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Abstract

The local primordial density fluctuations caused by quantum vacuum fluctuations during
inflation grow into stars and galaxies in the late universe and, if they are large enough, also
produce primordial black holes. We study the formation of the primordial black holes in k-
essence inflation models with a potential characterized by an inflection point. The background
and perturbation equations are integrated numerically for two specific models. Using the critical
collapse and peaks formalism, we calculate the abundance of primordial black holes today.

1 Introduction

According to the original idea of Zel’dovich and Novikov [1], highly overdense regions of inhomo-
geneities in the early universe could gravitationally collapse to form black holes (BHs) [2, 3, 4, 5],
the so-called primordial black holes (PBHs) [5, 6]. It has been argued that PBHs may represent
a non-negligible component of cold dark matter that provides the seed for the supermassive BHs
that populate the universe.

To generate sufficiently large primordial fluctuations during inflation and form superdense
regions that can collapse and become PBHs during the radiation-dominated era, the inflationary
scalar perturbations need to be amplified by several orders of magnitude on small scales, i.e.,
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for wavenumbers q that are large compared with the pivot scale qCMB of the cosmic microwave
background (CMB). These scales correspond to the late stages of inflation and are well above the
values required to be consistent with CMB observations.

An overdense region collapses and forms a PBH when the local value of the density contrast
δ = δρ/ρ is above the so-called collapse threshold density contrast δc. With the help of Newton’s
gravity and Jeans’ radius RJ ∼ cs/H, it was established that PBH forms when the density contrast
at the entry of a certain comoving scale q into the acoustic horizon (i.e., when csq = aH) exceeds
a threshold value δc ∼ c2s [7]. Here, cs is the speed of sound equal to 1/

√
3 in the case of radiation

dominance. The mass of the resulting PBH is approximately equal to the mass within the horizon
at the time of formation. Numerical checks for different primordial perturbation profiles show
that during radiation dominance, the value for the threshold density contrast δc is in the range
from 0.4 to 2/3 [8, 9, 10].

Depending on the mass, PBHs trigger different observational signals. PBHs lighter than∼ 1015

g are already evaporated today by Hawking radiation and do not exist in today’s Universe.
Nevertheless, they leave some traces that allow us to investigate how many PBHs might have
existed in the early Universe. The abundance of PBHs lighter than 1015 g, for example, is
constrained by the Big Bang nucleosynthesis since the evaporation of high-energy particles changes
the abundance of light elements [11].

PBHs heavier than 1015 g have not yet lost their mass significantly by evaporation and remain
in the present Universe. They produce various distinct signals at present time, such as

• gravitational lensing,

• dynamical effects on baryonic matter,

• radiation emanating from the accreting matter into PBHs.

The choice of the physical process needed to show the existence of PBHs depends on the BH
mass [12, 13, 14, 15, 16, 17]. For instance, gravitational lensing of background stars is the most
powerful method to search for sub-solar PBHs. Accretion and dynamical effects on baryonic
matter become more important for heavier PBHs.

There are various scenarios for primordial black hole production, such as: formation of PBHs
during the reheating phase at the end of inflation [18], inflaton potential with inflection [9, 19, 20,
21, 22, 23, 24, 25], sound speed resonace during inflation [26, 27], null-energy condition violation
during inflation [28], first order phase transitions [29], and inflation models with non-canonical
kinetic terms [30, 31].

We aim to investigate PBH production in the early Universe in two inflation models both
with a potential with inflection and noncanonical kinetic terms, in particular the Dirac-Born-
Infeld (DBI) type of Lagrangian. The models in which the kinetic term has a noncanonical form
are usually referred to as k-essence [32] or, in the context of inflation, k-inflation models [33]. In
this work, we study two k-essence models using the Hamiltonian formalism for the background
field equations.

First, we investigate a k-essence model proposed by Papanikolaou, Lymperis, Lola, and Sari-
dakis [31]. We will refer to their model as the PLLS model. The reason why we study this model
is twofold: a) the model serves as a good example worth comparison with another model we study
in this paper, and b) the results obtained here are modified due to correcting a numerical mistake
of Ref. [31](see footnote 1 on page 6). The PLLS Lagrangian is of the form

L =

(
gµνφ,µφ,ν

2

)α

− U(φ), (1)
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where φ is a scalar field and α ≥ 0 is a constant. The same form of k-essence has recently been
studied in the context of the black-bounce solution [34]. The potential U in Ref. [31] is assumed
to be a positive function of φ with a specific inflection point. An inflationary potential with
an inflection or near inflection point leads to an ultra slow-roll regime, which in turn leads to a
peak in the power spectrum of curvature perturbations on comoving wavenumber scales above
the CMB pivot scale qCMB. As a result, the enhanced cosmological perturbations could collapse
into PBHs.

Second, we consider the tachyon inflation model [35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45,
46, 47, 48]. The first proposals for tachyon inflation models date back to the beginning of this
century, emerging as promising candidates for a natural mechanism to trigger inflation. In our
previous works [46, 49, 50, 51, 52], we have studied tachyon inflation in the contexts of the
Randall–Sundrum type braneworld cosmology, and have shown that the predicted observational
cosmological parameters are in good agreement with Planck data. In this work, we apply the
tachyon inflation model to study the formation of PBHs.

The Tachyon model is motivated by low-energy string theory. The existence of tachyons in
the perturbative spectrum of string theory shows that the perturbative vacuum is unstable. This
instability implies that there exists a true vacuum to which a tachyon field φ tends [53]. The
foundations of this process are given by a model of effective field theory [54] with a Lagrangian
of the DBI form

L = −U(φ)
√
1− gµνφ,µφ,ν . (2)

This model belongs to a wider class of DBI theories described by the Lagrangian [55]

L = −f(θ)−1
√

1− f(θ)gµνθ,µθ,ν − V (θ) . (3)

Making use of a field redefinition φ =
∫
f(θ)dθ, identifying f(θ)−1 = U(φ), and setting V (θ) = 0,

yields a transformed Lagrangian of the form (2). A Lagrangian of the form (3) appears in the
so-called brane inflation models [27, 56]. In these models, the motion of a D3-brane in a warped
throat region of a compact space drives inflation, and the DBI field corresponds to the position
of the D3-brane. In Ref. [27], a specific form of the warp factor f is chosen to facilitate the
phenomenological oscillating sound speed. In contrast, the tachyon potential U , corresponding
to f−1 in Eq. (3), is chosen to have an inflection point, as in the PLLS case, and thereby yields
enhanced PBH production.

The advantage of the k-essence approach to PBH formation is due to its simple mechanism
of ultra-slow-roll dynamics as a consequence of the inflection point. The models of this type
yield straightforward predictions easily confronted with observations. Besides, as we show in the
last section (see also Refs. [55]), the amplitude of the primordial non-Gaussianity in both PLLS
and Tachyon models is well within observational constraints. More generally, the merit of the
tachyon model considered here is in its fundamental origin in low-energy string theory and brane
dynamics.

To achieve our primary objective, we first calculate the power spectra of the curvature pertur-
bations in the two models mentioned above and demonstrate that the spectra exhibit a substantial
enhancement, depending on the input parameters and initial values of the background fields. We
calculate the spectra at the acoustic horizon, assuming the Bunch-Davies initial conditions in the
deep subhorizon region. Then, using the critical collapse and peaks formalism, we calculate the
PBH abundance today that constitutes a fraction of dark matter.

The remainder of the paper is organized as follows. In the next two sections, we investigate
the background equations of the PLLS model (Sec. 2) and the Tachyon model (Sec. 3). In Section
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4, we study the spectra of curvature perturbations in both models. In Section 5, we present
our results on the PBH formation. In the last section, Sec. 6, we summarize our main results
and outline conclusions. In Appendix A we outline the procedure for calculating the critical
overdensity threshold for collapse.

Notation
We use the metric signature (+,−,−,−). Unless specified otherwise, we use the system of units
in which c = ℏ = 1. For convenience, we introduce a length scale ℓ so that ℓ ≫ 1/MPl, where
MPl =

√
1/(8πG is the reduced Planck mass. By L and H, we denote the Lagrangian and

Hamiltonian multiplied by ℓ4 so that our L and H are dimensionless. By φ and ϕ, we denote the
scalar fields connected by φ = ℓ2ϕ and have the dimension of length and mass, respectively.

2 The PLLS Model

In this section, we briefly recapitulate the model of Ref. [31]. The Lagrangian of this model is a
sum of a non-canonical kinetic term and a potential term with inflection,

L =

(
X

2

)α

− U(φ), (4)

where
X = gµνφ,µφ,ν (5)

is assumed positive. Here, φ is a scalar field of dimension of length, and α ≥ 1 is a constant. The
physical field ϕ, related to φ via

ϕ = φ/ℓ2, (6)

has the usual dimension of mass. The potential with inflection proposed in [31] is given by

U = ℓ4V0

[
exp

(
−λ

|φ0 − φ|nsgn(φ0 − φ)

ℓ2nMn
Pl

)
− exp

(
−λ

φn
0

ℓ2nMn
Pl

)]
. (7)

The quantity V0 is a constant of the dimension of mass to the 4th power and λ is a positive
dimensionless constant. The field shift φ0 corresponds to a shift ϕ0 of the physical field ϕ. This
potential has an inflection at φ = φ0.

The background evolution will be studied using the covariant Hamilton formalism (for details
see Ref. [57]). For a general scalar field Lagrangian L(φ,µ, φ), the covariant Hamiltonian H(ηµ, φ)
is related to L through the Legendre transformation

H(ηµ, φ) = ηµφ,µ − L(φ,µ, φ), (8)

with conjugate variables satisfying the conditions

φ,µ =
∂H
∂ηµ

, (9)

ηµ =
∂L
∂φ,µ

. (10)

By making use of Eqs. (8), (10), and the Euler-Lagrange equation(
∂L
∂φ,µ

)
;µ

=
∂L
∂φ

, (11)
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we find

ηµ;µ = −∂H
∂φ

. (12)

Equations (9) and (12) are the covariant Hamilton equations. The most general k-essence La-
grangian is a function of the form L = L(X,φ), where X is given by (5). From (10) it follows
that the quantity

η2 = gµνη
µην = 4X(LX)2 (13)

is positive. Here, the subscript X denotes a derivative with respect to X. Then, one can introduce
the four-velocity

uµ =
gµνη

ν

η
= ϵ

φ,µ√
X

, (14)

where, ϵ is +1 or −1 according to whether φ,0 is respectively positive or negative. This choice of
ϵ guarantees that u0 is always positive. The quantity η in (14) is a square root of (13),

η ≡ 2ϵ
√
XLX = ϵ

∂L
∂
√
X

. (15)

We can regard the variable η as a conjugate to
√
X as described in [57]. Next, using (8) and (10)

one can express H as a function of X and φ,

H = 2XLX − L. (16)

Then, from (13) it follows that X is an implicit function of η2 and φ which we can (in principle)
solve for X to obtain X = X(η2, φ). Hence, in a k-essence type of theory, one can regard the
Hamiltonian as a function of η2 = gµνη

µην and φ.

Using the definitions of the velocity (14) and expansion rate

H ≡ 1

3
uµ;µ , (17)

the covariant Hamilton equations (9) and (12) can be expressed as

φ̇ =
∂H
∂η

, (18)

η̇ + 3Hη = −∂H
∂φ

. (19)

where a quantity f with an over-dot means ḟ ≡ uµf,µ. In the comoving frame, the over-dot
becomes a derivative with respect to time, and the expansion rate becomes H = ȧ/a as usual.
For the PLLS Lagrangian (4) we find

H = (2α− 1)

(
X

2

)α

+ U(φ). (20)

In this model, the variable X can be expressed as an explicit function of η. By making use of (4)
and (15) we find

X

2
=

(
η2

2α2

)1/(2α−1)

. (21)
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Then, we obtain the Hamiltonian expressed in terms of φ and η as

H = (2α− 1)

(
η2

2α2

)α/(2α−1)

+ U(φ). (22)

As usual, the pressure p and energy density ρ are identified with the Lagrangian and the
Hamiltonian, respectively. Then, the Hubble expansion rate H is given by

H2 =
H

3ℓ4M2
Pl

, (23)

and the speed of sound by

c2s ≡
LX

HX
=

1

2α− 1
. (24)

The first slow roll parameter is given by

ε1 ≡ −Ḣ/H2 =
L+H

2ℓ4M2
PlH

2
=

3α
[
η2/(2α2)

]α/(2α−1)

(2α− 1) [η2/(2α2)]α/(2α−1) + U(φ)
. (25)

The higher order slow roll parameters εi are defined recursively

εi+1 =
ε̇i
Hεi

, i ≥ 1. (26)

We adopt the convention that inflation ends when either ε1 or ε2 is close to unity.
The Hamilton equations (18) and (19) govern the background dynamics. Introducing the

e-fold number

N =

∫
dtH, (27)

it is convenient to rewrite the Hamilton equations (18) and (19) as differential equations with
respect to N . In this model we find

dφ

dN
=

η

αH

(
η2

2α2

)(1−α)/(2α−1)

, (28)

dη

dN
= −3η − 1

H

∂U

∂φ
, (29)

where

H =
1√

3 ℓ2MPl

[
(2α− 1)

(
η2

2α2

)α/(2α−1)

+ U(φ)

]1/2
. (30)

The Klein-Gordon equation

Instead of the two first-order Hamilton equations, one can use the second-order field equation of
motion. This equation can be obtained directly from the Lagrangian or combining Eqs. (28) and
(29). Either way one finds1

φ ′′ +

(
3

2α− 1
− ε1

)
φ ′ +

1

U

dU

dφ

3α− (2α− 1)ε1
2α(2α− 1)ε1

φ ′2 = 0, (31)

1A comparison with Ref. [31] reveals that the factor α(2α− 1) in the denominator of the last term on the left-hand
side of Eq. (31) is missing in their equation (2.9).
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where

ε1 =
α

ℓ2H2

(
H2φ ′2

2

)α

, (32)

and H is a solution to

ℓ2H2 =
1

ℓ2M2
Pl

[
(2α− 1)

(
H2φ′2

2

)α

+ U(φ)

]
. (33)

Here and from here on, the prime ′ denotes a derivative with respect to N . The expression (33) is
an algebraic equation for the unknown H2, so the Klein-Gordon equation (31) involves an implicit
function H = H(φ,φ′).
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Figure 1: The solution to the Hamilton equations (28) and (29) for the PLLS model. The physical
field ϕ in units of MPl is ploted for α = 1.5, fixed initial ϕin = 5MPl, ϕ

′
in = −8 · 10−7MPl and various

ϕ0 in units of MPl. The remaining parameters V0 = 10−16M4
Pl and λ = 7.54 · 10−6 are as in Ref [31].

Input parameters and initial values

The abundance of PBHs depends crucially on the amplitude of the inflationary power spectrum.
The initial curvature perturbations will eventually collapse to form BHs if the peak in the ampli-
tude exceeds a certain threshold, which strongly depends on the shape of the curvature spectrum
[9]. To achieve a desirable spectrum, it is necessary to tune the input parameters and initial
values. However, the tuning of these parameters is not quite arbitrary since the normalization
of the curvature spectrum is constrained by its observational value at the pivot CMB scale. As
a starting point, we can use the parameterization of Ref. [31] and fix ℓ = 106M−1

Pl , α = 1.5,
V0 = 10−16M4

Pl, and λ = 7.54 · 10−6 for n = 3.
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Regarding the initial values for φ and η, we first choose ϕin and ϕ′
in in units of MPl as in Ref.

[31]. Then, the corresponding initial φin and φ′
in are obtained using φ = ℓ2ϕ. The corresponding

initial ηin is obtained by making use of (28) and numerically solving

(φ′
in)

2 =
6

M2
Pl

x2/(2α−1)

(2α− 1)x2α/(2α−1) + U(φin)
(34)

for x, where

x = − ηin√
2α

. (35)

Following Ref. [31], we tune ϕin and ϕ′
in to obtain a plateau-like behavior as shown in Fig. 1.

These plateau-like solutions are required for a significant PBH production, which we will study
in Sec. 5.
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Figure 2: The solution to the Hamilton equations (39) and (40) for the Tachyon model. The physical
field ϕ (in units of MPl) is plotted as a function of N for ϕin = 1MPl, ηin = −3 · 103, V0 = 10−16M4

Pl,
λ = 7.502 · 10−6, and various field shifts ϕ0 in units of MPl, as indicated on the plot.

3 The Tachyon model

The Lagrangian in the Tachyon model is given by

L = −U(φ)
√
1−X, (36)

where U is a smooth function of the scalar field φ, and X ≡ gµνφ,µφ,ν > 0. As before, we
introduce the conjugate field η related to X via the definition (15). Using (15) and (36) we obtain
X as a function of the fields φ and η

X =
η2

U2 + η2
. (37)
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Figure 3: The slow-roll parameters ε1 (left panel) and ε2 (right panel) versus N in the Tachyon model
for ϕin = 1.1MPl (full line) and 1.0520MPl (dashed line). The remaining corresponding parameters are
listed in Table 1.

The Hamiltonian can be expressed as a function of either X or η2,

H =
U√

1−X
=
√
U2 + η2. (38)

Then, the Hamilton equations (18) and (19), expressed as differential equations with respect to
N , become

dφ

dN
=

η

H
√
U2 + η2

, (39)

dη

dN
= −3η − U

H
√
U2 + η2

∂U

∂φ
, (40)

where the Hubble expansion rate is given by

H2 =

√
U2 + η2

3ℓ4M2
Pl

. (41)

The first slow-roll parameter and the speed of sound squared can be expressed as

ε1 =
3

2
X =

3

2

η2

U2 + η2
, (42)

c2s = 1−X =
U2

U2 + η2
= 1− 2

3
ε1. (43)

As in the PLLS model, we choose the potential U(φ) defined by (7). The parameters of the
potential are ℓ = 106M−1

Pl , n = 3, and V0 = 10−16M4
Pl as before. For this model we choose a

slightly different λ = 7.502 · 10−6. Regarding the initial values for φ and η, we first choose ϕin in
units of MPl of the order of those in Ref. [31] with the corresponding φin = ℓ2ϕin. Then, we tune
φin and ηin to obtain plateau-like solutions as shown in Fig. 2.

As in the PLLS case, the scalar field exhibits a plateau owing to the inflection point of the
potential at ϕ = ϕ0. As shown in Fig. 2, the extension of the plateau depends on ϕ0. In this flat
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region, slow-roll conditions will not be met, and inflation will enter a temporary ultra-slow-roll
regime. In Fig. 3 we plot the slow-roll parameters as a function of N . During this period, as we
will demonstrate in the next section, the non-constant mode of the curvature fluctuations, which
would decay exponentially in the slow-roll regime, actually grows in the ultra-slow-roll regime.
As a consequence, the curvature power spectrum will be enhanced at specific scales that can
potentially collapse, forming primordial BHs in the early Universe.

4 Curvature perturbations

We start from the 1st-order differential equations of Garriga and Mukhanov [58] expressed in the
form [46, 59]

aξ̇q = z2c2sζq, (44)

aζ̇q = −z−2q2ξq, (45)

where q is the comoving wavenumber and ζq is the Fourier transformed curvature perturbation
on uniform-density hyper-surfaces. The quantity z2 can be expressed in different ways:

z2 =
a2(p+ ρ)

H2c2s
=

2M2
Pla

2ε1
c2s

=
a2ηH,η

ℓ4H2c2s
=

a2H2
,η

ℓ4H2H,ηη
. (46)

Here, the subscripts η and ηη denote respectively the first and second-order partial derivatives
with respect to η.

It is convenient to substitute the e-fold number N for t using dt = dN/H and express Eqs.
(44)-(45) as differential equations with respect to N . Then, combining the obtained equations,
one can derive the Mukhanov-Sasaki second-order differential equation

d2ζq
dN2

+

(
3 + ε2 − ε1 − 2

c′s
cs

)
dζq
dN

+
c2sq

2

a2H2
ζq = 0. (47)

Equation (47) is equivalent to the set (44)-(45) with (46). We will integrate Eq. (47) in conjunction
with the background Hamilton equations for the two models considered in Secs. 2 and 3.

The perturbations travel at the speed of sound, and their horizon is the acoustic horizon with
radius cs/H. At the acoustic horizon, the perturbations with the comoving wave number q satisfy
the horizon crossing relation

a(Nq)H(Nq) = cs(Nq)q. (48)

In the slow-roll regime, the perturbations are conserved once they cross the horizon from the
subhorizon to the superhorizon region. A rough estimate [57] shows that the horizon crossing
happens at a relatively large q-dependent N of the order Nq ∼ 7 + ln q/qCMB, where qCMB is the
CMB pivot scale. The curvature perturbations ζq are approximately constant at large N once
they cross the horizon and enter the superhorizon region where a(N)H(N) > cs(N)q, N > Nq.

The power spectrum of curvature perturbations is obtained from the two-point correlation
function

⟨ζ̂q ζ̂q′⟩ = (2π)3δ(q + q′)|ζq|2, (49)

where ζ̂q is the operator associated with the curvature perturbation ζ [60]. We define

PS(q) =
q3

2π2
|ζq(Nq)|2, (50)
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where ζq(Nq) is the solution to Eq. (47) taken at the point Nq which for given q satisfies (48).
The curvature perturbation spectrum needs to satisfy the Harrison-Zeldovich spectrum near q =
qCMB = 0.05 Mpc−1

PS(q) = AS

(
q

qCMB

)nS−1

, (51)

where nS is the scalar spectral index and AS = (2.10± 0.03)× 10−9. Since the Mukhanov-Sasaki
equation (47) is linear, the requirement

PS(qCMB) =
q3CMB

2π2
|ζqCMB(NqCMB)|

2 = AS (52)

can fix the normalization of ζq.
For convenience, instead of ζq from now on, we will use the Mukhanov-Sasaki function vq = zζq,

where the quantity z is defined by (46). Then, Eq. (47) may be written as

v′′q + (1− ε1)v
′
q +

[
c2sq

2

a2H2
− (2− ε1 +

ε2
2

− c′s
cs
)(1 +

ε2
2

− c′s
cs
)− ε2ε3

2
+ (

c′s
cs
)′
]
vq = 0. (53)

Note that in the PLLS model c′s vanishes whereas in the Tachyon model, we have

c′s
cs

= − ε1ε2
3− 2ε1

, (54)

(
c′s
cs
)′ = −(ε1ε

2
2 + ε1ε2ε3)(3− 2ε1) + 2ε21ε

2
2

(3− 2ε1)2
. (55)

Note that Eq. (53) follows from Eqs. (44)-(45) via (46) and (47). Since the derivation of Eqs.
(44)-(45) does not involve the slow-roll assumption, the quantities ε1 and ε2 that appeear in Eqs.
(53)-(55) are not necessarily small. In our numerical integration of Eq. (53) with (54)-(54), we
will treat the slow-roll parameters ε1 and ε2 as exact background quantities, not subject to the
slow-roll conditions.

To solve Eq. (53), we need to choose the initial point Nin,q for each wavenumber q. The
appropriate q-dependent initial point must be in the deep subhorizon region where ainHin ≪ csq.
More precisely, for each wave number q that satisfies the horizon crossing relation a(Nq)H(Nq) =
cs(Nq)q, we start at a q-dependent Nin,q < Nq such that

a(Nin,q)H(Nin,q) = βcs(Nin,q)q, (56)

where β is a small parameter, e.g., β = 0.01 as proposed in Ref. [61]. Owing to the N -translation
invariance of the background equations, we could choose an arbitrary origin of inflation N0 as an
initial point related to a wavenumber q0 < qCMB. In other words, we set

a0H0 = βcs0q0 = ϵcs0qCMB, (57)

where a0 = a(N0), H0 = H(N0), cs0 = cs(N0), and the small parameter ϵ satisfies ϵ < β, e.g.,
ϵ = 0.001. Then, using a = a0e

N−N0 together with (57), we can write the first term in the square
brackets in Eq. (53) as

c2sq
2

a2H2
=

e2N0−2N

ϵ2
c2s
c2s0

H2
0

H2

q2

q2CMB

. (58)

For more details on the choice of the initial point, see Ref. [57].
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To find the spectrum at the horizon crossing, equation (53) should be integrated for a fixed
q up to the e-fold number Nq, which satisfies the horizon-crossing equation (48). Fixing the
beginning of inflation at N0 = 0 and combining Eqs. (48) and (57) we obtain

eNq =
1

ϵ

q

qCMB

H0

H(Nq)

cs(Nq)

cs0
, (59)

which, given q, may be regarded as an algebraic equation for Nq. The explicit functional depen-
dence H(Nq) and cs(Nq) in (59) is obtained by integrating the background Hamilton equations
in parallel with (53). Then, the spectrum PS(q) can be plotted using the solutions ζq(Nq) at the
point Nq that satisfies (59) for each q.

Initial conditions

To determine the proper initial conditions in the deep subhorizon region, we adopt the standard
Bunch-Davies vacuum solution [62]

vq(τ) =
e−icsqτ

√
2csq

, (60)

where the conformal time τ is defined by

dτ =
dt

a
=

dN

aH
. (61)

Hence, the initial values of vq and v′q at Nin,q are determined by (60) up to an arbitrary phase.
The simplest choice is

vqin ≡ vq(Nin,q) =
1√
2csq

, (62)

v′qin ≡ v′q(Nin,q) = −i
csq

a(Nin,q)H(Nin,q)
√
2csq

. (63)

Then, using (56), we have

v′qin = −i
1

β
√
2csq

, (64)

where β is a small constant discussed above, e.g., β = 0.01. It is understood that the function cs
in Eqs. (62)-(64) is taken at N = Nin,q.

4.1 Redefinition of the input parameters and fields

In our calculations, we assume certain values of the parameters and initial values of the fields.
Besides, a solution to Eq. (53) involves the Bunch-Davies initial conditions (62) and (63). These
initial conditions determine the normalization of ζq(N) which in turn fixes the normalization of
PS. Hence, there is a priory no guarantee that the obtained spectrum will satisfy the condition
(52). Instead, the obtained spectrum PS will satisfy

PS(qCMB) =
As

c0
, (65)

where c0 is a constant, generally c0 ̸= 1. Thus, we have a conflict between the imposed Bunch-
Davies vacuum and the normalization of the spectrum to the observed value at the CMB pivot
scale.
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Table 1: Input parameters and fields

PLLS model, α = 1.5 Tachyon model
original redefined original redefined

U c−1
0 U U c−1

0 U

λ c
(1−α)/(2α)
0 λ λ c

−1/2
0 λ

φ c
(α−1)/(2α)
0 φ φ c

1/2
0 φ

η c
(1−2α)/(2α)
0 η η c−1

0 η

To rectify this conflict, we need to properly redefine the input parameters and initial values.
Using an arbitrary constant c0, one may easily show [57] that the Hamilton equations and the
corresponding solutions are invariant under the simultaneous rescaling of the parameters and
initial values as shown in Table 1. In both models, the Hubble rate scales according to H →
c
−1/2
0 H and the rescaled Hamilton equations retain their original form with no dependence on c0.

We will use this scaling property of our k-essence models to eliminate the constant c0 in Eq.
(65) by redefining the input parameters. To begin, we multiply the right-hand side of (50) by c0
and write the power spectrum PS as

PS = c0
q3

2π2
|ζq(Nq)|2 =

c0H
2

4π2ε1M2
Pl

q|vq|2, (66)

where we have used Eqs. (46) and (48). Now we absorb c0 in H2 and rescale the Hubble rate

as H → c
−1/2
0 H. This rescaling does not affect Eq. (53) and its solution vq. Thus, we obtain

a properly normalized spectrum without the c0 factor. However, a rescaling of H implies a
redefinition of the model input parameters and initial values of the background fields. Using the
rescaling defined in Table 1 we infer a redefinition of the parameters.

In this way, if we repeat the calculations using the redefined input parameters listed in Table
1 for both models, we will obtain the power spectra that agree with the observed value at the
CMB pivot scale.

4.2 Approximate spectrum

In the slow-roll regime, the curvature spectrum can be approximated by (see, e.g., Ref. [59])

PS(q) ≃
1

8π2csε1

H2

M2
Pl

, (67)

where for each q, the quantities H, cs, and ε1 take on their horizon crossing values at the corre-
sponding Nq. It is important to stress that in the models considered here the perturbations evolve
through a phase which departs from the slow-roll regime, as is evident from Fig. 3. Nevertheless,
we will use (67) for the sake of comparison. However, we expect a substantial departure of the
power spectrum (67) from the exact one obtained by numerically integrating Eq. (53).

The approximate spectrum obtained in this way will not in general have the correct observed
value at the pivot scale qCMB. To satisfy the proper normalization of PS(q) at q = qCMB, we can
introduce a constant factor c̄0. To wit, we define

PS(q) ≃
c̄0

8π2csε1

H2

M2
Pl

(68)
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Figure 4: The curvature power spectrum obtained by numerically solving Eq. (53) (full line) and
the spectrum approximated by Eq. (68) (dashed line) for the PLLS inflation model with n = 3,
ϕ0 = 0.8354MPl, and α = 1.5. The values of V0 and λ are as in Fig. 1. The initial values are
ϕin = 5.20473MPl, ηin = −2.81744 · 10−7. The initial perturbation vqin is determined by the Bunch-
Davies vacuum and PS(qCMB) as discussed in the text.
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Figure 5: The curvature power spectrum obtained by numerically solving equation (53) (full blue and
long-dashed black lines) combined with the spectrum approximated by Eq. (68) (short dashed blue
and dotted black lines) for the Tachyon model inflation with the potential U as in the PLLS model.
The parameters and initial values of the corresponding background solutions are ϕ0 = 0.2595MPl,
V0 = 10−16M4

Pl, λ = 7.502 · 10−6, ϕin = 1.1MPl, and ηin = −5.3 · 104 (full and short-dashed lines),
and ϕ0 = 0.259831MPl, V0 = 10−16M4

Pl, λ = 7.600 · 10−6, ϕin = 1.052MPl and ηin = −5.3625 · 104
(long-dashed and dotted lines).
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and fix c̄0 so that PS(qCMB) has the correct observed value at the pivot scale. However, a choice
c̄0 ̸= 1 is not compatible with the assumed Bunch-Davies asymptotic behavior. As before, this
problem is resolved by absorbing c̄0 in H2 and redefining the physical parameters as shown in
Table 1.

Nota Bene: The constants c0 and c̄0 need not be necessarily equal. However, to compare
the exact and approximate spectra, we must stick to the same parameterization of the model in
both exact and approximate calculations. In this case, we will replace c̄0 in (68) by c0 so that
the redefinition of parameters and initial values will be the same. Obviously, in this case, the
approximate spectrum will fail to reproduce the correct observed value at q = qCMB.

We plot the calculated spectrum for the PLLS model in Fig. 4. In Fig. 5, we plot the spectra
calculated for the Tachyon model for two sets of parameters. The approximation (67) correctly
reproduces the shape of the spectrum but underestimates the peak by a factor of the order of 10
and violates the normalization condition (52) (see the note after Eq. (68)).

5 PBH formation

In the radiation-dominated epoch, PBHs could form by small-scale cosmological perturbations
with sufficiently large overdensities collapsing after re-entering the cosmological horizon. Assum-
ing spherical symmetry, such regions can be described by the following approximate form of the
metric at superhorizon scales [8]

ds2 = dt2 − a(t)2e2ζ(r)(dr2 + r2dΩ2). (69)

The quantity ζ(r) is spherically symmetric comoving curvature perturbation conserved on super-
horizon scales [63]. The corresponding density contrast δr ≡ δρ/ρ(r, t) is given by [9]

δr = −8

9

1

a2H2
e−5ζ(r)/2∇2eζ(r)/2, (70)

Keeping the linear terms only, we find

δr ≃ −4

9

1

a2H2
∇2ζ(r). (71)

In the momentum space we obtain

δq ≃
4

9

q2

a2H2
ζq. (72)

Hence, the two-point correlation function (49) dominates the power spectrum of the density
contrast via the linear relation (72). We find

Pδ ≡
q3

2π2
|δq|2 =

q3

2π2

(
4

9

)2 q4

a4H4
|ζq|2 =

(
4

9

)2 q4

a4H4
PS. (73)

In our analysis, we assume that both the density contrast δ and curvature perturbation ζ are
approximately Gaussian variables. In principle, a non-Gaussian contribution to the statistics of
the primordial curvature perturbations could modify the PBH abundance. We will provide a brief
comment on non-Gaussianity at the end of this section.

As we will shortly see, the PBH mass fraction β(M) will be mainly described by the smoothed
variance σ of the density contrast δ, with rough functional dependence as

β ∝
(
− δc
2σ2

)
, (74)
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where δc is the critical overdensity collapse threshold. Hence, the larger the variance σ, the larger
the mass fraction β. We define the smoothed variance of δ over the smoothing scale R = 1/(aH)

σ(R)2 =

∫ ∞

0

dq

q
W (q,R)2Pδ =

(
4

9

)2 ∫ ∞

0

dq

q
(Rq)4W (q,R)2PS (75)

and the first moment of the smoothed power spectrum

µ(R)2 =

∫ ∞

0

dq

q
(Rq)2W (q,R)2Pδ =

(
4

9

)2 ∫ ∞

0

dq

q
(Rq)6W (q,R)2PS, (76)

whereW is a smoothing window function. It is not obvious what the best choice for the smoothing
function is. There is a priori no reason to choose one smoothing over another [64, 65]. A common
convenient choice is a Gaussian window function, although a top-hat smoothing function was
occasionally used in the past [66, 67]. However, the top-hat window function is sensitive to scales
well within the horizon [68] which requires careful treatment [69, 70].

Ando, Inomata, and Kawasaki [71] investigated the dependence of the variance σ(R) on the
choice between x-space top hat, gaussian, and k-space top hat window function (see also Refs.
[72, 73]). In particular, for a simple scale invariant power spectrum PS = AS, they found that the
variances σ(R) differ in proportions 1:0.29:0.22 for the x-space top hat, Gaussian, and k-space top
hat window functions, respectively. We have also checked the window function dependence of σ(R)
assuming a gaussian shape power spectrum PS(q) ∝ exp[−R2(q−R−1

0 )2/2] peaked at various R−1
0 .

For example, for R0 = R, we have found the proportions 1:0.36:0.27 for the mentioned window
functions, respectively. These proportions do not change significantly with varying R0 in the
interval 0.3 - 10, where they remain roughly 1:1/3:1/4.

Following Green et al. [68], we choose gaussian

W (q,R) = e−q2R2/2, (77)

as a more conservative choice than the x-space top-hat window function.

Toy model

For an illustration, it is useful to consider a flat power spectrum parameterized as

PS ≃ P0Θ(q − qmin)Θ(qmax − q). (78)

This power spectrum, which was studied previously in the literature as a toy model (see, e.g.,
[74]), can serve as a rough approximation to the Tachyon model power spectrum of Fig. 5 with
P0 ≃ 0.1 - 0.2, qmin = 104qCMB, and qmax = 1016qCMB.

Using this in (75) and (76) we obtain

σ2 =
1

2

(
4

9

)2

P0

[(
1 + q2minR

2
)
e−q2minR

2 −
(
1 + q2maxR

2
)
e−q2maxR

2
]
, (79)

µ2 =
1

2

(
4

9

)2

P0

[(
2 + 2q2minR

2 + q4minR
4
)
e−q2minR

2 −
(
2 + 2q2maxR

2 + q4maxR
4
)
e−q2maxR

2
]
. (80)

The functions σ(R) and µ(R) have a top-hat shape with plateau heights σmax ≃ (4/9)
√
P0/2 and

µmax ≃ (4/9)
√
P0. For R satisfying 1/qmax ≪ R ≪ 1/qmin we have

σ =
4

9

√
P0

2

(
1 + q2minR

2 +O(q4minR
4)
)
, (81)
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and hence, the maximal value of sigma is

σmax ≃ 4

9

√
P0

2
. (82)

In this range of R, we also have
µ

σ
≃

√
2 +O(q4minR

4). (83)

Functional dependence R(M)

Through (75), the variance σ is a function of the comoving horizon radius at the PBH formation
time R = (afHf)

−1 = 1/qf , where the subscript f refers to the PBH formation time. Since the
PBH mass M at the formation time is of the order of the cosmological horizon mass, i.e.,

M ≃ MHf
=

4π

3
H−3

f ρf =
4πM2

Pl

Hf
, (84)

we can relate R to M . From now on, we identify M ≡ MHf
.

As a first step, we derive the PBH mass M as a function of the comoving wave number qf
at the PBH formation time. Combining the entropy conservation S = C1g∗T

3a3 = const with
radiation energy density ρrad = C2g∗T

4, we find

ρrad,f
ρrad,0

=

(
g∗,0
g∗,f

)1/3(a0
af

)4

, (85)

where the quantity g∗ is the time-dependent number of effective massless degrees of freedom.
Then, from the first Friedmann equation it follows that the Hubble rate Hf at the formation time
is related to the Hubble rate H0 at present as

Hf = H0Ω
1/2
rad,0(a0/af)

2(g∗,0/g∗,f)
1/6, (86)

where Ωrad,0 = ρrad,0/ρcrit, with ρcrit = 3M2
PlH

2
0 . Combining this with the horizon-crossing

relations qf = afHf and q0 = a0H0, we find

af
a0

= Ω
1/2
rad,0

(
g∗,0
g∗,f

)1/6 q0
qf
. (87)

Next, substituting Hf from (86) and af from (87) in M = 4πM2
Pl/Hf , we find

M =
4πM2

Pl

H0
Ω
1/2
rad,0

(
g∗,0
g∗,f

)1/6(q0
qf

)2

= 1.90 · 1015
(
qCMB

qf

)2

M⊙. (88)

For the numerical estimate in (88), we have used MPl = 2.17645/
√
8π × 10−8 kg, Ωrad,0 = 10−5,

the Hubble radius today 1/H0 = 1.2 ·1026 m, g∗,f = 106.75, g∗,0 = 3.36 (see, e.g., Kolb and Turner
[75]), and the solar mass M⊙ = 2 · 1030 kg.

Finally, using (88) with a0 = 1 we find

R ≡ 1

qf
=

M1/2

(4πH0)1/2MPl

(
g∗,f
g∗,0

)1/12

Ω
−1/4
rad,0 . (89)

It is convenient to express R as a function of M/M⊙,

R = 1.4163 · 1016
(

M

M⊙

)1/2

m = 4.590 · 10−7

(
M

M⊙

)1/2

Mpc. (90)

.
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Estimate of the mass range

Suppose the spectrum is significant between qmin and qmax as in the toy model (78). Inspired by
the Tachyon model inflation spectrum depicted in Fig. 5 we use qmin = 104qCMB, qmax = 1016qCMB.
Then, the BH production will be suppressed for R > Rmax = 1/qmin and R < Rmin = 1/qmax.
The masses corresponding to Rmin and Rmax are

Mmin =

(
Rmin

4.59 · 10−7

)2

≃ 1.91 · 10−17M⊙, (91)

Mmax =

(
Rmax

4.59 · 10−7

)2

≃ 1.91 · 107M⊙. (92)

Then, according to (79), the function σ(M) will have an approximate top hat profile with M
ranging from Mmin to Mmax and the top value σmax defined by (82).

5.1 PBH mass fraction

The density of PBHs of mass M at the formation time is a fraction β(M) of the total background
density ρrad,f ,

ρPBH,f = β(M)ρrad,f . (93)

We now describe two ways of calculating β(M) that appear in the literature: The Press-Schechter
and the Critical collapse and peaks (CCP) formalism, and compare the two approaches using the
toy-model spectrum.

5.1.1 Press-Schechter (PS) formalism

In the Press-Schechter formalism of gravitational collapse, the mass fraction of PBHs of mass M
is described by the probability that the overdensity δ is above a certain threshold value δc for
collapse. Assuming δ is a Gaussian random variable with mass (or scale) dependent variance, the
mass fraction β(M) at the time of formation is then given by [76, 77, 78]

β(M) =
1

2
erfc

(
δc√
2σ

)
≡ 1√

2πσ

∫ ∞

δc

dδ exp

(
− δ2

2σ2

)
. (94)

This function can be approximately expressed in terms of elementary functions by [79]

β(M) ≃
exp

(
−δ2c/(2σ

2)
)

√
πδc/(

√
2σ) +

√
πδ2c/(2σ

2) + 4
. (95)

5.1.2 Critical collapse and peaks (CCP) formalism

Given linear density contrast δ, the PBH mass can be well approximated by the scaling law for
critical collapse [80, 81]

MPBH(δ) = KM(δm(δ)− δc)
γ , (96)

where δm is the smoothed density contrast, M ≡ MHf
is the mass within the cosmological horizon

at the PBH formation time tf in radiation era, and γ ≃ 0.36 is the critical exponent at tf [82].
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The parameter K ≃ 4 depends on the specific profile of the collapsing overdensity. The smoothed
density contrast δm may be expressed in terms of δ as [81]

δm = δ − 3

8
δ2. (97)

Then, the PBH mass fraction is [81]

β(M) =

∫ 4/3

δ−

dδ
MPBH(δ)

M
N(δ), (98)

where

N(δ) =
1

4π2

(
µδ

σ2

)3

exp

(
− δ2

2σ2

)
(99)

and the lower integral bound

δ− =
4

3

(
1−

√
1− 3

2
δc

)
(100)

is the smaller root of the quadratic equation

δ − 3

8
δ2 − δc = 0. (101)

Then, using (96) with K = 4 and (97), we obtain

β(M) =
1

π2

µ3

σ7

∫ 4/3

δ−

dδ

(
δ − 3

8
δ2 − δc

)γ

δ3 exp

(
− δ2

2σ2

)
. (102)

5.1.3 Comparison

The CCP formalism is generally considered to be more refined [65, 83] compared with the PS.
Whereas the PS formalism has one universal condition that the density must be above the thresh-
old value, the CCP formalism introduces an additional constraint: PBHs form at peaks of the
density [64, 81]. In particular, as pointed out in Ref. [84], the wide variety of the threshold
value implies the difficulty in the PS approach: the PBH formation criterion is not a simple
matter of the universal threshold for a one-point value of some averaged random field, but we
need to deal with the spatial dependence of the local overdensity profile. The two methods have
been compared in a comprehensive recent analysis by Yoo et al. [85] (see also Pi et al. [86]) that
takes into account the mutually related issues of PBH formation criterion, statistical treatment
of non-linear variables, and use of a window function.

To compare these two methods quantitatively, we can use the toy-model spectrum (78). In
this model, the function β(M) may be approximated by a similar top-hat profile

β(M) = β0Θ(M −Mmin)Θ(Mmax −M), (103)

where the height β0 can be estimated using either (95) or (102). By way of example, we will use
γ = 0.36, δc = 0.56, and σ = (4/9)

√
P0/2 with P0 = 0.2 or 0.4. Then, using (102) we obtain

β0 = 1.536 · 10−7 for P0 = 0.2 and 3.429 · 10−5 for P0 = 0.4. In contrast, using (95) we obtain
β0 = 3.441 · 10−5 and 2.489 · 10−3 for P0 = 0.2 and P0 = 0.4, respectively. Hence, for a broad
power spectrum similar to the toy-model spectrum (78), one may expect that the PS prediction
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based on Eq. (95) will be by about a factor of 100 larger than the prediction of the CCP formalism
based on Eq. (102).

For the reasons stated above, in the following, we will use the more conservative CCP for-
malism. However, it is fair to mention that the quantitative difference between the two methods
could be reduced by an effective calibration — for example, by adjusting the collapse threshold δc
or redefining σ so that PS and CCP results become more consistent. In our example above, the
height of the mass fraction β0 decreases very quickly with decreasing P0, to wit, with decreasing
σ. Hence, using different window functions in the two approaches and thereby redefining σ could
reduce disagreement between PS and CCP methods. In a recent study [86], it has been shown
that incorporating a smoothing procedure into the peak theory framework alleviates the tension
between peaks theory and the Press–Schechter formalism.

5.2 PBH abundance

The abundance of PBHs with mass in the interval (M,M + dM) related to the total dark matter
(DM) today is defined as [76, 81, 87, 24, 88, 89]

dΩPBH,0

ΩDM,0
= fPBHd lnM. (104)

Here, fPBH is the mass-dependent PBH fraction defined as

fPBH ≡
ρPBH,0

ΩDM,0ρcrit
=

ρPBH,f

ΩDM,0ρcrit

(
af
a0

)3

=
β(M)ρrad,f
ΩDM,0ρcrit

(
af
a0

)3

, (105)

where ΩDM,0 is the fraction of DM today. We have taken into account that PBHs behave like
matter, i.e., ρPBH,0a

3
0 = ρPBH,fa

3
f and that the PBH density at the formation time is a fraction

β(M) of the total background density ρrad,f . Substituting ρrad,f from entropy conservation (85),
af/a0 from (87), and qf/q0 from (88), we obtain

fPBH =
β(M)Ω

3/4
rad,0

ΩDM,0

(
g∗,0
g∗,f

)1/4(M0

M

)1/2

, (106)

where

M0 = 4πM2
Pl/H0 (107)

is the mass of the present cosmological horizon. If we use g∗,0 = 3.36, Ωrad,0 = 10−5, ΩDM,0 =
0.265, H0 = 70 km s−1Mpc−1, and M⊙ = 2 · 1030 kg, we find

fPBH =
β(M)

1.67 · 10−8

(
M⊙
M

)1/2(106.75

g∗,f

)1/4

. (108)

PBH abundance in the top-hat model

For an estimate based on the top-hat toy model, we use β(M) defined by (103) with mass range
(Mmin,Mmax) defined by (91) and (92) and β0 calculated in Sec. 5.1 for a chosen P0. Obviously,
the values P0 and qmax (or the corresponding Mmin) are decisive since β(M) is extremely sensitive
to P0 and since fPBH peaks just above Mmin.
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Figure 6: The fraction of PBH dark matter versus M for the flat power spectrum (78) with qmin =
104qCMB, qmax = 1015qCMB, and P0 = 0.08866.

As an example, we take qmax = 1015qCMB corresponding to Mmin = 1.91 · 10−15M⊙ and we
use the approximate expression (103) with β0 estimated using (102). Then, for P0 = 0.2 we find
β0 = 1.536·10−7 and fPBH,peak = 2.105·108, whereas for P0 = 0.08866 we obtain β0 = 3.6537·10−16

and fPBH,peak = 0.50061. In Fig. 6, we plot the fraction of PBH dark matter as a function of
M at the formation time for the top-hat power spectrum (78) with height P0 = 0.08866. The
choice of qmax in the top-hat profile is crucial since the position Mmin of the DM fraction peak is
proportional to 1/q2max (Eq. (91)). There exists a natural cutoff at about qmax ∼ 1017qCMB which
corresponds to Mmin ≃ 10−18M⊙ ≃ 1015 g. The PBHs of masses smaller than this would have
evaporated completely until today.

PBH abundance in the PLLS and Tachyon models

In Fig. 7, we plot the fraction of PBH dark matter as a function of M for the power spectra
approximated by equation (68) for both the PLLS and the Tachyon models. The theoretical
curves correspond to the power spectra calculated using specifically tuned input parameters listed
in Table 2. The requirement that the PBH abundance is outside the regions constrained by
observations dictates the choice of input parameters.

The critical collapse thresholds δc are calculated for each model using the procedure described
in appendix A. The variations of input parameters and initial values in the ranges given in Table 2
do not substantially affect the shape of the spectra, so the variations of the corresponding critical
collapse thresholds are insignificant. The obtained values are δc = 0.51 for the PLLS model and
δc = 0.56 for the Tachyon model spectra. The fraction of PBH is calculated using Eqs. (102) and
(108), with σ and µ obtained from (75) and (76), respectively. The data for the constraints are
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Table 2: Input parameters corresponding to fPBH(M) plotted in Fig. 7

Model V0[M
4
Pl] λ× 106 ϕ0[MPl] ηin ϕin[MPl] δc Line Style

7.5490 0.835370 −1.4500× 10−8 5.2200 full
PLLS 10−16 7.5400 0.835370 −2.8174× 10−7 5.2500 0.51 dashed
α = 1.5 7.5400 0.835370 −2.8174× 10−7 5.3000 dash-dotted

3.9523 0.895870 −1.0089× 10−3 5.1124 long dashed
1.1000 full

Tachyon 10−16 7.5020 0.259500 −6.1200× 104 1.1005 0.56 dashed
1.1010 dash-dotted

7.6000 0.259831 −5.3625× 104 1.0520 long dashed

Table 3: Integrated PBH DM fractions corresponding to fPBH(M) plotted in Fig. 7

Model FPBH [%] Line Style

100 full blue
PLLS 9.0 dashed blue
α = 1.5 1.4 dash-dotted blue

6.2 long dashed blue

10.6 full black
Tachyon 5.3 dashed black

2.6 dash-dotted black
97.8 long dashed black

from Ref. [17].

The PLLS model with the set of parameters in Table 2 predicts the PBH fraction peaks in the
observationally allowed windows of masses between 10−13 and 10−10 and between 10−6 and 10−4

solar masses. The Tachyon model, with the set of parameters in Table 2, predicts experimentally
allowed PBH abundance today in a broad mass range from 10−16 to 106 solar masses, except for
the special case (long dashed black line on Fig. 7) with the allowed masses between 10−14 and
10−10 solar masses.

For a DM prediction, we need the integrated PBH dark matter fraction. To this end, we use the
definition (104) so the integrated PBH dark matter abundance in the mass interval (Mmin,Mmax)
related to the total DM fraction is given by

FPBH =

∫ Mmax

Mmin

fPBH
dM

M
. (109)

The results for both models are given in Table 3 for each set of parameters listed in Table 2.
The PBH contribution to DM today could be significant and, in particular cases, even sufficient
to account for the total DM. However, it is important to stress that the parameterization of the
Tachyon model that leads to FPBH = 0.978 corresponds to the spectrum not supported by the
CMB observational data in the vicinity of the CMB pivot scale qCMB.
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Figure 7: The fraction of PBH dark matter versus the PBH mass M in the PLLS model (blue lines)
and the Tachyon model (black lines) together with observational constraints. The corresponding input
parameters and initial values are listed in Table 2. The green contours mark the limits determined by
EROS [12], OGLE-III [13], Hyper Suprime-Cam (HSC) [15], and MACHO+EROS [16]. The orange
contour marks the constraints by OGLE-III + OGLE-IV [17].

5.2.1 Sensitivity to δc

The mass fraction β and consequently the PBH abundance calculated in both PS and CCP
formalisms is exponentially sensitive to the critical collapse threshold δc. The value of δc depends
on the shape of the collapsing curvature power spectrum [90] (see also [10, 77, 92, 83, 91, 93, 94,
95, 96]). In appendix A, we outline the calculation procedure. For a broad power spectrum that
could be approximated by (78), we recover δc ∼ 0.56 of Ref. [90]. For the PLLS and Tachyon
models, the variations of input parameters and initial values in the interesting ranges do not
substantially affect the shape of the spectra. The variations of the corresponding critical collapse
thresholds are within δc = 0.51 for the PLLS model and δc = 0.56 for the Tachyon model spectra.

In Fig. 8 we plot the mass fraction β and the PBH abundance fPBH in the Tachyon model
for various δc within the plausible uncertainty departure of about 1% from the numerical value
calculated in appendix A.
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Figure 8: The mass fraction β (left panel) and fraction of PBH dark matter (right panel) versus M
in the Tachyon model for various critical thresholds δc and fixed set of parameters as in Table 1 with
ϕin = 1.1MPl.

5.3 Comment on primordial non-Gaussianity

The three-point correlation function

⟨ζ̂q1 ζ̂q2 ζ̂q3⟩ = (2π)3δ(q1 + q2 + q3)fNLF (q1, q2, q3) (110)

provides the prime diagnostic of non-Gaussianity of inflationary fluctuations [97]. The quantity
fNL is a dimensionless parameter defining the amplitude of non-Gaussianity and the function F
captures the momentum dependence.

The lowest-order non-Gaussian corrections to the primordial power spectrum arise from a
single one-loop diagram, which leads to [98, 99, 100]

PS(q) = PS,G(q) + f2
NLq

3

∫
d3k

4π

PS,G(k)

k3
PS,G(|q − k|)

|q − k|3
, (111)

where PS,G is the dimensionless power spectrum defined in (50), and the second term on the
right-hand side is a non-Gaussian contribution which can be rewritten as

PS,NG(q) = f2
NLq

2

∫ ∞

0

dk

k2
PS,G(k)

∫ q+k

|q−k|

dk′

k′2
PS,G(k

′). (112)

Ünal [99] estimated (112) for the log-normal gaussian spectrum

PS,G = A exp[− ln2(k/kpeak)/(2σ
2)]. (113)

For an amplitude A = 0.01, and fNL = 3, he found that the non-Gaussian term is subdominant
by about a factor of 10. Clearly, if the amplitude were 10 times larger, the non-Gaussian term
would be of the same order as the Gaussian one. Similarly, Riccardi, Taoso, and Urbano [101]
found that in realistic single-field inflationary models with ultra slow-roll, by changing the peak
amplitude of the curvature power spectrum by about a factor of two, one could obtain the same
abundance calculated with the Gaussian approximation as the one obtained in the presence of
local non-Gaussianities.
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In the k-essence models, the largest non-Gaussianity peakes at the so-called equilateral config-
uration with q1 ∼ q2 ∼ q3. The non-Gaussianity amplitude of an equilateral triangle in a general
k-essence is given by [97, 102]

f equil
NL = − 35

108

(
1− c2s
c2s

)
+

20

81
Λ, (114)

where

Λ ≡ X2L2
XX − (1/3)LXLXXX

L2
X + 2XLXLXX

. (115)

The quantity Λ in the Tachyon model is identically zero. As the sound speed deviates from unity
most at the end of the slow roll regime, we estimate the equilateral amplitude at the end of
inflation, neglecting possible post-inflationary effects. For an estimate we can use c2s = 1/3, given
by (43) for ε1 = 1, yielding

fTachyon
NL ≈ f equil

NL

∣∣∣
ε1=1

= − 70

108
. (116)

In the PLLS model, we find

Λ =
1− 3α+ 2α2

3 + 6α
, (117)

so for α = 1.5 we have Λ = 1/12. Thus, using (114) with c2s = 1/2, for the PLLS model we find

fNL ≈ f equil
NL = −295/972

fPLLS
NL ≈ f equil

NL

∣∣∣
ε1=1

= −295

972
. (118)

Both values in (116) and (118) are well within the observational constraints provided by the

Planck 2018 collaboration [103]: f equil
NL = −26± 47.

To estimate the NG contribution to the power spectrum in the PLLS model, we could ap-
proximate the spectrum of Fig. 4 by the log-normal function (113) with an amplitude of about
A = 0.1. In our estimate, fNL ≃ 0.3, so the NG contribution to the power spectrum would
amount to a factor of (0.3/3)2 = 0.01 suppression compared to the NG term in Ref. [99]. Since
our amplitude is a factor of 10 larger than that of Ref. [99], the NG contribution enhances the
PLLS power spectrum of Fig. 4 by about 10%.

The results obtained for the log-normal spectrum of Ref. [99] cannot be used for the broad
spectrum of our Tachyon model. However, we can obtain a rough estimate by making use of the
top-hat power spectrum (78)). In this model, we find

PS,NG = f2
NLP2

0q
2

∫ qmax

qmin

dk

k2

[
Θ(|q − k| − qmin)Θ(qmax − |q − k|)

|q − k|

−Θ(q + k − qmin)Θ(qmax − q − k)

q + k

]
. (119)

The integration yields

PS,NG = f2
NLP2

0

[
2 ln

q2 − q2min

q2min

+ 2 ln
qmax − q

qmax
− 2q2

q2 − q2min

+
q

qmax
+

q

qmax − q

]
. (120)

In the middle of the distribution, where qmin ≪ q ≪ qmax we find an estimate

PS,NG ≃ 2f2
NLP2

0

(
ln

q2

q2min

− 1 +O(q2min/q
2) +O(q2/q2max)

)
. (121)
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For our estimated fNL ≃ − 70
108 and the parameters of our top-hat model of Fig. 6 P0 = 0.09,

q/qmin = 104 ÷ 108, we find PS,NG = 0.12 ÷ 0.24, to be compared with PS,G = 0.09. Hence, the
NG contribution in the top-hat model is positive and of the order O(1÷ 2)PS,G. Thus, we expect
the peak of the power spectrum that includes a non-Gaussian contribution in the Tachyon model
to be enhanced by about a factor of O(2÷ 3) compared with the Gaussian power spectrum.

However, there is in addition an intrinsic non-Gaussianity owing to the nonlinear relation
(70) between ζ and δr [81, 104, 105]. In the presence of such non-Gaussianity, the amplitude
of the power spectrum can be significantly reduced by a factor O(2 ÷ 3) [105] compared to the
Gaussian (linear) case, where one approximates (70) by the linear relation (71). In this way, the
effect of this intrinsic non-Gaussianity works in the opposite direction compared to the primordial
non-Gaussianity discussed above, so these two effects might partly annihilate. However, a precise
estimate of the total outcome requires more accurate calculations, which go beyond the scope of
the present paper.

Approximating the nonlinear relation (70) by the linear one can also affect the critical threshold
δc. According to Kehagias, Musco, and Riotto [106], the impact of the intrinsic non-Gaussianity
on a relative change of δc with respect to the value obtained using a linear relation between ζ and
δr is of the order of a few percent.

6 Summary and conclusions

We have analyzed the PBH production in the early universe in the top-hat toy model and two k-
essence models of inflation. The analysis of the top-hat toy model reveals that the Press-Schechter
prediction for the PBH mass fraction fPBH based on Eq. (95) is by a factor of 100 larger than
the prediction of the CCP formalism based on Eq. (102). For this reason, we have employed the
more conservative CCP formalism in calculating fPBH for realistic power spectra.

Besides, the analysis of the top-hat model shows that the PBH abundance is very sensitive to
the height of the power spectrum. The top-hat power spectrum with height equal to or above 0.2
yields too large PBH abundance with fPBH ≫ 1 whereas a height below 0.08 yields a small peak
value of fPBH less than 0.02.

Regarding the PLLS and Tachyon models, we have demonstrated that it is possible to obtain a
significant PBH DM fraction by fine-tuning the input parameters, V0, ϕ0, λ, and initial conditions
for the background equations. However, the normalization requirement for the spectrum to fit
the observational value at the pivot CMB scale constrains the tuning of these parameters. This
normalization requirement can be easily implemented by utilizing the rescaling invariance [57].

The PBH abundance is fairly sensitive to the value of the critical collapse threshold δc. We
have found that the shape of the spectra in both models does not significantly change with slight
variations in input parameters. As a consequence, the critical collapse threshold δc is also not
very sensitive to these variations. Hence, the values of δc calculated for the spectra presented
in Figs. 4 and 5 for the PLLS and the Tachyon model, respectively, could have been applied for
each set of parameters presented in Table 2. However, as Fig. 8 shows, the relative change of
δc (e.g., caused by the intrinsic non-Gaussianity [106]) within about ±1% could affect the PBH
production by a factor of up to 4÷ 6.

Our results for the PLLS model show that a suitable choice of input parameters different from
those in Ref. [31] could yield a significant PBH abundance. For a chosen set of parameters yielding
the power spectrum of Fig. 4, the PBH fraction has a few sharp peaks around the PBH mass
M = 10−11M⊙. In contrast, the Tachyon model power spectrum of Fig. 5 predicts experimentally
allowed PBH abundance today in a broad mass range (Fig. 7). In the PLLS model, the integrated
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PBH abundance of the highest peak (full blue line) in Fig. 7 could account for total DM. In the
Tachyon model, the highest integrated contribution of PBHs to DM estimate is about 11% (full
black line), except for a particular parameterization (long dashed black line) where the integrated
PBH contribution may reach up to 98%. However, the latter result should not be taken seriously
since the spectrum corresponding to this parameterization is not supported by the observational
data near the CMB pivot scale.

A The critical collapse threshold

The critical collapse threshold δc for PBH formation depends on the shape of the curvature
perturbation spectrum. The shape parameter α describes the main features of the profile in the
length-scale interval 0 < r < rm where PBHs form. Here, we outline the procedure for calculating
δc following Musco et al. [90].

The first step is to compute the value of the comoving length scale r̂m of the perturbation
related to rm via the coordinate transformation r = r̂ exp ζ(r̂). To this end, we use the smoothed
power spectrum PS(q, τ) defined as

PS(q, τ) =
2π2

q3
PS(q)T

2(qτ), (122)

where the transfer function T (x) is defined as

T (x) = 3
sin(x/

√
3)− (x/

√
3) cos(x/

√
3)

(x/
√
3)3

. (123)

The conformal time interval τ is, according to (61), approximately τ = −1/aH. Now we assume
that the scale r̂m is a factor of 10 to 100 larger than the comoving horizon radius 1/(aH). Hence,
in Eq. (123) we may substitute −r̂m/p for τ , where p is a constant of order 10 ≤ p ≤ 100 and,
according to [90], the scale r̂m is a positive root of the function

I(x) =

∫ ∞

0

dy

y

[(
y2 − 1

) sin y
y

+ cos y

]
PS(y/x)T

2(y/p). (124)

As the next step, we compute the shape parameter α. First, we find the linear Gaussian shape
parameter αG using

αG = −1

4

[
1 +

∫
ydy cos yPS(y/r̂m)T 2(y/p)∫
dy sin yPS(y/r̂m)T 2(y/p)

]
. (125)

Then, we compute the shape parameter α by solving the algebraic equation

F (α)(1 + F (α))α = 2αG, (126)

where

F (α) =

(
1− 2

5

e−1/αα1−5/(2α)

f(α)

)1/2

, (127)

with

f(α) = Γ(5/(2α))− Γ(5/(2α), 1/α) ≡
∫ 1/α

0
dte−tt5/(2α)−1. (128)

Finally, we compute the threshold δc as a function of α. Up to a few percent precision, the
threshold can be expressed as an analytic function

δc(α) =
4

15

e−1/αα1−5/(2α)

f(α)
. (129)
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