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Abstract. We perform a systematic construction of supersymmetric Poisson sigma-
models with an additional global supersymmetry in the geometric approach of Poisson
Q-supermanifolds. Our analysis unifies Jackiw-Teitelboim supergravity and differential
Poisson sigma-models exhibiting de Rham supersymmetry and reveals the existence of
new models in the same family, such as a model with Lichnerowicz–Poisson supersymmetry,
one based on a symmetric bilinear form and a class of models with super-Poisson structure
of inhomogeneous degree. We emphasize the relation of the coadjoint representation of
Lie algebroids to the global supersymmetry of these sigma-models.

1 Introduction and motivation
The Poisson sigma-model (PSM) is a 2D topological field theory that found many applications in
theoretical and mathematical physics in the past three decades [1, 2]. Notably, it packages various 2D
gravity models in a single framework [3], its BV quantization reproduces the Kontsevich formula for the
noncommutative ⋆-product in the deformation quantization of Poisson manifolds [4], and at the same
time it is the simplest example of the geometric approach to the BV formalism introduced in [5] (see
also [6]). Its relation to the BV formalism may be traced in the fact that the PSM is arguably the simplest
gauge theory with an open gauge algebra, namely one that closes only on the stationary surface, which
was one of the original motivations to introduce this formalism [7].

Supersymmetric PSMs were also constructed and their inclusion of 2D N = 1 dilaton supergravity was
emphasized [1]. More recently, a different type of supersymmetric PSM based on a differential Poisson
algebra and exhibiting an additional global supersymmetry was proposed as a model that could account
for the deformation quantization of the algebra of differential forms on a Poisson manifold [8], see also [9].

In this contribution, which is based on [10], we discuss a systematic approach to explain the structure
and the relation between the aforementioned supersymmetric PSMs and to place these and other related
models under the same geometrical roof. We use Poisson Q-supermanifolds to determine consistency
conditions that allow for the construction of such models with different types of global supersymmetry.
This is closely related to the question of when is a given Lie algebroid structure compatible with a Poisson
bracket of given degree.1 In the case of degree 0 super-Poisson bracket, solutions to these consistency

1Recall that for a Poisson bracket of degree −1, a compatible Lie algebroid gives rise to a Lie bialgebroid. Here we focus
on Poisson brackets of even degree instead. We thank D. Roytenberg for discussions on this point.
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conditions single out essentially two cases, giving rise to PSMs with global supersymmetry controlled
by the anchor map of a Lie algebroid. In one case, we recover the model constructed in [8] (and a
class of accompanying models corresponding to Lie algebroids with invertible anchor map), whereas in a
second case we find a new model where the global supersymmetry is induced by the Poisson structure
on the body of the target supermanifold through the Lichnerowicz–Poisson differential. This “Poisson
supersymmetry” is a feature that to our knowledge has not been encountered before in any field theory.
Cases corresponding to degree −2 and also higher-order super-Poisson brackets are also briefly discussed.
We also highlight that structural compatibility corresponds to the notion of Q-bundle [11] and the closely
related notion of representations up to homotopy for Lie algebroids [12]. In particular, it turns out that
the different types of global supersymmetry exhibited in the models we discuss are tied together as the
coadjoint representation of different Lie algebroids, which is indeed a representation up to homotopy.

2 General structure of Poisson Q-supermanifolds
We consider supermanifolds M with super-Poisson structure P, hence Poisson supermanifolds (M, P).
Supermanifolds carry a Z2 grading and they can be described as parity-shifted vector bundles ΠE, with
E a smooth vector bundle over a smooth manifold M (the body of M) [13]. A local coordinate system
on M is (xα) = (xµ, θa), where xµ are even, bosonic coordinates on the body and θa are odd, fermionic
coordinates on the fiber of E. Their Z2-degree is 0 and 1, respectively. A Poisson supermanifold is
endowed with a super-Poisson bracket such that its algebra of functions is a super-Poisson algebra. The
bracket is

{xα, xβ} = Pαβ , (1)
it is graded skew-symmetric, and it satisfies the graded Jacobi identity

(−1)γα Pαδ ∂δPβγ + (−1)αβ Pβδ ∂δPγα + (−1)βγ Pγδ ∂δPαβ = 0 . (2)

An alternative description of a Poisson supermanifold uses a homological vector field (HVF) [14].
Consider the shifted cotangent bundle T ∗[1]M = T ∗[1]ΠE, where the shift is with respect to Z-degree.
This is a NQ-supermanifold, where the N-structure refers to non-negative Z-grading and the Q-structure
to the existence of a Z-degree 1 HVF, say Q, namely such that

Q2 = 0 . (3)

This HVF is canonical and can be obtained as follows: The super-Poisson bracket P corresponds to a
bivector field ΠP on M, whose self-commutator vanishes; the adjoint operator [ΠP , .] is the given HVF.

The NQ-manifold T ∗[1]M carries a canonical symplectic structure ω of Z-degree 1. Compatibility of
Q with this graded symplectic form, makes Eq. (3) equivalent to (2); there is a one-to-one correspondence
between Poisson supermanifolds and symplectic differential graded supermanifolds of degree 1 (Lie super-
algebroids), carrying the results of [14,15] over to the category of supermanifolds. We will analyze further
the graded Jacobi identity in Section 3. The homological vector field Q will generate the local gauge
symmetries (including local supersymmetries) for supersymmetric PSMs in Section 4.

There is also a different structure on a supermanifold M that will be of interest for our purposes.
Independently of the super-Poisson structure, we may consider that M is itself a Q-supermanifold. This
means that there exists a HVF qS of Z2-degree 1 on it, namely

q2
S = 0 . (4)

We emphasize that this is associated to Z2 grading. Only when the Z2 grading is compatible with the
Z grading this structure corresponds to Lie (super)algebroids. Without this assumption, the structure
is defined only in the graded geometric world. We will also analyze the corresponding conditions in
Section 3. As in the case of the super-Poisson structure, one may alternatively think in terms of the
shifted cotangent bundle T ∗[1]M. In that picture, the HVF qS lifts to a HVF QS on T ∗[1]M which is
compatible with the graded symplectic form ω. With this structure, T ∗[1]M is a prototypical example
of a differential super-vector bundle, one for which both the total space and the base are equipped with
a HVF, the analogon of Q-bundles [11] in the category of supermanifolds.

So far we have introduced the concepts of Poisson supermanifold (M, P) and Q-supermanifold
(M, qS). For the purposes of this work, we combine them by asking for compatibility between qS and
the bivector P. This amounts to the condition

qS{f, g}P = {qSf, g}P + (−1)|f | {f, qSg}P , f, g ∈ C∞(M) . (5)
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As with the previous conditions, we will provide a more detailed analysis in Section 3. In Section 4 we
will argue that when the conditions involving qS are solvable for a given super-Poisson structure, we
obtain global N = 1 supersymmetry transformations that leave the action functional of supersymmetric
PSMs invariant and whose algebra closes. The compatibility condition may be expressed in terms of the
homological vector fields Q and QS too, and it expresses their (graded) commutation, namely

{Q, QS} = 0 . (6)

To summarize, we may equivalently consider Z2-graded Poisson Q-supermanifolds (M, P, qS) or Z ×
Z2-graded symplectic NQ-supermanifolds (T ∗[1]M, Q, QS , ω) with all compatibility conditions satisfied.
This will be the target space of supersymmetric PSMs.

3 Analysis of the geometrical conditions
We now look at the conditions obtained from the structural compatibility of Poisson Q-supermanifolds.2
For clarity, we will work in local coordinates and subsequently define any geometrical structures necessary.
First, we express the super-Poisson brackets as

{xµ, xν} = Pµν(x, θ2) , {xµ, θa} = θb Pµa
b (x, θ2) , {θa, θb} = Pab(x, θ2) , (7)

where the notation means that in general the functions appearing on the right-hand side depend on
the even coordinates as well as on even powers of the odd coordinates.3 Graded skew-symmetry of the
super-Poisson bracket translates into the symmetry properties

Pµν = −Pνµ , Pµa
b = −Paµ

b , Pab = Pba . (8)

The graded Jacobi identity (2) gives four independent conditions, which read

0 = P [µ|κ∂κPνλ] + P [µ|a∂aPνλ] , (9a)

0 = −Pκa∂κPµν + Pab∂bPµν + 2 P [µ|κ∂κPν]a + 2 P [µ|b∂bPν]a , (9b)

0 = Pµν∂νPab + Pµc∂cPab + 2 Pν(a∂νPµ|b) − 2 Pc(a∂cPµ|b) , (9c)

0 = −Pµ(a∂µPbc) + Pd(a∂dPbc) , (9d)

where ∂a ≡ ∂/∂θa. To analyze the condition (4) of M being a Q-supermanifold, we may express the
vector field qS in terms of the local coordinates (xα) as

qS = ρµ(x, θ2) ∂
∂xµ + V a(x, θ2) ∂

∂θa , (10)

where ρµ = θa ρa
µ. Then, condition (4) imposes

0 = θaθb ρ[a
ν∂νρb]

µ + V c ρc
µ , 0 = θbρb

µ ∂µV a + V b∂bV a , (11)

where the first, respectively second, equation contains only terms which are even, respectively odd, in the
odd coordinate θ. The final set of conditions comes from the compatibility of the super-Poisson bracket
with the homological vector field, Eq. (5), whose expanded form is

0 = ρλ ∂λPµν + V a ∂aPµν − 2 ∂λρ[µ| Pλ|ν] + 2 ∂aρ[µ Pν]a , (12a)

0 = ρλ ∂λPµa + V b ∂bPµa − ∂λρµ Pλa − ∂λV a Pµλ + ∂bV a Pµb − ∂bρµ Pba , (12b)

0 = ρλ ∂λPab + V c ∂cPab − 2 ∂λV (a| Pλ|b) + 2 ∂cV (a Pb)c . (12c)

The system of conditions (9), (11) and (12) is what needs to be solved so that we find a Poisson Q-
supermanifold and we have the target space data of a supersymmetric PSM with gauge (super)symmetry
generated by P and global supersymmetry generated by qS .

2In [10] the analysis was performed with respect to the Z × Z2 picture, which is somewhat more tedious.
3Without loss of generality, we expanded the mixed component Pµa = Pµa

b
θb to isolate its even part.
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Before presenting solutions, it is instructive to discuss some geometrical aspects, understanding that
M ≃ ΠE. A key observation is that the leading order component of Pµa

b transforms as a contravariant
connection on E∗, namely a covariant derivative of sections of E∗ with respect to 1-forms on the body
M . We refer to such connections as “T ∗M -on-E∗”, and accordingly for linear connections with respect
to other vector bundles. This connection is built-in the geometry of the super-Poisson structure and
therefore does not constitute additional data. To facilitate the construction of explicit examples and
preserve target space covariance when the body M is a general smooth manifold (not necessarily globally
flat), it is instructive to split the tangent bundle of the supermanifold M, which is not a vector bundle
over the body M . One advantage of this is that this results in a vector bundle over M and therefore
all components in the expansion of the super-Poisson structure become tensors. The splitting of TM
amounts to choosing a TM -on-E connection ∇ with coefficients Γb

µa, which results in the (noncanonical)
isomorphism

TM
∇∼= TM ⊕ ΠE . (13)

We define the tensorial components

Pµa
∇ = Pµa + Pµν Γa

νb θb , Pab
∇ = Pab − 2 Pµ(a Γb)

µc θc + Pµν Γa
µcΓb

νd θcθd . (14)

The coefficients of these components in powers of θ are sections of ∧E∗ tensored with E or TM . The
Jacobi identity takes a form similar to (9), see [10]. The compatibility conditions between qS and the
super-Poisson structure in terms of the covariant components of the latter, take the form

0 = d∇Pµν + 2 ∂aρ[µ Pν]a
∇ , 0 = d∇Pµa

∇ − ∂bρµ Pba
∇ − PµνS∇

ν
a , 0 = d∇Pab

∇ − 2 Pµ(a
∇ S∇

µ
b) , (15)

where we introduced the operator

d∇T µ... a...(x, θ) :=
(
ρν∂ν + V b∂b

)
T µ... a...(x, θ) + Γµ

ν T ν... a...(x, θ) + Γa
b T µ... b...(x, θ) + . . . , (16)

where the dots denote similar terms for additional indices left implicit, and we defined

Γν
µ := −∂µρν + ∂aρνΓa

µbθb , Γa
b := ∂bV a + ∂bρµΓa

µcθc , S∇
µ

a := ∇µV a
∇ + ρνRνµ

a
bθb , (17)

where V a
∇ := V a +ρµΓa

µbθb and Rµν
a

b are the components of the curvature of ∇. These structures acquire
an interesting geometric meaning when qS is simply the Chevalley–Eilenberg differential associated with
a Lie algebroid on E,

ρµ = θata
µ(x) , V a = − 1

2 θbθcCbc
a(x) . (18)

This is the case when the Z2-degree is compatible with the Z-degree, so that the HVF does not involve
arbitrary powers of the odd coordinate but only the ones that correspond to the anchor map t = (ta

µ) and
the Lie bracket of a Lie algebroid with structure functions Cab

c(x). In that case, Γ become the coefficients
of the basic E-connection on the adjoint complex of the Lie algebroid [12] and S∇ is identified with the
basic curvature of the connection ∇, entailing a relationship with the (co)adjoint representation of the
Lie algebroid, which is a representation up to homotopy. Consequently, the compatibility conditions of
P with qS can be written as

0 = d∇Pµν + 2 ta
[µ Pν]a

∇ , 0 = d∇Pµa
∇ − ∂btµ Pba

∇ + 1
2 PµνθbθcSbcν

a , 0 = d∇Pab
∇ + Pµ(a

∇ θcθdScdµ
b) ,
(19)

where d∇ denotes the Lie algebroid differential defined by the basic connection, acting on the covariant
components of P, which are cochains in the complex ∧E∗ ⊗∧2(TM ⊕E). Focusing on such HVFs qS from
now on, the goal is to find solutions of the Jacobi identity together with the compatibility conditions (19)
and construct sigma-models with P-induced gauge symmetries and qS-induced global supersymmetries.

4 Supersymmetric Poisson sigma-models with global supersymmetry
Given the geometrical data of a Poisson Q-supermanifold, one can associate to them a 2D supersymmetric
topological sigma model, in the same fashion as an ordinary Poisson manifold is the target space
of the PSM. In 1993, Ikeda proposed a nonlinear super-gauge theory that includes N = 1 dilaton
supergravity [1]. In the general approach that we develop here, this corresponds simply to a Poisson
supermanifold, namely to the case where qS = 0 (no additional global supersymmetry). In [8], the
authors constructed a “differential Poisson sigma model”, which in our approach corresponds to the split
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tangent bundle case, namely to E = TM – so that T ΠTM splits into TM ⊕ ΠTM – together with the
compatible tangent Lie algebroid structure, for which qS is the de Rham differential. Both cases are
solutions of the general conditions, and we will see below that there is more in this solution space than
just these two examples.

A brief description of how to construct the general supersymmetric PSM follows. We consider the
2D spacetime (T [1]Σ, d), Σ being a Riemann surface and d the de Rham differential associated to the
source data, and target space data (T ∗[1]ΠE, Q, QS , ω) corresponding to a Poisson Q-supermanifold. The
latter is intrinsically defined through the data (M = ΠE, P, qS), as described in Section 2. Since Q is
compatible with the symplectic form ω, it admits a Hamiltonian function of Z-degree 2 and even parity,
defined via

Q = {H, −} , (20)
in terms of the odd (degree −1) Poisson bracket {−, −} associated to the symplectic form ω. This
Hamiltonian function takes the form

H = 1
2 (−1)α(β+1) Pαβ pα pβ = 1

2 Pµν aµaν + Pµa aµχa + 1
2 Pab χaχb , (21)

where pα = (aµ, χa) are the conjugate momenta to xα = (xµ, θa) with respect to the symplectic structure.
The Z × Z2-degree of aµ and χa is (1, 0) and (1, 1), respectively. The symplectic form in Darboux
coordinates and the Hamiltonian define a sigma-model with action

S[Xα, Pα] =
∫ (

Pα ∧ dXα + 1
2 (−1)α(β+1) Pαβ(X)Pα ∧ Pβ

)
, (22)

where Pα and Xα are the fields of the theory obtained by pulling back pα and xα through the sigma-model
map. By construction, this model has gauge symmetries generated by Q. These include both bosonic
and fermionic gauge symmetries (supersymmetries). We refer to [10] for more details on their explicit
form. In addition, the model may have global supersymmetry associated to qS , as long as the consistency
conditions (19) are satisfied, which guarantees invariance of the action under the transformations generated
by qS .

We now proceed to examples. First, it is useful to expand the super-Poisson structure in powers of the
odd coordinate on the supermanifold. The expansion is finite for finite-rank vector bundle E. Consider

Pµν(x, θ) = Πµν(x)︸ ︷︷ ︸
0

+ 1
2 θaθb Pab

µν(x)︸ ︷︷ ︸
2

+ . . . , (23a)

Pµa(x, θ) = θb Γµa
b (x)︸ ︷︷ ︸
0

+ . . . , (23b)

Pab(x, θ) = gab(x)︸ ︷︷ ︸
−2

+ 1
2 θcθd Pcd

ab(x)︸ ︷︷ ︸
0

+ . . . . (23c)

We have indicated the Z-degree of each term in underbraces. Observe that with respect to the Z-degree
that distinguishes between different even powers of the odd coordinate, the super-Poisson bracket does
not have a definite degree. Specifically, there is only one term that corresponds to a degree −2 super-
Poisson bracket, which is a symmetric tensor gab, not necessarily nondegenerate. There are three terms
corresponding to degree 0 and also three terms for any even degree above it, contained in the ellipses.
We will highlight below four different cases/classes of models that solve all the conditions studied so
far. The first is Jackiw-Teitelboim supergravity and it is obtained from a super-Poisson structure whose
nonvanishing components are the leading ones in the above expansion; this corresponds to a mixed degree
−2 and 0 case, in particular to a Lie superalgebra. The second class of examples comprises differential
PSMs, where the super-Poisson structure is strictly of degree 0. The third model corresponds to a strictly
degree −2 structure. Finally, we will present a new class, not studied in [10], with higher-order bracket
in θ.

4.1 Jackiw-Teitelboim supergravity
As a first example, we show how to obtain the well-known N = 1 Jackiw-Teitelboim supergravity with
cosmological constant in this general setting. First recall that the dual of a Lie superalgebra is a Poisson
supermanifold. Presently we consider the dual of the orthosymplectic algebra osp(1|2,R) to serve as the
target space of the sigma-model. The super-Poisson structure is one with only leading order terms in the
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expansion (23), namely the ones containing Πµν , Γµa
b and gab. Clearly Πµν is the linear Poisson structure

on the base, given by the structure constants Cµν
ρ of the bosonic subalgebra of the Lie superalgebra.

Collectively, the graded Jacobi identity is solved by the following components of the super-Poisson bracket

Pµν = Cµν
ρ xρ , Pµa = Γµ a

b θb , Pab = − 1
2 ε(a

cΓ|c|b)
µ xµ , (24)

where Γµa
b = ( 1

2 γµ̄a
b , 1

2 γ5a
b ) with γµ̄ 2D gamma matrices and γ5 the 2D chirality operator. Observe that

the contravariant connection in the present case corresponds to a representation of the bosonic subalgebra
on the fermionic one. The action functional reduces to

S =
∫ (

eµ̄ ∧ dX µ̄ + ω ∧ dX + 1
2 X εµ̄ν̄ eµ̄ ∧ eν̄ + X µ̄εµ̄ν̄ ω ∧ eν̄

− 1
4 X µ̄χaεabγµ̄

bcχc + 1
4 Xχaεabγ5

bcχc + θa ∧ dχa + 1
2 θaγ5a

bω ∧ χb + 1
2 θaγµ̄a

beµ̄ ∧ χb , (25)

where Xµ = (X µ̄, X) and Pµ = (eµ̄, ω), hence X is the dilaton field and ω is the spin connection in
2D, not to be confused with the unrelated graded symplectic form that we denoted with the same letter
earlier. In this case, there is no additional compatible Q-structure corresponding to qS , the target is just
a Poisson supermanifold, and therefore there is no additional global supersymmetry. More details on the
structure of dilaton supergravity may be found, for example, in [3].

4.2 Differential Poisson sigma-models with de Rham & Lichnerowicz–Poisson global supersymmetry
A second class of models is obtained when only degree 0 terms are considered in the super-Poisson
structure (meaning that gab = 0, as well as all higher-order terms). The geometrical problem amounts
to determining Lie algebroid structures on E compatible with this super-Poisson bracket. This problem
was studied in [10], where it was found that there exist two distinguished cases of particular significance.
They correspond to the following choices of super-Poisson structure and HVF qS .

Tangent bundle. Choosing ΠE = ΠTM , the parity-shifted tangent bundle, we have coordinates xµ

and θµ. To avoid confusion with index types, we rename Pµa := Cµa and Pab := Rab for this example.
Then we set the following super-Poisson structure and HVF:

Pµν = Πµν , Cµν = −ΠµκΓν
κλθλ , Rµν = − 1

2
(
Π(µ|κR∇

ρσ
|ν)

κ − 2ΠκλΓ(µ
κρΓν)

λσ

)
θρθσ , (26a)

qS = θµ ∂

∂xµ
, (26b)

where Πµν is a Poisson structure on the base, which is covariantly constant with respect to the basic
connection ∇ with curvature R∇, Γν

κλ are the coefficients of an affine connection on M , and qS is the
de Rham differential. Note that the basic connection in the present case is just an ordinary one: the
opposite of the connection ∇, defined as ∇XY := ∇Y X + [X, Y ] with Γλ

µν = Γλ
νµ . The Jacobi identity

imposes further algebraic and differential conditions on the curvature, which may be found in [8, 10].

Cotangent bundle (contravariant case). Choosing instead ΠE = ΠT ∗M , the parity-shifted cotangent
bundle, we have coordinates xµ and θµ and we take the super-Poisson structure and HVF qS to be

Pµν = Πµν , Pµ
ν = ΠµκΓλ

κνθλ , Pµν = − 1
2
(
Sκλ

(µν) + 2ΠρσΓκ
ρ(µΓλ

σν)
)
θκθλ , (27a)

qS = Πµνθµ
∂

∂xν − 1
2 ∂µΠκλθκθλ

∂
∂θµ

. (27b)

We have once again a Poisson structure on the base, which is covariantly constant with respect to the
basic connection. The compatible Lie algebroid differential is now the Lichnerowicz—Poisson differential.

Aside these two cases, there is a host of further examples that solve the compatibility conditions
when the anchor of the Lie algebroid associated to qS is invertible. In this sense, the contravariant
case is special, since it is the only one where the anchor is not necessarily an invertible map. In all
cases, the target space covariant formulation has Pµa

∇ = 0 and Pab
∇ is a tensor that involves the basic

curvature.4 Specifically, the action for the above two models in the target space covariant formulation

4We note that the basic curvature appears in the BV action of (twisted) PSMs [16], whereas in the supersymmetric case
it appears already at the level of the classical action.
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reads, respectively,

S T M =
∫ (

A∇
µ ∧ dXµ + χµ ∧ ∇θµ + 1

2 ΠµνA∇
µ ∧ A∇

ν + 1
4 ΠµρR∇

κλ
ν

ρχµ ∧ χν θκθλ

)
, (28a)

S T ∗M =
∫ (

A∇
µ ∧ dXµ + χµ ∧ ∇θµ + 1

2 ΠµνA∇
µ ∧ A∇

ν + 1
4 Sκλ

µνχµ ∧ χνθκθλ

)
, (28b)

where ∇ is the covariant exterior derivative on spacetime and A∇
µ = Aµ +Γb

µaθaχb is the redefined 1-form.
The tangent model is precisely the one of [8], whereas the cotangent one was found in [10]. The lift of
the HVF qS to a HVF QS on T ∗[1]M is in both cases the coadjoint representation of the corresponding
Lie algebroid. It generates a global supersymmetry, which for the tangent model was called de Rham
supersymmetry in [8] and for the cotangent model is a new kind, a Lichnerowicz–Poisson supersymmetry.

4.3 Symmetric Poisson sigma model
Up to this point, we saw how to solve the compatibility conditions for a super-Poisson bracket of mixed
−2 and 0 degree and for one with all terms at 0 degree. A further option is to ask for a strictly degree
−2 super-Poisson bracket, which involves only one term, the term with the symmetric bilinear form
gab. In that case, one may consider a HVF for a bundle of Lie algebras, for which the anchor map
vanishes. If in addition g is nondegenerate, then it is an ad∗-invariant fiberwise metric with respect to
the pointwise bracket from the fiber Lie algebras. Every fiber then becomes a quadratic Lie algebra. The
supersymmetric PSM was constructed in [10] and we refer to the original paper for technical details.

4.4 Higher-order super-Poisson structure
Up to this point, all examples were associated to a vanilla Poisson structure on the base manifold M ,
given by the first term in the expansion of Pµν . We now ask whether examples exist that go beyond this
structure. We choose ΠE = ΠTM as in the differential PSM on the tangent bundle. Assume that

Pµν = Πµν(x) + 1
2 Πµν

κλ(x)θκθλ and qS = θµ∂µ , (29)
i.e. an NLO expansion for the components of the super-Poisson structure along the body and qS the de
Rham differential. The compatibility conditions (19) completely determine the other two components:

Cµν
∇ = 1

2 d∇Pµν , Rµν
∇ = 1

2 θκθλR̄κλ
(µ|

ρPρ|ν) . (30)
In this case, the component C∇ has a linear and a cubic term in θ and the component R∇ has a quadratic
and a quartic term. In this setting, (30) are in fact true for an arbitrary expansion of Pµν in even powers
of θ, not just for NLO.5 We observe that the super-Poisson structure is of mixed degree 0 and 2. To
simplify the analysis, we assume that Cµν

∇ vanishes; this assumption was also made in [8] and in the
simpler differential PSMs described in 4.2. Then the Jacobi identities impose differential and algebraic
conditions on the components of Pµν :

Πκ[µ∇κΠνλ] = 0 , Πκ[µ∇κΠνλ]
αβ + Πκ[µ

αβ∇κΠνλ] = 0 , Πκ[µ
[αβ∇κΠνλ]

γδ] = 0 ,

ΠµκΠνλRκλ
ρ

σ = 0 , Π[µ|κΠν]λ
[αβR|κλ|

σ
γ] − 1

2 Πρ(τ Π|µν|
τ [γR̄αβ]

σ)
ρ = 0 , Πµκ

[αβΠνρ
γδR|κρ|

λ
ϵ] = 0 ,

Πµν∇ν(R̄ρσ
(α

τ  Πβ)τ  )  =  0  ,  Πρ(αΠ|σ|β)R[κλ
¯  δ |ρ|Rκ

¯  ′]δϵ
σ  =  0  ,

plus  four  more,  higher-order  ones,  that  we  suppress.  The  first  conditions  of  the  upper  two  lines  and 
the  two  conditions  in  the  third  line  are  precisely  the  ones  found  for  the  differential  PSM  on  the  tangent 
bundle.  We  observe  that  Πµν  is  a  Poisson  bivector,  accompanied  by  a  bivector-valued  2-form  in  involution 
with  both  the  Poisson  bivector  and  itself  with  respect  to  the  trivial  extension  of  the  Schouten-Nijenhuis 
bracket  to  multivector-valued  2p-forms,6  i.e.
    [X  ⊗  η,   Y  ⊗  λ]   =   [X,   Y  ]SN  ⊗  η  ∧  λ  ,   ∀  X,   Y  ∈  X•(M  ),   η,   λ  ∈  Ω•(M  )  .             (31)

This  pattern  may  easily  be  extended  to  all  admissible  orders  in  the  expansion  of  Pµν  in  the  odd  coordinate.
This  gives  rise  to  a  host  of  supersymmetric  PSMs  with  interaction  terms  between  even  number  of  fermions
θµ  and  two  fermionic  1-forms  χ   µ,  beyond  the  quartic  terms  of  the  differential  PSMs  of  Section  4.2.

5This only works for the tangent bundle and the solution that gave rise to the differential PSM of [8] is a special case.
6This ceases to be true when the assumption that Pµν is covariantly constant with respect to the basic connection is

relaxed. In that case, a simultaneous extension of the Frölicher-Nijenhuis and the Schouten-Nijenhuis bracket is needed,
which is a nontrivial problem [17].
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5 Conclusions and outlook
We revisited the construction of supersymmetric Poisson sigma models within the systematic context of
Poisson Q-supermanifolds. Motivated by Ikeda’s model that uses a Poisson supermanifold to construct
dilaton supergravity and by the model of [8] that uses a differential Poisson algebra to construct a
differential PSM with global supersymmetry given by the de Rham differential, we studied the geometrical
conditions that place these models under the same roof and reveal the existence of further models in
the same family. We focused on Poisson supermanifolds with an additional, compatible Q-structure
generated by a homological vector field and constructed a general model which contains a variety of
special cases. In particular, (α) N = 1 dilaton supergravity, (β) a class of differential PSMs based on
the tangent/cotangent bundle of a Poisson supermanifold, with global supersymmetry generated by the
de Rham/Lichnerowicz–Poisson differential. This global supersymmetry corresponds to the coadjoint
representation (up to homotopy) of the associated Lie algebroid, as defined in [12], (γ) a symmetric
differential PSM based on a degree −2 super-Poisson structure, which contains a fiberwise symmetric
bilinear form, and (δ) a class of higher-order differential PSMs with de Rham supersymmetry, where the
super-Poisson structure contains even, non-negative powers of the odd coordinate.

There are several further directions to be explored. First, the quantization of the various differential
PSMs and its relation to deformation quantization and the relative formality theorem of [18], see also [19].
Second, models with global supersymmetry that is not based on a Lie algebroid, but on more general
HVFs on the Z2-graded manifold. Third, the extension of this approach to higher dimensions, such as
to supersymmetric extensions of Courant sigma models in 3D [20,21] or higher dimensional Hamiltonian
mechanics [22].
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