SPACE
In this section, we review some generalizations of Snyder’s original proposal for a deformation of the momentum space, which leads to

noncommutativity of spacetime. Most of the results of this section were obtained in Refs. 13, 14, and 17.
We define a generalized Snyder space introducing a Lorentz-invariant deformation parameter β ∼ LP and postulate the commutation

relations as follows:
[x̂μ, x̂ν] = iϵβ2Mμν ψp

(ϵβ2p2
), [pμ, pν] = 0, [x̂μ, pν] = iϕ p

μν(ϵβ
2p2
), (1)

where ϵ = ±1 and Mμν =M †
μν are the generators of the Lorentz algebra, which we assume to satisfy the standard relations,

[Mμν, Mρσ] = i(ημρMνσ − ημσMνρ − ηνρMμσ + ηνσMμρ),
[Mμν, x̂λ] = i(ημλ x̂ν − ηνλ x̂μ), [Mμν, pλ] = i(ημλpν − ηνλpμ), (2)

with ημν being the flat metric, ημν = diag(−1, 1, 1, 1), and the functions ψp
(ϵβ2p2

) and ϕ p
μν(ϵβ2p2

) being constrained so that the Jacobi iden-
tities hold. Commutation relations (1) and (2) generalize those originally investigated in Ref. 2, which are recovered for ψp

= const and
ϕ p
μν = ημν + β2pμpν.

In the following, we shall look for realizations of the algebra defined by Eqs. (1) and (2) in terms of the Heisenberg algebra H: in its
undeformed version, the Heisenberg algebra is generated by commutative coordinates xμ and momenta pμ that satisfy

[xμ, xν] = [pμ, pν] = 0, [xμ, pν] = iημν, (3)

with x†
μ = xμ and p†

μ = pμ.
The action of xμ and pμ on functions f (x) belonging to the enveloping algebra A generated by xμ is defined as

xμ ▹ f (x) = xμ f (x), pμ ▹ f (x) = −i
∂ f (x)
∂xμ

. (4)

Noncommutative coordinates x̂μ and Lorentz generators Mμν can be expressed in terms of commutative coordinates xμ and
momenta pμ as

x̂μ = xμφ p
1 (ϵβ

2p2
) + ϵβ2x ⋅ p pμφ p

2 (ϵβ
2p2
) + ϵβ2pμχp

(ϵβ2p2
),

Mμν = xμpν − xνpμ, Mμν =M†
μν. (5)

In terms of realizations (5), the functions ϕ p
μν in (1) read

ϕ p
μν = ημνφ

p
1 + ϵβ

2pμpνφ p
2 . (6)

The Jacobi identities are satisfied if
ψp
= −2φ p

1 (φ
p
1 )
′
+ φ p

1 φ
p
2 − 2ϵβ2p2

(φ p
1 )
′φ p

2 , (7)

where a prime denotes a derivative with respect to ϵβ2p2. The function ψp is independent of χp.
From (7), it follows that the x̂μ are commutative for

φ p
2 =

2φ p
1 (φ

p
1 )
′

φ p
1 − 2ϵβ2p2

(φ p
1 )
′
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and correspond to Snyder space if

φ p
2 =

1 + 2φ p
1 (φ

p
1 )
′

φ p
1 − 2ϵβ2p2

(φ p
1 )
′ .

Some interesting special cases arise for particular values of the functions φ p
i . The Snyder realization2,14 is recovered for φ p

1 = φ
p
2 = 1, and

the Maggiore realization14,21 is recovered for φ p
1 =

√

1 − ϵβ2p2 and φ p
2 = 0. Another interesting case of the realization of Snyder space17 is for

φ p
1 = s = const, χp

= 0,

x̂μ = xμ +
ϵβ2s

4
Kμ, (8)

where Kμ = xμp2
− 2x ⋅ p pμ are the generators of conformal transformations in momentum space, with [Kμ, Kν] = 0.

Algebras (1) and (2) unify commutative space, ψp
= 0, and Snyder space, ψp

= 1. Since the Lorentz transformations are not deformed, its
Casimir operator is C p

= p2. Algebras (1) and (2) are invariant under Hermitian conjugation if p†
μ = pμ, x̂†

μ = x̂μ, and M†
μν =Mμν.

Hermitian realizations of x̂μ(β) are obtained from (5) as

x̂μ(β) =
1
2
[xμφ p

1 + φ
p
1 xμ + ϵ β2

(x ⋅ p pμφ p
2 + φ

p
2 pμp ⋅ x)] + ϵ β2pμχp, (9)

where φ p
1 , φ p

2 , and χp are real functions.

III. NONCOMMUTATIVE MOMENTA OF GENERALIZED SNYDER TYPE
By duality, one can obtain different Snyder-like algebras with noncommutative momenta, which coincide with generalized de Sitter

algebras and can be associated with the symmetries of spacetimes of constant curvature, namely, de Sitter or anti-de Sitter. The relevance of de
Sitter spacetime in general relativity and quantum gravity is well-known,22 especially in the cosmological context. The algebra of symmetries
of de Sitter spacetime is also well-known; see, e.g., Ref. 23. In addition, deformations of special relativity based on the de Sitter algebra have
been investigated.24 The models presented here correspond to unusual parameterizations of the de Sitter manifold, which are isotropic in the
four-dimensional spacetime.25

To obtain these algebras, we introduce a new Lorentz-invariant deformation parameter α of dimension inverse length so that α2 may be
identified with the cosmological constant and assume

[ p̂μ, p̂ν] = iϵ′α2Mμνψx
(ϵ′α2x2

), [xμ, xν] = 0, [xμ, p̂ν] = iϕx
μν(ϵ

′α2x2
), (10)

with ϵ′ = ±1. Moreover, the Lorentz generators satisfy

[Mμν, p̂λ] = i(ημλp̂ν − ηνλp̂μ) (11)

and the other standard relations in (2). The functions ψx
(ϵ′α2x2

) and ϕx
μν(ϵ′α2x2

) are chosen so that the Jacobi identities are satisfied.
The noncommutative momenta p̂μ and the Lorentz generators Mμν can then be expressed in terms of commutative coordinates and

momenta as

p̂μ = pμφx
1(ϵ
′α2x2

) + ϵ′α2p ⋅ x xμφx
2(ϵ
′α2x2

) + ϵ′α2xμχx
(ϵ′α2x2

),

Mμν = xμpν − xνpμ, Mμν =M†
μν. (12)

In terms of this realization, the functions ϕx
μν read

ϕx
μν = ημνφ

x
1 + ϵ

′α2xμxνφx
2, (13)

and the Jacobi identities are satisfied if
ψx
= −2φx

1(φ
x
1)
′
+ φx

1φ
x
2 − 2ϵ′α2x2

(φx
1)
′φx

2, (14)

where now a prime denotes a derivative with respect to ϵ′α2x2. The function ψx does not depend on χx.
Since the Lorentz transformations are not deformed, the Casimir operator of this algebra is C = x2. Algebras (10) and (11) are invariant

under Hermitian conjugation if p̂†
μ = p̂μ, x̂†

μ = x̂μ, and M†
μν =Mμν.

Hermitian realizations of p̂μ(α) are obtained from (12) as

p̂μ(α) =
1
2
[pμφx

1 + φ
x
1pμ + ϵ′α2

(p ⋅ x xμφx
2 + φ

x
2xμx ⋅ p)] + ϵ′α2xμχx. (15)
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IV. QUANTUM DEFORMED PHASE SPACES DEPENDING ON TWO PARAMETERS
The deformed phase spaces of Secs. II and III can be unified by introducing both fundamental Lorentz-invariant parameters α and β so

that10,11

[x̂μ, x̂ν] = iϵ β2Mμν ψp
(ϵ β2p2

), [ p̂μ, p̂ν] = iϵ′α2Mμν ψx
(ϵ′α2x2

), [x̂μ, p̂ν] = igμν, (16)

where
gμν = h0ημν + α2Xμν + β2Pμν + αβHμν, (17)

with Xμν = h1 x̂μ x̂ν + x̂ν x̂μh†
1 , Pμν = h2p̂μp̂ν + p̂νp̂μh†

2 , and Hμν = h3(x̂μp̂ν + p̂ν x̂μ) + h4(x̂νp̂μ + p̂μ x̂ν) + h.c., and hi are Lorentz-invariant func-
tions of xμ and pμ depending on x̂ 2, p̂ 2, and D = 1

2(x̂ ⋅ p̂ + p̂ ⋅ x̂).
If x̂μ, p̂μ, and Mμν are Hermitian operators, then g†

μν = gμν, h0 = h0, X†
μν = Xμν, P†

μν = Pμν, and H†
μν = Hμν. The operators gμν, Xμν, Pμν, and

Hμν transform as second rank tensors under Lorentz transformations, while h0 is invariant, [Mμν, h0] = 0. We also require that all Jacobi
identities hold. For simplicity, from now on, we set ϵ = ϵ′ = 1.

Under suitable conditions on hi, algebras (16) and (17) satisfy the Born duality, defined as invariance for β↔ α, x̂μ → −p̂μ, p̂μ → x̂μ,
Mμν ↔Mμν, and gμν ↔ gνμ.11 Moreover, it is easy to see that

gμν − gνμ = αβ(Hμν −Hνμ) = αβFMμν (18)

with [Mμν, F] = 0.
The above quantum deformed phase spaces include as special cases Yang3 and TSR5,7 models and their generalizations.4,11 The algebras

with Xμν = Pμν = 0 and Hμν proportional to Mμν reduce to Lie algebras, generated by x̂μ, p̂μ Mμν, and h0. These algebras were introduced in
Ref. 4 and are defined by

[x̂μ, x̂ν] = iβ2Mμν, [ p̂μ, p̂ν] = iα2Mμν, [x̂μ, p̂ν] = i(h0ημν − 2αβρMμν),

[h0, x̂μ] = i(β2p̂μ + 2αβρ x̂μ), [h0, p̂μ] = −i(α2 x̂μ + 2αβρ p̂μ), (19)

where α, β, and ρ are real parameters. For ρ = 0, one gets the Yang model, and for α = 0 or β = 0, one gets the Snyder or de Sitter algebra,
respectively.

If instead Xμν or Pμν do not vanish, as in the case of TSR or SdS, algebras (16) and (17) are not Lie algebras. In the KL model, Xμν = Pμν = 0,
but Hμν is proportional to Mμν, and this gives rise to a Lie algebra.

A. General Hermitian realizations
The most general Hermitian realizations of deformed phase spaces (16) and (17) are given by

x̂μ(α,β) = eiG1 x̂μ(β) e−iG1 , p̂μ(α,β) = eiG2 p̂μ(α) e−iG2 , (20)

where x̂μ(β) and p̂μ(α) are given in (9) and (15), respectively, and

G1 = G †
1 = G1(α2x2,αβD,β2p2

), G2 = G †
2 = G2(α2x2,αβD,β2p2

), (21)

with D = 1
2(x ⋅ p + p ⋅ x).

In order for the Jacobi identities to hold, the functions φ p
1 , φ p

2 and φx
1, φx

2 have to satisfy relations (7) and (14), respectively.
In these realizations, the functions Xμν, Pμν, Hμν, and h depend on φ p

1 , φ p
2 , φx

1, φx
2, and G1, G2. The Born duality applied to the above

realization generates new ones.

B. Hermitian realization of the Yang model
An Hermitian realization for the Yang model is given by

x̂μ(β) =
1
2
(xμ
√

1 − β2p2
+

√

1 − β2p2 xμ) + β2pμχp
(β2p2

),

p̂μ(α) =
1
2
(pμ
√

1 − α2x2
+

√

1 − α2x2 pμ) + α2xμχx
(α2x2

). (22)

The Yang model is obtained for G1, G2 such that

[x̂μ, p̂ν] = iημνh0, [h0, x̂μ] = iβ2p̂μ, [h0, p̂μ] = −iα2 x̂μ (23)
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hold. The explicit form at fourth order for χp
= χx
= 0 is reported in Ref. 11. In the limit α = β = 0, x̂μ(α,β) = xμ and p̂μ(α,β) = pμ.

Similar constructions can be applied to TSR and SdS models, where

x̂μ(β) = xμ +
β2

2
(x ⋅ pμ + pμp ⋅ x) + β2pμχp

(β2p2
),

p̂μ(α) = pμ +
α2

2
(p ⋅ xxμ + xμx ⋅ p) + α2xμχx

(α2x2
). (24)

V. PERTURBATIVE EXPANSION OF HERMITIAN REALIZATIONS
We shall now consider Hermitian realizations in a perturbative expansion in α and β of the two-parameter model introduced in Sec. IV B,

extending the results of Ref. 11.

A. Second-order expansion
At second order in α and β, we use the ansatz

x̂μ = xμ +
a1

2
αβ(xμx ⋅ p + p ⋅ xxμ) +

a2

2
β2
(xμp2

+ p2xμ) +
a3

2
β2
(pμp ⋅ x + x ⋅ ppμ) +

a4

2
αβ(pμx2

+ x2pμ), (25)

p̂μ = pμ +
b1

2
αβ(pμp ⋅ x + x ⋅ ppμ) +

b2

2
α2
(pμx2

+ x2pμ) +
b3

2
α2
(xμx ⋅ p + p ⋅ xxμ) +

b4

2
αβ(xμp2

+ p2xμ), (26)

where ai, bi are real constants. (Notice that in x̂μ, we could also add αβxμ, α2xμx2, and β2pμ, and in p̂μ, we could also add αβpμ, β2pμp2, and
α2xμ.)

Substituting (25) and (26) in the relations [x̂μ, x̂ν] = iβ2Mμν and [ p̂μ, p̂ν] = iα2Mμν, we find a3 − 2a2 = 1, b3 − 2b2 = 1, while calculating
[x̂μ, p̂ν], we get

gμν = ημν(1 + 2ταβD + a2β2p2
+ b2α2x2

) + b3α2xμxν + a3β2pμpν
+ αβ[τ(xμpν + pνxμ) + ρ(xνpμ + pμxν)], (27)

where ρ = a4 + b4, τ = 1
2(a1 + b1), and D = 1

2(x ⋅ p + p ⋅ x).
Hence,

h0 = 1 + 2ταβD + a2β2p2
+ b2α2x2, Xμν = b3xμxν, Pμν = a3pμpν,

Hμν = τ(xμpν + pνxμ) + ρ(xνpμ + pμxν). (28)

In the following, for simplicity, we shall consider the symmetric solutions ai = bi.
For KL models, a2 = b2 = −

1
2 , a3 = b3 = 0, a1 = b1 = −ρ, a4 = b4 =

ρ
2 , τ = −ρ, and

gμν = ημν(1 − 2ραβD −
1
2
(α2x2

+ β2p2
)) − 2ραβMμν = ημνh0 − 2ραβMμν, (29)

with h0 = 1 − 2ραβD − 1
2(α

2x2
+ β2p2

) and

[h0, x̂μ] = i(2ραβxμ + β2pμ), [h0, p̂μ] = −i(2ραβpμ + α2xμ). (30)

For Yang models, ρ = 0 and h0 = 1 − 1
2(α

2x2
+ β2p2

). For TSR models, a2 = b2 = 0, a3 = b3 = 1, a1 = b1 = 0, a4 = b4 =
1
2 , τ = 0, and ρ = 1.

B. Fourth-order expansion
At fourth order, we use the ansatz

x̂(4)μ =
c1

2
α3β(xμx2x ⋅ p + p ⋅ xx2xμ) +

c2

2
α2β2
(xμx2p2

+ p2x2xμ) +
c3

2
α2β2
(xμx ⋅ pp ⋅ x + p ⋅ xx ⋅ pxμ)

+
c4

2
αβ3
(xμx ⋅ pp2

+ p2p ⋅ xxμ) +
c5

2
β4
(xμp4

+ p4xμ) +
c6

2
β4
(pμp2p ⋅ x + x ⋅ pp2pμ)

+
c7

2
αβ3
(pμp2x2

+ x2p2pμ) +
c8

2
αβ3
(pμp ⋅ xx ⋅ p + p ⋅ xx ⋅ ppμ)

+
c9

2
α2β2
(pμp ⋅ xx2

+ x2x ⋅ ppμ), (31)
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p̂(4)μ =
d1

2
αβ3
(pμp2p ⋅ x + x ⋅ pp2pμ) +

d2

2
α2β2
(pμp2x2

+ x2p2pμ) +
d3

2
α2β2
(pμp ⋅ xx ⋅ p + x ⋅ pp ⋅ xpμ)

+
d4

2
α3β(pμp ⋅ xx2

+ x2x ⋅ ppμ) +
d5

2
α4
(pμx4

+ x4pμ) +
d6

2
α4
(xμx2x ⋅ p + p ⋅ xx2xμ)

+
d7

2
α3β(xμx2p2

+ p2x2xμ) +
d8

2
α3β(xμx ⋅ pp ⋅ x + x ⋅ pp ⋅ xxμ)

+
d9

2
α2β2
(xμx ⋅ pp2

+ p2p ⋅ xxμ), (32)

where ci, di are real constants. (In this case also we have omitted some terms that do not contribute significantly, such as α3β pμx4, α4xμx4, and
β4pμp2 in x̂μ and analogous terms in p̂μ.)

Inserting (31) and (32) into the relations [x̂μ, x̂ν] = iβ2Mμν and [ p̂μ, p̂ν] = iα2Mμν, we find c6 = 4a2
2 + 4c5 + a2, d6 = 4b2

2 + 4d5 + b2.
For KL models, assuming di = ci, one has c1 = c4 = c6 = c8 = 0, c2 =

ρ2

8 , c3 =
1
4 −

ρ2

2 , c5 = −
1
8 , c7 =

ρ
4 , and c9 =

ρ2

4 , and calculating [x̂μ, p̂ν],
one obtains

h0 = 1 − 2ραβD −
1
2
(α2x2

+ β2p2
) −

1
8
(α4x4

+ β4p4
) +

ρ
4
α3β(x2x ⋅ p + p ⋅ x x2

)

+
ρ
4
αβ3
(p2p ⋅ x + x ⋅ p p2

) +
1
8
α2β2
(x2p2

+ p2x2
) +

1
2
α2β2D2 (33)

and

[h0, x̂μ] = i[2ραβxμ + β2pμ + (
ρ2

2
−

1
4
)α2β2

(x2pμ + pμx2
) −

ρ
2
αβ3
(x ⋅ ppμ + pμp ⋅ x)

− ρ2α2β2
(p ⋅ xxμ + xμx ⋅ p)] = i(β2p̂μ + 2αβρ x̂μ), (34)

[h0, p̂μ] = −i[2ραβpμ + α2xμ + (
ρ2

2
−

1
4
)α2β2

(p2xμ + xμp2
) −

ρ
2
α3β(p ⋅ xxμ + xμx ⋅ p)

− ρ2α2β2
(p ⋅ xpμ + pμp ⋅ x)] = −i(α2 x̂μ + 2αβρ p̂μ) (35)

in accordance with (19). The Yang model is obtained for ρ = 0.
For SdS, the results are reported in Ref. 11. In particular, for ci = di, the coefficients depend on the free parameter c1, with c5 = c6 = c7 = 0,

c2 =
1
8 , c3 =

1
2 , c4 =

1
2 − c1, c8 = 1 − c1, and c9 =

3
4 .

VI. EXACT RESULTS ON GENERALIZED TSR
In this section, we present some exact realizations of generalized TSR obtained by exploiting a method proposed in Refs. 7 and 8.
Let us start with the Snyder algebra

[x̂μ, x̂ν] = iβ2Mμν, β ≠ 0. (36)

A class of realizations of x̂μ is given by

x̂μ = Xμφ1(β2P2
) + β2X ⋅ P Pμφ2(β2P2

), Mμν = XμPν − XνPμ =M†
μν, (37)

with x̂ †
≠ x̂, where Xμ and Pμ satisfy

[Xμ, Xν] = [Pμ, Pν] = 0, [Xμ, Pν] = iημν (38)

and

φ2 =
1 + 2φ1φ′1

φ1 − 2β2P2φ′1
, with φ′1 =

dφ1

d(β2P2
)

, φ(0) = 1. (39)

Let us define
p̂μ = Pμ − ϵ

α
β

x̂μ, ϵ2
= 1, α ≠ 0, (40)
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and using [x̂μ, Pν] = [x̂ν, Pμ], we obtain

[ p̂μ, p̂ν] = iα2Mμν, [x̂μ, p̂ν] = igμν = iημνφ1(β2P2
) + β2PμPνφ2(β2P2

) − ϵ αβMμν. (41)

Hence, gμν − gνμ = −2ϵ αβMμν.
Note that

Pμ = p̂μ + ϵ
α
β

x̂μ (42)

and
Mμν = XμPν − XνPμ = (x̂μPν − x̂νPμ)

1
φ1(β2P2

)
= (x̂μp̂ν − x̂νp̂μ − 2iϵ αβMμν)

1
φ1(β2P2

)
. (43)

Hence,
Mμν =

1
2
(x̂μp̂ν − x̂νp̂μ + p̂ν x̂μ − p̂μ x̂ν)

1
φ1(β2P2

)
. (44)

The algebra generated by x̂μ, p̂μ, and Mμν and all its realizations are invariant under the Born duality α↔ β, x̂μ → −p̂μ, p̂μ → x̂μ,
Mμν ↔Mμν, and gμν ↔ gνμ. The relation between x̂μ and p̂μ can be written as

p̂μ = −ϵ
α
β

Sx̂μS−1, (45)

where

S = exp(−
iZ

2ϵ αβ
),

dZ
d(β2P2

)
=

1
φ1(β2P2

) + β2P2φ2(β2P2
)

. (46)

Note that Z†
= Z, S−1

= S†.
Clearly, Hermitian realizations of x̂μ and p̂μ are given by

x̂H
μ =

1
2
(x̂μ + x̂†

μ), p̂H
μ =

1
2
(p̂μ + p̂†

μ). (47)

A. Special cases
For φ1 = φ2 = 1, we obtain SdS,7,11

[x̂μ, p̂ν] = i(ημν + β2PμPν − ϵαβMμν) = i(ημν + (αx̂μ + βp̂μ)(αx̂ν + βp̂ν) − ϵαβMμν),

Mμν =
1
2
(x̂μp̂ν − x̂νp̂μ − p̂μ x̂ν + p̂ν x̂μ). (48)

In this case,

Z = ln(1 + β2P2
), S = exp(−

i
2ϵαβ

ln(1 + β2P2
)). (49)

For φ1 =

√

1 − β2P2, φ2 = 0, we obtain

[x̂μ, p̂ν] = i(ημν
√

1 − β2P2
− ϵαβMμν),

Mμν =
1
2
(x̂μp̂ν − x̂νp̂μ − p̂μ x̂ν + p̂ν x̂μ)

1
√

1 − β2P2
. (50)

In this case,

Z = −2
√

1 − β2P2, S = exp(
i

ϵαβ

√

1 − β2P2
). (51)

This example corresponds to a special case of KL model4 with h0 =

√

1 − β2P2, ϵ = 2ρ = ±1, and

[h0, x̂μ] = i(β2p̂μ + ϵ αβx̂μ), [h0, p̂μ] = −i(α2 x̂μ + ϵ αβp̂μ). (52)
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VII. CONCLUSIONS
Models of noncommutative geometry in curved spacetime have recently attracted much interest because of possible applications to

astrophysical observations26 and to the measurement of the time delay in the propagation of photons by cosmic sources.
In this paper, we have examined a class of these models, characterized by a high degree of symmetry, which generalize an early proposal

by Yang3 and include TSR5,7 among others. The main feature of these models is that the defining algebra contains both the Snyder2 and the
de Sitter23 algebra, and in particular, the Lorentz invariance is preserved. They may, therefore, be relevant in a low-energy limit of quantum
gravity, for which theoretical arguments suggest that both a noncommutative parameter and a cosmological constant should be relevant.5

We have presented quantum realizations of these algebras in canonical phase space, starting from the simpler cases of Snyder or its de
Sitter dual. However, their structure, which involves the full phase space, renders problematic the definition of a star product or of a Hopf
algebroid structure, such as those introduced in Ref. 27. More general mathematical constructions should be introduced if one wishes to
include analogous notions in this formalism.

A possible area of application of our results is quantum field theory. A field theory based on the SdS algebra was discussed in Ref. 20 using
some rough approximations. In that paper, its similitude with the Grosse–Wulkenhaar model,28 a renormalizable and exactly solvable theory,
was noted, which, in analogy with SdS field theory, can be interpreted as a field theory in curved noncommutative space.29 An investigation of
the field theory on spacetimes of Yang type that exploit the general results obtained in this paper would, therefore, be a promising development
of the present research.
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78, 194 (2018); S. A. Franchino-Viñas and S. Mignemi, Phys. Rev. D 98, 065010 (2018); Nucl. Phys. B 959, 115152 (2020); S. Meljanac and A. Pachoł, Symmetry 13, 1055
(2021); G. Gubitosi and S. Mignemi, Universe 8, 108 (2022).

J. Math. Phys. 64, 023505 (2023); doi: 10.1063/5.0135492 64, 023505-8

© Author(s) 2023

 
0
2
 
A
p
r
i
l
 
2
0
2
6
 
1
3
:
0
4
:
2
8

https://scitation.org/journal/jmp
https://doi.org/10.1016/0370-2693(94)90940-7
https://doi.org/10.1103/physrev.71.38
https://doi.org/10.1103/physrev.72.874
https://doi.org/10.1103/physrevd.70.065020
https://doi.org/10.1016/s0370-2693(01)00506-8
https://doi.org/10.1103/physrevlett.88.190403
https://doi.org/10.1088/0264-9381/29/21/215019
https://doi.org/10.1155/2016/1328284
https://doi.org/10.1103/revmodphys.21.463
https://doi.org/10.3842/SIGMA.2022.022
https://doi.org/10.1016/j.physletb.2022.137289
https://doi.org/10.1103/physrevd.79.067505
https://doi.org/10.1103/physrevd.82.024028
https://doi.org/10.1103/physrevd.83.065009
https://doi.org/10.1142/s0217751x11053948
https://doi.org/10.1103/physrev.94.192
https://doi.org/10.1088/0264-9381/12/3/004
https://doi.org/10.1088/0305-4470/28/12/004
https://doi.org/10.1103/physrevd.70.105006
https://doi.org/10.1088/1126-6708/2006/05/077
https://doi.org/10.1103/physrevd.84.025021
https://doi.org/10.1007/jhep03(2011)132
https://doi.org/10.1016/j.nuclphysb.2011.09.022
https://doi.org/10.1103/physrevd.96.045021
https://doi.org/10.1142/s0217751x1750172x
https://doi.org/10.1140/epjc/s10052-018-5657-8
https://doi.org/10.1103/physrevd.98.065010
https://doi.org/10.1016/j.nuclphysb.2020.115152
https://doi.org/10.3390/sym13061055
https://doi.org/10.3390/universe8020108


Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

17S. Meljanac, D. Meljanac, S. Mignemi, and R. Štrajn, Phys. Lett. B 768, 321 (2017); S. Meljanac, D. Meljanac, F. Mercati, and D. Pikutić, ibid. 766, 181 (2017).
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