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1 Introduction

There exist many physical models that do not exhibit boost symmetry. Following [1], the
geometry underlying these models is often called Aristotelian geometry. Aristotelian field
theories have been studied in the context of non-relativistic naturalness, see, e.g. [2, 3]. More
recently, hydrodynamic models without boost symmetry have been investigated in [4-8],
while Aristotelian G-structures appear in a wide range of physical systems such as Bjorken
flow and defects in conformal field theory [9-12]. Aristotelian geometries have also occurred
in the study of the GMP modes in the Fractional Quantum Hall Effect [13] and in the
description of fractons [14-17] in a curved spacetime [18-23]. A more formal treatment
of Aristotelian geometries can be found in [24, 25]. Recently, a string-foliated version of
Aristotelian geometry has occurred in a study of multi-Weyl semimetals [26]. Following [27],
this naturally leads to the notion of a p-brane Aristotelian geometry.

In view of all these connections, it is the purpose of this paper to give a unified treatment
of p-brane Aristotelian geometry and, following the conformal compensating program, see,
e.g. [28],! to make the first step in constructing matter-coupled Aristotelian gravity theories.
When following this program, it is not obvious which conformal extension of the Aristotelian
geometry one should use. One of the criteria such a conformal extension should satisfy is that
one can use it to construct an Aristotelian gravity theory without matter. It turns out that the
basic building blocks of such an Aristotelian gravity theory are either a curvature tensor for a
spin-connection or an intrinsic torsion tensor. These two building blocks should be contained
in the expressions of one of the dependent conformal gauge fields. In practice, curvature
tensors for a spin-connection can be found in the solution of dependent special conformal

'For a short recent introduction to this technique, see section 2 of [29].



gauge fields whereas intrinsic torsion tensors can be found in the dependent expression of a
dilatation gauge field. However, this can only happen if the commutators of the conformal
Aristotelian algebra allow to solve for the relevant conformal gauge field. In the relativistic
case for instance, the fact that the special conformal gauge field can be solved in terms of
a Riemann curvature tensor is immediately related to the fact that the commutator of a
spacetime translation with a special conformal transformation gives a Lorentz transformation.
Because of this, the conformal curvature tensor for the Lorentz spin-connection contains the
product of an invertible Vielbein field with a special conformal gauge field which allows one
to solve for the special conformal gauge field in terms of the Riemann tensor by setting some
components of the conformal curvature tensor equal to zero.

It turns out that the same thing happens in the Aristotelian case, i.e. one can solve
for a special conformal gauge field in terms of an Aristotelian curvature tensor, if one
extends the p-brane Aristotelian algebra in D dimensions to the following direct sum of
two conformal algebras:

so(2,p+1)@so(l,D —p). (1.1)

Here, s0(2,p + 1) is the conformal algebra in (p 4+ 1) dimensions with Minkowski signature
and so0(1, D — p) is the conformal algebra in D — p — 1 dimensions with Euclidean signature.
This conformal extension contains two independent isotropic dilatation generators D; and
D,. We will refer to the algebra (1.1) as the isotropic conformal Aristotelian algebra. If we
restrict ourselves to Aristotelian gravity theories that only contain intrinsic torsion tensors as
basic building blocks and no Aristotelian connection curvatures it suffices to work with a
subalgebra of (1.1) that will be specified later in this paper. This subalgebra contains only
one an-isotropic dilatation generator D with critical exponent z given by

D =2D1+ Ds. (12)

We will call this subalgebra the an-isotropic conformal Aristotelian algebra.?

Different realizations of the concept of gauge-equivalent formulations play an important
role in our construction of matter-coupled Aristotelian gravity theories. It works as follows.
Suppose L(A) is a Lagrangian that depends on a single field A. Defining

A=B+C (1.3)

and substituting this definition back into £(A) we obtain a Lagrangian £(B,C) that de-
pends on two scalars B and C' and that is furthermore invariant under the following gauge
transformation with gauge parameter €(z):

B = ¢(z), 0C = —¢(x). (1.4)

This gauge symmetry guarantees that the fields B and C occur in the Lagrangian £(B, C)
only in the combination B + C. We say that the Lagrangians £(A) and L(B,C) are gauge-
equivalent to each other. One can go back to the original formulation in terms of £L(A), e.g.,
by imposing the gauge-fixing condition C' = 0 and identifying A = B.

2We call the algebra (1.1) isotropic because the two dilatation generators D1, resp. D2, act isotropically on
the longitudinal, resp. transverse, directions only. By contrast, in the an-isotropic algebra the dilatation D
acts an-isotropically on the combined set of longitudinal and transverse directions.



In this paper, we will consider such gauge-equivalent formulations both for a real scalar
A = r, where the corresponding gauge symmetries are the gravitational dilatations, as
well as for a real scalar A = 0 with corresponding gauge symmetry given by the gauged
dipole symmetry of fractons. These two real scalar fields r» and 6 can be combined into
a complex scalar & = re'.

As an example, we consider the Einstein-Hilbert Lagrangian. Extending the Poincaré
algebra to a relativistic conformal algebra with an isotropic dilatation symmetry, we replace
the Poincaré Vielbein field E,fi in the Einstein-Hilbert Lagrangian by the product of a
conformal compensating® scalar r with dilatation weight w and a conformal Vielbein field

(E#A)C with weight 1 as follows:

B, =r Vv (B, (1.5)

In this way one obtains the Lagrangian for a dynamical scalar r coupled to relativistic
conformal gravity. The relation (1.5) is the analogue of eq. (1.3). The Einstein-Hilbert action
of general relativity can be re-obtained by fixing the dilatations setting the conformal scalar
r to some constant. To obtain non-trivial matter couplings one should replace the single
scalar by a function of N scalars such that after gauge-fixing one is left with N — 1 scalars
coupled to gravity. In this paper we will perform similar manipulations replacing general
relativity by Aristotelian gravity and the relativistic conformal algebra by an appropriate
conformal extension of the Aristotelian algebra.

The compensating scalar field 8 plays a similar role as the compensating scalar r but
instead of gravitational dilatations the scalar 6 compensates for gauge symmetries. It is
instructive to first consider an Abelian U(1) symmetry. Our starting point is the real
dynamical scalar field 6(x) with action

L=—=(0,6)". (1.6)

1
2
This action is invariant under the transformation 68 = mA for constant m and constant
symmetry parameter A. We can gauge this symmetry by replacing the parameter A by
A(z) and introducing a gauge field A, with transformation rule §A, = 0,A(z). This leads
to the following gauge-invariant action

zz—;Dﬁf (1.7)

with covariant derivative D,,0 given by D,0 = 9,0 —mA,,. We see that in this action the scalar
field 6 and the gauge field A, only occur in the gauge-invariant combination A, — m=19,0.
This leads to the natural definition of the gauge-invariant vector

W= Ay~ 0,6 (1.8)
in terms of which the action can be rewritten as a mass term of the vector field W,. Adding
to the gauge-invariant action (1.7) a kinetic term for the gauge field A, leads to a Proca
action for the massive vector field W,,.

3The scalar r is called a compensating scalar because it compensates for the dilatations of the conformal
Vielbein field.



A similar mechanism works for the dipole symmetries that we consider in this paper
except that we will gauge these dipole symmetries by introducing both a longitudinal vector
gauge field ¢4 with transformation rule d¢p4 = JaA(z) as well as a transverse symmetric
tensor gauge field A, with transformation rule §A,, = 9,0,A(x).* The compensating scalar
0 and the gauge field A, will then combine and lead to a mass term for the symmetric tensor

Wap = Agp — 0a0p0, (1.9)

which is the analogue of the relation (1.3).

Following the above two examples we will consider in this work models with one or two
dynamic scalars. Concerning the two-scalar models, we will consider both quadratic-derivative
two-scalar models where the two scalars compensate for the two dilatations of the isotropic
conformal Aristotelian algebra as well as higher-derivative two-scalar models where one scalar
compensates for the single dilatation of the an-isotropic conformal Aristotelian algebra and
the second scalar compensates for the gauged dipole symmetries.

This paper is organized as follows. In section 2 we will discuss the p-brane Aristotelian
geometries and their conformal extensions. In particular, we will discuss the Aristotelian
intrinsic torsion tensors and show how they can be used to classify (conformal) Aristotelian
geometries. Furthermore, we will discuss conformal Aristotelian gravity as the gauge theory
of the conformal Aristotelian algebra. In section 3 we will show how examples of Aris-
totelian gravity theories without matter can be constructed using the conformal program. We
will thereby distinguish between three classes of invariants: electric, magnetic and electric-
magnetic. We will show how these different types of Aristotelian gravity theories without
matter can be constructed following the conformal program using two compensating scalars
corresponding to the two dilatations of the isotropic conformal Aristotelian algebra. Fur-
thermore, we will show how the electric Aristotelian gravity theory can also be constructed
following the conformal program based upon the an-isotropic conformal Aristotelian algebra
using a single scalar that compensates for the an-isotropic dilatations. In section 4 we will
use the an-isotropic conformal Aristotelian algebra to discuss matter coupled Aristotelian
gravity theories involving scalar fields as well as vector/tensor gauge fields. We will do this
both for quadratic-derivative models as well as for the higher-derivative models that have
appeared in the context of fractons. An outlook and possible extensions of our work are
discussed in a concluding section.

2 (Conformal) Aristotelian geometries

In this section we consider both non-conformal and conformal Aristotelian geometries, which
we discuss separately, starting with the non-conformal case.

4The reason that we use a symmetric tensor gauge field instead of a vector field for the transverse directions
is that we wish to recover the algebra of dipole symmetries after truncating all gauge fields to zero. Such a
gauging is possible if the model before gauging is invariant under both constant phase transformations and
dipole symmetries.



2.1 p-brane Aristotelian geometry

In this paper, we consider p-brane extensions [27] of (particle) Aristotelian geometries that
appeared in [20, 21, 24, 25]. We define a p-brane Aristotelian G-structure on a D-dimensional
manifold as the intersection of a p-brane Galilean and a p-brane Carrollian G-structure; its
structure group G is thus given by:

G =S0(p,1) x SO(D —p—1), (2.1)

for integer 0 < p < D — 2. We will refer to the geometry with this local structure group as
‘p-brane Aristotelian geometry’. We will call the p + 1 directions on which SO(p, 1) acts the
‘longitudinal’ directions and the D—p—1 directions on which SO(D—p—1) acts the ‘transversal’
directions. Likewise, we will often refer to the SO(p,1) and SO(D — p — 1) factors of the
structure group as the ‘longitudinal Lorentz transformations’ and the ‘transversal rotations’.

To describe the geometry, we introduce a ‘longitudinal Vielbein’ TMA (A=0,1,---,p) and
a ‘transversal Vielbein’ e,* (a = p+1,---,D —1). The flat longitudinal index A will be freely
raised and lowered with a (p + 1)-dimensional Minkowski metric n4p = diag(—1,1,---,1),
whereas for the flat transversal index a this will be done using a (D — p — 1)-dimensional
Euclidean metric d45. These one-forms transform under the structure group (2.1) according
to the following local transformation rules:

or, A = p7, B, e, = A%e,l. (2.2)
Here, M5B = —\B4 corresponds to the parameters of longitudinal SO(p, 1) Lorentz transfor-
mations and A% = —\% to that of transversal SO(D — p — 1) rotations. We also introduce

an ‘inverse longitudinal Vielbein’ 74# and an ‘inverse transversal Vielbein’ e,* as the vectors
dual to TMA and e,“; i.e., one has the following relations:

TalT, B =68, Tale,* =0, e, A =0,
e ept =0y, T ATAY ey e’ = - (2.3)

A structure group connection €, is introduced as the following one-form that takes
values in the Lie algebra of (2.1):

1 1
Q, = inABMAB + 5w,ﬂ"Jab, (2.4)
where Map = —Mpa and J,, = —Jp, are generators of the Lie algebras of SO(p,1) and
SO(D — p — 1), respectively. We will refer to w“AB = —w#BA and w,® = —w," as spin-

connections for longitudinal Lorentz transformations and transversal rotations, respectively.
They transform as follows under infinitesimal local SO(p, 1) and SO(D —p—1) transformations:

Seop P = 9B 4 2\ AICly, Bl 0w, = O + 22l M (25)

The curvatures of these spin-connection fields are given by:

R, P (M)
R, (J)

8[ }AB - QW[MACOJV]CB s (2.6)

2 LWy
20),w,

}ab . QW[H(LCWV]Cb )



We also define their torsion tensors as

T”VA = 23[MTV]A — QW[MABTV]B ,

Elwa = 28[#6,/]a - QOJ[Habey]b.

The local infinitesimal SO(p, 1) and SO(D — p — 1) transformations of T},,4 and E,,* are
given by:

0T = M pT" SEu® = \%E". (2.10)

For the purpose of classifying Aristotelian geometries, we are interested in finding the
answers to the following two questions [25, 27].

AB and wuab do not occur in any of the

(i) Which components of the spin-connections w,,
components of the torsion tensors TWA and F,,*? Such spin-connection components
cannot be solved for in terms of the Vielbein fields and torsion tensor components.

They remain independent.

(ii) Which components of the torsion tensors T, WA and E,,* do not contain any of the

4B and w,ﬂb? Such torsion tensor components

components of the spin-connections wy,
are called intrinsic. Setting them to zero leads to constraints on the geometry. They

therefore play a crucial role in classifying the different Aristotelian geometries.

The answer to (i) can be obtained by examining the system of equations

AB

2w, P15 =0, 2w, ey =0, (2.11)

that is obtained by setting to zero those terms in the definitions of TWA and E,,% that
depend on the two spin-connections, see the expressions (2.8) and (2.9). The independent
spin-connection components then correspond to the non-trivial solutions of this system.
To distinguish the different spin-connection and torsion components, we decompose any
curved index g into longitudinal and transversal indices A and a, according to the following
decomposition rule for an arbitrary one-form V,:

V=1 Va+e Ve  or  Va=74"V, and V, = e,V (2.12)

The same decomposition rule will be applied if the index p is carried by a tensor. Using this
rule, one finds that the system of equations (2.11) is equivalent to:

wa“p =0, w7 =0, Wy =0, wa”=0. (2.13)
These equations only have the trivial solution
w, A =w, =0, (2.14)

so that there are no independent spin-connection fields that cannot be solved for in terms
of the Vielbein fields and torsion tensor components. To find the answer to the second
question (ii) one scans the different components of the definitions of 7},,4 and F,,* and



checks whether spin-connection components drop out. In this way one finds the following

intrinsic torsion tensors:®

T, TP, T4, Eap®, EAY, Es. (2.15)
We use here a notation where {AB} indicates the symmetric traceless part of AB. The
same applies to {ab}.

The remaining torsion tensor components all contain a spin-connection field. They
are given by

T8 Tap®,  EA,  Eu. (2.16)
Note that the spin-connection terms in the expressions (2.8) and (2.9) for these torsion
components are multiplied by Vielbeine. As a consequence, one can invert these expressions
to write the dependent spin-connection fields in terms of Vielbeine and the torsion tensor
components (2.16). Setting these torsion tensor components to zero therefore does not
lead to constraints on the geometry but rather amounts to choosing a specific connection.
Following the supergravity literature, we will call the components (2.16) conventional torsion
tensor components.

In the case at hand we find that the number of conventional torsion tensor components
equals the number of spin-connection components. This is consistent with the fact that
we found above that there are no independent spin-connections. Setting all conventional
torsion tensor components given in eq. (2.16) to zero, we find the following expressions for
the different spin-connection components in terms of the Vielbeine:

wa,Bc(T,e) = *TBCA — TAB,C] » (2.17a)
wa,aB(T,€) = — a[A B (2.17b)
Wa,be(T,€) = €bc a — €afb,d] ; (2.17¢)
wA,ab(T;€) = —€Aap) (2.17d)

where we have put a comma in wg pc = —wa,cp to distinguish between the first index and
the second anti-symmetric pair of indices.® Furthermore, we have defined

T =20, and  en® =20)e,". (2.18)

We stress that the dependent spin-connections are only solved as in (2.17), if we equate the full
set (2.16) of conventional torsion tensor components to zero. The dependent spin-connection
components (2.17) still transform as the independent ones given in (2.5) due to the fact
that the constraints defined by setting the components (2.16) equal to zero are invariant
under the Aristotelian structure group (2.1).

5We note that a further fine-tuning occurs when the longitudinal or transverse representations allow for
self-duality conditions. Such situations occur when taking a particle in five spacetime dimensions where the
transversal SO(4) allows self-duality conditions or when taking a string, where the longitudinal SO(1,1) allows
self-duality conditions.

5Here and below we will only put a comma in cases that confusion could arise.



We are now ready to perform the classification of the different p-brane Aristotelian
geometries. We will classify the representations of the intrinsic torsion tensors since setting
them to zero gives rise to geometric constraints. In contrast to the Galilean and Carroll
cases, the different intrinsic torsion tensor components given in eq. (2.15) are not connected
to each other by boost transformations. Therefore, each of these six intrinsic torsion tensor
components can separately be set equal to zero. For the general p-brane case, 0 < p < D — 2,
this leads to

5 (6
> ( > = 64 (2.19)

g=0 \

different Aristotelian geometries. The cases of particle (p = 0) and domain wall (p = D — 2)
are special since then 2 of the 6 intrinsic torsion tensors vanish. For instance, in the particle
case one ends up with the following 4 intrinsic torsion tensors

Tabo ) TaOO 3 EO{ab} 5 E()aa ; (220)

where we have indicated the single time direction A with A = 0. Therefore, the particle
case leads to only

24: (4) 16 (2.21)

q=0 \

different Aristotelian geometries. The geometric interpretation of each of these 16 geometric
constraints can be found in [25]. Similarly, in the domain wall case, indicating the single flat
transverse direction a with a = y, one obtains the following 4 intrinsic torsion tensors:

Ty{AB} ) TyAA ’ EABy ) EAyy ; (222)
that as in the particle case gives rise to 16 different Aristotelian geometries.

2.2 Conformal extensions

In this section, we provide a conformal extension of the Aristotelian symmetries and geometry
of the previous subsection. This will be used in section 3 to construct Aristotelian gravity
theories via conformal calculus techniques. We will discuss two such conformal extensions:
one that has two isotropic dilatations and that we will call the isotropic conformal Aristotelian
algebra and a subalgebra which has a single an-isotropic dilatation that we will call the
an-isotropic Aristotelian algebra.

The isotropic conformal Aristotelian algebra. One way to extend the Aristotelian
symmetries (2.1) with conformal transformations is by considering a direct sum of two
conformal algebras:

s0(2,p+1) ®so(1,D —p). (2.23)



The algebra so(2, p+1) is the conformal algebra in p+ 1 dimensions with Minkowski signature.
We will refer to and denote its generators by:”

longitudinal translations Pg , longitudinal Lorentz transformations M p ,

longitudinal special conformal transformations K4, the longitudinal dilatation D; . (2.24)

The non-zero commutation relations of s0(2,p 4+ 1) are given by

[Map, Mcp| = —4naicMpyB) » [Pa, Mpc] = —2nagFcy,
[Ka, Mpc] = —2n8K¢y, [Pa, Kp] = 2napD1 +2Map,
[D1, Pa] = —Pa, [D1, Ka] = Ka. (2.25)

The algebra so(1, D — p) on the other hand corresponds to the conformal algebra in D —p —1
Euclidean dimensions and we will refer to and denote its generators by

transversal translations P, , transversal rotations Jg,,  (2.26)

transversal special conformal transformations K,, the transversal dilatation D5 .

The commutation relations of so(1, D — p) are obtained from (2.25), by replacing nap with
dap and Py, Map, K4 and Dy with P,, Ju,, K, and Dy respectively. The direct sum in (2.23)
is interpreted as a direct sum of Lie algebras, i.e., the algebras so0(2,p 4+ 1) and so(1, D — p)
commute with each other.

To describe our conformal extension of Aristotelian geometry, we supplement the lon-
gitudinal and transversal Vielbeine TuA, e, and the spin-connections wMAB , wu“b of the
previous subsection with four extra fields qu, fu®, by and ¢,. We will call the field fMA,
resp. f,* the longitudinal, resp. transversal special conformal gauge field, and b, resp. ¢,
the longitudinal, resp. transversal dilatation gauge field. This terminology derives from the
fact that we view the full set of fields as gauge fields that are associated to the generators
of the algebra (2.23) as follows:®

A AB A
7,0 — Pa, w " = Mag, fu? — Ka, b, — D1,

en” — P, W, = T, fu = Ko, ¢y — Dy (2.27)

We will mostly focus on the transformations generated by Map, Ka, D1, Ju, K, and
Dy that we will collectively call “homogeneous conformal transformations”. Under the
identification (2.27) of the fields as gauge fields of the algebra (2.23), one has the following

"The indices A and a used in this subsection take values in the same ranges as in the previous subsection.

8With a slight abuse of language, following the supergravity literature, we call all fields defined here
conformal gauge fields despite the fact that not all of them transform as true connection fields under the
homogeneous conformal transformations.



gauge transformation rules under these homogeneous conformal transformations:

or, A = Mpr, P + oA, (2.28a)
Swp AP = GAAP 4+ 22y, o Bl — a4, Bl (2.28b)
5fut = 0k — w, APk B + b A A B 1. — o f (2.28¢)
by = 001 + 204 (2.28d)
de,* = )\“beub + 09e," (2.28¢)
8wy ® = A% 4 2\ lalely, B g)plae B (2.28f)
0fu = A — WAy + Ak + N0 — o fu”, (2.28g)
dcy = 0po2 + 2K %€ pa (2.28h)

where \AB, )\KA, o1, A% \g® and oy are the parameters of infinitesimal Mg, K4, D,
Jan, Ko and Do transformations, respectively.

Thus far, we have treated all gauge fields {T#A,w“AB, qu, bu,eu’, w,ﬂb, fu, cu} as inde-
pendent. It is possible to turn a subset of these gauge fields into dependent ones and in this way
obtain a representation of the homogeneous conformal transformations on a smaller number
of independent fields. To do this, we first generalize the torsion tensors of (2.8) and (2.9) to

7;“,"4 = 28[#7'1,]'4 - QW[NABTV]B - 2[)[#7’1,}'4 = T,,WA - Qb[#Ty]A y (2.29&)

Ew' =206, — Zw[u“bel,]b —2cpen)® = Ew® — 2¢e," (2.29D)

These torsion tensors transform covariantly under the transformations (2.28):
0T = M BT + o1 T, 0Ew" = AWEuw" + 026" . (2.30)
Inspection of the definitions (2.29) shows that the following torsion tensor components

T, TP Eap®, €41, (2.31)
do not contain any components of the spin-connections and dilatation gauge fields w“AB,
wu“b, b, and ¢,. The components (2.31) thus constitute a conformal generalization of the
notion of intrinsic torsion, introduced in the previous subsection. Setting the remaining,
non-intrinsic torsion tensor components equal to zero in (2.29) gives a set of equations that

AB

can be solved for the spin-connections w7, wuab and the dilatation gauge field components

b, and c4. Explicitly, one finds the following expressions for these fields:

1
wAB = 1.0 (QTABC —rlABl Qb[A(;g]) et A

1
g — g A lat] | o o (26%0 e ladl Qc[a(;g) ’ (2.32)

1 1 1 1
by = Tun™ (: TaAA) , A= ———F" (: €Aa“) ,
(p+1) (p+1) (D-p-1) (D-p-1)

where we used the notation (2.18). In what follows, we will always assume that w“AB, w““b,

b, and c4 are given by these expressions, wherever they occur.

,10,



For p # 0 and p # 1, we can also turn the special conformal gauge field f#A into a
dependent field, by solving it from the conventional constraint:

'RMBAB(M) = 0, where RMVAB(M) = 28[NWV}AB —2W[N[A|C‘WV]CB] +8f[H[ATV]B] . (233)

The curvature RWAB (M) thus corresponds to the conformally covariant field strength of the
M 4 transformations. The solution for fMA that is found from the constraint (2.33) is given by

1 1
A AB AB A BC
[t = —m pR" (M) — e, "R, (M) — 5T Rpc”" (M)] , (2.34)
where R,,,AB(M) is defined as in (2.6) (and is thus given by R, 5 (M) without the term
involving fMA).

The case p = 1 requires a special treatment.” When p = 1, one can still impose (2.33),
but these constraints no longer allow one to solve for all components of f“A. This is because

for p = 1, the constraints (2.33) can be equivalently written as:'®

Rap*? (M) =0, and Rap*B(M)=0. (2.36)

The first of these equations can be solved for f,4, while the second can be solved for fs4:

1

—ZRABAB(M) . (2.37)

1
faA:_iRaBAB(M)a fAA:

Note in particular that it is not possible to solve for the traceless part fg? — %5§ fc©.
For p # D — 2 and p # D — 3, the second special conformal gauge field f,* can likewise
be solved from the constraints:

Ru™(J) =0  where R.®(J) = 20,w,)" — 2w, w, M + 8,1, (2.38)

One finds:
1 1
= D —p—2)Ru™(J) = 7, Rap"(J) — Seu"Roc™(J
I = 5y —n =y =) |0~ P~ DR~ Ra) = e R ()]
(2.39)
where R,,%°(J) is defined in (2.6) (and thus corresponds to R,,%(J) without the term

involving f,%).

When p = D — 3,!! the constraints (2.38) are equivalent to
Rap™(J) =0, and Rap®(J) =0, (2.40)
and can only be used to turn f4® and the trace f,* into dependent fields:
fa® = —%RAb“b(J), fa" = —iRabab(J). (2.41)

Like what happened for qu in case p = 1, one can not solve for the traceless part fp®— %55 fe€.
This finishes our discussion of the isotropic conformal Aristotelian algebra.

9Note that for p = 0 there is no curvature for longitudinal rotations to start with.
10This is because for p = 1, one can write

Rec™ (M) x epce”Pe?“craRpe" (M) x 63 Recp“P (M) . (2.35)

"For p = D — 2 there is no curvature for transverse rotations to start with.
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The an-isotropic conformal Aristotelian algebra. The algebra (2.23) that includes
two dilatations is not the only way of providing a conformal extension of the Aristotelian
symmetries. It is also possible to extend the Aristotelian symmetries with a single an-
isotropic dilatation. Such an extension corresponds to the subalgebra of (2.23) spanned
by the generators

{Mag, Jap, Pa, Py, D = zD; + D5}, (2.42)

where the critical exponent z € R parametrizes the manner in which the longitudinal directions
scale differently from the transversal ones under the dilatation D.!? From the commutation
relations of (2.23), one finds that those of the subalgebra (2.42) are given by

[Map, Mcp] = —4nacMp)p) [Pa, Mpc] = —2nagFey,
[Jabs Jea] = =40 (aeTap) » [Pas Joe) = =204 P »
(D, Pa] = —2Py, D, P)] = —P,. (2.43)

As for the isotropic algebra, we view the Vielbeine TMA, resp. e,* as gauge fields associated
to Py, resp. P, and the spin-connections wMAB, w,ﬂb as gauge fields for Mapg, resp. Jup. We

furthermore also introduce a gauge field b, associated to the dilatation D. The algebra (2.43)

AB

then implies that the fields TMA, ep?, wu, wﬂab and b, transform as follows under the

transformations generated by Map, Ju, and D (with the respective parameters A48, \ab
and Ap):

ot = Mpr, P + z2Apm de,” = X%ey” + Ape”, 8y = OuAp
Sw, AP = 9 B 1 2AACly B 5w, = g% 4 2alaley, b (2.44)
The appropriate generalization of the torsion tensors (2.8), (2.9) is now given by:
77“,’4 = TWA — 2z b[MTy}A , (2.45a)
Ew® = B — 2bj,e,)" (2.45b)
since these transform covariantly under dilatations, as well as SO(p, 1) and SO(D —p — 1):
5T = MpTw® + 2 Ap T ™ 6Em" = A%E " + Ap Eu. (2.46)

Examining the components of ’77“/‘ and éN’W“, one finds that the spin-connection and
dilatation gauge fields drop out of the following torsion components:

T, TP, Eapt,  E4l0P (2.47)

These therefore constitute the intrinsic torsion tensor components. All the remaining torsion
components depend on the spin-connection and dilatation gauge fields, and are given by

7~:zAA s 7~:z[A’B] (: Ta[A7B]) 7;130 (: TABC) ) (2'48>

Ena, E ol (= Bylatly, Ea’ (= Ea°),

12We do not consider here the special case that z — oo or D = D; since this will lead to a non-Aristotelian
Lagrangian with a boost symmetry.
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where we have indicated in parentheses that some of these are equal to corresponding
components of TWA and F,,%, since they do not contain dilatation gauge field components.
Setting all the components (2.48) to zero allows to completely solve the spin-connection and
the dilatation gauge field in terms of the Vielbein fields. There are thus no undetermined
spin-connection or dilatation gauge field components. The solutions for w, ap(7) and wa g (e)
are as given in (2.17b) and (2.17d), while the other two spin-connections (2.17a) and (2.17¢)
get contributions from the dilatation gauge field. The spin-connection components in this
case are given by:

wa,Bc(T,€,0) = wac(,€) = 22bpne)a (2.49)
Wa,AB(Ty €, b) = wa,AB(Tv 6) ’ (250)
wa,bc(’ﬂ €, b) = wa,bc<T7 6) -2 b[béc]aa (251>
(,L)A7ab(’7',€,b) = wA,ab(T, 6) . (252)
The two constraints & 4%, = 0 and 7~;A 4 = 0 lead to the following expression for the
dilatation gauge field components
1 1
by = ———T,4 (:TA), 2.53
1 1
= —— 4% = ————e4% ]| . 2.54
ba D—p—l Aa( D_p_leAa> ( 5)

The spin-connection and the dilatation gauge fields transform according to the conformal
homogeneous Aristotelian algebra transformations of (2.44).

This finishes our discussion of the an-isotropic conformal Aristotelian algebra. Differently
from the non-conformal case, in both the isotropic and an-isotropic conformal cases discussed
above we have only four torsion components ((2.31) or (2.47)) that we can independently set
to zero to formulate different conformal Aristotelian geometric constraints. Note moreover
that the intrinsic torsion components lie in both cases in the same SO(1,p) x SO(D —p —1)
representations. For the general p-brane case, 0 < p < D — 2, we then get

1 (4
> (q) =16 (2.55)
q=0

different conformal Aristotelian geometries. For the particle case p = 0 the only remaining

intrinsic torsion tensors are given by
T, Ealed), or T, Eqled) (2.56)

and this leads to 4 independent particle conformal Aristotelian geometries. A similar situation
occurs for the domain wall case p = D — 2.

3 p-brane Aristotelian gravity from the conformal approach

In this section, we will construct gravitational actions that are invariant under local Aris-
totelian symmetries and that do not exhibit hidden (Galilei or Carroll) boost symmetries.
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Such actions cannot be described as the limit of a Lorentz-invariant theory. Instead, we will
construct them via a conformal compensating mechanism. In particular, we will consider
different kinds of actions for compensating scalar fields, that are invariant under local ho-
mogeneous conformal transformations, by virtue of their coupling to the independent and
dependent gauge fields of the conformal Aristotelian geometries discussed in section 2.2.
Actions for Aristotelian gravity are then obtained by gauge-fixing superfluous dilatations
and special conformal symmetries.

Our conformal approach will lead to three different types of Aristotelian gravity, that
are distinguished by whether their actions are constructed out of intrinsic torsion and/or
Aristotelian curvature tensors. We will refer to these three types as “electric”, “magnetic” and
“electric-magnetic”. The actions of electric theories only consist of terms that are quadratic in
intrinsic torsion components, whereas those of magnetic theories are only constructed out of
Aristotelian curvatures. The Lagrangians of theories of the mixed electric-magnetic type on
the other hand contain both squares of intrinsic torsion components, as well as curvature
terms. Our terminology is inspired by the recent Carroll gravity literature [30-33], where the
distinction between electric and magnetic Carroll gravity theories is made on similar grounds.

For all three types, the corresponding actions take the form of an arbitrary linear
combination of a term that is reminiscent of (electric or magnetic) Galilei gravity and one
that is reminiscent of (electric or magnetic) Carroll gravity. Galilei or Carroll boosts will thus
be broken by (at least) one term in the action, so that generically our Aristotelian gravity
actions do not exhibit any hidden boost symmetries. This is consistent with the fact that the
actions below do not belong to the class of currently known Galilei or Carroll gravity actions.

We will apply the conformal compensating technique, starting from the two conformal
extensions of the Aristotelian symmetry algebra, discussed in subsection 2.2. In subsec-
tion 3.1, we will construct actions for two compensating scalar fields, that are invariant under
the homogeneous special conformal transformations of the isotropic conformal Aristotelian
algebra (2.23). The need for two compensating scalars stems from the fact that this algebra
contains two independent dilatation symmetries, each of which needs to be fixed by setting a
scalar equal to a constant value. We will show that in this case one can build three types of
scalar field actions that are gauge-equivalent to Aristotelian gravity theories of the electric,
magnetic and electric-magnetic types. In order to be able to retrieve the curvature terms
that appear in the magnetic and electric-magnetic theories, it is crucial that the conformal
algebra (2.23) contains special conformal transformations. Indeed, such terms appear via
couplings to the dependent special conformal gauge fields, which are constructed out of
Aristotelian curvatures (see egs. (2.34), (2.39)). The an-isotropic conformal algebra (2.43)
only contains one dilatation. In using the conformal approach with this algebra, it thus
suffices to construct actions for a single compensating scalar. Moreover, since (2.43) does
not contain any special conformal transformations, only theories of the purely electric type
can be constructed. We will discuss this case in subsection 3.2.

3.1 The conformal approach with the isotropic conformal Aristotelian algebra

As mentioned above, applying the conformal compensating technique with the isotropic
conformal Aristotelian algebra entails constructing actions for two compensating scalar
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fields ¢, resp. . We assume that their transformation rule under homogeneous conformal
transformations only consists of a scaling under the dilatation Di, resp. Ds, with weight
wiy, resp. wa:

0 = w019, 0 = waoo . (3.1)

To build actions that are invariant under local homogeneous conformal transformations, we
define the following covariant derivatives:

Dy = AP (aufls - wlbu¢) ) D,p = eq” (8M¢ - wlbu¢) )
Dayp = 74" (a;ﬂf) - w20;ﬂf}) ) Dotp = eg (aMZJ - w2c,u¢) . (3.2)
Their transformation rules under homogeneous conformal transformations are given by:
5DA¢ = Aa®Dpé+ (w1 — 1)o1Dad — 2wi Ak ad,
0Da = Ao’ Dy — 02Da¢ + w101 Da),

6D a0 = AP Dptp — 01D g9 + wooeDat)
6Dy = A" Dytp + (wy — 1)o9Dath — 2wadga ¥ . (3.3)

We will also need the following definitions for the “longitudinal Laplacian” DD ¢ and
the “transversal Laplacian” D®D,:

DADa¢ = 74" (9,046 — w, AP Do — (wr — )b D6 + 2w f,49)
DDytp = et (aMD%p — w, Dy — (wy — 1)e, D™ + 2w, f,ﬂw) . (3.4)

From (2.28) and (3.1), one finds that these Laplacians transform as follows under homogeneous
conformal transformations:
D' Dy¢p = (w1 — 2)01D*Da — 2(2w1 + p — DA Dag,
dD*Dytp = (we — 2)o9D*Dytp — 22wy + D — p — 3)Ag* Dyt . (3.5)
With these covariant derivatives and Laplacians, we can build three types of actions
for ¢ and 1 that are invariant under homogeneous conformal transformations. Upon gauge-
fixing the dilatation and special conformal symmetries, these reduce to Aristotelian gravity

theories of the electric, magnetic and electric-magnetic types. We will now discuss these
three cases in turn.

Electric Aristotelian gravity. As our first application of the conformal compensating
technique for the algebra (2.23), we consider the following action for the two compensating
scalars ¢ and v, with covariant derivatives and transformation rules given in egs. (3.1)—(3.5):

S = / dPzQ (109" D¢ D + 46 DY Dal] . (3.6)
where «a, 5 # 0 are real numbers. Here and in the following, we use the notation

Q = det(r,4,e,%) . (3.7)
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The exponents x and y are real numbers that are determined by requiring that (3.6) is

invariant under the longitudinal and transversal dilatations D and Ds. One can check that

this is the case, provided that the weights w; and wy and the exponents x and y are given by:
(p+1) (D-p—1) (D—p—3) (r—1)

A Al A L A —9 . (3.8
> : > O-p-1° Y pvn BY

w1 = —

The action S is moreover invariant under all homogeneous transformations of the alge-
bra (2.23), since it does not contain any fields that transform non-trivially under the special
conformal transformations K4 and K, and is manifestly invariant under M4p and Jg. It
is gauge-equivalent to an Aristotelian gravity action of the electric type, i.e., consisting of
terms that are quadratic in intrinsic torsion tensor components. This is most easily seen by
adopting the following gauge conditions to fix the two dilatations Dy and Da:

Dy gauge: ¢ =1, Dy gauge: ¢ =1. (3.9)

Using this in (3.6), along with (2.32) and (3.8), one then obtains the following electric
Aristotelian gravity action
1
Sontrio—aG = /dDUC Q[Oé T AT 5 + B EAaaEAbb} : (3.10)
This is not the only possible electric Aristotelian gravity action. Electric theories can
be constructed out of squares of any of the intrinsic torsion components (2.15), as long as
no hidden Galilei or Carroll boost invariance is introduced in the process. There exists
in fact a larger number of electric Aristotelian theories than in the Carrollian or Galilean
case, where the requirement of boost invariance restricts the number of possibilities for
electric type actions, see [27]. As an example of such an Aristotelian electric theory that
is different from (3.10), we mention
2
8P o= / APz Q [a Ty T™ 4 + B Bap*E*P, ] | (3.11)
where o, f # 0 and 1 < p < D — 3. The first term of (3.11) is invariant under Galilei boost
transformations,'® but not under Carroll boosts. Likewise, the second term is invariant under
Carroll but not under Galilei boosts. The total action (3.11) thus does not exhibit any boost
symmetry. Note that the first term in (3.11) is the electric p-brane Galilei gravity action'*

found in [27], whereas the second term is the electric p-brane Carroll gravity action. The
latter follows from its (D — p — 2)-brane Galilean counterpart through the duality map

p=D-p-2, 1 =¢e" wip—=uwSh  a=38. (3.12)

This duality map also relates the first and the second terms of the action (3.10).

3Denoting the parameters of p-brane Galilean, resp. Carrollian boosts by Ag??, resp. Ac™?, one has that
Galilean boosts act as de,* = —Aga®7,” and d7,”* = 0, whereas Carrollian boosts act as 07, = A\c?ae,”
and de,” = 0.

1We use the terms ‘electric’, resp. ‘magnetic’ for p-brane Galilei gravity to denote terms involving squares
of intrinsic torsion tensors, resp. a curvature, in the same way as they are used for p-brane Carroll gravity.
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The intrinsic torsion components T, 4 and E4,* are the only ones whose transformations
under the dilatations D{ and D> contain non-covariant terms, i.e., terms that involve the
derivatives of the dilatation parameters. All other intrinsic torsion components listed in (2.15)
undergo a simple rescaling with the dilatation parameters and are thus dilatation-covariant.
Terms that only involve such dilatation-covariant intrinsic torsion components can be made
dilatation invariant without the need for derivatives of the compensating scalars, by simply
multiplying them with suitable powers of the compensating scalars. As a result, one finds
that the action (3.11) can not be written in a gauge-equivalent way as a dilatation invariant
action for dynamical scalars (i.e., involving terms that are at least quadratic in derivatives of
the scalars), as in (3.6). Instead, the action that is invariant under homogeneous conformal
transformations and leads to (3.11) upon using the gauge-fixing (3.9), is given by:

/deQ [a¢7p73¢p+5fDTabATabA + ﬂ¢37pwpflfDEABaEABa} ) (313)

Note that the powers of the compensating scalars ¢ and 1 are really needed to achieve
dilatation invariance: the action (3.11) is by itself not invariant under any of the two
dilatations of (2.28).

A notable feature of electric Aristotelian gravity is that the coupling of the two com-
pensating scalars only contains the dependent dilatation gauge field components b, and cz
and no special conformal transformations are involved. This is characteristic for a result
that can also be obtained from the conformal program based upon the smaller an-isotropic
conformal Aristotelian algebra. In fact, at each stage one can make the following truncations
in the above actions:

p=1 and ba=cq,=0. (3.14)

This brings us back to the conformal program based upon the smaller algebra that will
be discussed in the next subsection. We will then see that the action (3.13) can be made
invariant under the single dilatation of the smaller algebra, without making use of the single
compensating scalar, for D = 2. This action in that case therefore describes 2D conformal
electric Aristotelian gravity like 4D conformal gravity in the relativistic case. Note that the
actions that we will construct below in the magnetic and electric-magnetic case contain the
independent dilatation gauge field components b4 and ¢, that do transform under the special
conformal transformations and therefore cannot be truncated.

Magnetic Aristotelian gravity. As a second application of the conformal technique based
on the algebra (2.23), let us assume that p does not take on any of the values 0, 1, D — 3
and D — 2 and consider the following action for the two scalar fields ¢ and :

Sy = / dPzQ [m/ﬂfquAD 4D+ 5¢y¢DQDa¢} , (3.15)

with real numbers «, 8 # 0 and z, y € R. This action is manifestly invariant under M4p
and .J,p, while invariance under the special conformal transformations K4 and K, holds
when the weights w; and ws are given by:

(r—1) wy = P=P=3) (3.16)

=" 2

,17,



If furthermore the exponents z and y are given by

D=-p-1) y— 2Pt D
(D-p-3)’ (p—1)°
the action (3.15) is also invariant under the two dilatations D;, Dy and thus under all

x =2 (3.17)

homogeneous conformal transformations. Fixing the special conformal transformations K 4,
K, and the two dilatations D;, D2, using the gauge conditions

D; gauge: o¢=1, Dy gauge: v =1,

K4 gauge: by =0, K, gauge: ¢, =0, (3.18)
then shows that the action (3.15) is gauge-equivalent to the following magnetic Aristotelian
gravity action:

a(p—1), ap B(D—p-—3)
dPzQ |—"—R M)+ =——=
/ T {4 o fap ( )+4(D—p—2)

We will refer to the first, resp. second term as the “longitudinal”, resp. “transversal” magnetic

Rap® ()| . (3.19)

term. Note that the transversal magnetic term is reminiscent of the p-brane magnetic Galilei
gravity action [27], while the longitudinal term resembles the p-brane magnetic Carroll gravity
action (obtained from its (D — p — 2)-brane Galilei counterpart via the duality map (3.12)).
It is however important to note that this is a mere resemblance and that the two terms
of (3.19) are not equal to the p-brane magnetic Carroll and Galilei actions. In particular,
the latter contain independent spin-connection components that act as Lagrange multipliers
for intrinsic torsion constraints. In Aristotelian geometry, all spin-connection components
are dependent and hence (3.19) contains no such Lagrange multiplier terms that constrain
the intrinsic torsion.

Since one can not write down a longitudinal, resp. transversal magnetic term for p = 0,
resp. p = D — 2, we have excluded these cases in the above discussion. We have also left out
the values p =1 and p = D — 3, because our conformal technique fails for them. This can be
seen from the fact that the values of either y or x are not defined forp=1o0orp=D —3
(see (3.17)). Moreover, for p = 1, the first term in (3.19) vanishes, while for p = D — 3,
the second term is not present. Note that in these cases, one of the two factors of the
algebra (2.23) corresponds to a relativistic or Euclidean two-dimensional conformal algebra.
The failure of the conformal approach for p =1 or p = D — 3 is thus similar to what happens
for the standard relativistic conformal technique in D = 2 (where the Einstein-Hilbert term
that would be constructed by applying this technique is a total derivative).

Even though the conformal approach does not work for p = 1 and p = D — 3, the
corresponding longitudinal and transversal magnetic terms QR4 8 (M) and QR,,%(J) exist
and do not correspond to total derivatives. One can thus generalize the action (3.19) for
all values of p with 1 < p < D —3:

Smagnetic—AG = /deQ (OZRABAB(M) + BRabab(J)) . (3'20)

This is then the most general action of magnetic Aristotelian gravity that is quadratic in
derivatives. Note that the transversal, resp. longitudinal magnetic term of p-brane Aristotelian
geometry that appears in this action, can be obtained by applying the duality map (3.12) to
the longitudinal, resp. transversal magnetic term of (D — p — 2)-brane Aristotelian geometry.
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Electric-magnetic Aristotelian gravity. Finally, it is also possible to construct Aris-
totelian gravity actions of the mixed electric-magnetic type, that contain both a term quadratic
in intrinsic torsion components and a curvature term. As an example of how such theories
can be obtained from the conformal approach, we consider the following action:

Sy = / dPxQ [ag" Y DAYD gy + 8" D Dyt | (3.21)

where «, 8 # 0 are real numbers and x, y, u, w € R. This action is manifestly invariant under
longitudinal Lorentz transformations M4p and transversal rotations J,; and trivially under
longitudinal special conformal transformations K4 (since it does not contain any fields that
transform under K4). From (3.5), one sees that S3 is invariant under transversal special
conformal transformations K,, provided the weight ws is given by:

we = —(D_Qp_?’) . (3.22)

In order to ensure invariance under the dilatations D; and Dy, the weights w1, we and
exponents x, ¥y, u and w have to satisfy the following equations:

zw;+p—1=0, uwy +p+1=0,
(y+2wa+D—-p—1=0, (w+NDwa+D—-p—3=0. (3.23)

Together with (3.22), the last two of these equations determine y and w as
4

= —, w=1. 3.24
YS9 20
The first two equations of (3.23) can be used to solve for x and w in terms of w; as follows:
-1 1
M w2+ (3.25)
w1 w1

The weight w; is then not fixed by any of the conditions (3.22), (3.23) and can be arbitrarily
chosen. This corresponds to a freedom to perform a field redefinition of the compensating
scalar ¢, such that the redefined scalar has a different dilatation weight.

With the values (3.22), (3.24) and (3.25) for the weight ws and exponents z, y, v and
w, the action (3.21) is invariant under homogeneous conformal transformations. Fixing the
Dy, Dy and K, transformations, by adopting the gauge conditions:

Dy gauge: ¢ =1, Dy gauge: =1, K, gauge: ¢, =0, (3.26)

one finds that (3.21) reduces to the following Aristotelian gravity action of electric-magnetic
type:

(D—p—3)? 4 b, BD—p=3),
dPzQ |-~ pAE R . 2
/ [ (D—p_1p2 Ab +4(D_p_2)Rb (J) (3.27)
In a similar vein, one can consider the action
Sy = / dPz Q [5¢‘”1/1yD“¢Da¢ + a¢”¢WDADA¢} . (3.28)
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Proceeding as above, one finds that S, is invariant under homogeneous conformal transfor-
mations, provided the weight w; and exponents z, y, u and w are given by
4 (D-p-3) (D-p-1)

T = , = u=1 w=———",
(p—1) Y wy ’ ’ wo

w =P~ (3.29)

where ws can be arbitrarily chosen. The action (3.28) is gauge-equivalent to the following
electric-magnetic Aristotelian gravity action

/dD [ p " 1; Ta AT B 4 (p; 1) RABAB(M) , (330)

as is seen by fixing the dilatations Dy, Do and special conformal transformations K 4 with
the gauge conditions:

D; gauge: ¢ =1, Dy gauge: Y =1, K4 gauge: by =0. (3.31)

Note that the K, transformations do not need to be fixed, since the action (3.28) does not
contain any fields that transform non-trivially under K,. Note as well that the actions (3.27)
and (3.30) are related to each other via the duality map (3.12).

The actions (3.27) and (3.30) are not the most general Aristotelian gravity theories
of the mixed electric-magnetic type. They can be generalized in two ways. First, as in
the magnetic case, the above conformal construction fails for p = 1 or p = D — 3, when
one of the factors of the algebra (2.23) becomes a two-dimensional relativistic or Euclidean
conformal algebra. In particular, for p = 1 (resp. p = D — 3), the exponent z in (3.29)
(resp. y in (3.24)) is not defined and the gauge-fixed action (3.30) (resp. (3.27)) vanishes.
As in the magnetic case, this failure is an artefact of the conformal approach and one can
generalize the actions (3.27) and (3.30) to

/ Pz Q |aBA B’ + BRp™(J)|  and / APz Q[T 4 T® + aRap™P (M)
(3.32)
respectively, that are valid electric-magnetic Aristotelian gravity actions for all values of p
between 1 and D — 3 and that are related to each other via the duality map (3.12).

The actions (3.32) only involve the intrinsic torsion tensor components that do not
transform covariantly under the dilatations Dy and Ds. Like in the purely electric case, this
is not the only possibility and one is free to generalize (3.32) by considering squares of any of
the intrinsic torsion components (2.15), as long as they do not introduce a hidden Galilei or
Carroll boost invariance. For example, instead of (3.32), the following actions

[ dPa@ aBap B, 4 R ()] and [ dPaQ[BTLAT 4 + aRap P (M)
(3.33)
that involve squares of the dilatation-covariant intrinsic torsion tensor components T,;* and
FE A%, can also be considered as electric-magnetic Aristotelian gravity actions. They are
valid for all values of p with 1 < p < D — 3 and are related via the duality map (3.12). As in
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the electric case, the terms QF 4 B°EAB, and QTabATab 4 can be made invariant under the
dilatations D1 and Do by multiplying them with appropriate powers of ¢ and . They are
thus not obtained in the conformal approach by gauge-fixing terms that involve derivatives
of the compensating scalars ¢ and .

3.2 The an-isotropic conformal Aristotelian algebra

Instead of applying the conformal compensating technique with the isotropic conformal
Aristotelian algebra (2.23), it is also possible to use the an-isotropic algebra (2.43). As
mentioned in the introduction of this section, only electric Aristotelian gravity theories can
be obtained in this way, since the an-isotropic algebra does not contain any special conformal
transformations. Moreover, we only need one real scalar, since the algebra (2.43) only contains
one dilatation that needs to be fixed. We will denote this scalar by p.

We assume that under the homogeneous conformal transformations of (2.43), p only
scales under the dilatation D with weight w:

dp = wApp. (3.34)
To build conformally invariant actions for p, we need the following covariant derivatives:
Dap = 14"0up —wbap, Dap = €, Oup — wbap, (3.35)

where by = 74"b,, b, = e,/'b, are the dependent dilatation gauge fields given in (2.53)
and (2.54). These derivatives transform as follows under the homogeneous conformal trans-
formations of (2.43):

§Dap=Xa®Dpp+ (w—2)ApDap,
6Dap = N"Dpp + (w — 1)ApDap. (3.36)

We can then consider the following action for the scalar p:
1
S, = 3 /dDa: Q(cl DapD?p + ¢ DapDap) , (3.37)

where the real numbers ¢; and ¢y are both non-zero and ¢; # c¢o. This action is invariant under
the homogeneous conformal transformations of (2.43) provided that z and w are given by

z=1, w:%(2—D). (3.38)

Indeed, invariance of (3.37) under longitudinal Lorentz transformations M4p and transversal
rotations J,; is manifest, while (3.38) ensures invariance under the dilatation D.

The action (3.37) is gauge-equivalent to the electric Aristotelian gravity action (3.10),
as is seen by imposing the gauge condition

p= 1, (3.39)

to fix the local dilatation D. Upon substituting this condition into the action (3.37), we
obtain the electric Aristotelian action (3.10) introduced in the previous subsection:

1
Se(lle)ctric—AG =3 /de Q(cl w2 bab? + o w? bab“) 5.40)
— / dPzQ (a T, AT B + B EAaaEAbb> :
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with
Cl(D - 2)2 CQ(D - 2)2

B:m, QZW. (3.41)

Terms in electric Aristotelian gravity theories that involve squares of the dilatation-
covariant intrinsic torsion components T, 4B}, T4, E {®P and Eap® can be made
dilatation-invariant by multiplying them with appropriate powers of the compensating scalar
p. For instance, the action (3.11) can, for D # 2 and for the values (3.38) for z and w, be

made invariant under the homogeneous conformal transformations of (2.43) as follows'®

/ P2 Q [0p? T T 4 + B Eas® BN, | (3.43)

In this way, the action (3.11) is retrieved from the conformal approach based on the an-
isotropic algebra (2.43), by adopting the gauge condition (3.39) in (3.43). As we already
mentioned when discussing the electric case in the previous subsection, when D = 2 (and
z = 1) there is no need for the insertion of suitable powers of the compensating scalar p, since
in that case (3.11) is already invariant under the dilatation D of (2.43). This case can thus
be viewed as an electric Aristotelian analogue of four-dimensional conformal gravity.

4 Matter couplings

In this section, we apply the conformal approach to construct examples of Aristotelian
gravity with matter. We discuss several models that are quadratic in derivatives as well as
higher-derivative models, inspired by similar structures studied in fracton theories.

For the quadratic-derivative case, we have already seen in the previous section how
gauging the conformal Aristotelian symmetry for a real scalar field leads to an electric
Aristotelian action. Similarly, we will see in this section that the gauging of the conformal
Aristotelian symmetry for a higher-derivative scalar field will lead to an electric higher-
derivative Aristotelian gravity action.

In both the quadratic and higher-derivative case, we will add a second scalar field
that compensates for a U(1) symmetry in the quadratic-derivative case and for a U(1)
and dipole symmetry in the higher-derivative case. Introducing gauge fields for these
symmetries we will consider in the quadratic-derivative case an Aristotelian version of
electrodynamics based upon a single vector field that can be straightforwardly coupled to
Aristotelian gravity. By contrast, in the higher-derivative case we will introduce a vector
gauge field with longitudinal components and a symmetric tensor gauge field with transverse
components. The corresponding kinetic terms for these gauge fields can only be coupled
to Aristotelian gravity by making use of the scalar that compensates for the dipole gauge

symmetries.

5One can also relax the requirement that z and w are given by (3.38). Considering an action of the form
/ dPz Q [ap T T 4 + Bp* Eap"E*".] (3.42)

with z, y € R, one finds that it is invariant under the homogeneous conformal transformations of (2.43),
provided that z2(p4+1)+ D —p—5+zw+2z=0and (z —y)w+6(z —1) =0.
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In the models considered below we will combine the compensating scalar for the gravi-
tational dilatations and the compensating scalar for the U(1) and dipole gauge symmetries
into a complex scalar field. We will consider the gauged versions of these complex scalar
field models for three different cases: (i) we first gauge the conformal Aristotelian symmetry
using the Aristotelian gravitational gauge fields we introduced in the previous sections;
(ii) we separately gauge the U(1) and dipole symmetries using the vector and symmetric
tensor gauge fields mentioned above and, finally, (iii) we combine (i) and (ii) and gauge
all symmetries simultaneously.

4.1 Quadratic-derivative models

The quadratic-derivative complex scalar field model that we will discuss in this subsection
not only requires knowledge of Aristotelian gravity that we already discussed in the previous
section, but also makes use of the notion of Aristotelian electrodynamics that we will discuss

separately below before continuing with discussing the quadratic-derivative complex scalar
field model.

Aristotelian electrodynamics. We consider the p-brane Aristotelian version of electrody-
namics in D-dimensional flat spacetime, that we take to be given by the following general
combination of terms that are quadratic in components of the field strength of a gauge
potential A, = (A4, Aq):

1 b b
SAE = —§/de <20FABFAB+61 FAaFAa+22FabFab> , (4.1)

where bg, b1, by are real numbers and the different components of the field strength read
FAB = aAALB - 8BAA7 FAa = 8AAa - aaAAa Fab - aaAb - abAa . (42)

We take bg, b1 and by not all equal in order to avoid the relativistic case. Since the first and the
third terms are respectively invariant under Carroll and Galilei boosts, the requirement of no
boost invariance for 0 < p < D — 2 is either by # 0 or by, by # 0. For p = 0 the term along bg
vanishes while the term along b; becomes Carroll boost invariant, leading to the requirement
b1,bo # 0. Similarly, for p = D — 2 we need to impose by, b1 # 0 since the term along by
vanishes and the term along b; becomes Galilei boost invariant. The first and third terms
in (4.1) are related by a duality map of the form (3.12), with « and /3 replaced by by and bs,
respectively, whereas the term proportional to b1 maps into itself under this transformation.

The transformation rules of the gauge fields under local U(1) transformations and global
rotations and dilatations are given by

§Ax = Oady() + A" Ap — 2ApAa, 5Aq = Oadu(y + Aa"Ap — ApAa,  (4.3)

where the transformation under rotations and dilatations is inherited from (2.44). Under
dilatations, the curvatures transform as

0F g = —22ApFapB, 0F pq = —(Z + l)ADFAa, 0Fy = —2ApFy . (4.4)
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Thus, the action (4.1) is dilatation invariant only for z = 1, as in (3.38), and for D = 4.
When coupling the system to matter currents J* and J¢, the variation of the full action,
up to total derivatives, takes the form

5S = 6Sap + / Pz (54474 + 54,77 . (4.5)

The field equations take the form

0Ax : bo OpFAP 4+ b1 0,74 = J* (46)
§A, beOy F % — by D4 FA = J '
which can be combined to find the continuity equation
OpJA + 8,04 =0. (4.7)

Notice that despite the lack of boost invariance, the continuity equation takes the same form
as in the relativistic case and does not depend on the constants bg, by and bs.

This model can be coupled to Aristotelian gravity in a straightforward way by defining
the curved space extension of (4.1):

1 b b
Sip = _2/dDwQ(;FABFAB+b1FAaFAa+;FabFab) ) (4.8)

where the superscript ¢ stands for “curved-space”, and we distinguish between flat and
curved indices as follows:

Fap = TAMTBVF;LV7 Faq = TAueaVFuw Fop = eauebVF,uz/a F,uy = 8qu/ - 81/A,u . (4~9)

As before, the system is U(1)-invariant by construction, whereas there is local dilatation
invariance only when D = 4 and z = 1. In this case we can consider the Aristotelian
gravity-Maxwell system

SAGM = Selectric—AG + SEXE ; (410)

with the electric Aristotelian gravity action given in eq. (3.40). As we will see in the following,
a Proca-like extension of this action can be obtained from a complex scalar field coupled to
Aristotelian electrodynamics on a conformal Aristotelian geometry upon gauge-fixation.

Complex scalar field. We are now ready to discuss the quadratic-derivative complex scalar
field model. The real scalar field model given in eq. (3.37) can be generalized to the case
of a complex scalar field ® described by the action

Sp = ;/d% (1 042040" + ¢ 0,50°0") (4.11)

which is invariant under global U(1) transformations and dilatations with parameters Ay i)
and Ap, respectively

6® = (iAya) +wAp ) ®. (4.12)

As before, the global dilatation invariance holds provided w = (D — 2)/2 and z = 1.
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It is convenient to express the complex scalar field in terms of new variables p and 6
corresponding to the radius and the phase of @, i.e.

d=pe?. (4.13)

The action (4.11) can then be written as
1
Sp = 3 / dPz <cl ﬁApaAp + 9 0, pd%p + p* (61 940070 + co &;98“0) > (4.14)

and the transformations (4.12) take the form of
0p = wApp, 60 = Ayq) - (4.15)

In the following, we consider the gauging of these global symmetries, which allows one to
construct an action for Aristotelian gravity coupled to a massive extension of Aristotelian
electrodynamics upon gauge fixing. As mentioned at the beginning of this section we will
do this gauging in three stages.

(i) Gauging the conformal Aristotelian symmetry: coupling the complex scalar field
model (4.11) to conformal Aristotelian gravity produces the curved space action

1
Si = [ 729 (1 DAODAD" + 0, D,OD"D7) (4.16)

where D4® and D,® are defined via (3.35). We gauge-fix the dilatations by imposing
the following gauge condition

p=1= &=¢", (4.17)
which leads to the following action for a real scalar field 6 coupled to Aristotelian gravity
S = Selectric—AG + Sp (4.18)

with
1
Sy = 3 / dPzQ (61 TA“TA”@@@,,H + ¢ ea"ea”auH@,,G) . (4.19)

This is an example of a matter-coupled Aristotelian gravity system consisting of a real
scalar 6 coupled to electric Aristotelian gravity described by the action (3.40).

(ii) Gauging the U(1) symmetry: the complex scalar ® described by the action (4.11) can
be naturally coupled to the set of two U(1) gauge fields of Aristotelian electrodynamics,
A4 and Ag, by considering the action

1
s=1 / Pz [cl (04— iAn) @ (91 +iAY) @ + ¢ (9, —iA,) B (9" +iA") &*
b b (4.20)
~ oo |12 (20 FasFAP b, Fao P + 2 F F“b> ] .
Here, v is a constant that parametrizes a non-minimal coupling between the scalar ®
and the Aristotelian electrodynamics action (4.1). This coupling is needed to maintain
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(iii)

conformal Aristotelian invariance. Indeed, using (3.38), one finds that dilatation
invariance fixes v as
4—-D
= (4.21)
w

Since y vanishes for D = 4, in the four-dimensional case the dilaton-like coupling in (4.20)
disappears and the scalar ® couples minimally to Aristotelian electrodynamics (4.1),
while still preserving Aristotelian conformal invariance. This resembles the conformal
invariance of Maxwell’s theory in the relativistic case. In the particular case D = 4,
the variation of the action (4.20) takes the form (4.5) and the Aristotelian Maxwell
equations take the form (4.6) with

JA = “71 <q>* (04 —ia*) @ — @ (0% +ia") <1>*) :
, (4.22)

= <c1>* (0% — 1A%) ® — & (9" + iA%) @*) .
This model for Aristotelian scalar electrodynamics can be generalized to higher dimen-

sions albeit at the cost of losing dilatation symmetry.

Going back to the general case and adopting the variables (4.13), imposing the gauge-
fixing condition

§=0= &=p (4.23)

leads to the following action for the real Aristotelian scalar field p non-minimally coupled
to the Aristotelian electrodynamics gauge fields:

1
S = 3 /dDCL‘ {cl Dapd?p + o Bupd?p (4.24)
b b
—p’ (20 FapFAP by Fp, FA* + 52 Fap F“b> +p° (ClAAAA + CzAaA“) }

with « given by (4.21). Even though the U(1) gauge symmetry has been gauge-fixed,
this action is still invariant under global dilatations. In the following, we will gauge
these dilatations thereby coupling the gauge fields A4 and A, to Aristotelian gravity.

Gauging all symmetries considered in cases (i) and (ii): we now gauge the conformal
Aristotelian symmetry and consider the following generalization of the action (4.16)

1
s=1 / dDazQ[cl (Da—ida)® (DA +idY) 8 4 ¢ (Dy — iAa) B (D" +iA") °
b b
— |DD*[1/? (20 FapFAB 4 by Fao FA* + 52 Fo F“b> ] , (4.25)
where v is given by eq. (4.21). The coupling in the last line between the curved-
space Aristotelian electrodynamics action (4.8) and ® is determined by requiring local
dilatation invariance. Fixing the local U(1) and dilatation symmetry by imposing the

gauge-fixing condition
d=1, (4.26)
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we find that the action (4.25) reduces to
1
8 = Succtric-aG + Sip + 5 / Pz Q (o1 ApA™ + 0y A,A") . (4.27)

This action is an extension of (4.10) where the U(1) symmetry is broken due to the
presence of the Proca-like mass terms. It describes electric Aristotelian gravity, given
by the action (3.40), coupled to massive Aristotelian electrodynamics.

4.2 Higher-derivative models

The lack of boost invariance allows to consider a generalization of the Aristotelian scalar field
action (3.37) to include different numbers of derivatives in the longitudinal and transverse
directions, while preserving invariance under the symmetries corresponding to the homoge-
neous part of the an-isotropic conformal Aristotelian algebra (2.43). Examples of this type
of Aristotelian field theories have been considered in the context of fractons [16, 17]. We
will generalize this type of models to the case of Aristotelian p-brane foliations. In contrast
to the quadratic-derivative models, the gauging of the U(1) symmetry leads in this case to
Aristotelian gauge fields that include higher-rank tensors, while the gauging of the Aristotelian
conformal symmetry results into a higher-derivative Aristotelian gravity action. Below, we
will consider three models of increasing complexity. First we will give a higher-derivative
model for a real scalar field and show that the conformal program for this model leads to
a higher-derivative generalization of the electric Aristotelian gravity action. Next, we will
discuss a generalization of the Aristotelian electrodynamics given in the previous subsection
that is based upon a vector and a symmetric tensor gauge field and is called a scalar-charge
theory in the fracton literature [16, 17]. Finally, we consider a p-brane generalization of a
so-called fracton field theory, i.e. a higher-derivative field theory of a complex scalar where
we will gauge both the gravitational dilatations as well as the U(1) and dipole symmetries.
As in the previous subsection, we will do this gauging in three stages. First we will gauge
the conformal Aristotelian symmetries, next the U(1) and dipole symmetries and finally
we will perform these two gaugings simultaneously. In the latter case, we will also couple
the complex scalar to the scalar-charge theory.

Real higher-derivative scalar model. We consider a model for a real scalar field p in flat
Aristotelian spacetime that is second order in the longitudinal derivatives and fourth order in
the transversal derivatives, reminiscent of the fracton model, and is described by the action

1
S = 5 [ a7 (1040 p 2 Xop X 7). (4.28)
where c1, ¢y are real coupling constants and X is defined by
Xab = 0apOpp — pDaOsp - (4.29)

This action is invariant under global dilatations provided that the dynamical critical exponent
z and scaling weight w are fixed to be
p—3—D p—3+D
= ——— w =

4.30
==, = (430

— 27 —



As in the quadratic-derivative case, the coupling of the real scalar to conformal Aristotelian
gravity is done by replacing the partial derivatives with the covariant ones given in eq. (3.35).
In order to derive an expression for the second order covariant derivative, one uses that the
transverse covariant derivative of p transforms as follows:

6Dap = A" Dypp + (w — 1)ApDyp . (4.31)

Using this transformation rule, one derives that the double covariant derivative of the scalar
field takes the form

D,Dyp = 05 Dpp — wap(7,€,0)Dep — (w — 1)bg Dyp, (4.32)

where wg¢(7,e,b) and b, are the dependent gauge fields given in egs. (2.51) and (2.53),
respectively. The resulting curved space action reads

1
siv = / dPx Q) (e DapDAp + e X X) (4.33)
where now X, is defined as the symmetric tensor!'®
Xab = DapDypp — PD(an)P : (434)

By imposing the gauge condition (3.39), the action reduces to the following higher-derivative
Aristotelian (HDAG) electric gravity theory

1
SHDAG = 3 /de Q (Cl w? bAbA + co XabXab> , (4.35)
where X, is now given by
Xap = (Diaby) + 2babs — dupbed?) | (4.36)

and D, is the covariant derivative constructed with the non-conformal spin-connection
Wabe(T, €) defined in eq. (2.17c).

Scalar-charge theory. Below, we will generalize the real higher-derivative scalar model
to a higher-derivative model for a complex field and gauge the dilations, U(1) and dipole
symmetries of this model. The gauge fields for the U(1) and dipole symmetries are given by a
vector field in the longitudinal directions and a symmetric tensor gauge field in the transverse
directions, respectively. Before performing these gaugings, we will first consider the kinetic
terms for these gauge fields that will replace the kinetic terms of Aristotelian electrodynamics
that we encountered in the quadratic-derivative case. This generalized electromagnetic action
is called a scalar-charge theory in the fracton literature [16, 17].

The gauging of the U(1) and dipole symmetries that we will give below can be achieved
by two gauge fields, A4 and Agp, that transform under local gauge transformations as follows:

0A = 8A)\U(1) — 2ApAa, 0Aq = &@,AU(D —2ApAw, (4.37)

®Note that the generalization of X, to the curved space case is ambiguous since the covariant derivatives
no longer commute. Here, we resolve this ambiguity by defining X,» as symmetric, which is well suited for the
generalization we will introduce in the next section.
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where Ay(1) and Ap are the gauge parameters of U(1)/dipole symmetries and dilatations,
respectively. An extension of the standard form of the electric and magnetic field for these
gauge fields reads

FAab = 61414(117 - 6a8bAA7 Fab,c = 8aAAbc - 8bAAac . (438>

These curvatures can be used to construct the following gauge-invariant action in flat
spacetime:

1
Ssc = 3 /de (bl Fape FA% by Fyp e Fab’c> ) (4.39)

where by # 0, by # 0. Note that Fy4, is symmetric in the transverse indices, while Fy, .
is antisymmetric in its first two indices.

The gauge fields can be coupled to matter by introducing two currents J4 and J such
that, up to total derivatives, the variation of the action has form

58 = 6850 + / Pz (6AAT + A0 ™) . (4.40)

Varying the action with respect to Ay, and A4 yields the following field equations

§A4 - by 0, OpF A% = —J4 | (4.41)
5 A by DA FA® 4 by O Fb = Job. '
Combining these equations, one finds a fracton-like continuity equation
OATA + 0,0,J = 0. (4.42)

In contrast to the Aristotelian electrodynamics case discussed in subsection 4.1, coupling
the scalar charge theory to a curved background is non-trivial and requires either imposing
constraints on the geometry or the introduction of extra field content [18-23]. Alternatively,
we will achieve this coupling below by making use of the real scalar field that compensates
for the U(1)/dipole symmetries.

Fracton field theory. Inspired by the fracton field theory models of [17, 20], we consider
the following action for a complex scalar field ®:

SHD — % / Pz (1040 D" + 03 Xy X ™) (4.43)
where X, is given by
Xap = 0,P0pP — ©0,0,P . (4.44)
This action is invariant under the following global symmetry transformations
0® = (idy(r) + A, 7o + wAD ) @, (4.45)

where Ay(q) stands for the U(1) transformation parameter and Adp is the parameter of dipole
transformations. The global dilatation invariance holds provided w and z are given by (4.30).
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It is convenient to express the complex scalar field in terms of new variables p and 6
corresponding to the radius and the phase of @, i.e.

d=pe?. (4.46)
The action (4.43) can be written as
SHP = S 4 SV (p), (447

where S[{{D has been defined in (4.28) and

SHP (p) = ;/dDac p* <01 040 80 + ¢o p2ZabZab> , with Zg = 0,0,0. (4.48)

We will now discuss the gaugings of this model in the three stages mentioned at the beginning
of this subsection.

(i) Gauging the conformal Aristotelian symmetry: coupling (4.43) to conformal Aristotelian
gravity leads to the curved space action

1
5P = S / Pz Q (1 DA®DAD" + ¢ Xy X ) (4.49)

where X, ; now reads
Xab = Da®Dp® — @D, D)@, (4.50)

and Da®, D,®, and D,D;,® are defined like for a real scalar field as in (3.35) and (4.32).

In order to gauge-fix the dilatations, we impose the gauge condition (4.17), which leads
to the following action for a real scalar field 6 coupled to Aristotelian gravity

S = Supac + S§7P, (4.51)
where Sppag is given by (4.35) and

1

SgHD _ 5

/ APz Q (e 04000 + c2 YY), with Yo = —D(04)0 — 2b(u0p) 0 + 0apb0c0
(4.52)

and D, is the covariant derivative constructed with the non-conformal spin-connection.

(ii) Gauging the U(1) and dipole symmetries: instead of gauging the dilatation symmetry
and ending up with a scalar 6 coupled to gravity, we now gauge the U(1) and dipole
symmetries to obtain a higher-derivative theory for a scalar field p in flat spacetime.
Following [16, 17], in order to gauge the shift symmetry of the angular variable 6 we
introduce two independent gauge fields A4 and Ag, and consider the action

S = % /dD:c (01 (04 —iAq) P <8A + iAA) ¥ + cp Xop X

(4.53)

+ bl |q)(I)*|'yl/2 FAbc FAbC + b2 ‘(I)q)*"yg/Z Fab,c Fab,c) 7

where Fape and Fyy . are given in (4.38) and in this case X, has the form
Xap = 0,00, — 00, 0,P + i Ay P> (4.54)
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(iii)

Under local U(1) transformations and global dilatations, the different fields transform
as

6P = i)\U(l)(I)+w)\D(I), 0Ay = 8A>\U(1) —2zApAa, 0Ag = 8a8b)\U(1) —2ApAap .

(4.55)
where z and w are as given in (4.30), and in order for the action to be invariant under
dilatation we take

3p—9+D 3p—9—2D
=2—- =2— . 4.56
T p—3+D 2 p—3+D ( )
Imposing the gauge-fixing condition (4.23) we obtain the following action
1
S= SV + 5 [P (e Aad?p? + e p* A A"
(4.57)

b1 7 Fane FA 4 by g7 Fy o PP,

that consists of the sum of a higher-derivative action for the real scalar field p and a
Proca-like version of the scalar charge theory.

Gauging all symmetries considered in cases (i) and (ii): we now wish to couple the
gauge fields A4, Ay to conformal Aristotelian gravity. Substituting in the expression
for the curvatures the partial derivatives with derivatives that are covariant under all
symmetries except U(1), we obtain the following expression for the curvature tensors:

FAab - DAAab - D(an)AA 5 Fab,c = DaAbc - DbAac . (458>

Assuming that the gauge fields transform as in eq. (4.55), with 0,0, replaced by D(,0y),
we find that the curvature tensors transform under dilatations and U(1) as follows:

0Faap = —(2 + 2)ApFaab + DAD (o0 Au(1) — D@ Dp)0aru()

(4.59)
5Fab,c = _3)\DFab,c =+ DaD(bac)AU(l) - DbD(aac)AU(l) :

We see that these curvatures do not transform covariantly under U(1). One way to deal
with this situation is to use the compensating scalar 6 to define new curvature tensors
that are invariant under U(1). In this way we obtain the following tilded gauge-covariant
curvature tensors:
Fagy = DAy — D(oDyyAa — DaD(,0p)0 + DDy 040, (4.60)
Fab,c = D,Ap. — DpAge — DaD(bﬁc)G + DbD(aé?c)G .
We can then couple the fracton field theory and the scalar charge theory to curved
backgrounds by substituting the partial derivatives with covariant derivatives and use
the compensating scalar p to make the whole action dilatation invariant:

S = ;/deQ(cl ((Da—ida)® (D i) & + ¢ X XP)

o ) B (4.61)
b1 p7 Foape AP 4 by o7 Fp o 1)
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Here, z and w are given by eq. (3.38), the ’s are given by (4.56) and X, takes the
form
Xap = Do®Dy® — ®D(, Dy ® + i A @7 (4.62)

where Ds®, D,® and D,D,® are defined as in egs. (3.35) and (4.32).

Imposing the gauge-fixing condition (4.26) we obtain the total action

STotal = SHDAG + SKin + SMass » (4.63)

where Sppag is given in eq. (4.35) and Skin, SMass are given by
1
Sicn = 5 / dP Q2 (by Fape FA% 4 by Fyp o F°) | (4.64)
1
Sitass = 3 / dPz (61 A AN + ¢y AabAab) . (4.65)

We thus end up with another example of a matter coupled Aristotelian gravity theory
that consists of the sum of a higher-derivative electric Aristotelian gravity theory and a
massive scalar charge theory. The coupling considered here differs from the one in [20]
in the sense that, unlike [20], we use one of the fracton scalars as a compensating scalar
to construct a gauge-invariant curvature like in (4.60) and thereby can avoid imposing
constraints on the geometry. Our coupling also differs from the one in [21] in the sense
that our coupling has local dilatations and both fracton scalars are used as compensating
scalars whereas in [21] there are no local dilatations and only one of the fracton scalars is
used as a compensating scalar and applied to construct a gauge-invariant curvature like
in (4.60). A different coupling of the fracton field theory (4.43) to an Aristotelian back-
ground and to the scalar charge theory for p = 0 and D = 3 has been considered in [23].

5 Conclusions

In this paper we constructed two conformal extensions of the Aristotelian algebra, one
embedded as a subalgebra into the other, and showed how they can be used as a first
step in constructing matter-coupled Aristotelian gravity theories with no boost symmetry.
We distinguished between three different classes of Aristotelian gravity theories: electric,
magnetic, and electric-magnetic ones. We use here a nomenclature where ‘magnetic’ refers to
the use of an Aristotelian connection curvature as basic building block in the Lagrangian
and ‘electric’ implies that the basic building block in the Lagrangian is an intrinsic torsion
tensor. We find a single magnetic Aristotelian gravity Lagrangian but, due to the many
intrinsic torsion tensors, there are many electric and electric-magnetic Aristotelian gravity
theories. A noteworthy feature of the second-order Aristotelian gravity theories that we
considered in this work is that, unlike in Galilei or Carroll gravity, all spin-connections are
dependent and hence cannot act as Lagrange multipliers. Correspondingly, the theory can
be constructed without any constraint on the geometry.

We discussed several conformal matter couplings based upon quadratic-derivative and
higher-derivative models. The higher-derivative models that we considered were of the type
that have been studied in the context of fractons. In these higher-derivative cases we worked
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with two compensating scalars: one for the gravitational dilatations and one for the gauged
dipole symmetries (instead of a gravitational dilatation like we did in section 3). The final
result we obtained was a matter coupled Aristotelian gravity theory with the matter given by
a Lagrangian for the massive dipole gauge fields. To obtain more general matter couplings
to Aristotelian gravity after gauge-fixing one should replace the compensating scalars by
functions of N scalars like in the relativistic case.

It would be interesting to apply our formalism to the massive spin-2 GMP modes [34] in
the Fractional Quantum Hall Effect whose helicity has recently been observed [35]. A recent
theoretical description of these modes has been given but so far without boost symmetry,
i.e. in an Aristotelian context [13]. Using our formalism one could try to construct these
massive spin-2 modes in a curved Aristotelian background and to consider the corresponding
Schrodinger equation in such an Aristotelian background. Other interesting directions to
explore are field theories with Aristotelian supersymmetry and the meaning of an Aristotelian
string theory. We hope to come back on some of these issues in the nearby future.

Acknowledgments

We would like to thank Kevin Grosvenor, Giandomenico Palumbo and Matthew Roberts
for useful discussions. The work of G.G. has been supported by the predoctoral fellowship
FPI-UM R-1006-2021-01. G.G. has also been supported by the COST Action CA22113 for
a research stay at the University of Groningen. The work of E.B. and J.R. is supported
by the Croatian Science Foundation project 1P-2022-10-5980 “Non-relativistic supergravity
and applications” and by the European Union — NextGenerationEU. P.S.-R. has been
supported by a Young Scientist Training Program (YST) Fellowship and, subsequently, by
an appointment to the JRG Program at the Asia Pacific Center for Theoretical Physics
(APCTP), funded through the Science and Technology Promotion Fund and the Lottery
Fund of the Korean Government. P.S.-R. has also been supported by the local governments
of Gyeongsangbuk-do Province and Pohang City. P.S.-R. acknowledges the Van Swinderen
Institute for their hospitality and financial support during the initial stages of this work. The
views and opinions expressed are those of the authors only and do not necessarily reflect the
official views of the European Union or the European Commission. Neither the European
Union nor the European Commission can be held responsible for them.

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has no associated code or the code will not
be deposited.

Open Access. This article is distributed under the terms of the Creative Commons Attri-

bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.

— 33 —


https://creativecommons.org/licenses/by/4.0/

References

1]
2]

[3]

R. Penrose, Structure of space-time, in Battelle rencontres, (1968), p. 121.

P. Horava, Surprises with nonrelativistic naturalness, Int. J. Mod. Phys. D 25 (2016) 1645007
[arXiv:1608.06287] [INSPIRE].

Z. Yan, Nonrelativistic naturalness in Aristotelian quantum field theories, Ph.D. thesis, UC,
Berkeley, CA, U.S.A. (2017) [INSPIRE].

I. Novak, J. Sonner and B. Withers, Hydrodynamics without boosts, JHEP 07 (2020) 165
[arXiv:1911.02578] [INSPIRE].

J. de Boer et al., Non-boost invariant fluid dynamics, SciPost Phys. 9 (2020) 018
[arXiv:2004.10759] [INSPIRE].

J. Armas and A. Jain, Effective field theory for hydrodynamics without boosts, SciPost Phys. 11
(2021) 054 [arXiv:2010.15782] [INSPIRE].

V.E. Marotta and R.J. Szabo, Godbillon-Vey invariants of non-Lorentzian spacetimes and
Aristotelian hydrodynamics, J. Phys. A 56 (2023) 455201 [arXiv:2304.12722] [INSPIRE].

K.T. Grosvenor, N.A. Obers and S.P. Patil, Hydrodynamics without boost-invariance from kinetic
theory: from perfect fluids to active flocks, SciPost Phys. 19 (2025) 071 [arXiv:2501.00025]
[INSPIRE].

S.S. Gubser, Symmetry constraints on generalizations of Bjorken flow, Phys. Rev. D 82 (2010)
085027 [arXiv:1006.0006] [INSPIRE].

C. Chattopadhyay, U. Heinz, S. Pal and G. Vujanovic, Higher order and anisotropic
hydrodynamics for Bjorken and Gubser flows, Phys. Rev. C 97 (2018) 064909
[arXiv:1801.07755] [INSPIRE].

M. Billo, V. Gongalves, E. Lauria and M. Meineri, Defects in conformal field theory, JHEP 04
(2016) 091 [arXiv:1601.02883] [INSPIRE].

1. Arav et al., Superconformal monodromy defects in N =4 SYM and LS theory, JHEP 08
(2024) 177 [arXiv:2405.06014] INSPIRE].

A. Gromov and D.T. Son, Bimetric theory of fractional quantum Hall states, Phys. Rev. X 7
(2017) 041032 [Addendum ibid. 8 (2018) 019901] [arXiv:1705.06739] [INSPIRE].

C. Chamon, Quantum glassiness, Phys. Rev. Lett. 94 (2005) 040402 [cond-mat/0404182]
[INSPIRE].

J. Haah, Local stabilizer codes in three dimensions without string logical operators, Phys. Rev. A
83 (2011) 042330 [arXiv:1101.1962] INSPIRE].

M. Pretko, Subdimensional particle structure of higher rank U(1) spin liquids, Phys. Rev. B 95
(2017) 115139 [arXiv:1604.05329] [INSPIRE].

M. Pretko, The fracton gauge principle, Phys. Rev. B 98 (2018) 115134 [arXiv:1807.11479]
[INSPIRE].

K. Slagle, A. Prem and M. Pretko, Symmetric tensor gauge theories on curved spaces, Annals
Phys. 410 (2019) 167910 [arXiv:1807.00827] [InSPIRE].

F. Pena-Benitez, Fractons, symmetric gauge fields and geometry, Phys. Rev. Res. 5 (2023)
013101 [arXiv:2107.13884] [INSPIRE].

L. Bidussi et al., Fractons, dipole symmetries and curved spacetime, SciPost Phys. 12 (2022) 205
[arXiv:2111.03668] [INSPIRE].

— 34 —


https://doi.org/10.1142/S0218271816450073
https://doi.org/10.48550/arXiv.1608.06287
https://inspirehep.net/literature/1482901
https://inspirehep.net/literature/1783374
https://doi.org/10.1007/JHEP07(2020)165
https://doi.org/10.48550/arXiv.1911.02578
https://inspirehep.net/literature/1763784
https://doi.org/10.21468/SciPostPhys.9.2.018
https://doi.org/10.48550/arXiv.2004.10759
https://inspirehep.net/literature/1792476
https://doi.org/10.21468/SciPostPhys.11.3.054
https://doi.org/10.21468/SciPostPhys.11.3.054
https://doi.org/10.48550/arXiv.2010.15782
https://inspirehep.net/literature/1826885
https://doi.org/10.1088/1751-8121/acfc07
https://doi.org/10.48550/arXiv.2304.12722
https://inspirehep.net/literature/2654102
https://doi.org/10.21468/SciPostPhys.19.3.071
https://doi.org/10.48550/arXiv.2501.00025
https://inspirehep.net/literature/2864389
https://doi.org/10.1103/PhysRevD.82.085027
https://doi.org/10.1103/PhysRevD.82.085027
https://doi.org/10.48550/arXiv.1006.0006
https://inspirehep.net/literature/856846
https://doi.org/10.1103/PhysRevC.97.064909
https://doi.org/10.48550/arXiv.1801.07755
https://inspirehep.net/literature/1650129
https://doi.org/10.1007/JHEP04(2016)091
https://doi.org/10.1007/JHEP04(2016)091
https://doi.org/10.48550/arXiv.1601.02883
https://inspirehep.net/literature/1414975
https://doi.org/10.1007/JHEP08(2024)177
https://doi.org/10.1007/JHEP08(2024)177
https://doi.org/10.48550/arXiv.2405.06014
https://inspirehep.net/literature/2785286
https://doi.org/10.1103/PhysRevX.7.041032
https://doi.org/10.1103/PhysRevX.7.041032
https://doi.org/10.48550/arXiv.1705.06739
https://inspirehep.net/literature/1600599
https://doi.org/10.1103/physrevlett.94.040402
https://doi.org/10.48550/arXiv.cond-mat/0404182
https://inspirehep.net/literature/1897124
https://doi.org/10.1103/physreva.83.042330
https://doi.org/10.1103/physreva.83.042330
https://doi.org/10.48550/arXiv.1101.1962
https://inspirehep.net/literature/1897125
https://doi.org/10.1103/PhysRevB.95.115139
https://doi.org/10.1103/PhysRevB.95.115139
https://doi.org/10.48550/arXiv.1604.05329
https://inspirehep.net/literature/1449103
https://doi.org/10.1103/PhysRevB.98.115134
https://doi.org/10.48550/arXiv.1807.11479
https://inspirehep.net/literature/1684497
https://doi.org/10.1016/j.aop.2019.167910
https://doi.org/10.1016/j.aop.2019.167910
https://doi.org/10.48550/arXiv.1807.00827
https://inspirehep.net/literature/1680651
https://doi.org/10.1103/PhysRevResearch.5.013101
https://doi.org/10.1103/PhysRevResearch.5.013101
https://doi.org/10.48550/arXiv.2107.13884
https://inspirehep.net/literature/1895189
https://doi.org/10.21468/SciPostPhys.12.6.205
https://doi.org/10.48550/arXiv.2111.03668
https://inspirehep.net/literature/1963325

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

A. Jain and K. Jensen, Fractons in curved space, SciPost Phys. 12 (2022) 142
[arXiv:2111.03973] [INSPIRE].

F. Pena-Benitez and P. Salgado-Rebolledo, Fracton gauge fields from higher-dimensional gravity,
JHEP 04 (2024) 009 [arXiv:2310.12610] [INSPIRE].

J. Hartong et al., Fractons on curved spacetime in 2+1 dimensions, SciPost Phys. 18 (2025) 022
[arXiv:2409.04525] [INSPIRE].

J. Figueroa-O’Farrill and S. Prohazka, Spatially isotropic homogeneous spacetimes, JHEP 01
(2019) 229 [arXiv:1809.01224] INSPIRE].

J. Figueroa-O’Farrill, On the intrinsic torsion of spacetime structures, arXiv:2009.01948
[INSPIRE].

J.K. Ghosh, F. Pena-Benitez and P. Salgado-Rebolledo, Hydrostatic equilibrium in multi- Weyl
semimetals, JHEP 10 (2025) 055 [arXiv:2504.20361] [INSPIRE].

E. Bergshoeff et al., p-brane Galilean and Carrollian geometries and gravities, J. Phys. A 57
(2024) 245205 [arXiv:2308.12852] [INSPIRE].

D.Z. Freedman and A. Van Proeyen, Supergravity, Cambridge Univ. Press, Cambridge, U.K.
(2012) [DOI:10.1017/CB09781139026833] [INSPIRE].

E.A. Bergshoeff et al., A conformal approach to Carroll gravity, JHEP 07 (2025) 075
[arXiv:2412.17752] [NSPIRE].

M. Henneaux and P. Salgado-Rebolledo, Carroll contractions of Lorentz-invariant theories,
JHEP 11 (2021) 180 [arXiv:2109.06708] [INSPIRE].

D. Hansen, N.A. Obers, G. Oling and B.T. Sggaard, Carroll expansion of general relativity,
SciPost Phys. 13 (2022) 055 [arXiv:2112.12684] [INSPIRE].

J. Figueroa-O’Farrill, E. Have, S. Prohazka and J. Salzer, The gauging procedure and carrollian
gravity, JHEP 09 (2022) 243 [arXiv:2206.14178] [INSPIRE].

E. Bergshoeff, J. Figueroa-O’Farrill and J. Gomis, A non-lorentzian primer, SciPost Phys. Lect.
Notes 69 (2023) 1 [arXiv:2206.12177] InSPIRE].

S.M. Girvin, A.H. MacDonald and P.M. Platzman, Magneto-roton theory of collective excitations
in the fractional quantum Hall effect, Phys. Rev. B 33 (1986) 2481 [INSPIRE].

J. Liang et al., Fvidence for chiral graviton modes in fractional quantum Hall liquids, Nature 628
(2024) 78 [INSPIRE].

,35,


https://doi.org/10.21468/SciPostPhys.12.4.142
https://doi.org/10.48550/arXiv.2111.03973
https://inspirehep.net/literature/1963365
https://doi.org/10.1007/JHEP04(2024)009
https://doi.org/10.48550/arXiv.2310.12610
https://inspirehep.net/literature/2712728
https://doi.org/10.21468/SciPostPhys.18.1.022
https://doi.org/10.48550/arXiv.2409.04525
https://inspirehep.net/literature/2826299
https://doi.org/10.1007/JHEP01(2019)229
https://doi.org/10.1007/JHEP01(2019)229
https://doi.org/10.48550/arXiv.1809.01224
https://inspirehep.net/literature/1692784
https://doi.org/10.48550/arXiv.2009.01948
https://inspirehep.net/literature/1815239
https://doi.org/10.1007/JHEP10(2025)055
https://doi.org/10.48550/arXiv.2504.20361
https://inspirehep.net/literature/2916582
https://doi.org/10.1088/1751-8121/ad4c62
https://doi.org/10.1088/1751-8121/ad4c62
https://doi.org/10.48550/arXiv.2308.12852
https://inspirehep.net/literature/2690652
https://doi.org/10.1017/CBO9781139026833
https://inspirehep.net/literature/1123253
https://doi.org/10.1007/JHEP07(2025)075
https://doi.org/10.48550/arXiv.2412.17752
https://inspirehep.net/literature/2862653
https://doi.org/10.1007/JHEP11(2021)180
https://doi.org/10.48550/arXiv.2109.06708
https://inspirehep.net/literature/1921595
https://doi.org/10.21468/SciPostPhys.13.3.055
https://doi.org/10.48550/arXiv.2112.12684
https://inspirehep.net/literature/1996650
https://doi.org/10.1007/JHEP09(2022)243
https://doi.org/10.48550/arXiv.2206.14178
https://inspirehep.net/literature/2102730
https://doi.org/10.21468/SciPostPhysLectNotes.69
https://doi.org/10.21468/SciPostPhysLectNotes.69
https://doi.org/10.48550/arXiv.2206.12177
https://inspirehep.net/literature/2100513
https://doi.org/10.1103/PhysRevB.33.2481
https://inspirehep.net/literature/244382
https://doi.org/10.1038/s41586-024-07201-w
https://doi.org/10.1038/s41586-024-07201-w
https://inspirehep.net/literature/2773330

	Introduction
	(Conformal) Aristotelian geometries
	p-brane Aristotelian geometry
	Conformal extensions

	p-brane Aristotelian gravity from the conformal approach
	The conformal approach with the isotropic conformal Aristotelian algebra
	The an-isotropic conformal Aristotelian algebra

	Matter couplings
	Quadratic-derivative models
	Higher-derivative models 

	Conclusions

