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ABSTRACT: We show how to take the first step in the conformal program for constructing
general matter couplings to Carroll gravity. In particular, we couple a single massless
electric/magnetic scalar to conformal Carroll gravity with isotropic dilatations and show how,
upon gauge-fixing, we obtain a (non-conformal version of) electric/magnetic Carroll gravity.
We determine the full Carroll transformation rules paying special attention to the way the
so-called intrinsic torsion tensors occur in these transformation rules. A noteworthy feature
in the magnetic case is that the Lagrange multiplier present in the Lagrangian gets absorbed,
after coupling to conformal Carroll gravity and gauge-fixing, into one of the independent
spin-connections of magnetic Carroll gravity. Our results form a convenient starting point
for constructing general matter couplings to Carroll gravity. Surprisingly, we find that the
same relation between dynamical matter and gravity, which forms the basis of the conformal
program, does not work in the usual way in the Galilei case.
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1 Introduction

Carroll symmetries have attracted a lot of attention in recent years due to a variety of reasons.
First of all, they are the natural symmetries of any null surface. For this reason they play a
central role in investigations of black hole horizons [1] and the null infinity of flat spacetime.
Moreover, a conformal extension of Carroll symmetries can be identified with the asymptotic
BMS symmetries of flat spacetime that play a fundamental role in Carroll holography [2—4].
Carroll gravity theories have also been constructed. They occur in two versions called electric
Carroll gravity [5] and magnetic Carroll gravity [6].

It is natural to extend Carroll gravity to include matter couplings. One way to obtain such
matter couplings is to start from a known relativistic system with matter coupled to gravity
and perform a Carroll expansion [7-13]. For a single scalar coupled to conformal gravity this
program has been performed at leading and sub-leading order [14]. On the other hand, in the
relativistic case the conformal technique has turned out to be very efficient in constructing
general matter couplings both with and without supersymmetry (see, e.g., [15]). It is the
aim of this work to apply the same conformal technique directly to the Carroll case. There
are, however, important differences with the relativistic case. One difference is that although
there is a single conformal gravity theory, there are two types of massless Carroll scalars and
correspondingly two types of Carroll gravity theories. Another important difference is that in
the Carroll case there exists a special type of torsion tensor, called intrinsic torsion, that
is independent of any spin-connection. While in general relativity non-zero torsion usually
occurs only after coupling to matter, in the Carroll case these intrinsic torsion tensors can
occur even in the absence of matter. Setting them to zero would lead to constraints on the
geometry and therefore, they cannot be ignored. In this work we will carefully follow these
intrinsic torsion tensors and in particular show how they enter the transformation rules.



The idea behind the conformal technique is based upon the observation that there is a
relation between dynamical matter and gravity. Restricting to a single scalar the relation
in the relativistic case is as follows. Coupling a dynamical scalar to conformal gravity and
gauge-fixing dilatations by setting the scalar equal to one, one obtains the Einstein-Hilbert
Lagrangian of general relativity. It also works the other way around. Replacing the Vierbein
field in the Einstein-Hilbert Lagrangian by the product of a compensating scalar and a
conformal Vierbein field and restricting to a flat spacetime one re-obtains the Lagrangian of
a dynamical scalar. Restricting to one scalar the conformal program leads to gravity without
any additional matter coupling. In this sense this is only a first step in the conformal program.
Once this step is completed one may obtain non-trivial matter couplings by replacing the
single scalar by a function of IV scalars such that after gauge-fixing one is left with N — 1
scalars coupled to gravity. In this work we will focus on the first step only.

Not every gravity theory gives rise within the conformal program to dynamical matter.
For instance, in the relativistic case the Weyl tensor squared is already invariant under local
dilatations and therefore cannot produce dynamical matter. We will find another example of
this in the Carroll case. Remarkably, we find that the conformal program also sometimes
does not work the other way around: it is not always possible to couple dynamical matter
to any non-Lorentzian conformal gravity theory following the structure of the underlying
non-Lorentzian conformal algebra. We will see that it works for conformal Carroll gravity but
that it does not work in the usual way for conformal Galilei gravity. We note that even in
the Carroll case the coupling is non-trivial and only works due to some ‘lucky’ coincidences.

Applying the conformal program to the Carroll case, we will find in this work that

1. Coupling an electric Carroll scalar to conformal Carroll gravity leads, upon gauge-fixing,
to a non-conformal version of electric Carroll gravity.

2. Coupling a magnetic Carroll scalar to conformal Carroll gravity leads, upon gauge-fixing,
to magnetic Carroll gravity.

It is a bit ironic that the conformal program relates the more standard electric Carroll
scalar to the more exotic electric Carroll gravity! whereas it relates the more exotic magnetic
Carroll scalar? to the more standard magnetic Carroll gravity theory.?

This work is organized as follows. For the convenience of the reader we first review
in section 2 the conformal technique in the relativistic case. To prepare the reader for
the Carroll case, we use this relativistic case to show how general torsion (in this case not
intrinsic torsion) can arise in the transformation rules once it is included. Furthermore, we
emphasize that there are two ways of writing down the Lagrangian for dynamical matter
that are equivalent in the sense that they differ by a total derivative but that, nevertheless,
one of them leads to simplifications in the calculations. Using the insights obtained from the

'For instance, electric Carroll gravity is built from intrinsic torsion tensors and therefore does not contain
spin-connection fields.

2The Lagrangian of a magnetic Carroll scalar contains an additional Lagrange multiplier field. As we will
see, this field disappears from the Lagrangian after coupling to conformal Carroll gravity and gauge-fixing
since it gets absorbed by a specific component of the independent Carroll boost spin-connection field.

3The magnetic Carroll gravity theory contains a term that is similar to the Einstein-Hilbert term involving
spin-connections.



relativistic case, we perform in section 3 the conformal program to a single Carroll scalar
both in the electric and magnetic case. We discuss the corresponding Carroll gravity theories
including the electric Carroll gravity theory that does not give rise to dynamical matter.
Next, in section 4 we discuss the issues that arise if one wishes to apply the conformal
program to the Galilei case. Along the way, we will introduce a new Galilei gravity theory
that contains an additional Lagrange multiplier field. Finally, in the Conclusions we discuss
a few extensions of the present work.

2 A conformal approach to general relativity

The purpose of this section is to explain the techniques that we wish to apply to Carroll gravity,
in the familiar context of general relativity. In particular, we will show how the Einstein-
Hilbert (EH) action can be obtained from that of a conformally coupled compensating scalar
(i.e., a massless scalar coupled to suitable gauge fields of the conformal algebra), by gauge-
fixing those conformal symmetries that are not part of the Poincaré algebra. These superfluous
conformal symmetries are the dilatations, as well as the special conformal transformations
whose role we will clarify. The scalar field is called compensating, since its conformally coupled
action can be re-obtained from the EH action by substituting the Vielbein in the latter with
an appropriate product of a conformal Vielbein and the compensating scalar. The scalar
thus compensates for the non-invariance of the conformal Vielbein under dilatations so that
their product produces the scale-invariant Vielbein of general relativity.

Before discussing this compensating mechanism we first discuss in subsection 2.1 the
gauging of the conformal algebra? and in subsection 2.2 how to obtain a minimal representation
of conformal algebra gauge fields. In the final subsection 2.3 we will use this information to
show how general relativity emerges from a conformally coupled compensating scalar.

2.1 Gauging the conformal algebra

The relativistic conformal algebra is spanned by the generators of translations Pj, Lorentz
transformations M ;5 = —Mp 4, special conformal transformations K ; and dilatations D.
Here, the indices fl, B take on the values 0,1,---,D — 1> The non-zero commutation
relations of the conformal algebra are given by

(Mg, Mepl = 4n46Mp g, [Pa: Mpe] =2n55P
[KA’MACA']:Q’OA[BKCA']’ [PA,KA]:ZUABD—FQMAB,
[D,P;] = P;, [D,K;] =K , (2.1)

where 74 5 is the Minkowski metric for which we adopt the mostly plus signature convention.
Introducing gauge fields £, (called the Vielbein), 2,47 (called the spin-connection), F},”* and

B, associated to respectively the generators P4, M ;5, K; and D, the above commutation

B’

“For early literature on gauging space-time symmetry algebras, see e.g., [16, 17].
5Tn this section, we use a hatted index fl, since the unhatted index A will be used as a spatial index in the
Carrollian case.



relations give rise to the following infinitesimal gauge transformation rules:
SoE, "t = 0,0 =P Qp + ("B, - A B —Ap B
50, AP = 9, AP — 2 AW L0 OBy A A BB g (AP
So bt = Ak — A p Q.54 — Ak? B, — A 5 F,5 + Ap F,*,
50B‘u:auAD—l-QAKAEﬂA—QCAFuA. (22)

Here, CA, Ap, AAB and A KA are the parameters of translations, dilatations, Lorentz and spe-
cial conformal transformations, respectively. In what follows, we will often refer to dilatations,
Lorentz and special conformal transformations as homogeneous conformal transformations.
The action of the infinitesimal homogeneous conformal transformations of (2.2) will be
denoted by the symbol 0pom, 0. We use the subscript “0” on dg and dnom,0 to indicate that
these are not the final conformal transformations that are used to reconstruct the EH gravity
action. Instead, the transformation rules used in the conformal approach are a modification
of (2.2) with extra terms, as will be explained in the next section 2.2.
The curvatures that are defined in the following way

(P

A
v] +29[u B Bp+2 By By,

uu(MAB)E A5 4 200 0, }+8F[ B,
A _ A
wo(K7) = 204, +29[u PFp-2BuFyt,
(D) =2 —4F, B, (2.3)

have the property that they transform into each other covariantly (i.e. without the derivative
of a parameter) under (2.2). Explicitly, their transformations under (2.2) are given by:
b0 Ry (P) = ~¢” uu(MBA) + ¢ Ry (D) = A R (PP) = Ap Ry (P,
SoRyu (MAB) = —2 A1 R, (MCIB)) — 4 AW R, (PPl) — 4 A R, (KP)),
8o Ry (K = ~ep By (M BAY _ A Ry (D) = A 4 R (K®) + Ap Ry (K7,
SoRu (D) = 2 A Ry (Py) — 2¢A Ry (K ) . (2.4)

The covariant curvatures (2.3) are not independent in the sense that they satisfy the following
Bianchi identities:

R, (PY) = Ry, (MAP)E, 5 — Ry, (D) By =0,
](MA) 4R[ KW EP — 4Ry, (PP =0,
Vp]< ) = Ry (MAPF, 5 + Ry, (D)Fy A =0,
8[MRVP](D) + QRW(KA)EP] 4~ 2Ry (PYF, 1 =0. (2.5)

Here we have used derivatives D,, that are covariant with respect to Lorentz transformations
and dilatations but not with respect to special conformal transformations.



2.2 Imposing constraints

In order to retrieve EH gravity via the conformal approach, the gauge fields and curvatures of
the previous subsection must be supplemented with an additional ingredient. The main reason
for this is that the multiplet of gauge fields (2.2) is not minimal, in the sense that it realizes
the conformal algebra with more independent gauge fields than are needed for the construction
of gravitational theories. The extra ingredient that is required to reduce the number of
independent gauge fields consists of imposing the following two constraints on the curvatures:

R, (P =1, and R, (M%) = 0. (2.6)

The tensor T,ﬂ,‘z1 can be identified as the torsion of an affine connection I',,,,” that is introduced
via the Vielbein postulate

0,EA+QAE o+ B EA T, E,A =0. (2.7)

Comparing the result of anti-symmetrizing this Vielbein postulate in [pr] with the first
constraint of (2.6) shows that indeed:

A A
T = 20 E,2 (2.8)
For this reason, we will refer to TWA as the torsion in what follows. Note that the inclusion
of the term involving B,, in the Vielbein postulate (2.7) ensures that the affine connection
', ? is dilatation invariant. It is however not metric-compatible. Indeed, from (2.7) one
finds that the metric g, = EMAEVA obeys

VouGvp = Ougup — 21ﬂu(,,"gp)(7 = —2B,gup - (2.9)

The geometric structure introduced above thus constitutes that of a Cartan-Weyl space-time®
with Weyl connection given by —2B,,.

Typically, discussions of the relativistic conformal method only consider the case where
the torsion T, WA vanishes, as this allows one to recover general relativity in the final step of
the conformal approach. Including torsion in relativistic gravity is usually done by coupling
to (fermionic) matter. Unlike Lorentzian geometry however, in its non-Lorentzian analogue
part of the torsion is intrinsic. This intrinsic torsion can be present in non-Lorentzian
gravity theories, even in the absence of matter couplings. Moreover, setting it to zero
amounts to imposing constraints on the geometry. Choosing zero torsion will therefore be too
restrictive in extensions of the conformal approach to Carroll gravity. In order to anticipate
the Carrollian case, we will thus momentarily keep the torsion arbitrary to illustrate its
effects, in particular how it deforms the conformal transformation rules. We will switch

5A Cartan-Weyl space-time is endowed with a metric g,, and a connection T',,” that is not metric-
compatible, but for which a trace-free part of the non-metricity tensor Qu.p, = —V,gu, vanishes:

1 o
Quvp — BQ;LU Gvp =0.

The trace —(1/D)Q,." transforms like a gauge field under conformal rescalings (dilatations) of the metric
and is called the Weyl connection.



focus to the usual relativistic zero torsion case in the next section, when discussing how
EH gravity arises from the conformal approach.
The constraints (2.6) are often called “conventional”, since they can be used to solve the
spln connection 2, AB and the special conformal gauge field F, A in terms of the Vielbein
u , the dilatation gauge field B, and the torsion T,w as follows:

0,*8(E,B,T) =0, B(E,T)+2E,AE?"B,
_ 1
2(D — 2)

1

FAE,B,T)=- 5D 1)

[R’ (MABY _ EuAR’Bé(MBé)} S (210

where QMAB (E,T) is the usual torsionful spin-connection
A A ~ N N 1 ~ N A A
AB A B B A B C c
0,4 (B,T) = BXY (20,87~ T,,7) = 2B 0 BV B2 (20,5, = T,,°) . (211)

and R}, (M AB ) is the Lorentz transformation curvature with the term containing the special
conformal gauge field deleted:

R, (MAP) = 20,0, (E, B,T) + 20, ,(E, B,T),,°'P)(E, B, T). (2.12)

In what follows, it will be understood that the spin-connection Q, AB and special conformal

gauge field FMA are given by the dependent expressions £, AB (E B,T) and F, (E B,T)
of (2.10), whenever they appear in covariant derivatives or curvatures.

The transformation rules (2.2) often need to be modified after the conventional con-
straints (2.6) are imposed. Let us first consider the homogeneous conformal transformations,
whose modified infinitesimal version we will denote by &hom- Their action on the inde-
pendent fields E“A and B, is assumed to be the same as that given in (2.2). The rules
5h0mQMAB (E,B,T) and 5h0mFﬂA(E, B, T) of the dependent fields then follow from varying
their explicit expressions (2.10).” The result of this does in general not coincide with the
homologous rules given in (2.2). This happens in particular when the conventional con-
straints (2.6) that are used to solve for the dependent fields are not left invariant by (2.2).
The transformation rules (2.2) of the dependent fields then acquire extra terms, whose role is
to ensure that the constraints (2.6) are invariant under the thus modified rules.

In the present case, one finds that the homogeneous conformal transformations of the
independent and dependent gauge fields are, after imposing (2.6), given by:

ShomEy = A, B — ApE,A
SvomBy = Ouhp + 20 E 4
Shom 2 AB(E B,T) = 9,08 —2 AWl 0, C1B(E, B, T) — 4 AN B,
ShomFu (B, B, T) = 0,Ax™ — A, . 54(E, B, T) — Ak B, —AA B(E,B,T)
1 N
+Ap F,AE,B T)+TA ¢lolip B~ g AT, B

¢ lus 2(D—-1)""
(2.13)

"This requires that one also assigns a homogeneous conformal transformation rule dnom WA for the torsion
tensor. In what follows we WIH assume that T},,” is invariant under homogeneous conformal transformations,
so that dnhom7, ,“, = —AA W — ADTWA.



Note that the first constraint of (2.6) is invariant under (2.2) and as a result the trans-
formation rule of the dependent spin-connection Q#AB(E,B,T) agrees with that of (2.2).
The second constraint of (2.6) by contrast transforms non-trivially under special conformal
transformations:

Shom,0 R, 5(MAP) ~ —aA AT P (2.14)

where ~ has the meaning of “equality up to the conventional constraints (2.6)”. Consequently,
the transformation rule of F“A(E, B,T) picks up extra special conformal transformation
terms with respect to (2.2).

Let us now discuss how also the translation transformations of (2.2) are modified due
to the conventional constraints (2.6). In this regard, it should be noted that translations
are usually not considered as an independent symmetry, but rather as a combination of
homogeneous conformal transformations and diffeomorphisms. Indeed, an infinitesimal diffeo-
morphism on any gauge field of the conformal algebra can be decomposed into homogeneous
conformal transformations plus extra terms. These extra terms correspond to the translation
rules of (2.2), supplemented with curvature- and torsion-dependent contributions and it is
thus sensible to view them as modified translation symmetries. In particular, any action
that is invariant under diffeomorphisms and homogeneous conformal transformations is
also automatically invariant under these modified translations. Note that generically the
translation rules (2.2) of both the dependent and the independent fields receive extra terms.
This is unlike what happens for the homogeneous conformal transformations that are only
altered for the dependent fields.

Let us illustrate the above discussion by considering the following rewriting of the action
of an infinitesimal diffeomorphism J¢ with parameter {# on the Vielbein EMA:

0B = 0,8 B, A4€70, B, = 0,(¢" B, +2¢70,, B,
=—¢"Q," 5(B,B,T)E,” —¢'B,E,*+0,(¢"E,*)+Q,*?(B,B,T)¢"F 5+ B, E,*
+¢'E, Ty 4, (2.15)

where in the last step we used the first of the conventional constraints (2.6). Comparing
the last line with (2.2), we see that the first two terms correspond to homogeneous confor-
mal transformations (namely a Lorentz transformation and dilatation with field-dependent
parameters {“QMAB(E, B,T) and & B,, respectively) acting on E,/i. The remaining terms
can then be identified with the action (2.2) of a translation on EM’Zl with field-dependent
parameter f“EHA, supplemented with an extra torsion contribution. This thus motivates
defining the translation rule of EHA in the presence of the conventional constraints (2.6) as

8Byt = 0,04 + QAP (B, B, T)¢s + By + (P A (2.16)

More generally, a modified translation with parameter CA is defined as the result of
subtracting the homogeneous conformal transformations (2.13) with parameters AB =
CCE0,AB(E, B,T), Ap = (AE#B,, and Ag? = (BE "F,A(E, B,T), from an infinites-
imal diffeomorphism with parameter CAEA“. For B, QHAE(E,B,T) and FHA(E,B,T),



this gives:

0¢Bu = —2C"F, 4(B,B,T)+ (" Ry,(D),

02 A(E, B, T) = ~4¢UF,PI(E, B,T) + (°Re, (MAP),

N N N 2 N A A
ScF (B, B,T) = PRy, (K*) — mgCFé[A(E,B,T)Twm
1 AsDp [B el

By making use of the Bianchi identities (2.5), one can show explicitly that these translation
rules of the dependent fields QHAB(E, B,T) and FMA(E,B, T) agree with those obtained
from varying their expressions (2.10) under (2.16) and the first rule of (2.17). In checking
this, one assumes that a translation of the torsion tensor TWA is also given by the action
of a diffeomorphism minus that of a Lorentz transformation and dilatation with the above
mentioned field-dependent parameters:

5CTWA =20}, (QBEBp) Tplu]A + CBEBpngWA + CCECPQPAB(E B, T)TWB
+CPE BT A (2.18)

The independent gauge field B,, plays a special role since it transforms with a shift under
a special conformal transformation. In fact, it is the only field that transforms under a special
conformal transformation. The Vielbein field EMA is invariant while the dependent gauge fields
Q“AB(E, B,T) and FMA(E7 B,T) only transform under special conformal transformations
due to their dependence on B,,. This means that B, is a Stueckelberg field that can be set
to zero by fixing the special conformal transformations. The special conformal symmetry
expresses the property that one can realize local dilatations without using a corresponding
dilatation gauge field. The only independent gauge field left is therefore the Vielbein EMA.
As it stands this gauge field has D? field degrees of freedom. Due to the D diffeomorphisms,
the %D(D — 1) Lorentz rotations and the dilatation the number of independent degrees of
freedom is given by D? — D —1D(D —1)—1 = £(D+1)(D —2) which is precisely the number
of helicity states of an irreducible massive spin-2 representation.

This counting of degrees of freedom can also be seen by considering the independent
curvature components. Substituting the conventional constraints (2.6) into the Bianchi
identities (2.5) one finds after taking traces of the first and second Bianchi identity the
following additional curvature constraints (for D # 2 and D # 3):

1 ¢ G D
R;p(D) = D=2 (3D[éTAB] +Tip Tep ) and
A 1 A A N A A A N
C C C C
R;p(K ):m(DﬁRAB(M D) = 9T 1 Ry (MEP) = 12T, 4 51O F , PY)
1 P DE D Bl (D E]\ 5C
* D5 (~Tps" R a(MPE) + 4T 1P F 4P - 8F, 1PT 4 )53}.

(2.19)

Therefore, the only independent curvature left is the Lorentz curvature. From the conventional
constraints and the Bianchi identities, it follows that this Lorentz curvature satisfies a set



of algebraic and differential identities (which we refrain from giving here) that reduce the
(3D(D — 1))* components to (D + 1)(D — 2) independent ones.

In the rest of this section 2, we will set the torsion equal to zero to make contact with
general relativity. The conventional constraints (2.6) are then invariant under (2.2). As
a consequence, the homogeneous conformal transformation rules of the dependent spin-
connection and special conformal gauge field are not modified with respect to (2.2), as is
seen explicitly by setting TWA equal to zero in (2.13). From (2.16), one sees that also the
translation rule of the Vielbein coincides with that given in (2.2). The same is true for the
dilatation gauge field, since the curvature contribution in its translation rule (2.17) vanishes
as a consequence of Bianchi identities (see the first of (2.19) for 7, WA = 0). However, even
in the absence of torsion, the translation rules of the spin-connection and special conformal
gauge fields require modifications with curvature terms.

In what follows, we will denote the explicit solutions (2.10) for the dependent spin-
connection and special conformal gauge field in the zero torsion case by QMAB(E, B) and
FMA(E, B). The Levi-Civita spin-connection, obtained by setting TWA =01in (2.11), will
be denoted by QMAB (E). For future reference, we note that, assuming zero torsion, we can
relate 1), (M AB ) to the usual Riemann tensor RWAB (E) in the following way, by writing
out its B,-dependence:

R, (MAP) = R, AP(E) + 4B, D,y(E)B® + 4B, B B,) - 2E,A E,,”) B® B,,.
(2.20)

Both the Riemann tensor RWAB (E) and the covariant derivative DH(E)BA are constructed
with the usual Levi-Civita spin-connection ,45(E):

R P (B) = 20,0, (B) + 20, o (B) 0, 1PI(E) |

Dy (BE)B* = 9,B* + Q,*P(F) By. (2.21)

Note that the covariant derivative D, (E) is covariant with respect to the Lorentz transfor-
mations only, unlike the covariant derivative D,, that we used in the Bianchi identities (2.5).

2.3 Einstein-Hilbert gravity from the compensating mechanism

We will now show how the conformal approach can be used to obtain the EH Lagrangian
of general relativity

1

52 LR, (2.22)

Lrn =

with 2 the gravitational coupling constant, in a two-step process. First, one couples a
compensating scalar to the independent and dependent gauge fields of the conformal algebra
that were discussed in the previous sections. The action of this scalar is determined by
requiring invariance under the homogeneous conformal transformations and, manifestly,
under diffeomorphisms. As discussed in the previous section, this then also guarantees
invariance under translations, under the proviso that these act on the gauge fields with the
modifications in (2.16) and (2.17). Einstein-Hilbert gravity is recovered next, by gauge-fixing
the dilatations and special conformal transformations.



As starting point, we consider the Lagrangian of a free, massless scalar field ¢ in flat
spacetime:

1 ~
Localar = -5 $ 929 ,¢. (2.23)

Note that the sign in front of this Lagrangian is the opposite of the usual, physical one. This
will guarantee that the EH action comes out with the correct sign. We then assume that the
transformation rule of the scalar field ¢ under local homogeneous conformal transformations
is given by a dilatation with scaling weight w:

Ohom® = wAp &, (2.24)

and we replace the ordinary derivatives in (2.23) by covariant ones, by coupling to the gauge
fields of the conformal algebra, discussed in the previous sections. The first order derivative of
¢ that transforms covariantly (i.e., without a derivative of a parameter) under homogeneous
conformal transformations is defined by:

Dip=E* (0, —wB)¢. (2.25)

Note that the second term in this covariant derivative is related to the transformation
rule (2.24) by replacing the dilatation parameter Ap by (minus) the corresponding gauge
field B,. The covariant derivative D ;¢ transforms as follows under homogeneous conformal
transformations:

5hom (DA(z)):_AABDB¢+(w+1)ADDA¢_QWAKA¢- (2.26)
As a consequence, a covariant conformal box operator on ¢ can be introduced as:
0% = EAr [au (D40) + 9,45 (B, B)Dgé — (w+1) By D36+ 2w F, 4(E, B) gﬂ . (2.27)

where the last three terms are obtained by replacing the gauge parameters on the right-hand-
side of (2.26) by (minus) their corresponding gauge fields. Explicit computation shows that
the homogeneous conformal transformation rule of (¢ is given by:

Shom%0 = (w+2) Ap D6 + (2D — 4w — 4) Ak D 10 (2.28)
Replacing the flat space-time d’Alembertian in (2.23) by [, one is led to the following
Lagrangian of a conformally coupled scalar:

Leont = —% E¢O%. (2.29)

From the transformation rule (2.28), one sees that Leons is not invariant under special
conformal transformations unless the weight w is given by:

D

2
Since F, the determinant of the Vielbein EHA, has scaling weight —D under dilatations, this
value of w also renders Lo invariant under dilatations and thus under all homogeneous

conformal symmetries.
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The EH Lagrangian can be retrieved from L.t by gauge-fixing the special conformal
transformations and dilatations. To fix the latter, we set ¢ equal to a constant k:

dilatation gauge-fixing: ¢ =k. (2.31)

Imposing this gauge-fixing condition in Leone, one obtains

$=Fk wk?® A, 3
Lot~ L=—~EE [(8MBA+QMA (E,B)BB)—(w+1)BuBA—2F“A(E,B)},
wk? 1A A i
ZTE[D (E)B4+ (D —w—2)B B; —2F;(E, B)|. (2.32)

The field B can not appear in Leont, since it is the only independent field in (2.32) that
transforms under special conformal transformations and its change under K ; is given by
a Stueckelberg shift 2A,. ;.% Indeed, using the explicit expression for F,"(E, B) in (2.10)
(with T}, = 0), along with (2.20) and (2.21), one finds that:

R i 1

2D—1) ~DAE)B; — (D - 2)B* By, (2.33)

—2FAE,B) = :

where R = R BAB (E) is the Ricci scalar of general relativity. The Lagrangian (2.32) can
thus be rewritten as

2(DR_1)—;(2w+2—D)BABA}. (2.34)

L="-F|

The last term vanishes due to the parameter constraint (2.30) that guarantees conformal
invariance of (2.29) and one finds that (2.32) is given by:
wk? k% (D —2)

R S ST e (2.35)

Alternatively, one can immediately obtain (2.35) from (2.32) by gauge-fixing the special
conformal transformations via the gauge choice:

special conformal gauge-fixing: B; =0. (2.36)
Either way, one finds that, upon choosing the constant k as:

2 [(D-1)
b= (D—-2)’

(2.37)

(2.35) becomes the EH Lagrangian (2.22), showing that the latter can indeed be obtained as
a partial gauge-fixing of the conformal matter Lagrangian (2.29).

8Tn particular, invariance of L.ont under special conformal transformations implies

0= (sKAcconf = (SKB i 6£C0nf 5£conf 6[’0011f

A58, =

=2Akasp 5B,

=0,

so that Lcont does not depend on Bj.
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For later use, it is instructive to consider a slightly different starting point to derive the
EH action from a compensating mechanism. Instead of starting from the Lagrangian (2.23),
we could also start from the following Lagrangian in flat spacetime:

Letar = 5 046070, (2.38)

scalar

that differs from (2.23) by a total derivative. Following the same strategy of replacing
derivatives by covariant ones we end up with the following Ansatz for the Lagrangian of a
scalar coupled to gauge fields of the conformal algebra:

E ~
! = 5DA¢DA¢, (2.39)

Ansatz

where D ;¢ has been defined in (2.25). However, as it stands, this Lagrangian is not
conformally invariant. In particular, under special conformal transformations one has

Sk Lmeats = EDAG 0k (D10) = —2wE A 16 DY = —wEE# Ak D,u(6%),  (2.40)

with D, (¢%) = 9,(¢*) — 2w B,, ¢* (since ¢* has dilatation weight 2w). To see how this
variation can be cancelled, one partially integrates

Sk Lrneanty = W0 (EE#) Akt ¢ + w EE " 9,A™ ¢* + 202 E A B ; ¢
=wEE;" (6xF,A(B,B)) ¢*+w(2w+2— D) EAx" By ¢?, (2.41)
where

Sk F (B, B) = 0,Ak™ — A . 54(E, B) — Ak By, (2.42)

is an infinitesimal special conformal transformation of F “A(E , B) (see eq. (2.13) with TWA =
0). In the first line of (2.41) we dropped a total derivative term, while in going to the
second line we used the identity

O (EEf*) =2EE;" Eg" a[uEV]B

vy BO v B
= 2EE;*Ey’ O, " (E,B)E,, —2EE;*Ep” By, E,j" (2.43)

]
where the first line follows from 9, E = EEA”G#EUA and 8,,EA“ = —EApEé“&,EpB and in
the second line we have used the first of the conventional constraints (2.6), with 7, WA =0.
Choosing the dilatation weight w as in (2.30), the last term of (2.41) vanishes. Since the
remaining variation of £y, . can be cancelled by that of —w E F AA(E , B) 2, adding this

!/

term to L/ leads to the following conformally invariant Lagrangian £ _ .:
Ansatz conf

E
2

/ /
conf — ~Ansatz

—wEFAB,B)¢* = [DzoD% — 2w FA(B,B) ¢*| . (2.44)

!/

conf 18 equal to the

By partially integrating and using (2.30) and (2.43), one can see that £
Lagrangian Lcons given in (2.29), up to a total derivative. The EH Lagrangian (2.22) is then
recovered from L by adopting the dilatation and special conformal gauge-fixing conditions
of egs. (2.31) (with k again given by (2.37)) and (2.36).

This finishes our review of the conformal compensating technique in the relativistic case.
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3 A conformal approach to Carroll gravity

Here, we will adapt the conformal compensating technique discussed in the previous section
to construct two different Carroll gravity theories. The existence of these two theories is
related to the fact that there exist two massless Carroll scalar field theories that are called
‘electric’ and ‘magnetic’ in the literature [11, 18-21]. In subsection 3.1, we will first discuss the
gauging of the conformal Carroll algebra, which corresponds to an Inénii-Wigner contraction
of the relativistic conformal algebra. In the next subsection 3.2, we will derive a minimal
multiplet of gauge fields of the conformal Carroll algebra, by solving suitable conventional
curvature constraints to express some of the gauge fields in terms of the remaining independent
ones. Finally, in the last subsection 3.3, we will construct conformally coupled versions of
electric and magnetic Carroll scalars and adopt gauge-fixing conditions, giving rise to two

different Carroll gravity theories.

3.1 The conformal Carroll algebra and its gauging

The commutation relations of the conformal Carroll algebra can be obtained by an Inénii-
Wigner contraction of the relativistic conformal algebra, given in (2.1). To perform this
contraction we decompose the flat Lorentz index A as A = {0, A}, where 0 is a flat time
index and A =1, --- ,D — 1 are flat spatial indices. The relativistic conformal generators
decompose correspondingly as

M ;5 — Moa, Mag, P; — PRy, Pa, K;— Ko, Kg. (3.1)
Next, we redefine the conformal generators with a contraction parameter c¢ as follows:

Moa =cJoa, Mg = Jag, Py=c'H, Py = Py,
Ky=c¢ 'K, Ki= Ky, D=D. (3.2)

The generators on the right-hand-side become those of the conformal Carroll algebra after
taking the ¢ — 0 limit. In what follows, we will refer to the transformations associated to
Jap, Joa, K/K4 and D as spatial rotations, Carroll boosts, singlet/vector special conformal
transformations and dilatations, respectively. They constitute the subalgebra of homogeneous
conformal Carroll transformations, whereas H and P4 correspond to time and spatial trans-
lations. Substituting the redefinitions (3.2) into the relativistic commutation relations (2.1)
and taking the ¢ — 0 limit, we obtain the following non-zero commutation relations of the
conformal Carroll algebra [22, 23]:

[JaB, Jep] = 40ac/piB)s  [JaB, Joc] = 20¢1B)Jo)A] [Pa, Jpc] = 20a8Fcy,
[Pa, Jop] = —6apH , [Pa, Kp] =2 (6aD + Jag) ,  [Ka,Jpc] =2048K¢,
[Ka,Jog] = 04K, [Pa, K] = =2 Joa, [H,Kal =2Jya,

[D, Py] = PA, [D,H|=H, [D,K4l=—-Kgu,
[D,K] = (3.3)
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The conformal Carroll transformations act on the time (¢) and Cartesian spatial (z4)
coordinates of flat Carroll space-time as follows:?

6t = a+vaz? + &t + katzy — 2kazt,

szt = a? + o g2l + fo + (/1‘4 2B — QRBa:Ba:A) , (3.4)

where a, a?, 048, v4, €, k and K are the constant parameters of the transformations H,
Pa, Jap, Joa, D, K and K 4 respectively. It is interesting to compare the conformal Carroll
transformations (3.4) with the conformal isometries of flat Carroll space-time.'® In the

notation of (3.4), a generic such conformal isometry acts infinitesimally as

6t = &t — 2k 02t + T(x),

Sz = a? + o g2 + fo + (IiA 2Brp — QKBxBxA) . (3.5)

Here, T(z) is an arbitrary function of the spatial coordinates x“, so that the algebra of
infinitesimal conformal isometries is infinite-dimensional. It was shown in [2] that this
conformal isometry algebra is isomorphic to the BMS algebra in D + 1 dimensions, with 7'(x)
corresponding to the BMS supertranslations. The conformal Carroll transformations (3.4) then
correspond to the subset of the conformal isometries (3.5) that is obtained by taking T'(x) as

T(z) = a+vaz? + katay. (3.6)

One thus sees that the conformal Carroll algebra (3.3) admits the (D + 1)-dimensional BMS

algebra as an infinite-dimensional extension.

AB

We then introduce the gauge fields 7, eMA, w7, wMOA, fus gMA and b, associated to

the generators H, P, Jap, Joa, K, K4 and D, respectively. From the algebra (3.3), we find
that these gauge fields transform under time/spatial translations, spatial rotations, Carroll
boosts, singlet/vector special conformal transformations and dilatations, with respective
gauge parameters /¢4, MB A N\ /A4 and Ap, as follows:

o7, = D¢ — N4 — Ap7,
50(3“‘4 = EMCA - )\ABeMB — )\DeMA,
5owMAB = @MAB — 2)\[A|CWMC‘B] - 4)\K[A€#B] - 4C[AguB] ,
Sow, 0 = 9,0 + 0w, A pA"B — €M pw, OB £ oA, — 20ke, 4+ 2¢A L — 2¢g, 7,
Sofu = Opric — by — A gua + Agcaw, " + Ap fu,
009, = O k™ + W A BAKT — Ak, — M By P+ Apg?,
Soby = O Ap + 2Akea — 24 ga (3.7)

9These transformations follow from re-introducing the speed of light ¢ in the action of the relativistic
conformal transformations on Minkowski space-time coordinates and taking the limit ¢ — 0.

19The metric structure of a flat Carroll space-time consists of a spatial metric h = 5apdz?dz? and a vector
field T = 9/0t. A conformal isometry of flat Carroll space-time is then generated by a vector field X that
obeys Lxh = Qh and LxT = —£T for some function Q = Q(t,z™), where £Lx denotes the Lie derivative
along X.
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where
Duc = 8u€ + WMOACA + Cbu ) DMCA = thA + W,uABCB + CAb,u . (3.8)

We use a subscript “0” on dg to indicate that these are not the final conformal Carroll
transformation rules that we will use to construct Carroll gravity theories. Like in the
relativistic case, we will need to impose conventional constraints that will supplement these
rules with extra terms and it is the thus modified transformations that will be employed in the
compensating mechanism. These changes to (3.7) will be discussed in the next section 3.2. We
will furthermore also make use of the symbol dhom, ¢ to specify the action of the homogeneous
conformal Carroll transformations of (3.7).
Starting from the conformal Carroll algebra (3.3), one defines the following curvatures:

Ru(H) = 20,1+ 2wy, ea+ 20,7, (3.9a)
R (PY) =20, + 2w, P e 5+ 20,67, (3.9b)
RW(JAB) =2 3[Mwy]AB + 2wy Al wMC'B] + 89[“[’4 el,]B} , (3.9¢)
Ry (J*%) = 20,0, + 2%&3 WP +4 flen® —4gpt 1, (3.9d)
Ry (K) = 20, f,) + 2w}, gy]A —2by, fu), (3.9e)
R (K?) = 20,9, + 2w, 9,08 — 24, 9.7, (3.9f)
Ry (D) =20,b,) — 4" € - (3.9g)

These curvatures transform covariantly under (3.7); in particular, one has:

50R,LLI/(H> = CAR,U,V(JOA) + CR;LV(D) - /\OAR,U«V(PA) - )‘DRHV(H) )
50R/W(PA) = _CBRW(JBA) + CAR;W(D) - )‘ABRW(PB) - )‘DRW(PA) )
SoRu (JAB) = —2AM o R, (JOB)) — ar R, (PP)) — 4¢A R, (KP)),
S0R,w (') = —=A°BR,,, (Jp?) — MBR(J'P) + 20 R, (H) — 22k R, (PY)

+ 204 Ry (K) — 2C Ry (K4

50RW(K> = _)‘KRHV(D) - )‘OARW(KA) + )‘KARW(JOA) + )‘DRIU’ ) )
50R/W(KA) = _)‘KBRW(JBA) - AKARW(D) - AABR/W( ) + )\DR;W( A) )
00R, (D) = 22 Ry (Pa) — 2¢ R, (K A) . (3.10)

Furthermore, they satisfy the following Bianchi identities:

Dy By (H) + R[W(P Nwy'a = Ry (7"ega — Rpy (D)7, =0,
Dy Ry ]( ) (JAB)ep]B - R[uv(D)ep}A =0,
Dy Ry (J4P) = 4Ry, (KM)ey ) — 4Ry, (PH) g5 = 0,

D[MRVP](J 4) - R[W(JAB)WP]OB + QR[;W(KA)TP] - 2R[uv(K)6p]A
+ 2R, (P f,) — 2Ry, (H)g, " =0,
Dy Ry (K) + R[W(KA)WP]OA - R[W(JOA)Q/J]A + Ry (D) fp =0
Dy Ry (K = Ry (J*P) g, + Ry (D)gy™ =0,
0, Ry (D) + 2Ry, (K*)e 4 — 2R, (PY)gya =0, (3.11)
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where the derivatives D, are covariant with respect to spatial rotations and dilatations but
not with respect to Carroll boosts and singlet/vector special conformal transformations since
the latter do not act in a homogeneous manner.

We will often need the dual Vielbeine (7#,e4#) that are defined by the following duality
relations:

™, =1, T“euA =0, Tueat =0,

e“AeB“ = (5@, e#AeA” =00 —71hT,. (3.12)
These dual Vielbeine transform as follows under (3.7):

Som" = —1"DoC — ea"DoC* + ApTH,

doeat = —T”DAC — eB“DACB — /\ABeB“ —i—)\OAT“ 4+ Apeat. (3.13)

In the following, we will use 7# and e4* to convert a curved index p into flat indices 0 and A,
respectively. For instance, given a one-form X, and a two-form X, we define the different
projections to flat time and spatial components as follows:

Xo=7m'X,, Xa=esd'X,, Xoa=7"eas"X,, Xap=ealep”"X, . (3.14)

3.2 Imposing constraints

As in the relativistic case, the multiplet of gauge fields (3.7) that results from gauging
the conformal Carroll algebra, contains more independent fields than are necessary in a
gravitational theory. We therefore wish to impose suitable curvature constraints that allow
one to solve for some fields in terms of the remaining ones and thus reduce the number
of independent fields.

By inspecting the list of curvatures given in (3.9), one sees that a minimal set of
independent fields can be obtained in analogy to the relativistic case, by constraining the
curvatures R, (H) and R, (P?) of time and spatial translations, as well as the components
R,5(JAB) and R,,4(J%1) of the curvatures of spatial rotations and Carroll boosts. Similar
to what we discussed in section 2.2, one could impose the following constraints:

R#V(H) - T#,,, RuV(PA> - TWAv RuB(JAB) =0, RMA(JOA) =0, (3'15)

where T}, and T, WA taken together yield a Carrollian analogue of the torsion tensor. In this
paper, we will not consider the case of arbitrary torsion. We will instead closely follow the
reasoning that led to general relativity and put as many Carrollian torsion components equal
to zero as possible. Note however that we should not require that all torsion components
vanish. The reason is that some components of RW(PA) do not contain (spin-connection or
dilatation) gauge field components that appear algebraically and can be solved for. In our case,
this happens for the following %D(D —1) — 1 components of the spatial translation curvature:

R4 (PP, (3.16)
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where {AB} denotes the symmetric traceless part of AB. The corresponding torsion com-
ponemts11

Ty 4B} = Tue{AIVTW\B} ’ (3.17)

define the intrinsic torsion.'?> They should not be constrained to be zero from the start, since
doing so is tantamount to imposing the following geometric constraints

RotA(PPY) = 27#et4gp e, B = 0, (3.18)

and is therefore too restrictive.

The components given in (3.17) are the only intrinsic torsion ones: all other components
of T, and T}, are not intrinsic. Setting all non-intrinsic torsion components in (3.15) equal
to zero, we are led to impose the following conventional constraints

Ry (H) =0, Ry (P) = 270,05 TH154 (3.19a)
R,p(J4B) =0, Rua(J*) =0. (3.19b)

The first two of these (given in (3.19a)) represent in total
1 1 , 1 1. o, 1
sD(D =1+ DD -1 = DD~ 1) +1=:D° =D+ -D+1, (320

constraints and can be used to solve for the following equal number of gauge field components:

AB (e b) = 24V oj.e ]‘ I e We; e ePr B[Vep}c +2 eM[AeB]”bV , (3.21a)

( y Ty ) _27-M€ a[uTy] + 6 b,ua (321b)

A| 015] ( T) Va[,uTl/] ) (321(3)
2 1

bo(e,7) = e Ope,t = ——Toa, ", (3.21d)

(D 1) (D-1)

where we have defined 7y A,A, corresponding to T A,A without the by gauge field. Similarly,
one can show that the first conventional constraint of (3.19b) can be used to solve for the
vector special conformal gauge field guA as follows:

9, (e,7,b) = (Dl 3 [ (JAB) 2(D1— 2)euAR/BC (JBC> - (Dl_ 2)7‘;LR613 (JAB>
(3.22)

Here, R}, (J AB) is given by the expression (3.9¢) for the curvature tensor Ry, (J4P), without
the term involving the vector special conformal gauge field guA and with wMAB replaced by

{A,B}

" The comma in Ty indicates that the two indices to the left of the comma are flat projections of the

two curved indices of T,WA.

12Note that we use the term ‘intrinsic torsion’ in a more general sense than is typically done in the
mathematical literature, where this term is reserved for the torsion tensor components that do not contain
spin-connection components. This is appropriate for space-times with local Carroll symmetries. Since here
however, we are dealing with the conformal Carroll algebra, we will for simplicity define the word intrinsic
torsion tensor as a torsion tensor that does not contain spin-connection as well as dilatation gauge fields.
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the expression (3.21a). Finally, the scalar special conformal gauge field f, can be solved
from the second conventional constraint of (3.19b) as follows:

o (7°4) - (Jiﬁl) (Rg A (1) + %R’AB (JAB))] . (3.23)

The primed curvature R, (J 04) is given by the expression (3.9d) for Ry, (J°4) without the
terms involving f, and guA and with wHAB and the dependent parts wy® and wA018] of

1

fule,1,b) = —m

the boost connection w, %4 replaced by their expressions (3.21a), (3.21b) and (3.21c).
Summarizing: the gauge field components

w,AB wo wlALOIB] bo , a2, fus (3.24)

are turned into dependent fields by virtue of the conventional constraints (3.19). In what
follows, it will be understood that these field components are given by their dependent
expressions (3.21a), (3.21b), (3.21c), (3.21d), (3.22), (3.23), whenever they appear explicitly
or implicitly, and we will for simplicity drop the reference to the fields on which they depend.
The remaining independent fields are given by:

T, ey, ba,  WAKOIB) (3.25)

Two differences with the relativistic case are worth pointing out. First, in the Carroll case
it is not possible to solve for all spin-connection components and in particular the boost

Al0IB) remain independent. The presence of these independent

spin-connection components w'
boost connection components is related to the fact that there is intrinsic torsion, see e.g., [24].
Secondly, not all components of the dilatation gauge field are independent; only the spatial
components by are. Note that the dependent spin-connection fields depend only on b4 and
not on the dependent by component.

Let us now comment on how the conformal transformation rules of the independent
and dependent fields are changed with respect to (3.7) after imposing the conventional
constraints (3.19). First, we consider the homogeneous conformal Carroll transformations.
As in the relativistic case, we assume that their action on the independent fields is not
modified and thus corresponds to the rules given in (3.7). To determine how they act on
the dependent fields, we first investigate how the conventional constraints (3.19) transform

under (3.7). Of the constraints (3.19a), only the parts

Rpc(PA) =0, Roa(H) =0, (3.26)

AB 0,A

that are used to solve for wc”” and wg~*", are not invariant under the homogeneous conformal
Carroll transformations of (3.7), due to the fact that

Shom,0RBC(Pa) = A’ 8To(a.cy — AcToa By » Shom,0R0A(H) = =APTyra gy (3.27)

As a consequence, the correct homogeneous conformal Carroll transformations of we?? and
wo®4, that leave (3.26) invariant, are of the form

AB AB AB 0A 0A 0A
OhomWe = 6hom, owe + Awc ) Ohomwo = 6hom, owo  + Awg ", (328)
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where the extra contributions AwcA? and Aw® are given by:
Awe,ap = AN BTogacy — N aTogscy Aw® = N T4 BT (3.29)

These additional transformations can alternatively be derived by varying the explicit solutions
of these dependent spin-connection components. The homogeneous conformal transformation
rules of the dependent gauge fields gMA and f,, likewise acquire extra terms due to the fact
that the conventional constraints (3.19b) are not invariant under (3.7) or that their explicit

AB and w4, We will refrain from giving the modified

expressions (3.22), (3.23) depend on w¢
transformations of all components of guA and f,, and instead only focus on those of gat
and fp, as these are the only components that we will need. One finds that the correct

transformations of g4 and fy take the form

5h0mgAA = 5h0m, OgAA + AgAA ) 5homf0 = 5h0m,0f0 + AfO , (330)

where the extra terms Agq? and Afy are given by

Aga? = —Q(J_Q)DAAQ;BAB, (3.31)
Afy = %;_UDAAWOOA + 3D 1§(D — 2)DAAMBAB , (3.32)
with
DaAwp?B = 04Awp?B + wAAD(e, b)AwRDB — baAwp?B (3.33)
DaAwe? = 94 Aw™ + wAAB(e, b)AwooB — baAwy?? . (3.34)

It turns out that only the combination g4? + fo plays a role in the calculations that
follow. Since Awg’? = Awp?B, this combination does not receive any modifications in
its transformation rule:

Agat 4+ Afo=0. (3.35)

Next, we turn to how the translations of (3.7) are modified in the presence of the
conventional constraints (3.19). Following the same logic as in the relativistic case, we
define a time/spatial translation with parameter (/¢4 as an infinitesimal diffeomorphism
with parameter

¢ = (T + (Pea, (3.36)
minus homogeneous conformal Carroll transformations with parameters
\AB — (CT;L + Ccecﬂ) WMA37 204 — (gT,u + CBGB“> wqu’
A = (¢ + CAeat) A = (¢ + Pept) g,
Ap = (¢ + (Aeat) by (3.37)
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For the independent fields, this yields the following rules:

07 = DuC, dcep = D¢t — (T PN + CeppTo P
dcba = — (DaC) by — (Dac®) bp = CbPTy(a.y — 2pga® + CRoa(D)
+("Rpa(D),
5CW(A|,0|B) _ _ (D(A|C) wellB) — (f)(A‘(C) wCO|B) _ %CTO{B,C}WCOA _ %CTO{A,C}WCOB
+ QC(AJ"B) _ QCQ(AB) + CCRC(A|(JO|B)) + CRO(A\(JO\B)) _ (3.38)

We will refrain from giving the translation rules of the dependent fields. They can be found
using the same prescription, or by varying their explicit expressions under (3.38).
Finally, we mention the following useful formulae for later use:

GA”QMA = —4(1)1_2)31413“'43)7 (3.39)

— 1 / 0A 1 / AB
Tuf#__Q(D_l)ROA(J )+4(D_1)(D_2)RAB(J )a (340)
eatgt + 7 = g5y [Ran(%) + 2,1 (3.41)

3.3 Carroll gravity from a compensating mechanism

In this subsection we will couple the conformal Carroll gravity theory that we constructed in
the previous subsection to a massless electric and magnetic Carroll scalar field, respectively.
Furthermore, we will show how, upon gauge-fixing, this leads to a special electric Carroll
gravity theory and a magnetic Carroll gravity theory. We first discuss the electric case.

The electric case. Our starting point is the following Lagrangian for a massless electric
Carroll scalar field:'3

1
ﬁelectric scalar — —5(15875875(]5 . (342)

As in the relativistic case, we will render this action invariant under local homogeneous
conformal Carroll transformations (as well as, manifestly, under diffeomorphisms). We
assume that the transformation rule of the scalar field ¢ under homogeneous conformal
Carroll transformations is given by a dilatation with weight w as follows

5hom¢ = w )\D ¢ . (3.43)
As a first step we replace the time derivative 0;¢ of ¢ by a covariant derivative Dy¢ :
Oip — Dop =7 (0 —wby) @ (3.44)

Note that the second term in the above covariant derivative is related to the transformation
rule (3.43) by replacing the dilatation parameter Ap by the corresponding gauge field b,,.

3Note that this action is invariant under the Carrollian conformal isometries/BMS transformations (3.5).
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In a second step we consider the transformation rule of the covariant derivative Dy¢ under
the homogeneous conformal Carroll transformations:

Ohom (D0¢) = (w -+ 1) Ap Doo . (345)

This transformation rule shows that the second covariant time derivative DgDg¢ of ¢ is
given by

DoDyop = T [6M (Do(ﬁ) — (w + 1) bl/» Do(ﬁ] . (346)

Using the transformation rules (3.13) of 7# and the transformation rule (3.7) of b, we
derive that

6hom(D0D0¢) = (w + 2) Ap DoDy¢ . (347)

We now consider the following Lagrangian describing the coupling of the electric Carroll
scalar to conformal Carroll gauge fields:

1
Lelectric coupling = _§€¢DODO¢ . (3'48)

Here, e = det(,,e,”) which transforms under dilatations as

(ShomQ = —D)\De. (3.49)

Combining the transformation rules (3.43), (3.47) with (3.49) we find that the La-
grangian (3.48) transforms as

1
5h0m£electric coupling — _5[_D + 2w + 2])\D 6¢D0D0¢ . (35(])

This shows that the proposed Lagrangian is invariant under dilatations provided we take
the scaling weight w to be

D-—2
w="5 (3.51)

Having constructed an invariant Lagrangian we can now gauge-fix the dilatations by
imposing the gauge condition ¢ = 1 and obtain the following Lagrangian:

2

w
Lelectric Carroll = ?6 b(2) . (352)

In deriving this, we partially integrated and used the identity
Oy (eth) =2 eT“eA”a[uey]A =—(D—-1)eby, (3.53)

where the last equality follows from the conventional constraint Ry A(PA) = 0. Substituting
the expression for the dependent dilatation gauge field given in (3.21d) we find a Lagrangian
describing a particular form of electric Carroll gravity:'*

2

= eTon, Tos,” . (3.54)

w
ﬁelectric Carroll = m

14We use here a calligraphic notation to indicate that To4,” is an intrinsic torsion tensor with respect to the
Carroll algebra but not with respect to the conformal Carroll algebra.
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Usually, the literature considers a more general electric Carroll gravity theory [5], whose
Lagrangian is given by

L~e (KABKAB - KAAKBB) : (3.55)
where K zop are the spatial components of the extrinsic curvature tensor
Ky = m°0phy + 20,7 hyy . with = e, epa. (3.56)

Note that 7# K, = 0, so that K 4p are the only non-vanishing flat components of the extrinsic
curvature. From T”euA = 0, one can see that K 4p is related to the intrinsic torsion (with
respect to the Carroll algebra) as follows:

Kap =2Toa,p) = 2Toga,) + SaToc® . (3.57)

2
(D—-1)
The electric Carroll gravity theory of [5] can thus be written as

D-2
L~e|To" B Ty a0 py — () Toa*Tos"

5 (3.58)

Comparing with (3.54), we see that the conformal approach only reproduces the second
term in this Lagrangian. The first term

Lconformal Carroll ~ eTO{A7B}TO{A,B} ) (359>

transforms homogeneously under local dilatations (but does not contain a dilatation gauge
field). This “conformal electric Carroll gravity” Lagrangian thus constitutes an example of a
Carroll gravity that cannot be obtained by starting from a dynamical matter Lagrangian
in the conformal approach.

The magnetic case. In this case, the Lagrangian that we wish to make invariant under
local homogeneous conformal Carroll transformations (and diffeomorphisms) is that of a
massless magnetic Carroll scalar [18, 25]:

1
£magnetic scalar = TOLP — §8A¢8A¢a (3'60)

where 7 is an independent Lagrange multiplier field. This Lagrangian is invariant under
the constant Carroll boost transformations

o = A\19,0, 6040 = N\ 404, (3.61)
and under the constant transformation

0m = QA ¢, (3.62)

for any a.

As before, we assume that the scalar field ¢ transforms under local homogeneous conformal
Carroll transformations with a dilatation with scaling weight w. We already explained in the
electric case how the time derivative 0;¢ of ¢ can be extended to the covariant derivative
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Dy¢ defined in eq. (3.44) and how this covariant derivative transforms according to eq. (3.45)
under the homogeneous Carroll transformations. Similarly, we extend the spatial derivative
da¢ of ¢ to the following covariant derivative:

Dad = est (0, —why) ¢ (3.63)

We find that under the homogeneous conformal Carroll transformations this covariant

derivative transforms as follows:
Shom (Dad) = —AaP Do+ X0 4 Dop + (w + 1) Ap Dap — 2w Agca . (3.64)

We now propose the following Ansatz Lagrangian describing the coupling of a massless
magnetic Carroll scalar to conformal Carroll gauge fields:

1
Lansatz = emDo¢ — 5eD*GD . (3.65)

This Ansatz Lagrangian is invariant under spatial rotations. Requiring it to be invariant
under dilatations and Carroll boosts requires us to take
om = \4Dap+ IDApT and w=1(D-2). (3.66)

We next consider the vector special conformal transformations. We find that the Ansatz
lagrangian is not invariant under these transformations:

6L Ansaty = 2weAx ™ @D A . (3.67)
To cancel this term, we perform a partial differentiation. Using the identity
O, (eeat) =2 eeA“eB’ja[#ey]B —2etles" 0,1y, (3.68)

together with the conventional constraints

Rup(PB) = Rya(H) =0, (3.69)
we find that
0L Ansaty = —wew(],OA)\KA(bQ — weeq" (D#/\KA) ?, (3.70)
with e’ (DuAK™) = ea (9™ +wu pAK” = Aby ) -

Both terms can be canceled by adding two terms that involve the gauge fields of the scalar
and vector special conformal transformation which, remarkably, does not break the boost
symmetry. Doing this, we end up with the following modified Lagrangian describing the
coupling of a massless magnetic Carroll scalar to conformal Carroll gauge fields:

e
Emagnetic coupling = €7TD()¢ - §DA¢DA¢ + wegAA¢2 + wef0¢2 . (371)

This Lagrangian is invariant under spatial rotations, boosts, dilatations and the vector special
conformal transformations.
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We still need to verify that the Lagrangian (3.71) is also invariant under the scalar special
conformal transformations. Allowing a K-variation dx 7 of the Lagrange multiplier 7, we find

6K‘Cmagnetic coupling — edgmDod + we (DOAK)¢2 ) (372)
with Do =7+ (au)\]( — )‘Kb,u) .

We now partially differentiate the covariant time derivative in the second term. Using (3.53),
we obtain invariance under local K-transformations provided we take

i = (D — 2) A\ (3.73)

This local K-transformation reduces to the global K-transformation (3.62) for « = D — 2.

We now fix the dilatations by imposing ¢ = 1. The invariance of the Lagrangian (3.71)
under the vector special conformal transformations combined with the fact that all dependent
gauge fields transform under these transformations due to their dependence on by guarantees
that all bs-dependent terms will cancel out. One is then left with the following Lagrangian
for magnetic Carroll gravity:

1D -2

1
Lot ool = 5 3¢ {7 Toa =  [Ran(TA%) (e, ) + 2RoA(P) ()] | o (3:79)

where R/(e,7) are curvature tensors with respect to the (non-conformal) Carroll algebra. At
first sight, this expression differs from the result for magnetic Carroll gravity given in [6]
due to the presence of the first term. However, as pointed out in [24], the curvature terms
of (3.74) contain many more Lagrange multipliers. These are the independent spin-connection

Al,01B)

components w( that impose the geometric constraints:

ToAB) = 0. (3.75)

In particular, this implies that the first term in (3.74) can be absorbed by a redefinition of
the Lagrange multiplier field w4 4. This is supported by the fact that the Lagrangian (3.74)
is invariant under the K-transformation:

om = (D —2) Ak, dwa, ™ = —2)g, (3.76)

that can be gauge-fixed by setting m = 0. We thus end up with the following Lagrangian
for magnetic Carroll gravity [6]:

1D -2
Emagnetic Carroll = _gﬁe [RZLXB(JAB)(ea 7_) + 2R6A(J0A)(e7 7_)} . (377)

Alternatively, one could gauge-fix the K-transformations by imposing w4, %4 = 0. In that
case, due to compensating transformations, the Lagrange multiplier field 7 would behave
as a special boost spin-connection component.

The upshot of the above paragraph is then that the Lagrangian (3.77) is the same as the
magnetic Carroll gravity Lagrangian of [6] in the second order formulation (i.e., where the

AB

dependent spin-connection components w, ", wo and w018l have been replaced by their
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explicit expressions (3.21a), (3.21b) and (3.21c¢)). In particular, the boost curvature term in
the second order Lagrangian (3.77) still contains the independent spin-connection components
wALOIB) - Ag in [6], upon writing out the contributions that involve these independent spin-
connection components explicitly, one finds that the wALOIB) appear linearly as Lagrange
multipliers that impose the intrinsic torsion constraint (3.75).

4 The curious case of Galilei gravity

Similar to the Carroll case, there exist two Galilei gravity theories at the two-derivative level.
The Vielbeine (7,,e,4) (with A = 1,---,D — 1) that appear in these theories transform
under local spatial rotations (with parameters A% = —AB4) and local Galilean boosts
(with parameters A%4) as

01, =0, 56#’4 = —/\ABeuB — )\OATH. (4.1)

One also introduces dual Vielbeine (7#,e4*) via the relations (3.12). Their transformation
rules under spatial rotations and Galilean boosts are given by

ot = )\OAeA“, Seat = —APeph. (4.2)

The rules (3.14) can then again be used to turn curved (u) indices into flat ones (0 and A).
The first Galilei gravity theory appears as the leading order term in a 1/c?-expansion of
general relativity, similar to electric Carroll gravity. For this reason, we will refer to it as
‘electric Galilei gravity’ Its action is proportional to'®

/dDmeTABTAB, (4.3)

where 7, = 20,7,). Likewise, the second Galilei gravity theory corresponds to the subleading
term in a 1/c?-expansion of general relativity. Since this is analogous to magnetic Carroll
gravity, we will refer to it as ‘magnetic’ Galilei gravity. Its action is proportional to

/dD:Ue [eA“eB”RW(JAB) + AABTAB} . (4.4)
Here, Asp is a Lagrange multiplier field that imposes the constraint 74p = 0 and

Ry (J4B) = 20,0, B

w7 (e, T) + Qw[u‘Ac(e, T)w‘V]CB(e, T), with (4.5)

o

2
wMAB(e, T) = 26[‘4'”8[“6,,]'3] - euceA”eBpa[,,ep]C - meu[ATOB] . (4.6)
Above, we saw that both electric and magnetic Carroll gravity can be obtained by
applying the conformal approach to the conformal Carroll algebra and compensating electric
and magnetic Carroll scalars. It is then natural to ask whether electric and magnetic Galilei
gravity can be obtained in an analogous manner, starting from the Galilean conformal algebra,

5Note that this action resembles that of magnetic Galilean electromagnetism, upon interpreting the clock
form 7,, as the electromagnetic potential. For this reason, one could also sensibly refer to it as magnetic Galilei
gravity. Here however, we refer to it as “electric” to stress that it appears as the leading order term in an
expansion of general relativity, in analogy to electric Carroll gravity.
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the Galilean counterpart of the conformal Carroll algebra (3.3). In this regard, it is useful to
note that both electric and magnetic Galilei gravity are already invariant under local scale
symmetries. These are however anisotropic rescalings (with parameter \), given by:

for electric Galilei gravity: 67, = 3(D — 5)AT,, e, = —)\e#A, (4.7)
for magnetic Galilei gravity: 01y = (D —3)A1,, 56/1 = —)\eMA,
dAap =—(D —3)A\Aap . (4.8)

Neither electric nor magnetic Galilei gravity are invariant under the isotropic rescalings
0Ty = —ADTu, 5€uA = —)\DeﬂA , (4.9)

that constitute the dilatation symmetry of the Galilean conformal algebra. The Lagrangian
of electric Carroll gravity does however transform covariantly, i.e., without a derivative of
the parameter, under such isotropic local dilatations:

0 (CTABTAB> =—(D—-2)\p et Brup. (4.10)

This implies in particular that the electric Galilei action (4.3) can not be obtained by applying
the conformal approach to the Galilean conformal algebra and a dynamical compensating
scalar. Indeed, in order to render the electric Galilei action (4.3) invariant under the Galilean
conformal algebra, and in particular the dilatations (4.9), it suffices to couple it to a non-
dynamical compensating scalar ¢ with dilatation weight w = (D — 2)/2 as follows

/le’engTABTAB. (4.11)

The electric Galilei gravity action (4.3) is then retrieved as usual by imposing the dilatation
gauge fixing ¢ = 1.

The magnetic Galilei action (4.4) does not simply rescale covariantly under the Galilean
conformal dilatations (4.9). In particular, applying such an isotropic dilatation to the first
term of (4.4), leads to 94 Apd*Ap terms. While this suggests that it might be possible
to obtain magnetic Galilei gravity from the conformal approach applied to the Galilean
conformal algebra and a compensating magnetic Galilei scalar with action

/ dPy (—;GAqb@Aqﬁ) , (4.12)

we will now show that this is not the case, by explicitly going through the procedure.

Like the conformal Carroll algebra, the Galilean conformal algebra is an Inénii-Wigner
contraction of the relativistic conformal algebra (2.1). This contraction is obtained by splitting
the index A into 0 and A =1,---,D — 1, and subsequently redefining the generators of (2.1)
with a contraction parameter c as follows

Mos — cGy, Map — Jap, Po—)C_lH, Py — Py,
Ko — cK, Ka— Ky, D—D, (4.13)
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and by finally taking the ¢ — oo limit. The non-zero commutation relations of the resulting
Galilean conformal algebra are then given by (see e.g., [26])

[JaB, Jep] = 401a1cJ DB » [JaB,Gc| = —20c14G g
[H,Ga] = —Pa, [K,Gal = —Ka,
[Jag, Pc] = —20¢(aPp) [Jap, Kc] = —26c1aKpy
[H,K] = —2D, D, H] = H,
[H,Ka] = 2G4, (D, Pa] = Py,
[Pa, K] = —2G4, D, K] = -K,
(D, KAl = —Ka. (4.14)

In what follows we will be mostly interested in the homogeneous Galilean conformal transfor-
mations, that consist of spatial rotations J4p, Galilean boosts G4, dilatations D and the

special conformal transformations K and Ky4.

AB 0A
, b

Introducing gauge fields 7, eMA, wu P, wy w, fu and gHA (associated to H, Pj,

Jap, G4, D, K and K 4 respectively), the commutation relations (4.14) give the following
homogeneous Galilean conformal transformation rules:'
0Ty = —ADTu,
byt = —Mpe, B — A7, — Ape,?,
(SWMAB — au)\AB o 2A[A|C|MMCB} ’
5wM0A = 6#)\0’4 — )\ABquB - )\OBw#BA + 2)\KA7'” - ZAKe“A ,
dby = OuAp — 2AK Ty,
0fu = 0udKk +Apfu— Akby,
59, = 0uAk™ = A Pwus® — MBgu” + Axw, = A — Ay + Apgt . (4.15)
Here, \MB, X0 \p, Ak and A are the parameters corresponding to the generators Jag, G4,
D, K and K 4 respectively. Note that the dual Vielbeine 7% and e 4# then transform as follows:

omH = N0e P 4 ApTH deat = —XaBept 4+ Apeat. (4.16)
The curvatures that are covariant with respect to the transformations (4.15) read

Ry (H) = 20|, 7'”] + 2by,7)
Ry, (P*) =20, ey A4 2w, ABey g + 2w,y + 200,07,
(JAB 20w, P + 2wy, [A‘CIWV}CBL
( GY) = 200 ™ + 20, P 5 — A9 ) + Afjen”
2 b + 1Ty
20
20

(K
(A

},Lfl/ + 2f[u V]
ugy] + 29[# wy]BA — 2f[“wy]OA + ZQ[HAbZ,] . (4.17)

16Strictly speaking, we should denote these transformations as dhom,o to be in line with the notation of

)=
)
)
(D)
)
)

the previous sections. Here however, we will not go through all details of the conformal approach, but only
focus on those aspects that are relevant for the case at hand. For our purposes, it will not be necessary to
distinguish between e.g., dhom, 0 and dhom and we will simply use J everywhere.
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Note that in contrast to the Carroll case, the conformal Galilean curvature R, (J AB) does

not contain any component of a gauge field other than the spatial spin-connection quB .

This already indicates that the term eestep” R, (J AB) of magnetic Galilei gravity can not
appear as a component of a gauge field that becomes dependent in applying the conformal
approach to the Galilean conformal algebra.

In order to see what theory we do get from this approach, when applied to the flat
space magnetic Galilei scalar Lagrangian (4.12), we promote the latter to a curved space
Lagrangian that is invariant under local homogeneous Galilean conformal transformations.
In doing this, we assume that the compensating scalar ¢ only transforms with weight w
under local dilatations:

0p =wApo. (4.18)
The proper covariantization of d4¢ is then
Dagp = (04 —wba(e, 1)) . (4.19)

Here, we have written the (spatial part of the) dilatation gauge field as ba(e, ) to indicate
that this is a dependent gauge field, as it can be solved from the conventional constraint

Roa(H) =0. (4.20)
Explicitly, one finds the following expression for b4 from this constraint:
bale,7) =Toa. (4.21)
Under homogeneous Galilean conformal transformations b4 (e, 7) transforms as
Sba(e,7) = darp + Apbale,7) — AP bple, ) + \Brpy. (4.22)

As can be seen from (4.15), the last term does not follow from the Galilean conformal
algebra. The presence of this extra boost transformation is a consequence of the fact that the
constraint (4.20) is not invariant under the transformation rules (4.15), but rather one has

SRoa(H) = \"PRpA(H) = \P1p,. (4.23)
Under homogeneous Galilean conformal transformations, D4¢ transforms as
6Da¢p = -AaPDpé+ (w+1)ApDad — wAPrpae. (4.24)
The appropriate generalization of (4.12) that we wish to consider is then given by:
Lunagn,0 = —5 D" 6D a0, (4.25)
where e = det(7,,e,”). Since

de = —DApe, (4.26)
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one finds that the Lagrangian (4.25) is dilatation invariant if the weight w is chosen to satisfy

D

Assuming this holds, one finds that under Galilean boosts
6L unagn,0 = weA™ (D) Tape = wADP(¢%)rap . (4.28)

Note that this situation is different from the magnetic Carroll case, where the non-invariance of
the (boost-invariant) Ansatz Lagrangian (3.65) under vector special conformal transformations
could be cured by adding a specific combination of special conformal gauge field components
that is still invariant under Carroll boosts. Here, we no longer have invariance under boosts
and in order to solve this, we introduce an extra Lagrange multiplier field Taop = m4p
that transforms as

w
57TAB = —EAO[ADB]((ﬁQ) - 2/\[AC7T‘C|B] + (2w + 1))\D7TAB ) (429)
and consider the Lagrangian
e
£magn = Emagn,(] + €71—AB'7—AB = _§DA¢DA¢ + €71—AB'7—AB . (430)

Since e and 74p have dilatation weight —D and 1 respectively, the last term is dilatation
invariant by virtue of (4.27). The boost transformation of 745 has moreover been chosen
such that Lyagn is boost invariant.

To pass to a Lagrangian that is invariant under only homogeneous Galilean transforma-
tions, we fix the superfluous conformal ones. The only one that acts non-trivially on the
fields in Lyagn is the dilatation symmetry and it is easily fixed by imposing the gauge

¢=1. (4.31)
With this gauge fixing condition, the Lagrangian Lagn becomes!”
Limagn, fixed = —gw2b‘4(e, T)ba(e, ) + erdBrap = —ngTOATOA +ermdBrup, (4.32)
while the transformation rule (4.29) becomes
8 map = w2)\[AbB} (e,7) — 2)\[AC7T|C|B] = U)Q)\[ATMB] - 2)\[AC7r|C‘B} . (4.33)

One thus sees that, even though the conformal approach, applied to (4.12), leads to the
novel Galilean invariant action (4.32), it does not reproduce the magnetic Galilei gravity
action (4.4). This concludes our discussion of the Galilean case.

1"Note that this Lagrangian resembles that of electric Galilean electromagnetism, if one identifies the clock
form 7, with the electromagnetic potential. For this reason, one could also call it an electric Lagrangian
instead of a magnetic one. Here, we prefer to denote it as magnetic to contrast with the Lagrangian (4.3) and
to emphasize that (4.32) is obtained from gauge-fixing a conformally invariant version of the Lagrangian for a
magnetic Galilei scalar (4.12).
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5 Discussion

In this paper we applied the conformal technique to a single Carroll scalar and showed its
relation, upon gauge-fixing, with Carroll gravity. In particular, we showed that a massless
electric scalar leads to a particular form of electric Carroll gravity while a massless magnetic
scalar leads to magnetic Carroll gravity. On the way we showed that other gravitational
invariants involving the intrinsic torsion tensor exist as well but they were not related to
dynamical matter. In the Galilei case we found other examples where the conformal program
did not work as in general relativity, in the sense that one can couple Galilean scalars to
Galilean conformal gravity but not by following the rules of the conformal Galilei algebra
in the same way that we did for the conformal Carroll algebra. This already shows from
the mere fact that in the Galilei case we cannot construct dependent gauge fields for the
Galilei special conformal transformations, a feature that played a crucial role in the Carroll
calculation. Another peculiar feature of Galilei gravity invariants is that some of them are
invariant under local an-isotopic dilatations.

Starting from the results of this work one may obtain non-trivial couplings of Carroll
gravity to matter by replacing the single scalar we have been using in this work by a function
of N scalars of which only one is used for gauge-fixing the local dilatations. One could also
consider Carroll gravity coupled to fermions like in [27].

There are several generalizations that come to mind. First of all, the conformal technique
has been heavily applied with great success in the supergravity literature [15]. One may
extend the results of this paper to the supersymmetric case and construct first examples
of a Carroll supergravity theory. Another natural generalization is to consider conformal
Carroll algebras with an-isotropic dilatations such as the ones considered in [23]. These
algebras lead to a different scaling weight for the longitudinal and transverse Vierbeine. This
suggests a realization of conformal Carroll symmetries in terms of a scalar field theory with
different powers of time and spatial derivatives. Such Lagrangians have appeared in the study
of fractons [28-30] and spacetime subsymmetries [31, 32]. Yet another generalization is to
consider extended objects instead of particles alone. For a p-brane, this requires a more general
decomposition of the relativistic flat index into p 4+ 1 longitudinal and D — p — 1 transverse
directions. One could then also consider the geometry underlying Carroll strings [33, 34].

Finally, the Carroll and Galilei algebras are just two examples of a non-Lorentzian algebra.
One could apply the conformal technique to other non-Lorentzian algebras as well. For the
Schrodinger algebra, this has already been done in [35]. Another interesting option, with
a view on fractons [29, 30], is to consider the Aristotelian algebra which is an intersection
of the Carroll and Galilei algebra breaking the boost symmetry. It would be interesting to
understand, for the case of non-Lorentzian algebras, when the conformal program works and
when not. We hope to come back to some of these issues and generalizations soon.
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