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Abstract

We study inflation driven by the tachyon field in the holographic braneworld by assuming the
second slow-roll parameter n is constant. The parameter 7 can be either defined by the tachyon
scalar field and the Hubble parameter or by the Hubble parameter only. By assuming a constant 7,
we derive and numerically solve a differential equation for the Hubble expansion rate. We calculate
numerically the scalar spectral index and the tensor-to-scalar ratio. We confront the results with the
observational data and find some constraints on the free model parameters. The swampland conjec-
tures are discussed in the context of the constant-roll inflation, with some accent on the holographic
model.

1 Introduction

Inflation is the most promising candidate for solving the horizon problem and other related problems of
the standard Big Bang cosmology [1], by demanding an extremely short period in the early universe during
which the universe rapidly expands. Moreover, the quantum fluctuations generated during inflation lead
to the primordial density perturbation responsible for the large-scale structure formation.

An outstanding achievement has been made in the theoretical prediction of the inflation parameters,
assuming that the inflation is governed by a single scalar field (the inflaton), whose origin is still unknown.
One of the popular classes of inflationary models is based on the dynamics of the tachyon field originating
in M or string theory [2]. It is known [3] that the decay of unstable D-branes in string theory is followed by
a production of pressureless gas with non-zero energy density, which is required for a phase of inflationary
expansion. This is one of main motivations for applications of the tachyon field in the theory of inflation.

The constant-roll inflation is based on the assumption that during inflation, the second slow-roll
parameter 7 is an arbitrary constant and not necessarily small |[4]. This formalism has been applied in
many different scenarios of inflation [5-13]. In this work, for the first time, we apply the formalism of
the constant-roll inflation to the holographic second Randall-Sundrum (RSII) model with a tachyon field
[14,[15). This paper is an extension of our previous work in which we studied the constant-roll tachyon
inflation in the RSII cosmology |16]. We have shown that the observational parameters obtained in the
constant-roll approach for the RSII model are in better agreement with observational data than those
obtained in the slow-roll approximation |17].

Motivated by this result, we examine whether similar behavior will occur in the tachyon model in the
holographic braneworld. The dynamics of the model considered here are based on a scenario in which
the brane, with an effective tachyon field, is located at the boundary of a 5-dim asymptotically Anti-de
Sitter (AdSs) space. This type of model we refer to as the holographic braneworld [18]. The effective
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four-dimensional Einstein equations on the holographic boundary of AdSs yield a modified Friedmann
equation with a quartic term oc H*, where H is Hubble parameter [18,/19]. Due to this modification
in the Friedmann equation, it is interesting to consider the constant-roll inflation in the (holographic)
cosmology on the AdSs boundary. The constant-roll inflation has recently been analyzed, assuming that
inflation is driven by (generalized) holographic dark energy [20,21]. It is important to stress that these
models are not equivalent to our model.

The paper is organized as follows. In Section 2, we give a brief review of the tachyon dynamics in the
holographic braneworld. The scenario of the constant-roll inflation in the holographic model is discussed
in Section 3. In Section 4, we briefly review the calculation of the primordial power spectra and present
our numerical results. In Section 5, we discuss the swampland criteria for the holographic constant-roll
RSII inflation model. A summary and conclusions are given in Section 6.

2 Tachyon cosmology in the holographic braneworld

We will consider two types of braneworlds in the AdSs bulk: the second Randall-Sundrum (RSIT) model
and the holographic braneworld. In the RSII model [35], a 3-brane is located at a finite distance from the
boundary of AdSs. The model was originally proposed as an alternative to the compactification of extra
dimensions. In a holographic braneworld, a 3-brane is located at the boundary of the asymptotic AdSs
and the effective Einstein equations on the brane are derived in the framework of anti-de Sitter/conformal
field theory (AdS/CFT) correspondence and holographic renormalization [36].

2.1 Randall-Sundrum and and holographic cosmologies

The first Randall-Sundrum model, usually referred to as the RSI model [34], is proposed as a solution
to the hierarchy problem. The RSI model consists of two branes of opposite tensions embedded in the
AdSs bulk, where the observer brane is the brane with negative tension. In the RSII model, the observers
are placed on a single positive tension brane. In a holographic braneworld universe, a 3-brane is located
at the boundary of the asymptotic AdSs. In this way, the holographic cosmology may be regarded as a
limiting case of the RSII cosmology. The braneworld univerrse evolution is governed by matter on the
brane in addition to the CFT fluid.

A cosmology on the brane is obtained by allowing the brane to move in the bulk along the fifth
dimension z. Equivalently, the brane is kept fixed at z = zp, while making the metric in the bulk time
dependent. The time-dependent bulk spacetime with line element

2
dsé) = % (712(7', 2)dr?* — a® (7, 2)dQ% — dzz) , (1)

may be regarded as a z foliation of the bulk with an FRW cosmology on each z slice. In particular, at
z = zp; we have the RSII cosmology and, at z=0, the holographic cosmology. The Friedmann equation
on the RSII brane is modified
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where £ is the AdSs curvature radius, Hyy = aby/(nbran,) is the Hubble rate on the RSII brane. Equation
was derived assuming the fine-tuned value of the brane tension A = 3m32,/(47¢?) which assures the
vanishing of the cosmological constant. In the last term on the right-hand side of , usually referred
to as the "dark radiation”, the parameter u is related to the bulk black-hole mass p = (8G5Myy)/(3m¢>
(see, e.g, |37]).

By introducing the boundary in AdSs at z = z, instead of z = 0, the RSII model is conjectured to
be dual to a cutoff CFT coupled to gravity, with z = 2, providing the IR cutoff. This conjecture then
reduces to the standard AdS/CFT duality as the boundary is pushed off to z = 0. In this limit, the
variation of the action yields Einstein’s equations on the boundary [18}|19]

1
Ry — §Rglw =87GN((T5 ") + T, (3)

where T)5**" is the energy-momentum tensor associated with matter on the holographic brane and TMC,/F T

the energy-momentum tensor of the CFT on the boundary. According to the AdS/CFT prescription,
the expectation value (TEVFT> is obtained by functionally differentiating the renormalized on-shell bulk



gravitational action with respect to the boundary metric [36]. From , one derives the Friedmann

equation at the boundary
02 4p 87GN
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where H? = H? + k/a? and H = a/a is the Hubble rate at the holographic boundary. As in the RSII
model, the parameter p is related to the black hole (BH) in the bulk, and the term proportional to u is
dubbed the ”dark radiation”. The second Friedmann equation may be obtained by combining the time
derivative of with the energy conservation equation

atp+3(p+p)% =0. (5)
One finds ; e s
a(l—z’H)—i—’H ZT(p—?)p). (6)
A map between RSII and holographic cosmologies can be constructed using |19
ap, = a? [(1—%122)2+if] , nbr:dgr- (7)
The Hubble rates are related by
Moy = H2 + % = Ha‘;. (8)

Using this and we can find a relation between the cosmological scales ay, on the brane at z = zp,, and
a, at on an arbitrary z-slice. First, we can express the first equation in @ as an equation for a?, a2,
and H?2, and similarly as another equation for a2, ay,, and ’H%r at z = zp,. By eliminating a? from these
two equations we find a relation between the scale a, and ap,. Then, using this relation and we can

express the Hubble rate H at z = 0 in terms of the Hubble rate Hy, at z = 2,
-1
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This equation provides a direct link between RSII and holographic cosmologies.

2.2 The tachyon dynamics in the holographic braneworld

In this section, we briefly introduce the basic property of the tachyon dynamics in the holographic
braneworld. For a spatially flat FLRW geometry on the holographic brane, the modified Friedmann
equations (4) and (6] can be written as

1 2
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where p and p are the pressure and the density of the fluid associated with the field on the brane and
h=(H. (12)

is a dimensionless Hubble expansion rate. The overdot in ([11) denotes a derivative with respect to time
measured in units of £. The fundamental coupling parameter & is related to the AdSs curvature radius ¢
and the four-dimensional Newton constant G
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As mentioned previously, Egs. and might contain the term responsible for the so called ”dark
radiation” and the cosmological constant term [18,22]. We have omitted these terms for the following
reasons. First, as in RSII cosmology, dark radiation is related to the BH in the AdS bulk. Since dark
radiation is not relevant for inflation, we assume that the bulk is pure AdSs with no BH, and hence,

. (13)



the terms responsible for it do not appear in our modified Friedmann equations and . Second,
by invoking the so-called RSII fine-tuning condition, we have adjusted the brane tension so that the
cosmological constant vanishes. In principle, as discussed in Ref. [18], one could fine-tune the brane
tension so that a tiny nonvanishing cosmological constant remains. This type of fine tuning may be
relevant for recent cosmology. However, during inflation, the contribution of the cosmological constant is
negligible since the tachyon field causes a fast quasi-de Sitter expansion anyway.

The physically acceptable solution to the equation 7 as a quadratic equation for A2, is of the form

h2:2<1—\/1—’§€4p>. (14)

In the low-density limit (k2/*p < 1), this equation reduces to the standard Friedmann equation, to wit,
the holographic cosmology reduces to the standard cosmology.

As discussed in Section [2.1] (for more details, see Ref. [18]), the holographic model is a limiting case of
the RSII model with a single positive tension brane approaching the boundary of AdSs. Inflation based
on the RSII model can have arbitrary large (up to mp;) Hubble scale, depending on the ratio p/A, where
A is the brane tension (see, e.g., Ref. [37]). For exaample, if p ~ A, one finds H ~ 3/¢. In contrast, our
Hubble scale is constrained by Eq. and cannot exceed Hpyax = V2/¢. According to our estimate
(Section further ahead), ¢ ~ 4 x 10°Ip;, and hence, the maximal Hubble scale in our holographic
model H,. ~ 10~ %mp is way below the Planck scale.

According to , the expansion rate is a monotonously decreasing function of time. In this model,
the evolution is constrained by the physical range of the expansion rate 0 < h? < 2. The evolution of the
universe starts with an initial h; < v/2 and with negative h1

2.3 Tachyon fluid
For a fluid on the brane described by the tachyon field, the tachyon Lagrangian of the Dirac-Born-Infeld

(DBI) type is of the form
L=—0"4V(0/0)\/1—g"0,0,, (15)
where the tachyon field  has units of £. The tachyonic potential V' (6/¢) satisfies the following properties
V(0) = const, Vy(0>0)<0, V(] — c0)—0, (16)

where the subscript , 6 denotes a derivative with respect to #. The pressure p and energy density p are
the components of the energy-momentum tensor 7},

Tuu = (/0 +p)uuuu — PYuv, (17)

where the components of the four velocity are u, = 0,0/./0,00#0 and u,u® = 1. Assuming spatial
isotropy and homogeneity at the background, § = 6(t), from

2 0/—gL
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p=—L"4V\/1-62 (19)

(v
p= —. (20)
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The model is presented in more detail in Ref. [14]. In the following, we will analyze the constant-roll
inflation based on this model, with the slow-roll parameter n being constant.

one finds

3 Constant-roll inflation

The dominant inflationary scenario nowadays, known as the slow-roll inflation, is based on the assumption
that the inflaton field varies very slowly and inflation lasts long enough to overcome some problems in
the standard Bing Bang cosmology. In the slow-roll inflation models, the slow-roll parameters

lh

7?7 (21)
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are small. Inflation ends when the parameter € crosses unity. The modification of the slow-roll inflation
(n =~ 0) or ultra slow-roll inflation (n = —3) leads to the constant-roll inflation defined by the condition
4

n = const. (23)

In this work, we apply the condition to the tachyon dynamics in the holographic braneworld. Com-
bining Friedmann’s equations, and , with and we obtain

2 h,y1— 1n?
S 3 h21- I (24)
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where according to the Hamilton-Jacobi formalism the expansion rate h is taken as a function of field 6,
i.e. h = h(0), yielding h = h pf. By taking the time derivative of we obtain
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Then, using the condition , the equations and , and replacing them in the equation we
derive the differential equation for the expansion rate

h? ) 3 ,1—3h?
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The equation is more complicated than the corresponding equation in the tachyon constant-roll model
in standard cosmology (derived from the Einstein-Hilbert action) and will also be solved numerically.

One of the main advantages of constant-roll inflation is that there is no need to specify the type of
potential. The potential can be reconstructed when the dynamics of the model is known. Combining
, and , we obtain the potential as an implicit function of the tachyon field

1 42 h% 1 —Lp2\?
G
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In the limit when h? < 1, the equations and agree with those derived in tachyon constant-roll
model in standard cosmology [13].

There are plenty of definitions of the slow-roll parameters. Besides the most common, given by
and , it proves advantageous to define the slow-roll parameters recursively

€0 = hy/h, (28)

dln|e;
Eiv1 = ;l]\l;: |7 1 Z 07 (29)

where h, is the expansion rate at an arbitrarily chosen time and N is the number of e-folds at time ¢
defined as

1 [t
N@ﬁ:f/fmu (30)
L/,
where t; denotes the time at the beginning of inflation. Using (24)), Eq. (30)) may be expressed as
1 (%h 3% nd(1-1m?)
N(9) == =df = —— — 4 4 31
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To solve the most important problems in the early universe, the number of e-folds at the end of inflation
should be N = N(6¢) ~ 60, where 0; = 0(t¢) is fixed by €1 (6f) = 1.
From the definition for the parameters €; one obtains
le;
E; = .
+1 he,

(32)



The relationships between €; = €, €2 and 7 depend on the form of the Friedmann equation. Using
together with , for the first two slow-roll parameters €; we obtain

ho 202h%1—Lih?

== 2 33
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Substituting h go from (26)) into (34)), e2 takes the following simple form
h2
€9 =21 — 1. (35)

2(1— $h2)(1 - 3h2)

In our model, unlike the constant-roll inflation model in the standard cosmology [23|, the expression
for €5 contains the additional term proportional to h?, causing the change of £, during the time. The
parameter €3 is equal to

1 < h2(1— gh?) 5 h? (36)

PR\ g - fR T 21— SR - ih2)6162> '

In the limit when h? < 1, the contribution of the additional term can be neglected, i.e., g5 ~ 27, causes
that the parameter €5 is almost constant and the parameter €3 tends to zero.

4 Primordial power spectra and observational parameters

Following Ref. [24], we first briefly review the calculations of the primordial power spectra for a general
k-essence inflation in the holographic braneworld.

4.1 Scalar perturbations
Assuming a spatially flat background, we introduce the perturbed line element in the Newtonian gauge
ds® = (14 2V)dt? — (1 — 20)a?(t)(dr? + r2dQ?). (37)

Inserting the above metric components in the field equations, we obtain the Einstein equations at linear
order. As shown in Ref. [24], one finds ®/¥ = 1 as in general relativity, and hence, one can work in
longitudinal gauge with ¥ = &. Then, the relevant Einstein equations at linear order are given by

a"2V2® — 3H® + 3H2® = 4nGNoTY (1 — h?/2)71, (38)

(® 4+ H®) ; = 4nGNOTY (1 — h?/2)~ L. (39)

The perturbations of the stress tensor components §7% are obtained by employing the perfect fluid
description and the energy-momentum conservation. One finds [39)

p+ 00\ 00
5TY = cg" Ké) —@} = 3H(p+p) (40)

5T = (p+ p) (50-9)1, : (41)

As in Ref. [39], we introduce new functions

a® c—a+ua. (42)

£= AnGnH’ 0

The quantity ¢ is gauge invariant and measures the spatial curvature of comoving (or constant-6) hyper-

surfaces. Then, using and , equations and take the form
ag = 2*c2, (43)
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By introducing the conformal time 7 = [ dt/a and a new variable v = z(, it is straightforward to
show that v satisfies a second-order differential equation

Here

where we have defined

"

v — 2V — =0, (47)
z

where the primes denote derivatives with respect to 7. By making use of the Fourier transformation, we
also obtain the mode-function equation

" 2 2 Z”
vy + (csq - Z) vg = 0. (48)
At linear order in g; in the slow-roll regime, one can use the relations
1+¢e 9 2" v —1/4
TE T + O(e1), -T2 (49)
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We normalize the solution to so that it satisfies the positive frequency asymptotic limit

e—iquT
li = —.. 51
YT ey (51)

Then the solution which up to a phase agrees with is given by

vy = Y () 2B (~eygr), (52)
where H,Sl) is the Hankel function of the first kind. This solution interpolates between subhorizon and
superhorizon regimes, to wit, between short and long wavelength limits.

For a given wavenumber ¢, the potential term z”/z in can be neglected at sufficiently early times
(r — —o0 ) when the physical wavelength of the perturbation a/q is much smaller than the sound horizon
¢s/H. Hence, in this short wavelength limit, the normalized solutions are of the form .

The potential term z”/z starts to dominate after these modes cross the sound horizon. Then, the
solution to evolves into the long wavelength solution

vy ~ Cyz, (53)
where the constant C, is fixed by matching both solutions in the standard way. One finds
Cal = = (54)
1 2 /2eq’

where z and ¢ are the values of z and ¢ at the moment of sound horizon crossing aH = c¢sq. Hence, the
curvature perturbation {, = vy/2z ~ Cy is conserved in the superhorizon region.

The calculation of the power spectrum proceeds as usual. Applying the standard canonical quantiza-
tion [40], the field v, is promoted to an operator and the power spectrum of the field ¢, is obtained from
the two-point correlation function. The spectral density
3 3
q 2 q 2
:277_[_2‘@1‘ = 27T222|UQ| ’ (55)
with v, given by 7 characterizes the primordial scalar fluctuations. Evaluating this at the horizon
crossing one finds at the lowest order in €7 and &5

GnH?
Py~ N [1-2(1+C)ey — Ceyl, (56)
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where C = y—2+1n2 ~ —0.73 and + is the Euler constant, so we recover the standard expression [23}[38].



4.2 Tensor perturbations

The tensor perturbations are related to the production of gravitational waves during inflation. The metric
perturbation is, in this case, written as

ds® = dt* — a(t) (65 + hyj) da'da? (57)

where h;; is traceless and transverse. Inserting the metric components in the holographic field equations
(see Ref. |24] for details) we obtain
2, . . . 1,
1-— E(H + H) hij + 3Hh” - ?V hij = 87TGN5TZ'j. (58)
In the absence of anisotropic stress, the gravitational waves decouple from matter, and the right-hand
side of the above equation is zero. Then, the expression in the first bracket on the left-hand side factorizes
out, and hence, our braneworld scenario does not introduce changes to the gravitational wave dynamics.

At the lowest order in slow-roll parameters, the spectral density that characterizes the primordial tensor
fluctuation is given by the usual expression [41]

N 16GNH2
- T

Pr 1-2(1+C)e]. (59)

4.3 Numerical calculations

In this section, we present the results for the observational parameters and the number of e-folds, obtained
by numerically solving the equation for the Hubble expansion rate, equation , for fixed n. This
equation is a second-order differential equation with respect to the tachyon field 6. To solve this equation
numerically, we need to choose initial conditions, i.e., to fix the values of h and h y for a chosen value 6.
Let these be the values h; = h(6;) and h g = h(6;) that correspond to the value of the field §; at the
time of the beginning of inflation (6; = 6(¢;)). For this specific choice, we will fix the initial conditions
from the values of the observational parameters. As we will see, this approach allows us to estimate the
range of parameter 7 in the model with the corresponding predictions that should be in good agreement
with observational data. For numerical solving of , bearing in mind form of , without loss of
generality, we can set ¢; = 0 and 6; = 0.

With the help of expressions and , the observational parameters, the scalar spectral index ng,
and the tensor-to-scalar ratio r have been calculated in Ref. [24] for the tachyon model in the holographic
braneworld. Up to the second order in the slow-roll parameters, one finds

2(2 — h?)
r = 16eq; |:1 + Ceg; — 3<4_h2)51i] , (60)
8h? , 2(2 — h?)
Ng = 1-— 2€1i — E92i — <2 - 3(41—})/2)2> £1i — (3 + 2C — 3<4 — h2)> €1i€2i — C€2i€3i7 (61)

where €;; = ¢;(6;) are the values of the slow-roll parameters at the beginning of inflation. The expressions
and at linear order in the slow-roll parameters e; agree with the expressions obtained in the
standard scalar field inflation with a tachyon field (see e.g. Ref. [23])

r ~ 16e1;, (62)

ne =~ 1 —2eq; — €9;. (63)

The calculated parameters given in and may be confronted with the observed values from the
Planck data [25]
ng = 0.9649 + 0.0042, (64)

r < 0.056. (65)

Now, we calculate a functional relationship between the observational parameters, given by expressions
at linear order in the slow-roll parameters, and the initial conditions h; and h g;. From and ,

using (35]), we obtain
P i . (66)
=3 TR a-In(-1h)32)°




The term proportional to hZ, that results from , affects the value of the parameter 7, which is another
crucial difference in this model compared to the model in standard cosmology. Using , the expression
(62) can be rewritten as

17
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where we have chosen the minus sign, according to the demand that h < 0. Clearly, for each choice of
ng, r and h; the parameter 1 and the value h g; are fixed by and .

4.4 Numerical results

Now, we present the results for some fixed values of the parameters. In the following, we treat h;, besides
n, as an additional free parameter of the model, the value of which lies in the interval 0 < h; < v/2.

In Fig. |I| we plot n7 and h g; as function of h; for fixed and arbitrary ns = 0.966 and r = 0.022. As we
shall see, for the values of the observational parameters, which are well inside the observational region,
the model can provide the inflation stage with N(0¢) ~ 60. We will use these values to illustrate further
results. It can be seen from Fig. [I| that the value of parameter 7 changes significantly only for those
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Figure 1: n versus h; (left panel) and h g; versus h; (right panel) for fixed ny = 0.966 and r = 0.022.

values of h; which are near to the maximum value h; max = V2. For the other allowed values for hi, the
parameter n is almost constant and very close to the value obtained in the standard tachyon constant-
roll inflation (n ~ 0.0153) [13]. As shown in Fig. |hpi| increases with h; which indicates that there
may be a deviation in the duration of inflation (e-folds number) in our model compared to the tachyon
constant-roll model in standard cosmology . We will discuss those results in the next section.

In Fig. [2| we plot 7 as a function of h; varying the values of the observational parameters. Again, the
most significant range of the values of h; is near its maximum, and the value of the 7 is more affected by
the change of r than by the change of ns.
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Figure 2: n versus h;. Left panel: r = const = 0.01, ns = 0.96 (solid red line), ny = 0.965 (dashed blue
line), ns = 0.97 (dash-dotted green line). Right panel: ny = const = 0.965, r = 0.01 (solid red line),
r = 0.02 (dashed blue line), » = 0.03 (dash-dotted green line).



In Fig. we present a numerical solution to the equation and the reconstructed potential,
obtained for ng = 0.966, r = 0.022 and h; = 1.4. For this choice of the parameters, using expressions
and , we find 7 = 0.0817 and h p; = —0.4495. It is obvious from Fig. |3| that the reconstructed
potential has all properties of a tachyon potential, defined by .
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Figure 3: The expansion rate (left panel) and the reconstructed potential (right panel) versus tachyon
field in the model with n = 0.0817, h; = 1.4 and h g; = —0.4495.

The expression may be integrated numerically, yielding the time ¢ as a function of . With its
help, the time evolution of the expansion rate and the tachyon field can be plotted (Fig. [4)).
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Figure 4: The time evolution of the expansion rate (left panel) and the tachyon field (right panel) in the
model with n = 0.0817, h; = 1.4 and h g; = —0.4495.

The slow-roll parameters €; and e, as functions of 8 are shown in Fig. @
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Figure 5: The slow-roll parameters €1 and e5 versus tachyon field calculated numerically in the model
with 7 = 0.0817, h; = 1.4 and h g; = —0.4495.

The parameter €; increases and exceeds unity (for 6 = 415.5), defining the end of inflation. As
already mentioned, for h? < 1 the value 5 is almost constant. Furthermore, it is obvious from the shape
of the curve in Fig. 5| that the parameter €5 changes significantly only at the beginning of inflation.
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Now, we calculate the number of e-folds associated with the observational parameters, the values
of which we choose according to the restrictions from the observational data. Using we define
N = N(0;), where 0; = 0(t¢) is fixed by €1(6;) = 1. To calculate the number of e-folds, we proceed as
follows. For some chosen ng, r and h;, using and , we calculate the parameter 1 and the initial
value h ;. Then, we obtain k() solving , for given n, with the initial conditions h; and h ;. From
the condition for the end of inflation (e1(f¢) = 1) we find 6;. Finally, we use numerical integration in
expression to find N. For ng = 0.966, r = 0.022 and h; = 1.4 the number of e-folds is N = 60.2.

In Fig. [6] we plot N as a function of h; and as a function of 1. Note that the change in the number
N due to the variation of the parameter ng is significant only for small values of h;. This result is
expected, considering how the parameter n depends on the observable parameters ng and r (see Fig. [2)).
As mentioned earlier, the number of e-folds is also affected by the value of h;. Clearly, as the value of
the parameter h; increases, the number of e-folds decreases. Therefore, the interval of h; in which the
model gives inflation with N ~ 60 is narrower than the model allows (see Fig. . In addition, Fig. |§|
indicates that the value of the parameter n should be close to &~ 0.08 to have inflation with N ~ 60.
In comparison, the tachyon constant-roll inflation in standard cosmology for the values ns = 0.9615 and

70

80

40 55

50
1.390 1.395 1.400 1.405 1.410 0.070 0.075 0.080 0.085 0.090
h; n

Figure 6: Theoretical prediction for the functions N of h; (left panel) and N of n (right panel) for several
fixed observational parameters. On the left panel, » = 0.02 (red line), 0.025 (blue line), 0.03 (green line),
where ns = 0.96 is represented by solid line and ng = 0.965 by dashed line. The right panel shows the
function N of n for randomly chosen observational parameters ns = 0.965 and r = 0.02 (solid red line)
and ng = 0.965 and r = 0.03 (dashed blue line).

r = 0.0197, with n = 0.0153, predicts inflation with N = 121 [13]. In our model, the chosen values of
the observational parameters inside the allowed range of the Planck data, with h; = 1.4 (and n = 0.077),
correspond to N = 64.4.

4.4.1 Estimate of the scale

Here we estimate the radius of the AdS5 curvature ¢ by making use of the normalization of the curvature

perturbation spectrum. We require that the curvature perturbation spectrum Pg at the CMB pivot scale

geme = 0.05Mpe™! coincides with the the power spectrum amplitude Ay = 2.10 +0.03 x 102 measured

by Planck Collaboration 2018 [25]. For our purpose, we can assume ¢s ~ 1 and approximate by
1 H?> 1} »

Ps(q) ~ 3

= 68
mermy, w2 ey (68)

where for each ¢, the quantities h(f) and () take on their horizon crossing values at the corresponding
N(0). In particular, we will use at ¢ = gcumB.

First, we find an approximate analytical function N = N(6) using and an approximate solution
to (deduced from Fig. [3)

h ~ hje=0/(eh) (69)
where « is a constant. Then, from , we find
272
N () = 30 (g _ m20/000)y, (70)

Requiring N (¢ ~ 60) at large 6 and taking h; = 1.4, we find o = 6.4, and hence
ho~ 147640 N () ~ 60(1 — e~ 0/(3:20), (71)
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Next, for goms, we estimate the corresponding Noyps = N(6oms) at the horizon crossing, i.e., at the
moment when

apeNME Honp = gomp (72)

where Homp = H(Ocoms). We assume that the initial conditions at a = ag are set in the deep subhorizon
region where qovp > agHin. Hence, we set

aoHin = €qcms, (73)
where € is a small parameter, e.g., of the order € ~ 0.001. Combining Egs. and we obtain

H
Nows H1CMB _ 4 74
ce™oMp == = 1. (74)

Approximating Hoyp ~ Hin, we obtain a rough estimate
Neu =~ —Ilne~ 7. (75)

Then, from we find Ocpmp =~ 0.4¢ and hovp =~ 1.3. Finally, using and equating P(gomp) =
2.1 x 1077, we obtain an estimate
0~ 4x10%p,. (76)

4.5 Comparison with the Planck data

Note that previous results for the number of e-folds were obtained using the functional relationship
between the observational parameters and the initial conditions h; and h g, equations and .
More accurate results can be obtained using and and applying the standard approach based on
calculating observation parameters ng and r for a given e-folds number N, described in details in refs.
[14], [15] and |17]. For randomly chosen 7, hi, and h g;, the equation and the differential equation for
the number of e-folds dN/df = h/(£), are solved simultaneously from 6; = 0 to some arbitrary value 6;
which is large enough, to provide the end of inflation (£1(6f) = 1). Then, demanding N = N(6;) — N(6¢)
the value 6; is obtained for given N. The value 6; is then used to find ¢;; and observational parameters
(Fig. @ According to the previous considerations, we choose the values for the free parameters in ranges
0.08 <7 <0.085 and 1.39 < h; < 1.41. Initial values of h p;, which must be negative, are assumed to be
in the interval —0.01 < h g; < —0.9 provided that ¢1(6;) < 1. We can easily extend our consideration to
other constant-roll models using the above procedure for calculating the observational parameters. The
second slow-roll parameter can be defined in terms of the Hubble expansion rate only

th

s (77)

n=-
The parameter 7 is different from 7 except in the canonical single field inflation where these two parameters
are equivalent [16]. Using the same procedure as in Section 3, we derive a differential equation for the
Hubble expansion rate 7

h? 3 1— in?
hhgo —h,2 1+ — —ght—4—_ =0. 78

007 e ( A1 - Imy( - ih2)) 202 ™ T 12 (78)
By applying the numerical procedure, we calculate the observational parameters from and in
the model with i = const, where €5 and €3 are given by

g2 =2(e1 — 1), (79)

£5 = 2¢. (80)

As expected, the prediction for the observational parameters (Fig. [8) in the holographic braneworld agrees
with the model-independent prediction in Ref. [16], obtained analytically for any model that satisfies the
condition 77 = const. As we will shortly see, this fact will be of crucial importance for consideration of
the connection between our model and the swampland criteria in quantum gravity.

Unfortunately, the tachyon inflation suffers from a reheating problem imminent for all tachyon models
with the ground state at § — oo [42]. After the inflationary epoch, the tachyon will remain a dominant
component unless at the end of inflation, it decayed into inhomogeneous fluctuations and other parti-
cles. This period, known as reheating [43], links the inflationary epoch with the subsequent thermalized
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Figure 7: r versus mg diagrams, in the models with n = const, with observational constraints from
Planck Collaboration 2018 . The dots are obtained for randomly chosen 7, h; and h g; in the intervals
0.08 <7 <0.085, 1.39 < h;y <1.41 and —0.01 < hy; < —0.9. The colors represent different N: N = 55
(red), N =60 (blue), and N = 65 (green).

0.20 T T T

[ TT,TE,EE+IowE+lensing

B TT,TEEE+lowE+lensing+BK14

B TT,TEEE+lowE+lensing+BK14+BAO
0.15 T

I 0.10 T

0.05 | T
0.00 ' :

0.94 0.98 1.00

Ng

Figure 8: r versus mg diagrams, in the models with 7 = const, with observational constraints from
Planck Collaboration 2018 . The dots are obtained for randomly chosen 1, h; and h p; in the intervals
—0.001 < 5 < —-0.04, 1.38 < hy < 1.414 and —0.1 < hg < —0.9. The colors represent different NV:
N = 55 (red), N = 60 (blue), and N = 65 (green). The analytical results obtained in Ref. are
depicted by the full lines.

radiation era. Unlike in the canonical models of inflation, the tachyon field rolls towards its ground
state without oscillating about it, and the conventional reheating mechanism does not work. However, it



was shown [44] that coupling of massless fields to the time-dependent tachyon condensate could yield a
reheating efficient enough to overcome the problem of a cold dark-matter dominance.

The authors of Ref. [45] have explicitly studied the reheating that results from a coupling of the tachyon
with a U(1) gauge field through a mechanism of cosmological production. Unfortunately, it turns out
that the proposed scenario alone cannot solve the reheating problem of the tachyon inflation. It would
be of considerable interest to investigate the effects of cosmological creation in the warm inflation models
[46]. In warm inflation, radiation due to dissipative effects is produced in parallel with the inflationary
expansion, and inflation ends when the universe heats up to become radiation-dominated. This scenario
has been successfully applied to tachyon inflation models [47] and, in principle, should also work for
tachyon inflation in the holographic braneworld inflation presented here. However, this study is beyond
the scope of the present paper.

5 The swampland criteria and the braneworld inflation

It is known that the idea of swampland [26] appeared in the context of the investigation of low-energy
effective field theories (non)compatible with quantum gravity. Much attention and effort have been paid
to the investigation of criteria [27] related to ”swampland” or to ”string theory landscape” to distinguish
between effective field theories that can or cannot be UV-completed to a quantum theory of gravity.

Investigation of swampland criteria in cosmology, more precisely the theory of inflation, is pretty
recent and presented in very few research articles, especially in the case of braneworld and holographic
inflation. While some inflationary models are not compatible with these criteria, inflationary models in
the braneworld scenario, in principle, have the potential to evade the swampland constraints [5].

Let us initiate consideration of the swampland criteria in the context of our RSII holographic constant-
roll model. The swampland criteria read as follows [28]

|AG|
= e, 81
Mp, (81)

1%
Mp1| "/‘)l > ¢, (82)

where c and ¢’ are constants of order one and Mp; = (87TGN)71/2 ~ 2.4-10'® GeV. Further investigations
have shown that the constant ¢ could be of order 0.1 [29]. From the swampland criteria, it may be seen
that the range traversed by the field is bounded from above, and there is a lower bound on the gradient
of the potential. As pointed out in Refs. [30] and [31], the swampland conjectures will be met if at least
one of the conditions is satisfied. In the following, we will examine whether the second criterion is
satisfied in our model. To the best of our knowledge, there has been no attempt in the literature to check
the swampland criteria in a holographic inflation model with dynamics similar to the one in our model.

Consider the second criterion. In the single-field slow-roll inflation model the first slow-roll parameter

is given by
M, Vi
=y
and the second swampland criterion implays &1 > ¢2/2 [49]. Note that for ¢ ~ 0.1, one obtains a
consistency of the model with both the observational data and the swampland conjecture. Namely, as a
consequence of and , to satisfy the second swampland criteria one needs €; > 0.005, in perfect
agreement with the condition 1 < 1 for accelerated expansion.

Next, we demonstrate that in our holographic approach the parameter n = const is not consistent with
the second swampland criterion, whereas 77 = const may satisfies both the second swampland criterion and
Planck data. The definition is only valid in the slow-roll approximation, in a model with a canonical
scalar field in the standard cosmology [32]. For tachyon field the therm Vg/V can be calculated using
the equation for 6(t) [23]

(83)

06 A
—r3r+ 2 =0 84
g Ty Y (84)

yielding
4%

L (1 + 3(1"92)) . (85)
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For the small and constant 7 it leads to
4%

P .
—= ~ —3h#. 86
4 (50)
By combining the time derivative of h = ¢a/a with Eq. (L1), we obtain
i h? 3,1 — 3h?
— = (1-Z—2—_). 87
a 02 < 21— ih2> (87)

From this, it follows that the condition for accelerated expansion a > 0 will be met if

1
21— 1h?

02 < - —2—
31— 3h?’

(88)
and, when h? < 1, inflation ends for 6 ~ \/% According to , the second swampland criteria
requires hy > 0.1/\/6 ~ 0.04. As we can see (Fig. , the calculated Hubble expansion rate h tends to
a very small value towards the end of inflation. One may conclude that the second criterion will not be
satisfied for those values of h that provide agreement with Planck data.

Next, consider the second swampland criterion using the parameter 7 given by , which does not
depend explicitly on the field 8! Remember that 1 and 7 are the same only in canonical single-field
inflation, while in our model, they are different, and, as we will see, it will lead us to a different scenario.
In this case, using the derivative of with respect to the tachyon field, we obtain

)

(1= 1) (=86K3(1 = 1) = 82hh% + 82(1 = 5)hp) Ch
|4 184 (1 — 12)2 — 802(1 — 12)2h2) '

Vo _

(89)

From Fig. [9] we can conclude that our holographic model provides the second swampland criterion to be
satisfied during whole inflation for a wide range of the relevant parameters. For instance, for 77 = const.
and N = 65, the following set of observational parameters is obtained: ng = 0.964, » = 0.055, that
are in a good agreement with the current observational data. We can roughly estimate that the second
swampland criterion is satisfied for ng > 0.96 and r > 0.05. A similar behavior for Vy/V is obtained in
Ref. [5].

0.8 0.8
0.6 0.6
> >
> 0.4 204
2 N
0.2 0.2
0.0 0.0
0 10 20 30 40 50 60 0 10 20 30 40 50 60
N N

Figure 9: The value of {Vy/V versus N in the model with n = const (left panel) and 7 = const (right
panel). The parameter values are n = 0.0816, h; = 1.4046, h g; = —0.4503 (left panel) and 77 = —0.0082,
hi = 1.2170, hg; = —0.1964 (right panel).

6 Summary and conclusions

We have studied constant-roll inflation driven by the tachyon-field inflaton in the the holographic branewo-
rld. In particular, we have focused on two models with constant roll conditions 1 = const and 77 = const,
respectively. As expected, the inflation dynamics is modified due to the differences in the holographic
Friedmann equations compared with those in the standard approach. Owing to a complicated form of
the equation for the Hubble rate, we have mainly used numerical calculations throughout this work.

We have compared the theoretical results for observational parameters with the Planck data. We have
deduced optimal values of our free parameters for which the model predictions are in good agreement
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with the observational data. In comparison with the results of the tachyon constant-roll inflation in
standard cosmology 13|, our model gives significantly lower values for the number of e-folds, much closer
to a widely accepted N =~ 60.

We have found that the formulation in which the second slow-roll parameter 7 is constant meets
the swampland criteria. In this case, the obtained values for the observational parameters ny and r are
still in the range of the Planck data but slightly less favorable than the values obtained with constant
second slow-roll parameter n .

It is worth noting that the swampland ”problem” for holographic inflation may be closely related to
another fundamental problem of braneworld inflation. Namely, according to our model, inflation on the
holographic brane occurs under the influence of the scalar inflaton field defined on the brane. However,
after the Big Bang, in the era of quantum gravity, inflation might be driven by another field, for instance,
some moduli scalar field in the bulk, as a possible manifestation of supergravity or superstring theory.
In that case, an effective low-energy theory consistent with the swampland conjectures may not match
completely with our effective gravity on the brane.

As a point for more detailed consideration of the swampland criteria in brenworld inflation, note
that the equations of the gravity field on the brane that lead to holographic cosmology are not derived
strictly from some fundamental action analogous to the Einstein-Hilbert action. Given this point, the
investigation of fulfilling the swampland criteria for the constant-roll inflation presented in Ref. |16] is a
subject of ongoing research.
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