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Abstract — We discuss, at leading order in /i, the quantum mechanics of a specific realization in
phase space of the Yang model describing noncommutative geometry in a curved background. In
particular, we show how the deformation of the Heisenberg uncertainty relation crucially depends
on the signs of the coupling constants of the model. We also discuss the dynamics of the free
particle and of the harmonic oscillator. Also in this case the results depend on the signs of the
coupling constants.
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Introduction. — The Yang model [1] was introduced
in 1947 as a generalization of the Snyder model [2] of non-
commutative geometry to a curved spacetime background.
Its aim was to describe the symmetries of a quantum phase
space through an algebra which includes position and mo-
mentum coordinates & and p, together with Lorentz gener-
ators and a further scalar generator, necessary to close the
algebra. The algebra turns out to be isomorphic to o(1, 5),
and includes as subalgebras the Snyder and the de Sitter
algebra. The Yang model can therefore be interpreted as
describing a noncommutative geometry in a spacetime of
constant curvature. An interesting property of the model
is its duality for the exchange of position and momentum
coordinates, together with the parameters o and ( (see
below). This recalls the old Born duality proposal [3].

The Yang model can also be interpreted as a defor-
mation of the standard symplectic structure of flat-space
quantum mechanics by two parameters « and (3, that
curve spacetime and momentum space [4], inducing a non-
commutative structure on a de Sitter space. The two
parameters can have both positive and negative values,
giving rise to very different physical properties: positive
« corresponds to the symmetries of de Sitter spacetime,
while negative o to those of (anti)-de Sitter spacetime.
On the other hand, 8 > 0 generates the Snyder algebra,
that implies the existence of a maximal mass, while 5 < 0

() E-mail: meljanac@irb.hr
(b)E-mail: smignemi@unica.it (corresponding author)

yields the so-called anti-Snyder algebra, which does not
entail such bound [5]. For @« = 3 = 0 one recovers the
standard theory.

To give an interpretation to the physics associated to
the Yang algebra, it is natural to identify o and § with
the cosmological constant and the inverse of the Planck
mass squared, respectively. The parameters are therefore
exceedingly small for experimental scales related to par-
ticle physics and gravity. Although from a mathemat-
ical point of view all values of positions and momenta
are allowed (except that for positive values of the cou-
pling constants #? < 1/a and p? < 1/3), the theory is
supposed to be reliable only for values of 22 < 1/a and
p? < 1/p.

Although the Yang model has attracted growing inter-
est recently, only its formal properties have been investi-
gated [6], with the exception of ref. [7], where some im-
plications on statistical mechanics and on the uncertainty
principle were considered. Moreover, connections with dif-
ferent theories, like conformal field theory or fuzzy gravity,
have been proposed by some authors [8].

In this paper we shall try to extract some physical con-
sequences of the formalism in simple situations. For this
purpose, it is useful to consider the nonrelativistic version
of the model, defined on a three-dimensional Euclidean
space. In fact, the discussion of the nonrelativistic model
is easier, in particular if one is interested in the study
of quantum mechanics on a space with Yang geometry,
since a relativistic version of quantum mechanics presents
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several problems, which are usually argued to be resolved
only by quantum field theory.

In this framework, we can discuss the modification
of the uncertainty relation induced by the deformed
symplectic structure.  Deformed uncertainty relation
have earned much interest in the last years, since they
may emerge in a variety of situations, including string
theory, quantum gravity, noncommutative geometry or
gedanken experiments and are strictly related to the
existence of a minimal length [9]. It must be remarked,
however, that not all deformed uncertainty relations
predict the existence of a minimal length [10]. As we shall
see, this property is related to the sign of the correction
to the Heisenberg relations.

However, also the curvature of spacetime leads to a de-
formation of the uncertainty relation [11]. Both deforma-
tion can be unified in the so called Extended Generalized
Uncertainty Principle (EGUP) [12,13]. Of course, as we
shall show, it is this last case that occurs in the Yang
model.

In the context of deformed uncertainty relations, also
the investigation of simple quantum mechanical models,
like the free particle or the harmonic oscillator, is inter-
esting and has been performed by several authors [14,15].
In particular, it has been shown that in some cases the
free particle has discrete spectrum, while the harmonic
oscillator always displays corrections with respect to the
standard case. More recently, more realistic models have
been studied in the context of molecular dynamics, as for
example diatomic molecules [16].

The results we shall obtain for the Yang model can
be compared with those of a model based on similar as-
sumptions, that was introduced much later with the name
of Triply Special Relativity (TSR) or Snyder-de Sitter
(SdS) [17]. In such model the same o(1,5) algebra is re-
alized in a nonlinear way, so that the additional scalar
generator is no longer necessary. This fact simplifies the
physical interpretation of the theory and its realization on
phase space. The modified uncertainty relation and the
deformed spectrum of the harmonic oscillator for the non-
relativistic version of this model were discussed in [18].

In the present case the investigation of the deforma-
tions of the uncertainty relation and of the dynamics can
be done only if one considers a specific realization of the
model on phase space, since, as noted above, it is oth-
erwise difficult to give a physical interpretation to the
scalar generator of the algebra. Moreover, to avoid com-
putational complications, we shall limit our study to the
one-dimensional case and to the leading order in A, o and
(. We shall consider both positive and negative values of
the coupling parameters, since they lead to very different
physical predictions.

By comparing our results with the known case of TSR,
we shall see that they share some qualitative similarities,
but also differ in important respects.

We shall give a heuristic derivation of our results. A
rigorous mathematical treatment, including for example

the discussion of the functional analysis of the position and
momentum operators, would require much more details,
and we plan to expose it in a forthcoming paper.

Realization of the Yang model on canonical
phase space. — In detail, the Yang algebra is defined
by the commutation relations

[, %] = thBM,,., B, pv] = thaM,,,
(&, D] = ihK Ny,

(K, 2, =ihfp,, (K, pu| = —that,,
(M, K] =0,

[ 2 I)\] = Zh(nu/\xl/ "7'//\jlt)7

{ M, pA] = 1h(NuADy — MurDp),

M pU] _Zh(nupM n;taMup_anMua +771/0Mup);

(1)

where o and 3 are real parameters and 7),,,, the flat metric.

Clearly, its properties depend on the signs of the pa-
rameters oo and (. In fact, the Yang algebra is isomorphic
to 0(1,5), 0(2,4) or o(3,3), depending on these signs, and
the physics varies accordingly, as in the similar case of
TSR [18]. However, contrary to TSR, in our case it is not
necessary that the two parameters have the same sign.

We interpret the operators %, and p, as coordinates
of the quantum phase space, M,, as generators of the
Lorentz transformations and K as a further generator,
necessary to close the algebra. The algebra (1) is invari-
ant under a generalized Born duality, o <+ 3, £, — Dy,
Dy — =Ty, My, < My, K < K. In the limit 3 — 0
it describes the phase-space symmetries of the (anti)-de
Sitter spacetime, in the limit v — 0 those of the (anti)-
Snyder one.

In order to give a physical interpretation of the Yang
model, it is useful to find a realization of its algebra on a
canonical quantum phase space, with

[puapu] = Oa (2)

In [19] it has been shown that the simplest realization
is given to leading order in % (i.e., in the classical limit),
by

[l‘p‘, :L'l/] = [l’,u,;py] = ihnuua

-%u = xu\/\/ 1+ aﬁ(x-p)Q - ﬁp2a
Dp = p#\/\/l + af(z-p)? — ax?,

(3)

with
-% ﬁu - '%l/ﬁ
M;U/ = TuPv — TyPy = %7 (4)
and
. o ap
K = \/1—04302—5])2 1 2
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From (3) it follows that if o8 < 0, the scalar product z-p
must have an upper bound 1/4/|a |, while this is not true
if a8 > 0.

In terms of the original variables &, and p,, eq. (5)
yields

| 1-ad2pp? 22— (i)
K= 5 <1%¢14aﬂ0—ailﬁ%%2>'
(6)

Starting from these results, one can investigate the 3D
Euclidean version of the model. As discussed in the In-
troduction, this is interesting because in this way one can
define a nonrelativistic quantum mechanics based on the
Yang commutation relations and obtain for example de-
formed uncertainty relations. We call the ensuing model
nonrelativistic Yang model. Notice however that, as no-
ticed in analogous cases [20], this is not to be identified
with the ¢ — oo limit of the Yang model. The nonrela-
tivistic version of TSR has been investigated for example
in [18], while for the Snyder model, it has been studied
in [5].

In the nonrelativistic model, the commutation relations
are the same as (1), but now the indices run from 1 to
3, N — O and the algebra reduces to o(5), o(1,4) or
0(2, 3), depending on the signs of « and 3.

Generalized uncertainty principle. — A discussion
of the properties of the Yang model in the realization of
the previous section is however extremely difficult, even in
the 3D Euclidean version, but the problem is highly simpli-
fied in the one-dimensional limit. Although in one dimen-
sion one cannot speak of noncommutativity and curvature
of spacetime, this limit has nevertheless proven to main-
tain the most interesting features of its higher-dimensional
counterparts in similar models [18], since its behaviour
essentially coincides with that of the higher-dimensional
radial equation, corresponding to the zero angular mo-
mentum sector. In the Snyder case this limit has also
been widely investigated in the context of minimal length
models [14,15]. Recently, the appearance of deformed un-
certainty relation in the 1D Yang model has independently
been observed in [7].

In our approximation, the one-dimensional commuta-
tion relation for & and p, with K given by (5), simplifies
to

[#,p] = ihy/1 — ad? — Bp2.

It follows that for o > 0, the acceptable values of £2 are
bounded by 1/a, and for 8 > 0 those of p* by 1/, while
no such bound is instead present for negative values of the
coupling constants. Moreover, in general one must require
ai? + Bp* < 1.

Assuming for simplicity () = (p) = 0, by the Robinson-
Schrodinger inequality, the commutation relation (7) im-
plies a generalized uncertainty principle, analogous to

(7)

EGUP!,

Ao 3 Al = (1- 5807 - 5P .
where we have expanded at first order in the parame-
ters a and . Mathematically, the expansion is valid for
2?2 <1/aifa > 0and p? < 1/8if 8 > 0, while it is always
valid for negative values of the parameters. Moreover, con-
sidering only first-order terms is justified if % < 1/« and
p? < 1/, which is always true for physically reasonable
values of the coupling constants.

Taking the square of (8) gives

2

(AFP(89)° > (1 —a(Ad) — BB (9)

It follows that the uncertainty must satisfy

A 1 - 5(Ap)°

(A0 =M ey aap” o)
. 1— a(Az)?

(80) = M/ T aaae

The behaviour of Az as a function of Ap in the various
cases is reported in fig. 1.

For a, 8 > 0, the uncertainties satisfy the bounds 0 <
Ap < 1/4/B, and 0 < Az < 1/y/a, as is also obvious
because of the bounds imposed on Z and p.

For o, 8 < 0, Ap > ﬁ\/H/Z, and Az > ﬁ\/W/Q, hence
both position and momentum have a minimal uncertainty
independent of that of the conjugated variable.

A more complicated behaviour occurs if a and § have
different signs. If @« < 0 and 8 > 0, Ap must satisfy the
bounds fiy/|a]/2 > Ap > 1/y/B, while Ai can take any
positive value.

Finally, if « > 0 and 8 < 0, Ap can take any positive
value, while ii\/|3]/2 > Az > 1/\/a.

It is easy to check that in all cases the minimal values
so obtained satisfy the bound 1 — a@? — gp? > 0. It is
also clear that if either oo or 3 is positive, it is possible to
have states with vanishing AzAp, while this cannot occur
if both a and [ are negative. It seems therefore that
only the case of negative o and ( can satisfy the standard
uncertainty bound. However, also for positive values of
the coupling constant states with vanishing uncertainty
are achieved only for values of Az and Ap close to the limit
values of the phase space variables, which are assumed to
be out of the range of applicability of the theory.

Of course, our derivation has been heuristic. A rigorous
discussion would require a definition of squeezed states
on a suitable Hilbert space, in order to define maximally
localized states [12,14,21]. This will be discussed in detail
in a forthcoming paper.

We can compare the behaviour of the uncertainty rela-
tion with that of the TSR model. We recall that in TSR

INote that in most cases studied in the literature the corrections
are defined with opposite sign.
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a>0, >0

a<0, g>0

a<0, B<0
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Fig. 1: The minimal value of Az as a function of Ap for different signs of the coupling constants. In the graphs, Az and Ap

are multiplied by /|a| and /||, respectively.

« and 8 must have the same sign in order to preserve the
reality of the algebra. In that case the uncertainty relation
is given by [18]

hl+ aAZ? + BAp?
2 1+ avap

Notably, in TSR one has minimal values both for Az
and Ap when «,3 > 0, while if o, < 0 no minimal
values arise. The difference with the Yang model is due to
the opposite sign of the quadratic terms in (8) and (11).
In TSR the minimal values of the uncertainties are given
by

AZAp > (11)

_ms
1+ 2h/af’

s ha
minT ) 4 onvaB
(12)

(A552)min = (Aﬁ)

These are similar to the ones obtained above for the Yang
model.

One-dimensional dynamics. — Clearly, the quantum
dynamics of the Yang model differs from the standard one,
because of the deformation of the commutation relations.
In one dimension, the dynamics of the free particle and
of the harmonic oscillator has been studied for the Sny-
der model (also in the context of the generalized uncer-
tainty principle) [5,14,15] and TSR [18], displaying a dis-
crete spectrum for the free particle with positive coupling
constants, and a deformation of the energy spectrum of
the harmonic oscillator.

Let us then consider the dynamics of these models in
the Yang case. For simplicity, we shall limit our study

to the case of positive a and 3. We recall that in this
case |z| < 1/a, |p| < 1/B, but no minimal uncertainties
occur. We start by considering the solution of the one-
dimensional Schrodinger equation for a free particle, using
the realization (3).

Since the equation obtained in this way is not exactly
solvable, we make an expansion in the parameters o and
B. In one dimension, egs. (3) become at leading order

«

4 (pﬂx2+12p/~l«))

(13)

. B R
x#::ﬂufz(xﬂp2+p2xﬂ), Pu=Dun—

where we have chosen a Hermitian realization.
One can now work either in position or momentum rep-
resentation. In the first case,
Ty — Ty,

Pu = — (14)

i B,
Although the choice of a Hilbert space for the exact theory
is difficult, in the context of our approximation we may
take it as the space of square-integrable functions of x in
the interval |z| < 1/4/a, with standard scalar product. At
leading order this is consistent with the requirement that
|#| < 1/+/a, which is natural in our representation.

The one-dimensional Schrodinger equation for a free
particle thus becomes

R d*y dy
(p? — 2mE)p = —(1 — az?) W2 + 204:43%
+(5 —2mE) v = (15)
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Requiring that ¢ and its derivative are regular at x =
+1/4/a, the solution is given by

Y x P,(vVaz), (16)
with P, Legendre polynomials with integer index n such
that n(n+1) = % — % Hence, the energy has a discrete

spectrum

« 1
E, = — 2 — . 1
n Qm(n +n+2> (17)

In this approximation, the energy does not depend on (.

2m

quantum number n has an upper bound n < %(, / alﬁ —-1-

1), which is however extremely large.
In the momentum representation we have instead

Notice that £ = £~ must be less than ﬁ, and hence the

Py — Dy, Ty — i, 18
H F F apu ( )
and the Schrédinger equation becomes
d*y dy
2 2
(p° —2mE)¢Y = ap d—pQJrQOLp@
+ (B -2mE+S)w=0. (19
The regular solution is given by
. p
n - = 9 20
v ocin (2) (20)

with j, a spherical Bessel function with index n such that

nn+1) = % — %, recovering the previous result.

A less trivial example is given by the harmonic oscilla-
tor, with Hamiltonian

P mw?d

H=—
2mJr 2

2

(21)

In position representation, the Schrédinger equation can
be written as

d?ep dy
2.2\ Y 0 dAY
(1 Am)de 2Axd:c

A2
+ <2mE —5 - m2w2$2) =0, (22)
with
A? = a + pmPu (23)

Changing variable to z = Az, one obtains a special case
of spheroidal wave equation [22],

d?ep dy

1—2%) —— — 22—

( Z)d22 Zdz
2mE 1 m%w? ,

whose solutions are given in terms of spheroidal wave
functions Sp,,, defined by means of a three-term recursion
relation [22],

wn X SOn('Y; A:L')a (25)

with v = %%, Notice that eq. (24) has not a smooth limit
for A — 0. From (24) it follows that

E, = A An + !
"oom \U"M 2
The eigenvalues A, are discrete, but do not have a sim-
ple expression. They can be obtained from a continued
fraction and can be written as a power series in w?. They

are discussed in several texts, see for example [23]. One
has

(26)

)\n = Zl2k72ka (27)
k=0
and
1 1
lo=n(n+l), =3 ( 2n — 1)(2n+3))’ ote
(28)

However, since v is assumed to be very large, we are
more interested in their asymptotic expansion, which is
given by

B 1 1/, 3 1
An2<n+2>72<n +n+2>+0<7), (29)

so that

1 A2 1 At
Ep=(n+-|w——(n?4+n+=)+o0 . (30
Besides the standard term, one has corrections propor-
tional to powers of A%. Also this result is analogous to

2

TSR [18], where E, = (n+ 3)w + 2= (n®+n+3) +
o(mA—:w), but the coefficients of the correction terms are
different, and in particular have opposite sign.

The results of this section can be analytically continued
to negative values of « and (3, taking into account that the
boundary conditions must be chosen differently in these
cases.

Final remarks. — We have considered the quantum
mechanics of the one-dimensional Yang model in its sim-
plest realization on phase space. The investigation of this
simple case is relevant because, as shown in similar situa-
tions [15,18], the results are qualitatively similar to those
valid in three dimensions. The results can be compared
with those obtained for analogous models, like TSR or
models derived from the generalized uncertainty princi-
ple. A greater variety of possibilities arises in the present
case for the modifications of the uncertainty relation and
for the spectrum of the harmonic oscillator, because of the
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freedom to choose independently the signs of the coupling
constants. As already shown in [10] and [5,18], in fact,
changing the signs of the couplings in the deformed un-
certainty relation greatly modifies the physics, leading for
example to the disappearance of the minimal length.

From the results obtained, the most interesting case in
our model seems to be that of negative deformation con-
stants, since both minimal length and momentum arise. In
that case, the energy of the free particle is not quantized,
and the corrections to the harmonic oscillator spectrum
have positive sign.

In this paper we have not been mathematically rigorous.
A more thorough investigation would require the definition
of a suitable Hilbert space and the study of the functional
analysis of the position and momentum operators, in par-
ticular when minimal uncertainties are present, like in the
similar case of two-parameter deformation of the uncer-
tainty principle studied in [12]. This analysis is more in-
volved and we plan to address it in a forthcoming paper.

Further investigations are also required to understand
possible phenomenological implications of our results. For
example, their relevance for statistical mechanics has been
studied in [7]. Also applications to molecular dynamics in
analogy with ref. [16] can be investigated.

Data availability statement: No new data were created
or analysed in this study.
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